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Ontological models, as used in the generalized contextuality literature, play a central role in current research
on quantum foundations, providing a framework for defining classicality, constructing classical analogs of key
quantum phenomena, and examining the ontology of quantum states. In this work, we show that a counterfactual
account of Lüders’ rule—which we argue is naturally implied by the mathematical structure of the rule
itself—renders such models inherently incompatible with the quantum formalism. This incompatibility arises
because the counterfactual update requires ontological models to update their states according to conditional
probability, which in turn renders predictions of sequential measurements order-independent. This implies
that ontological models, even contextual ones, must either act differently than what we would expect given
(this, typically implicitly assumed account of) quantum state update rule, or cannot model quantum behavior.
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I. INTRODUCTION

One of the most debated fundamental problems in modern
physics is whether quantum formalism’s description of nature
is complete, or if it could be supplemented with additional
or “hidden” variables [1–7]. While hidden variable theories
have been constructed which (partially or fully) reproduce
the predictions of quantum mechanics [1,3,8,9], various im-
possibility theorems, notably Bell’s [10,11] and Kochen and
Specker’s [7], have shown that such attempts inevitably vio-
late certain consistency conditions which we would arguably
want from a successful description of reality [7,10,12,13].
Bell demonstrated the impossibility of reproducing the predic-
tions of quantum mechanics with those local hidden variable
theories which also obey statistical independence (i.e., where
our choice of which measurement(s) to perform in each run
of an experiment is in no way correlated with said hidden
variable [14,15]). Kochen and Specker, on the other hand,
proved the impossibility of assigning values to all quantum
observables in a way that preserves functional relations be-
tween them (e.g., if the value of the physical quantity Â is
α, where the value of Â2 is α2, etc.) [7,16,17]. This obstructs
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what we now call noncontextual hidden variable descriptions
[17–19]. Bell’s and Kochen and Specker’s seminal works gave
rise to two major modern research areas: nonlocality [20–22]
and contextuality [19,23,24].

Research in quantum foundations, and on contextuality
and nonlocality in particular, has recently been dominated
by an operational approach to physics [18,19,21,24–28]. This
approach treats operational notions (such as preparations,
transformations, and measurements) as the basic concepts
of physical theories, and views the role of such theories as
to specify probabilities of events associated with these op-
erations [21,24,28]. To accommodate contextuality in this
framework, Spekkens reinterpreted it as the impossibility
of assigning the same ontological representation for opera-
tionally equivalent experimental procedures, resulting in his
notion of generalized contextuality [24,29]. Ontological rep-
resentations of experimental procedures are defined within
what are known as ontological models, a form of hidden
variable model which it is claimed generalizes Kochen and
Specker’s formulation to cover any operational theory [30].
The framework in which these models are defined is referred
to as the ontological models framework (OMF). The ulti-
mate aim of this generalized contextuality research program
is to establish a universally applicable notion of classical-
ity [30–33]. Generalized contextuality quickly expanded as
a research field following Spekkens’ original paper, sparking
extensive investigations into geometric analyses, noncontex-
tuality inequalities, polytopes, and other analytical tools to
study and understand its principles [31,32,34,35]. It has also
been linked to significant phenomena in thermodynamics
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[36,37], quantum Darwinism [38], cloning [39], quantum in-
terrogation [40], and other areas.

In this paper, we explore the quantum state update rule
(Lüders’ rule [41]) to establish an equivalence between the
pairwise compatibility of all observables in a scenario and
the existence of an ontological model for that scenario. This
extends our recent result [42] for deterministic models to
stochastic ones. We focus on ontological models because,
similarly to that case, measurements are thought of updating
“one’s information about what the ontic state of the system
was prior to the procedure being implemented” [24], whereas
quantum states are treated as statistical mixtures of (i.e., prob-
ability measures over) such underlying states. Additionally,
quantum states (and wavefunctions in particular) are viewed
as an “ensemble average” of real ontic states of the system,
which behave in ways we would expect real states of the
world to behave—unlike wider hidden variable models, which
can nominally be as contrived as we like [43–47]. Since we
consider Lüders’ rule, our analysis does not apply—at least
not straightforwardly—to hidden-variable reformulations of
quantum mechanics that directly [48] exclude the collapse
postulate, such as the de Broglie-Bohm pilot-wave theory
[3,5,8,45].

As in Ref. [42], we start by defending a counterfactual
account of Lüders’ rule: instead of being updated by proposi-
tions in the simple past (“a measurement of Â was made, and
the value α was obtained”), we argue that quantum states are
theoretically updated to ensure the validity of propositions in
the first conditional (“i f a measurement is made of Â, the re-
sult will be found to be α”) [49]. This is to say that, contrary to
the typical description of updated states as post-measurement
states, updated states are theoretically constructed as pre-
measurement states, with the qualifier post-measurement state
regarded instead as a merely circumstantial attribute. This
approach aligns with multiple perspectives on quantum me-
chanics and, as we show, is supported by the mathematical for-
mulation of Lüders’ rule itself [50–54]. We then argue that, by
this account, Lüders’ rule translates to ontological models as
conditional probability, because considerations about interac-
tions with measuring apparatuses are automatically removed
in this counterfactual description. Using Bayes’ rule and Kol-
mogorov’s extension theorem [55], we show that a set of quan-
tum observables admits a state-updating ontological model
(where states are updated via conditional probability) if and
only if that set consists of pairwise compatible observables. In
particular, a single pair of incompatible observables is suffi-
cient to rule out a scenario being representable by an ontolog-
ical model. The impossibility of modeling incompatible ob-
servables with state-updating ontological models follows from
the order-dependence of quantum predictions for sequential
measurements of incompatible observables, in contrast with
predictions given by state-updating ontological models.

Fine [56,57] and Malley [58], separately and together [59]
have previously argued that incompatibility is sufficient to rule
out deterministic underlying states. Fine [56,57] demonstrated
that underlying-state models that correctly predict joint dis-
tributions of observables, along with the marginals of their
functions, exist only for compatible observables (Theorem
7 of Ref. [57]); he also famously showed that underlying-
state models exist if and only if there are well-defined joint

distributions for pairs of noncommuting observables in the
standard Bell scenario [56]. Malley [58], in turn, proved that
in Hilbert spaces of dimension greater than 2, underlying-state
models that correctly predict joint distributions of pairs of
compatible observables (a form of noncontextuality [18,23])
must update states via conditional probability, which in turn
obstructs incompatible observables. Here, we essentially take
the opposite route: we argue that the mathematical formula-
tion of the quantum state update rule entails that ontological
models must obey conditional probability, from which it fol-
lows that incompatibility obstructs their existence. As shown
in Lemma 2 and Corollary 1, Fine and Malley’s consistency
conditions follow from ours.

Harrigan and Rudolph [60] indirectly explore the real-
ization that ontological (or hidden variable) models cannot
accurately update states via conditional probability. They sug-
gest that this limitation is an expected property, justified by the
interactions between the measured system and the measuring
apparatus. Similar reasoning appears in other works where
ontological models deliberately fail to respect conditional
probability [61], such as the so-called epistemically restricted
theories [62–71]. This perspective, however, conflicts with our
counterfactual description of the state update. We therefore
take the opposite stance, arguing that such an impossibility
demonstrates the inadequacy of ontological models for de-
scribing the ontology of quantum systems. This is the same
conclusion Spekkens draws from quantum generalized con-
textuality [29], differing only in the consistency condition that
causes the inadequacy.

Selby et al. [72] showed in a recent paper that one can
violate generalized noncontextuality without requiring incom-
patibility by making use of the fact that the elements of
a positive-operator-value measure (POVM), despite poten-
tially being nonorthogonal, technically count as compatible.
The introduction of Ref. [72] further claims that measure-
ment incompatibility is neither necessary nor sufficient for a
generalized-noncontextual ontological model to be impossi-
ble. Our result shows this is not the case (assuming you accept
our argument that ontological models should state-update
through conditional probability), countering the “not suffi-
cient” part of this claim. Reference [73] focuses on issues with
the meaningfulness of the “not necessary” part of this claim.

This paper is laid out as follows: First, in Sec. II, we go over
the notation we use. In Sec. III, we defend a counterfactual
account of Lüders’ rule, showing that its very mathematical
formulation suggests that, at the theoretical level, quantum
states are updated by counterfactual propositions. In Sec. IV,
we look at the compatibility of observables before show-
ing that there is a latent tension between how the quantum
formalism models state update after measuring incompatible
observables, and how state update is often rendered in hidden-
variable models. In Sec. V, we introduce the ontological
models framework, first in its standard form, then in the form
it needs to take to reproduce the quantum state update rule in
our counterfactual account. In Sec. VI we give the main result
of our paper that, under our counterfactual account, for any
ontological model of the form needed to reproduce Lüders’
rule, all observables measurable in that model must be pair-
wise compatible. In Sec. VII we then discuss the assumptions
behind our result and the consequences of the result.
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II. NOTATION

We first recall the basic formalism of quantum theory and
establish the notation that will be used throughout this pa-
per. Precise definitions can be found in Refs. [17,74,75] and
elsewhere. The measure-theoretic concepts we use to discuss
ontological models are summarized in Appendix A. They can
also be found in standard textbooks on measure and probabil-
ity theories [55,76–78].

As is typical in modern quantum foundations, we give
our results for finite-dimensional systems only. However, we
would expect these results to naturally extend to infinite-
dimensional quantum systems. Future work will involve
proving this formally.

As usual, we will follow the Hilbert-space formalism of
quantum theory [74,75]. In this approach, associated with a
finite-dimensional quantum system S is a finite-dimensional
complex Hilbert space H [74]. The physical quantities (also
called observables) of S are represented by self-adjoint op-
erators in H. States of S are density operators in H, namely
positive self-adjoint operators with trace 1. The sets of observ-
ables and states of S will be denoted by O ≡ B(H)sa and S ,
respectively.

〈 ·〉ψt denotes the expectation defined by a state ρ̂. That
is, 〈 ·〉ψt is the linear functional on the set B(H) of operators
given by

〈Â〉ψt

.= tr(ρ̂Â) (1)

for each Â ∈ B(H). If Â is an observable, 〈Â〉ψt is the expected
value of Â for the state ρ̂.

Given a state ρ̂ and an observable Â, we denote by
Pρ̂[Â = ·] as the distribution of Â in the state ρ̂. That is,
Pρ̂[Â = ·] is the probability distribution on the spectrum σ (Â)
of Â given by

Pρ̂[Â = α]
.= 〈�̂(Â = α)〉ψt , (2)

where �̂(Â = α) is the projection onto the subspace of H
spanned by the eigenvalue α of Â. Similarly, Pρ̂[Â ∈ ·] denotes
the probability measure on (the power set of) σ (Â) induced by
Pρ̂[Â = ·]. This means that, for any set � ⊂ σ (Â),

Pρ̂[Â ∈ �]
.=

∑
α∈�

Pρ̂[Â = α] = 〈�̂(Â ∈ �)〉ψt , (3)

with �̂(Â ∈ �)
.= ∑

α∈� �̂(Â = α). Physically, Pρ̂[Â ∈ �]
represents the probability that a measurement of Â in the state
ρ̂ yields a value lying in �.

The set O of observables is closed under functional re-
lations. It means that, for any observable Â ∈ O and any
function g : σ (Â) → R, there exists an observable represent-
ing the physical quantity g(Â) (e.g., if g is the function
α �→ α2, g(Â) is the observable Â2). g(Â) is defined by

g(Â)
.=

∑
α∈σ (Â)

g(α)�̂(Â = α), (4)

where Â = ∑
α∈σ (Â) α�̂(Â = α) is the spectral decomposition

of Â. Recall that, in particular, �̂(Â ∈ �) = χ�(A), where
χ� : σ (Â) → {0, 1} is the indicator function of �.

The spectrum of g(Â) is the image of σ (Â) under g, i.e.,
σ (g(Â)) = g(σ (Â)) [79]. The distribution of g(Â) in some

state ρ̂ is the distribution of the random variable g with respect
to (w.r.t.) Pρ̂[Â ∈ ·]. It means that, for each 	 ⊂ σ (g(Â)),

Pρ̂[g(Â) ∈ 	] = Pρ̂[Â ∈ g−1(	)]. (5)

Finally, the expectation of g(Â) is the expected value of g w.r.t.
Pρ̂[Â ∈ ·]:

〈g(Â)〉ψt =
∑

α∈σ (Â)

g(α)Pρ̂[Â = α]. (6)

The set of states S is a convex subset of B(H). It means that,
if ρ̂1, ρ̂2 are states and p ∈ [0, 1], the convex combination

pρ̂1 + (1 − p)ρ̂2 (7)

is also a state. A state is said to be pure if it is an extreme point
of S , meaning it cannot be written as a convex combination of
two distinct states. S is the convex hull of the set of pure states,
which means that every state is a convex combination of pure
states.

In finite-dimensional systems, pure states correspond to
rank-1 projections or, equivalently, to one-dimensional sub-
spaces. For historical and conceptual reasons, pure states are
often identified with the unit vectors that generate the sub-
spaces they correspond to. That is, if ψ ∈ H is a unit vector,
we say that ψ is a pure state in allusion to the subspace this
vector spans. We denote by S0 the set of all pure states in S.

As usual, 〈·|·〉 denotes the inner product of a Hilbert space
H, and ‖·‖ denotes the corresponding norm. That is, for any
ψ ∈ H we have

‖ψ‖ .=
√

〈ψ |ψ〉. (8)

In Dirac notation, the projection onto the subspace spanned
by a unit vector ψ is denoted by |ψ〉〈ψ |. For simplicity, we
will denote by Pψ [Â = ·] the distribution of the observable Â
in the state |ψ〉〈ψ | (analogously for the associated probability
measure). For any unit vector ψ and any observable Â,

〈Â〉ψ = tr(|ψ〉〈ψ |Â) = 〈ψ |Â|ψ〉. (9)

In particular, for any pure state ψ , observable Â and set � ⊂
σ (Â),

Pψ [Â ∈ �] = tr(|ψ〉〈ψ |�̂(Â ∈ �)) = 〈ψ |�̂(Â ∈ �)|ψ
(10)

Another important concept in quantum information is that
of positive operator-valued measures (POVMs) [80]. These
objects represent measurements that do not necessarily have
a direct and idealized correspondence with physical quantities
(a POVM in H can be any arbitrary finite set {Êi}i∈I of positive
self-adjoint operators that sum to the identity). Since one
goal of generalized contextuality is to provide a framework
that accommodates such generalized measurements, the liter-
ature often relies on POVMs rather than observables. Here,
though, we focus exclusively on observables because this is
sufficient for proving our main result (and our results should
extend naturally to sequential measurements of “incompati-
ble” POVMs).
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III. STATE UPDATE IN THE QUANTUM FORMALISM

Let Â be an observable and � be a set of its eigenvalues.
Consider the counterfactual proposition “If a measurement is
made of Â, the result will be found to lie in �” [49], denoted
[Â ∈ �] hereafter. These are the propositions regarding ob-
servables that physical theories (at least at an instrumentalist
level) are designed to handle, as they correspond to assertions
about future (i.e., subsequent) measurement results.

In quantum mechanics, states assign probabilities to propo-
sitions through the Born rule, which involves taking the trace
of the product of the state ρ̂ with the projection �̂(Â = �)
[Eqs. (1) and (2)]. Likewise, the quantum state update
(Lüders’ rule) provides an optimal reconstruction of the state
ρ̂, ensuring the validity of the proposition [Â ∈ �] (i.e., ensur-
ing that a value α lying in � will be obtained if Â is measured).
This section examines the details of the state update mecha-
nism to clarify this point. This analysis presents an account
of the theoretical quantum update mechanism. It should not
be misunderstood as a particular interpretation of the state
collapse that occurs when quantum systems are measured in
actual experiments.

Let us begin with the case where � contains only one
eigenvalue α. That is, [Â = α] ≡ [Â ∈ {α}] is the proposition
“if a measurement is made of Â, the result will be found to
be α.” Let �̂(Â = α) be the corresponding projection, and let
�̂(Â = α)(H) be the subspace of H onto which �̂(Â = α)
projects, i.e., �̂(Â = α)(H) = {�̂(Â = α)ψ : ψ ∈ H}.

As expressed in Eq. (2), the expectation value of the pro-
jection �̂(Â = α) gives the probability that the proposition
[Â = α] is true (with the collection of all propositions [Â =
α′], α′ ∈ σ (Â), forming the underlying sample space). Pure
states (thought of as unit vectors) that lie within the subspace
�̂(Â = α)(H) ensure the proposition is true, in that they
assign probability 1 to [Â = α]. This probability is strictly
smaller than 1 for any other pure state. More broadly, a state
ρ̂ assigns probability 1 to [Â = α] if and only if it is a convex
combination of pure states lying in the corresponding sub-
space.

The orthocomplement of �̂(Â = α)(H), namely, the set

�̂(Â = α)(H)⊥ .= {
φ ∈ H : ∀ψ∈�̂(Â=α)(H)〈φ|ψ〉 = 0

}
,

(11)

is the subspace corresponding the proposition ¬[Â ∈ α] ≡
[Â 
= α] ≡ [Â ∈ σ (Â)\{α}], which asserts that “if a measure-
ment is made of Â, the result will be found to be other than α.”
This is because a pure state ψ satisfies Pψ [Â ∈ σ (Â)\{α}] = 1
if and only if ψ ∈ �̂(Â = α)(S )⊥. These two subspaces have
a trivial intersection (i.e., their intersection is the zero vec-
tor) and their direct sum is the entire Hilbert space [79]. It
means that, for any vector ψ ∈ H, there exists a unique pair
ψα ∈ �̂(Â = α)(H), ψ¬α ∈ �̂(Â = α)(H)⊥, such that

ψ = ψα + ψ¬α. (12)

Furthermore, ψα is the unique element of �̂(Â = α)(H) that
minimizes the distance from ψ , in that

‖ψ − ψα‖ = min{‖φ − ψ‖ : φ ∈ �̂(Â = α)(H)}, (13)

and analogously for ψ¬α . The vector ψα is said to be the
orthogonal projection of ψ on �̂(Â = α)(H). It follows by
construction that

ψα = �̂(Â = α)ψ. (14)

Projecting a pure state ψ onto �̂(Â = α)(H) is an optimal
way of reconstructing ψ to ensure the validity of the propo-
sition [Â = α], i.e., to ensure—at the theoretical level—that,
if a measurement is made of Â, the result will be found to be
α. This is because, among all states that assign probability
1 to [Â = α], �̂(Â = α)ψ is the closest to ψ as the very
notion of orthogonal projection implies. Hence, �̂(Â = α)ψ
is the state in �̂(Â = α)(H) that best approximates ψ in a
mathematically precise sense.

As we know, the state corresponding to the projected vector
�̂(Â = α)ψ is the projection

T[Â=α](|ψ〉〈ψ |) .=
∣∣∣∣∣ �̂(Â = α)ψ√

Pψ [Â = α]

〉〈
�̂(Â = α)ψ√

Pψ [Â = α]

∣∣∣∣∣
= �̂(Â = α)|ψ〉〈ψ |�̂(Â = α)

Pψ [Â = α]
. (15)

The straightforward way of extending S0 � |ψ〉〈ψ | �→
T[Â=α](|ψ〉〈ψ |) ∈ S0 to the set S of all states is by defining

T[Â=α](ρ̂)
.= �̂(Â = α)ρ̂�̂(Â = α)

Pρ̂[Â = α]
(16)

for each state ρ̂. This is Lüders’ rule [41], an improvement of
von Neumann’s collapse postulate [81]. Let us show that this
extension is consistent with our analysis.

To begin with, as one can easily check, T[Â=α](ρ̂) en-
sures that [Â = α] is true, i.e., measurement of Â in the
state T[Â=α](ρ̂) yields the value α with probability 1 (at the
theoretical level). Next, let ρ̂ = ∑m

i=1 pi|ψi〉〈ψi| be any con-
vex decomposition of the state ρ̂ in terms of pure states,
with pi > 0 for each i and

∑m
i=1 pi = 1. Here, the state ρ̂ is

traditionally interpreted as asserting that the system lies in
the state |ψi〉〈ψi| with probability pi [80]. Let us consider
a sequential measurement on a system prepared in the state
ρ̂, where we first ask which state |ψi〉〈ψi| the system is in,
and then ask, for that pure state |ψi〉〈ψi|, if we measure op-
erator Â on the system, which eigenvalue we yield. For this
state ρ̂, the probability Pρ̂[ρ = ψi, Â = α] that if we make
this sequential measurement, we see first that the system is
in the state |ψi〉〈ψi| (denoted by [ρ = ψi]) and that, in this
pure state |ψi〉〈ψi|, a measurement of Â yields the value α, is
given by

Pρ̂[ρ = ψi, Â = α] = piPψi [Â = α]. (17)

For simplicity, we will say that Pρ̂[ρ = ψi, Â = α] is the prob-
ability of [ρ̂ = ψi] and [Â = α] being “consecutively true” in
the state ρ̂. In the same state, Pρ̂[Â = α] is the probability that
[Â = α] is true. The ratio

Pρ̂[ρ = ψi, Â = α]

Pρ̂[Â = α]
(18)

is thus the probability that [ρ̂ = ψi] and [Â = α] are consecu-
tively true, provided that [ρ̂ ∈ {|ψi〉〈ψi|, i = 1, . . . , m}] (i.e.,
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that the system is in one of the states |ψi〉〈ψi|, i = 1, . . . , m)
and [Â = α] are satisfied. Now note that

T[Â=α](ρ̂) =
m∑

i=1

pi
�̂(Â = α)|ψi〉〈ψi|�̂(Â = α)

Pρ̂[Â = α]

=
m∑

i=1

pi
Pψi [Â = α]

Pρ̂[Â = α]

�̂(Â = α)|ψi〉〈ψi|�̂(Â = α)

Pψi [Â = α]

=
m∑

i=1

piPψi [Â = α]

Pρ̂[Â = α]
T[Â=α](|ψi〉〈ψi|)

=
m∑

i=1

Pρ̂[ρ = ψi, Â = α]

Pρ̂[Â = α]
T[Â=α](|ψi〉〈ψi|). (19)

Hence, T[Â=α](ρ̂) asserts that the system is in one of the states
T[Â=α](|ψi〉〈ψi|), i = 1, . . . , m, which are pure states ensur-
ing that [Â = α] holds. The probability that the system is in
the pure state T[Â=α](|ψi〉〈ψi|) corresponds to the likelihood
of [ρ̂ = ψi] and [Â = α] being consecutively true, provided
that [ρ̂ ∈ {|ψi〉〈ψi|, i = 1, . . . , m}] and [Â = α] are satisfied.
It shows that our analysis of the state update rule remains valid
under Lüders’ extension.

The last step is to accommodate propositions that do not
necessarily specify the exact value of the measured quantity—
propositions [Â ∈ �] in which � includes more than one
element. There is only one consistent way of doing so. Let
�1, . . . , �m ⊂ σ (Â) be pairwise disjoint sets. Saying that a
measurement of Â will yield a value in �

.= ⋃m
i=1 �i is equiv-

alent to saying that a value lying in �i will be obtained for one,
and only one, i = 1, . . . , m. Furthermore, under the evidence
that [Â ∈ �] is true, the probability that the resulting value lies
in �i is given by the conditional probability

PÂ
ρ̂ (�i|�)

.= Pρ̂[Â ∈ �i ∩ �]

Pρ̂[Â ∈ �]
. (20)

Hence, saying that the state of the system is T[Â∈�](ρ̂) is
equivalent to saying that the state is T[Â∈�i](ρ̂) with probability

PÂ
ρ̂ (�i|�). This leads to the following consistency condition:

T[Â∈⋃m
i=1 �i](ρ̂ ) =

m∑
i=1

PÂ
ρ̂

(
�i

∣∣∣∣∣
m⋃

i=1

�i

)
T[Â∈�i](ρ̂). (21)

In particular, for any � ⊂ σ (Â) we must have

T[Â∈�](ρ̂ ) =
∑
α∈�

PÂ
ρ̂ ({α}|�)T[Â=α](ρ̂ ) (22)

(note that � = ⋃
α∈�{α}). Hence, T[Â∈�](ρ̂) is fully deter-

mined by the definition of T[Â=α](ρ̂). This state asserts that
the system is in one of the states T[Â=α](ρ̂), α ∈ �. The prob-
ability that the system is in the state T[Â=α](ρ̂) corresponds to
the likelihood of [Â = α] being true, provided that [Â ∈ �] is
satisfied.

It is useful to express the convex combination on the right-
hand side of Eq. (22) using Eq. (16) for T[Â=α](ρ̂). We have

T[Â∈�](ρ̂) =
∑
α∈�

Pρ̂[Â = α]

Pρ̂[Â ∈ �]
T[Â=α](ρ̂)

=
∑
α∈�

�̂(Â = α)ρ̂�̂(Â = α)

Pρ̂[Â ∈ �]
. (23)

We will refer to the mapping T that assigns propositions [Â ∈
�] to functions T[Â∈�] : S → S through Eqs. (16) and (22)
[or equivalently through Eq. (23)] as the state update mapping,
or simply as the Lüders’ rule.

IV. SEQUENTIAL MEASUREMENTS, COMPATIBILITY,
AND JOINT DISTRIBUTIONS

We denote the distribution of an observable B̂ in the state
T[Â∈�](ρ̂) by Pρ̂[B̂ ∈ (·)|Â ∈ �]. That is, for each 	 ⊂ σ (B̂)
we have

Pρ̂[B̂ ∈ 	|Â ∈ �] ≡ PT[Â∈�] (ρ̂ )[B̂ ∈ 	]. (24)

This notation is clearly inspired by conditional probability
but should not be mistaken for it. The goal is to capture
the idea that PT[Â∈�] (ρ̂ )[B̂ ∈ 	] represents the probability of
[B̂ ∈	], provided that ρ̂ was updated by [Â ∈ �]. However,
the state ρ̂ does not necessarily define a probability measure in
a measurable space where [Â ∈ �] and [B̂ ∈ 	] can be treated
as events, limiting the comparison to a notational tool.

The reason why [Â ∈ �] and [B̂ ∈ 	] cannot a priori be
thought of as events in the same probability space is that Â and
B̂ may be incompatible observables, meaning that ÂB̂ 
= B̂Â.
If Â and B̂ are compatible, however, this assumption holds.
This is because compatible observables have well-defined
joint probabilities, which in turn assign probabilities to both
[Â ∈ �] and [B̂ ∈ 	]. Let us discuss this in detail.

Let Â and B̂ be (not necessarily compatible) observables,
and let ρ̂ be a state. For each α ∈ σ (Â) and β ∈ σ (B̂), define

Pρ̂[Â = α, B̂ = β]
.= Pρ̂[Â = α]Pρ̂[B̂ = β|Â = α] (25)

= 〈�̂(Â = α)�̂(B̂ = β )�̂(Â = α)〉ψt

(26)

[note that {�̂(Â = α)�̂(B̂ = β )�̂(Â = α) : (α, β ) ∈ σ (Â) ×
σ (B̂)} is a POVM]. Pρ̂[Â = α, B̂ = β] can be thought of as
the (theoretically constructed) probability of obtaining values
α and β by measuring Â and B̂ in sequence. Following the
same terminology as above, we say that Pρ̂[Â = α, B̂ = β] is
the probability of [Â = α] and [B̂ = β] being consecutively
true.

It follows from Eqs. (3), (16), and (21) that Eq. (25) defines
a probability distribution pρ̂[Â = ·, B̂ = ·] on σ (Â) × σ (B̂).
Let Pρ̂[(Â, B̂) ∈ ·] be the associated probability measure. That
is, for each � ⊂ σ (Â) × σ (B̂) we have

Pρ̂[(Â, B̂) ∈ �]
.=

∑
(α,β )∈�

Pρ̂[Â = α, B̂ = β]. (27)

For clarity, in the particular case where � = �×	 for some
pair � ⊂ σ (Â) and 	 ⊂ σ (B̂), we write

Pρ̂[Â ∈ �, B̂ ∈ 	] ≡ Pρ̂[(Â, B̂) ∈ �×	]. (28)
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Equations (3), (16), and (21) ensure that, for each � ⊂
σ (Â) and 	 ⊂ σ (B̂),

Pρ̂[Â ∈ �, B̂ ∈ 	] = Pρ̂[Â ∈ �]Pρ̂[B̂ ∈ 	|Â ∈ �]. (29)

Equation (29) can be thought of as the (theoretically con-
structed) probability of obtaining values in � and 	 by
measuring Â and B̂ in sequence, as our reading of Eq. (25)
demands. To use the terminology of Sec. III, this is the proba-
bility of [Â ∈ �] and [B̂ ∈ 	] being consecutively true.

This construction can be canonically extended to include
any finite sequence of observables Â1, . . . , Âm. For any state
ρ̂ and sets �i ⊂ σ (Âi ), i = 1, . . . , m, we define

Pρ̂[Â1 ∈ �1, . . . , Âm ∈ �m]

.=
m∏

i=1

Pρ̂[Âi ∈ �i|Â1 ∈ �1, . . . , Âi−1 ∈ �i−1], (30)

where Pρ̂[Âi ∈ · |Â1 ∈ �1, . . . , Âi−1 ∈ �i−1] denotes the dis-
tribution of Âi in the state

T[Âi−1∈�i−1] ◦ · · · ◦ T[Â1∈�1](ρ̂ ). (31)

This mapping induces a probability measure Pρ̂[Â1, . . . ,

Âm ∈ ·] on (the power set of) the Cartesian product∏m
i=1 σ (Âi ), which represents the prediction of a sequential

measurement of Â1, . . . , Âm in the state ρ̂.
In the particular case where Â1, . . . , Âm are pairwise

compatible, Pρ̂[(Â1, . . . , Âm) ∈ ·] is their standard joint dis-
tribution, i.e., for each �i ⊂ σ (Âi ), i = 1, . . . , m, we have

Pρ̂[Â1 ∈ �1, . . . , Âm ∈ �m] =
〈

m∏
i=1

�̂(Âi ∈ �i )

〉
ψt

. (32)

This follows directly from Eq. (26) and well-known results of
linear algebra. More importantly, two observables Â and B̂ are
compatible if and only if the probability measures Pρ̂[(Â, B̂) ∈
·] and Pρ̂[(B̂, Â) ∈ ·] are equal (up to a permutation):

Lemma 1 (Compatibility). Let S be a finite-dimensional
quantum system. Two observables Â and B̂ of S are compat-
ible if and only if, for any state ρ̂ and sets � ⊂ σ (Â), 	 ⊂
σ (B̂),

Pρ̂[Â ∈ �]Pρ̂[B̂ ∈ 	|Â ∈ �] = Pρ̂[B̂ ∈ 	]Pρ̂[Â ∈ �|B̂ ∈ 	].

(33)

The proof can be found in Appendix B. Note that Eq. (33) is
formally equivalent to Bayes’ rule. This result, along with the
subsequent discussion, extends to sets of pairwise compatible
observables. We limit the presentation to pairs of observables
for clarity.

If Â and B̂ are compatible, the predictions of Â correspond
to those of Â and B̂ marginalized over B̂, and vice versa.
Consequently, the propositions [Â ∈ �] and [Â ∈ �] ∧ [B̂ ∈
σ (B̂)] are equally probable for all states. That is, for each
� ⊂ σ (Â) and each state ρ̂,

Pρ̂[Â ∈ �, B̂ ∈ σ (B̂)] = Pρ̂[Â ∈ �] (34)

[analogously, Pρ̂[Â ∈ σ (Â), B̂ ∈ 	] = Pρ̂[B̂ ∈ 	] for each
	 ⊂ σ (B̂)]. This is referred to in the literature as the nondis-
turbance condition [23].

More importantly, the propositions [Â ∈ �] and [B̂ ∈ 	]
update the joint distribution of Â and B̂ by conditioning it on
the set of values where they hold. This means that, for any
state ρ and any Borel sets �′, 	′,

Pρ[Â ∈ �′, B̂ ∈ 	′|Â ∈ �, B̂ ∈ 	]

= Pρ[Â ∈ �′ ∩ �, B̂ ∈ 	 ∩ 	′]
Pρ[Â ∈ �, B̂ ∈ 	]

. (35)

Together with Eq. (34), it implies that

Pρ[B̂ ∈ 	|Â ∈ �] = Pρ[Â ∈ σ (Â), B̂ ∈ 	|Â ∈ �, B̂ ∈ σ (B̂)],

(36)

Pρ[Â ∈ �|B̂ ∈ 	] = Pρ[Â ∈ �, B̂ ∈ σ (B̂)|Â ∈ σ (Â), B̂ ∈ 	].

(37)

To conclude, it is worth emphasizing that, in the particular
case where B̂ = g(Â) for some function g, the proposition
[g(Â) ∈ �] conditions the distribution of Â on the set of
values α ∈ σ (Â) in which [g(Â) ∈ �] holds, namely the set
g−1(�) = {α ∈ σ (Â) : g(α) ∈ �}. That is, for each 	 ⊂ σ (Â)
we have

Pρ̂[Â ∈ 	|g(Â) ∈ �] = Pρ[Â ∈ 	|Â ∈ g−1(�)]

= Pρ̂[Â ∈ 	 ∩ g−1(�)]

Pρ̂[Â ∈ g−1(�)]
(38)

In summary, there are two equivalent ways to represent propo-
sitions involving compatible observables Â and B̂ as events
in a shared probability space. First, we can utilize their joint
distribution. In this approach, we associate [Â ∈ �] and [B̂ ∈
	] with [Â ∈ �] ∧ [B̂ ∈ σ (B̂)] and [Â ∈ σ (Â)] ∧ [B̂ ∈ 	], re-
spectively, where ∧ stands for “and.” Alternatively, we can
represent Â and B̂ as random variables g and h in the spectrum
of some observable Ĉ such that Â = g(Ĉ) and B̂ = h(Ĉ) (it
is well-known that A and B are compatible if and only if
such an observable exists). In this latter case, [g(Ĉ) ∈ �]
and [h(Ĉ) ∈ 	] are transformed into [Ĉ ∈ g−1(�)] and [Ĉ ∈
h−1(	)]. Both these constructions explicitly fail if Â and B̂ are
incompatible: they lack a joint probability distribution and are
not functions of a common observable. There is, therefore, a
latent tension between the incompatibility and (deterministic)
hidden variables, as the latter presuppose a probability space
in which all propositions about a system correspond to events.

V. ONTOLOGICAL MODELS FRAMEWORK

In the ontological models framework [24,83], quantum
systems are modeled in a space � of “ontic states.” As in
Bell’s [10,11] and Kochen and Specker’s [7] hidden variable
models, states ρ̂ of S are taken to represent “the probabilities
that the system be in different ontic states” [24]. Therefore,
in this framework, each state ρ̂ defines a probability measure
μρ̂ on � ≡ (
,A), where 
 is the set of ontic states and
A is an appropriate σ algebra on 
. Given any measurable
set � ⊂ 
, μρ̂ (�) represents the probability that the system
is in an ontic state lying in �. Ontic states are thought of
as assigning probabilities to values of observables. It means
that each λ ∈ 
 defines a probability distribution κλ[Â = ·] :
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σ (Â) → [0, 1] for each observable Â. Analogously to quan-
tum states, κλ[Â = α] represents the probability that a
measurement of Â in the ontic state λ returns the value α (the
probability of [Â = α]).

We denote by κλ[Â ∈ ·] the probability measure associated
with the distribution σ (Â) � α �→ κλ[Â = α] ∈ [0, 1]. That is,
for any set � ⊂ σ (Â) we have

κλ[Â ∈ �]
.=

∑
α∈�

κλ[Â = α]. (39)

Note that κλ[Â ∈ �] represents the probability of obtaining a
value in � in a measurement of Â given that the system is in
the ontic state λ. As discussed extensively in Sec. III, this is
the probability that the proposition [Â ∈ �] (“if a measure-
ment is made of Â, the result will be found to lie in �” [49])
is true, with the collection of all propositions [Â = α′], α′ ∈
σ (Â), forming the underlying sample space. The advantage
of working with the probability measure κλ[Â ∈ ·] rather than
its associated distribution is that it does not exclude observ-
ables with continuous spectra, thereby paving the way for
extending our results to infinite-dimensional systems. While
distributions are more commonly used in the literature on
contextuality, probability measures and Markov kernels are
standard in probability theory [55,76,78].

To standardize our notation, we write

μρ̂[λ ∈ �] ≡ μρ̂ (�), (40)

where μρ̂ (�) represents the probability that, in the quantum
state ρ̂, the system’s ontic state λ lies in the measurable set
� ⊂ 
. Put differently, μρ̂[λ ∈ �] is the probability that the
proposition [λ ∈ �] (“the system’s ontic lies in �”) is true in
the state ρ̂.

The predictions of the model must match the quantum
predictions. Let ρ̂ be a state and Â be an observable of S.
In quantum mechanics, the probability Pρ̂[Â ∈ �] that a mea-
surement of Â in the state ρ̂ yields a value lying in the set
� ⊂ σ (Â), i.e., the probability that [Â ∈ �] is true, is given
by Eq. (3). However, if κλ[Â ∈ �] represents the probability
that a measurement of Â in the ontic state λ returns a value
lying in � (the probability of [Â ∈ �]), and if μρ̂ (�) is the
probability that the system is in a ontic state lying in � ⊂ 
,
then necessarily

Pρ̂[Â ∈ �] =
∫




κλ[Â ∈ �] μρ̂ (dλ), (41)

where the integral in the right-hand side is the Lebesgue
integral [77,78]. Note that, for this integral to be well-defined,

 � λ �→ κλ[Â ∈ �] ∈ [0, 1] must be a measurable function,
which in turn means that κ(·)[Â ∈ ·] is a Markov kernel [78].

To summarize, an ontological model for S consists of a
measurable space � ≡ (
;A), a mapping � assigning states
ρ̂ of S to probability measures �(ρ̂) ≡ μρ̂ on �, and a
mapping � assigning observables Â of S to Markov kernels
�(Â) ≡ κ(·)[Â ∈ ·]. Furthermore, the model M ≡ (�,�,�)
must satisfy Eq. (41) for each state ρ̂, each observable Â,
and each set � ⊂ σ (Â). To accommodate POVMs, one simply
replaces the mapping � with a function assigning POVMs to
Markov kernels, maintaining the rest unchanged. Hereafter,

we denote by S (�) and O(�), respectively, the sets of proba-
bility measures and Markov Kernels of �.

A. State update in ontological models

Let M ≡ (�,�,�) be an ontological model for a (finite-
dimensional) quantum system S. To properly model S in
agreement with the standard postulates of quantum mechan-
ics, M must be equipped with a state update mechanism τ

replicating the quantum state update T . In the model, states
are probability measures, thus τ is a mapping associating each
observable Â and each set � ⊂ σ (Â), namely each proposi-
tion [Â ∈ �], to a function τ[Â∈�] : S (�) → S (�) [recall that
S (�) is the set of probability measures on �]. For τ to repli-
cate the quantum update in the model, the following diagram
must commute for every state ρ̂ and proposition [Â ∈ �]:

ρ̂ μρ̂

T[Â∈Δ](ρ̂) μT[Â∈Δ](ρ̂)

Ψ

T[Â∈Δ] τ[Â∈Δ]

Ψ

It means that the probability measure we obtain by updating
μρ̂ in the model, namely τ[Â∈�](μρ̂ ), is the measure represent-
ing the updated state T[Â∈�](ρ̂). More explicitly,

�
(
T[Â∈�](ρ̂)

) = τ[Â∈�][�(ρ̂)]. (42)

We can construct τ from the same considerations that led
us to Eq. (41). To begin with, recall that the updated state
T[Â∈�](ρ̂) ensures (at the theoretical level) that, if measured, Â
returns a value in �. In ontological models, measurements are
thought of as “measurements of the ontic state of the system”
[24] which “might only enable one to infer probabilities for
the system to have been in different ontic states” [24]—put
differently, a measurement “leads to an update in one’s in-
formation about what the ontic state of the system was prior
to the procedure being implemented” [24]. Quantum states,
on the other hand, represent “the probabilities that the system
be in different ontic states” [24]. Hence, in the updated state
T[Â∈�](ρ̂), the probability that the system is in ontic state λ

is directly proportional to the probability that a measurement
of Â in λ returns a value in �: the higher the probability
κλ[Â ∈ �], the greater the probability that the system is in this
state, because we know that a measurement of Â in the state
T[Â∈�](ρ̂) will return a value in �. Equivalently, the lower the
value κλ[Â ∈ �], the smaller the probability that the system is
in this state. It means that, in the state T[Â∈�](ρ̂), the probabil-
ity that the system is in an ontic state lying in a measurable
set � ⊂ 
 is proportional to

∫
�

κλ[Â ∈ �] dμρ̂ (λ). Equation
(41) ensures that the normalization constant is Pρ̂[Â ∈ �].
Hence, the probability measure representing the updated state
T[Â∈�](ρ̂) is given by

μT[Â∈�] (ρ̂ )[λ ∈ �]
.=

∫
�

κλ[Â ∈ �]

Pρ̂[Â ∈ �]
μρ̂ (dλ) (43)
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for any measurable set � ⊂ 
. Denoting by μρ̂ (·|Â ∈ �] this
probability measure, we can write

μρ̂[λ ∈ �|Â ∈ �] =
∫

�

κλ[Â ∈ �]

Pρ̂[Â ∈ �]
μρ̂ (dλ)

=
∫

�

μρ̂ (dλ|Â ∈ �]. (44)

As in quantum mechanics, Eq. (43) is, by construction,
a mechanism for reconstructing states through propositions
about observables. That is, τ[Â∈�](μρ̂ ) reconstructs μρ̂ to en-
sure that the proposition [Â ∈ �] holds true. The update state
τ[Â∈�](ρ̂) is the measure in which [Â ∈ �] holds that closely
approximates μρ̂ (Lemma 4 makes this claim mathematically
precise in deterministic models).

In summary, the way ontological models are typically in-
terpreted suggests that, to account for the state update, they
must be defined as follows:

Definition 1 (State-updating ontological model). Let S be
a finite-dimensional quantum system, and let O and S be
its sets of observables and states, respectively. Let OS be a
nonempty subset of O. An ontological model for OS consists
of a measurable space � ≡ (
,A), a mapping � assigning
states ρ̂ of S to probability measures �(ρ̂ ) ≡ μρ̂ on �, and
a mapping � assigning observables Â of S to Markov ker-
nels �(Â) ≡ κ(·)[Â ∈ ·] such that the following conditions are
satisfied:

(a) For any observable Â ∈ OS and any state ρ̂, the distri-
bution of Â w.r.t. ρ̂ is given by

Pρ̂[Â ∈ �] =
∫




κλ[Â ∈ �] μρ̂ (dλ). (45)

where the integral in the right-hand side is the Lebesgue
integral [77,78].

(b) The state update translates to � as a conditional prob-
ability. It means that, for any state ρ̂, any observable Â ∈ OS

and any set � ⊂ σ (Â), we have

�(T[Â∈�](ρ̂)) = τ[Â∈�][�(ρ̂)], (46)

where T[Â∈�](ρ̂) : S → S is given by Lüders’ rule [Eq. (23)]
and τ[Â∈�] : S (
) → S (
) is determined by Eq. (44). In par-
ticular, for any state ρ̂ and any measurable set � ⊂ 
 we have

μρ̂[λ ∈ �|Â ∈ �]
.=

∫
�

κλ[Â ∈ �]

Pρ̂[Â ∈ �]
μρ̂ (dλ), (47)

in which μρ̂[λ ∈ �|Â ∈ �] ≡ μT[Â∈�] (ρ)(�).
In the particular case where OS = O, we say that M ≡

(�,�,�) is a model for the system S. We define ontological
models for sets of observables, and not for the entire quantum
system, for practical reasons. The subscript S stands for sce-
nario, and the set OS plays the role of a measurement scenario
in the contextuality literature.

B. Deterministic ontological models

An ontological model � ≡ (
;A) for a set of observables
OS is said to be deterministic (“for outcomes” [24]) if the
Markov kernels representing observables are deterministic.
That is, for each observable Â ∈ OS and each α ∈ σ (Â), we

have

κλ[Â = α] ∈ {0, 1} (48)

for all λ ∈ 
.
Each λ ∈ 
 satisfies κλ[Â = α] = 1 for one and only one

α ∈ σ (Â) because α �→ κλ[Â = α] is a probability distribu-
tion on σ (Â). The set

�(Â = α)
.= {λ ∈ 
 : κλ[Â = α] = 1} (49)

consists of all ontic states for which the proposition [Â = α] is
true. The collection �(Â = α), α ∈ σ (Â), defines a partition
of 
, meaning they are pairwise disjoint and their union cov-
ers the entire set 
. Hence, the deterministic Markov kernel
κλ[Â ∈ ·] is determined by a measurable function fÂ on 
,
where each �(Â = α) is the pre-image of some value of fÂ.
The function fÂ of interest assigns ontic states in �(Â = α) to
the value α, as a measurement of Â in the ontic state λ returns
the value α. It means that

�(Â = α) = f −1
Â

({α}). (50)

In particular, it follows from the definition of Lebesgue inte-
gral that, for each � ⊂ σ (Â) and each state ρ̂,

Pρ̂[Â ∈ �] = μρ̂[λ ∈ �(Â ∈ �)], (51)

where

�(Â ∈ �)
.=

⋃
α∈�

�(Â = α) = f −1
Â

(�). (52)

That is, Pρ̂[A ∈ �] is the probability that, in the quantum state
ρ̂, the system lies in an ontic state in which the proposition
[Â ∈ �] is true, meaning that κλ[Â ∈ �] = 1, or equivalently
fÂ(λ) ∈ �.

It follows from the definition of Lebesgue integrals of
simple functions that, in the particular case of deterministic
models, Eq. (43) reduces to

μρ̂[λ ∈ �|Â ∈ �]
.= μρ̂ (�|�(Â ∈ �))

= μρ̂[λ ∈ � ∩ �(Â ∈ �)]

Pρ̂[Â ∈ �]
. (53)

Definition 2 (Deterministic state-updating ontological
model). Let OS be a set of observables in a finite-dimensional
quantum system S. A state-updating ontological model M for
OS is said to be deterministic if Markov kernels representing
observables are deterministic. Equivalently, M consists of
a measurable space � ≡ (
, Â), a mapping � assigning
states ρ̂ of S to probability measures �(ρ̂) ≡ μρ̂ on �, and a
mapping � assigning observables Â of S to random variables
�(Â) ≡ fÂ : 
 → σ (Â) such that the following conditions
are satisfied:

(a) For any observable Â ∈ OS and any state ρ̂, the distri-
bution of Â w.r.t. ρ̂ is given by

Pρ̂[Â ∈ �] = μρ̂ (�(A ∈ �)), (54)

where �(A ∈ �) ≡ f −1
Â

(�).
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(b) The state update translates to � as a conditional prob-
ability. It means that, for any state ρ̂, observable Â ∈ OS , and
measurable sets � ⊂ σ (Â) and � ⊂ 
, we have

μρ̂[λ ∈ �|Â ∈ �]
.= μρ̂ (�|�(Â ∈ �))

= μρ̂ (� ∩ �(Â ∈ �))

Pρ̂[Â ∈ �]
, (55)

in which μρ̂[λ ∈ �|Â ∈ �] ≡ �(TÂ∈�(ρ))(�).
Note that this is what we referred to as “state-updating

underlying state model” in Ref. [42].
Hereafter, by stochastic ontological model we mean an

ontological model that is not deterministic.
The consequences of “dropping determinism” from hid-

den variable descriptions extend beyond simply rejecting
“outcome determinism.” An important difference between
deterministic and stochastic models is that, in the former,
propositions regarding the same observable Â are rendered in-
dependent (as events) by the system’s ontic states, a condition
that may be violated in stochastic models. That is, let Â be an
observable and �,�′ be subsets of σ (Â). In a (not necessarily
state-updating) stochastic ontological model, an ontic state λ

may very well satisfy

κλ[Â ∈ � ∩ �′] 
= κλ[Â ∈ �]κλ[Â ∈ �′], (56)

because, according to the definition of ontological models,
there is no need that the events [Â ∈ �] and [Â ∈ �′] are
independent w.r.t. the probability measure κλ[Â ∈ ·]. In a
deterministic model, on the other hand, these events are in-
dependent w.r.t. all ontic states, as each ontic state assigns
probability 1 to one and only one α ∈ σ (Â). More explicitly,
denoting by αλ the (necessarily unique) eigenvalue α of Â
such that κλ[Â = α] = 1, we have

κλ[Â ∈ � ∩ �′] = 1 ⇔ αλ ∈ � ∩ �′ ⇔
{

κλ[Â ∈ �] = 1

κλ[Â ∈ �′] = 1,

(57)

and since κλ[Â ∈ 	] ∈ {0, 1} for each 	 ⊂ σ (Â),

κλ[Â ∈ � ∩ �′] = κλ[Â ∈ �]κλ[Â ∈ �′]. (58)

In other words, the Markov kernel representing an ob-
servable Â in a stochastic model may have overlapping
components, meaning that an ontic state λ can assign a
strictly positive probability to two different eigenvalues of Â
[i.e., κλ[Â = α] > 0 for two distinct α ∈ σ (Â)].

VI. MAIN RESULTS

This section presents a detailed analysis of state-updating
ontological models. Section VI A demonstrates that onto-
logical models adhering to Definition 1, especially deter-
ministic ones, satisfy important consistency conditions for
hidden-variable descriptions of quantum mechanics, includ-
ing Kochen-Specker noncontextuality and Bell’s locality
condition. Section VI B presents our main result, namely, that
incompatibility obstructs the existence of these models.

A. On the formal consistency of state-updating
ontological models

We start with the following lemma:
Lemma 2 (State-updating ontological model). Let S be a

finite-dimensional quantum system, and let OS be a nonempty
set of observables of S. Let M ≡ (�,�,�) be an ontological
model for OS (Def. 1). The following conditions are satisfied:

(a) For any observable Â, any function g : σ (Â) → R and
any state ρ̂,

〈g(Â)〉ψt =
∫




∫
σ (Â)

g(α) κλ[Â ∈ dα]μρ̂ (dλ), (59)

In particular, the expectation value of Â is given by

〈Â〉ψt =
∫




∫
σ (Â)

α κλ[Â ∈ dα]μρ̂ (dλ). (60)

(b) M is Kochen-Specker noncontextual (and conse-
quently Bell-local [11]). That is, if Â1, . . . , Âm ∈ OS are
pairwise compatible observables, for any state ρ̂ and any sets
�i ⊂ σ (Âi ), i = 1, . . . , m, we have

Pρ̂[Â1 ∈ �1, . . . , Âm ∈ �m] =
∫




m∏
i=1

κλ[Âi ∈ �i] μρ̂ (dλ),

(61)

(c) If Â, B̂ ∈ OS are compatible observables, then

〈Â + B̂〉ψt =
∫




∫
σ (Â)

∫
σ (B̂)

α + β κλ[Â ∈ dα]κλ

× [B̂ ∈ dβ]μρ̂ (dλ),

〈ÂB̂〉ψt =
∫




∫
σ (Â)

∫
σ (B̂)

αβ κλ[Â ∈ dα]κλ

× [B̂ ∈ dβ]μρ̂ (dλ). (62)

Proof of this can be found in Appendix B.
In deterministic models, these results can be expressed in

terms of random variables rather than Markov Kernels (see
Appendix B for details):

Corollary 1 (Deterministic state-updating ontological
model). Let S be a finite-dimensional quantum system,
and let OS be a nonempty set of observables of S. Let
M ≡ (�,�,�) be a deterministic ontological model for OS .
The following conditions are satisfied:

(a) The expectation of any observable Â ∈ OS is the ex-
pected value of the random variable fÂ ≡ �(Â). That is, given
any state ρ̂, we have

〈Â〉ψt =
∫




fÂ(λ) μρ̂ (dλ). (63)

(b) M is noncontextual. That is, if Â1, . . . , Âm ∈ OS are
pairwise compatible observables, for any state ρ̂ and any
Borel sets �1, . . . ,�m we have

Pρ̂[Â1 ∈ �1, . . . , Âm ∈ �m] =
∫




m∏
i=1

κλ[Âi ∈ �i] μρ̂ (dλ)

= μρ̂

(
m⋂

i=1

f −1
Âi

(�i )

)
. (64)
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(c) If Â, B̂ ∈ OS are compatible observables, we have

〈Â + B̂〉ψt =
∫




fÂ(λ) + fB̂(λ) μρ̂ (dλ),

〈ÂB̂〉ψt =
∫




fÂ(λ) · fB̂(λ) μρ̂ (dλ). (65)

The following lemma demonstrates that deterministic models
meet key consistency conditions required for any state update
mechanism that works as we propose. In stochastic models,
this is generally false, as these conditions remain valid only
when τ is restricted to the set of measures corresponding to
quantum states. This is because, as discussed in Sec. V B,
Markov kernels representing observables may have overlap-
ping components, meaning that an ontic state λ can assign a
strictly positive probability κλ[Â = α] to two different eigen-
values α of Â. Such overlaps prevent us from showing that
propositions regarding the same observable are independent
(as events) w.r.t. ontic states, which means that an ontic state
λ may satisfy Eq. (56). To solve this problem, one might
represent quantum observables with nonoverlapping Markov
kernels, where each ontic state λ satisfies κλ[Â = α] > 0 for
only one α ∈ σ (Â). However, such a model is necessarily de-
terministic, because the mapping σ (Â) � α �→ κλ[Â = α] ∈
[0, 1] is a probability distribution and, as such, must sum to
one. That is, we have κλ[Â = α] > 0 for only one α ∈ σ (Â) if
and only if κλ[Â = α] = 1.

Lemma 3 (State update in deterministic models). Let S

be a finite-dimensional quantum system, and let OS be a
nonempty set of observables of S. Let M ≡ (�,�,�)
be a deterministic state-updating ontological model
for OS (Definition 2). For any observable Â ∈ OS and
any measure μ ∈ S (
), the following conditions are
satisfied:

(a) For any sets �,�′ ⊂ σ (Â),

Pμ[Â ∈ �′|Â ∈ �] = Pμ[Â ∈ � ∩ �′]
Pμ[Â ∈ �]

, (66)

where, for each 	 ⊂ σ (Â), Pμ(· |Â ∈ 	] ≡ τ[Â∈	](μ)(·).
(b) For any sets �,�′ ⊂ σ (Â),(

τ[Â∈�′] ◦ τ[Â∈�]

)
(μ) = τ[Â∈�′∩�](μ). (67)

(c) If �i ⊂ σ (Â), i = 1, . . . , m, are pairwise disjoint, for
any probability measure μ on � we have

τ[Â∈⋃m
i=1 �i](μ) =

m∑
i=1

Pμ

[
Â ∈ �i|Â ∈ ∪m

i=1�i
]
τ[Â∈�i](μ).

(68)
Item (a) is valid by definition. Item (b) is a well-known and
easy-to-check feature of conditional probability. Item (c) is
the famous summation formula [78].

It is important to note that, in continuous systems,
Eq. (66) is virtually sufficient to rule out any update that dif-
fers from conditional probability. In fact, since measurements
in ontological models are thought of as “measurements of the

ontic state of the system” which “might only enable one to
infer probabilities for the system to have been in different
ontic states” [24], it is certainly reasonable to suppose that
there exists a (possibly multivalued) observable Â that does
exactly this, i.e., measuring Â simply reveals in which on-
tic state the system exists (e.g., in a system of N particles
in classical mechanics, Â is the identity function λ �→ λ,
which merely specify all particle’s positions and momenta).
Given any measurable set � ⊂ 
, there exists a set of values
� such that � = �(Â ∈ �). Let �,�′ ⊂ 
 be measurable
sets, and let �,�′ be such that � = �(Â ∈ �), �′ = �(Â ∈
�). Let τ be the state update mechanism of the model,
and suppose it respects Eq. (66). Then, for any quantum
state ρ̂,

τ[Â∈�](μρ̂ )(�′) = Pρ[Â ∈ �′|Â ∈ �] = Pρ̂[Â ∈ � ∩ �′]
Pρ̂[Â ∈ �]

= μρ̂ (�′|�). (69)

In models where the set of ontic states is finite, the assumption
of continuity can be dropped. Therefore, for models where
the set of ontic states is finite, outcome repeatability (at the
quantum-mechanical level) is essentially sufficient to rule out
violations of conditional probability. Given [82] shows that,
when modeling a finite-dimensional system, one can always
assume the space of ontic states is finite, it seems outcome
repeatability alone is enough to rule out violations of condi-
tional probability for most systems.

Only deterministic ontological models update all probabil-
ity measures in accordance with the consistency conditions we
identified for the state update rule. Fortunately, there is no loss
of generality in focusing on deterministic models, because
Kolmogorov’s extension theorem (Theorem 1) guarantees the
existence of a deterministic ontological model whenever a
state-updating ontological model can be constructed. Unfor-
tunately, it is a straightforward consequence of Lemma 1
and Bayes’ rule that such models exist only in the trivial
case where all observables under consideration are pairwise
compatible.

B. Incompatibility obstructs state-updating ontological models

According to Definition 1, ontological models are en-
dowed with a reasonable state update mechanism and satisfy
important consistency conditions for hidden variable descrip-
tions, as Lemma 2 and its corollary show. Unfortunately,
the existence of incompatible observables in quantum sys-
tems rules out these models. This is because the quantum
predictions of sequential measurements of incompatible ob-
servables are order-dependent, which sharply contrast with
the order-independence of sequential probabilities dictated by
conditional probability, as captured by Bayes’s rule. Let us
show it in detail.

It follows from Lemma 1 that incompatibility obstructs
the existence of ontological models. In fact, if an ontological
model for a set of observables OS exists, Eq. (33) is naturally
satisfied for any pair Â, B̂ ∈ OS . This is because, for any pair
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Â, B̂ ∈ OS , any state ρ̂ and any sets �,	,

Pρ̂[Â ∈ �, B̂ ∈ 	] = Pρ̂[Â ∈ �]Pρ̂[B̂ ∈ 	|Â ∈ �] = Pρ̂[Â ∈ �]
∫




κλ[B̂ ∈ 	] μρ̂ (dλ|Â ∈ �]

= Pρ̂[Â ∈ �]
∫




κλ[B̂ ∈ 	]
κλ[Â ∈ �]

Pρ̂[Â ∈ �]
μρ̂ (dλ) =

∫



κλ[Â ∈ �]κλ[B̂ ∈ 	] μρ̂ (dλ)

= Pρ̂[B̂ ∈ 	]Pρ̂[Â ∈ �|B̂ ∈ 	] = Pρ̂[B̂ ∈ 	, Â ∈ �]. (70)

That is, if a model for OS exists, then the observables in OS

are pairwise compatible. On the other hand, the Kolmogorov
extension theorem (Theorem 1) ensures that a deterministic
ontological model can be constructed for any set of pairwise
compatible observables (see Appendix B for details). There-
fore, the existence of an ontological model for a given scenario
is equivalent to assuming that all observables in that scenario
are pairwise compatible. We have the following proposition:

Proposition 1 (Compatibility and ontic states). Let S be a
finite-dimensional quantum system, and let OS be a nonempty
set of observables in S. Then the following claims are equiv-
alent:

(a) OS admits a (state-updating) ontological model.
(b) OS admits a deterministic (state-updating) ontological

model.
(c) The observables in OS are pairwise compatible.
Since incompatible observables are always present in quan-

tum systems, the following corollary immediately follows:
Corollary 2 (Incompatibility obstructs state-updating on-

tological models). No finite-dimensional quantum system
admits a state-updating ontological model.

VII. DISCUSSION

Under our counterfactual account of the quantum rule,
and if we are right that such an account translates to onto-
logical models as per Definition 1, Proposition 1 provides
a straightforward method to rule out ontological models of
the canonical formulation of quantum mechanics (i.e., di-
rectly including the collapse postulate [48,80,84]). The proof
establishes a direct connection between compatibility and
ontic states, demonstrating that incompatibility is sufficient
to obstruct their existence, thereby extending the findings of
Fine [57], Malley [58], and Malley and Fine [59]. Since our
proof imposes no consistency condition on the representa-
tion of observables (such as Kochen and Specker’s functional
relations [7] or Spekkens’ ontological identity of empirical
indiscernibles [29]) the result is independent of considerations
about either generalized or standard (Kochen-Specker) con-
textuality, or determinism.

Our argument consists of the following steps:
(a) Section III establishes a counterfactual account of the

quantum state update according to which Lüders’ rule is a
theoretical mechanism for reconstructing states to ensure the
validity of counterfactual propositions about future (i.e., sub-
sequent) measurements of physical quantities.

(b) Section V argues that, due to the aforementioned anal-
ysis of the quantum state update, ontological models must
update states via conditional probability.

(c) Section VI A shows that items (a) and (b) above are
consistent by demonstrating that state-updating ontological
models meet key consistency requirements for hidden variable
representations of quantum mechanics.

(d) Section VI B shows that this consistent representation
exists only in the trivial case where all observables considered
are compatible. In particular, no quantum system admits a
state-updating ontological model.

To circumvent Corollary 2, one must argue that at least one
of these steps is incorrect. Items (c) and (d) are mathematical
theorems based on assumptions either in (a) or (b), or in the
ontological models framework, and so cannot be disputed
without also disputing one or more of these other assump-
tions. We address item (b) in Sec. VII C. Sections VII A and
VII B focus on item (a). Section VII D presents our concluding
remarks.

A. Considerations about the quantum state update

One of the oldest and most fascinating conceptual chal-
lenges in quantum mechanics is the measurement problem
[17,45,48,85,86]. At least six distinct questions are commonly
referred to as “the measurement problem” [86], while some ar-
gue that no such problem exists at all [52]. Collectively, these
discussions lead many to assume that, in the quantum for-
malism, the theoretically constructed state update inherently
reflects the physical collapse of a system’s state following
an interaction with a measuring apparatus. That is, rather
than updated by propositions in the first conditional (“if a
measurement is made of A, the result will be found to lie in
�”), quantum states are often thought to be updated—even
at the theoretical level—by propositions in the simple past
(“a measurement of A was made and a value lying in � was
obtained”). If this is correct, there is no reason for ontological
models to respect conditional probability. Here, we defend our
counterfactual account, arguing that this linguistic shift is a
misconception.

First, when we say that Lüders’ rule reconstructs states
to ensure the validity of counterfactual propositions (if a
measurement is made ...), we are not advocating for a spe-
cific interpretation of the state update mechanism; rather, we
are merely describing what the update mechanism is from a
mathematical standpoint. As shown in Sec. III, the updated
state T[A∈�](ρ), is, by construction, an optimal reconstruction
of ρ designed to ensure that, if a measurement is made of
Â, the result will be found to lie in �. It is natural for it
to be so, as quantum states are (at least) tools for making
predictions about systems’ future behavior. Since states as-
sign probabilities to such counterfactual propositions (i.e., to
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statements about subsequent measurements), we can naturally
reconstruct states to ensure their validity.

Consider now the simple past proposition “a measure-
ment of Â was made, and a value lying in � was obtained”,
which we denote by |Â ∈ �|. There is nothing in the quan-
tum formalism connecting the theoretically constructed state
T[Â∈�](ρ) with such a proposition. As in any physical theory,
propositions about the past cannot be validated or dismissed
by quantum states, since states assign probabilities only to
subsequent measurements.1 Since the quantity Â assumes a
value α immediately after being measured (this is precisely
what the measurement informs us, up to the region � wherein
this value lies), and since a measurement of a physical quan-
tity with a definite value must simply reveal, up to the limited
precision encapsulated by �, this value to the observer,
T[Â∈�](ρ̂) serves as the ideal representation of the system’s
state when ρ̂ is prepared, Â is measured, and a value lying in �

is obtained. However, this simply means that the experimental
postmeasurement state is one instance where the system is ide-
ally described by the theoretical construction T[Â∈�](ρ). It by
no means indicates that T[Â∈�](ρ) must necessarily be thought
of as a state where the proposition |Â = α| (the simple past
version) is true. That is, interpreting T[Â∈�](ρ̂) as a postmea-
surement state is circumstantially possible, but the theoretical
formalism by no means suggests that |Â ∈ �| is essential for
characterizing T[Â∈�](ρ̂), i.e., that the update ρ̂ �→ T[Â∈�](ρ̂) is
characterized by physical disturbances inherently associated
with interactions with a measuring apparatus.

There are many features of the quantum state update that
are left without explanation under the postmeasurement (past-
tense) interpretation of updated states. Repeatability is the
most straightforward. A less-discussed point is that, if Ĉ =
g(Â), the proposition [g(Â) ∈ �] conditions the distribution
of Â on the set of values in which this proposition holds,
namely, the set of values α ∈ σ (Â) such that g(α) ∈ � [see
Eq. (38)]. In particular, if Ĉ = g(Â) = h(B̂), with Â and B̂
incompatible, the distributions of both Â and B̂ are con-
ditioned on the subsets of σ (Â) and σ (B̂), respectively, in
which [Ĉ ∈ �] is satisfied, namely g−1(�) and h−1(�). More
broadly, [Ĉ ∈ �] conditions the distribution of D̂ whenever Ĉ
and D̂ are compatible, as shown in Sec. IV. If Ĉ and D̂ are
incompatible, it is not possible to use conditional probability
because propositions concerning them cannot be represented
in the same probability space.

To mention one more difficulty, if the postmeasurement
interpretation is right, isolated systems would never have a
well-defined state (at least not for a straightforward reason),
because all pure states are updated states. To illustrate, con-
sider a hydrogen atom in a bound state ψn,l,m, in which the
electron has a well-defined energy and is bound to the proton
[74]. This state satisfies

ψn,l,m = (
T[L̂3=θm] ◦ T[L̂2=φl ]

◦ T[Ĥ=En]

)
(ρ̂ ), (71)

1Unless we are considering a quantum retrodiction scenario—
though even here, the way quantum states assign probabilities is far
closer to the form described by propositions in the first conditional
(just with the arrow of time reversed) than it is to those in the simple
past.

where ρ̂ is any state and ◦ stands for function composition. Ĥ ,
L̂2 and L̂3 are observables corresponding to energy, magnitude
of angular momentum, and the projection of angular momen-
tum in the z axis, whereas En, ψl , θm are values corresponding
to the quantum numbers n, l, m [74]. By the postmeasurement
interpretation, the state ψn,l,m can only be assumed by an
atom if an agent measures Ĥ , L̂2, and L̂3 in sequence. This
perspective is challenging to reconcile with the stability of
matter, which implies that hydrogen atoms out there in the
universe—which have never interacted with apparatuses—can
and do exist in bound states. If one refrains from adopt-
ing such a view, on the other hand, it is uncontroversial to
state that distant atoms lie in bound states. The state ψn,l,m

is characterized by the truth of the propositions [Ĥ = En],
[L̂2 = φl ], and ˆ[L3 = θm] in the system in question, regardless
of how this configuration was achieved; in particular, regard-
less of whether an interaction with a measurement apparatus
occurred. This is precisely how the bound state ψn,l,m is tra-
ditionally interpreted: we say that, for whatever reason, and
regardless of whether a human being is aware of that or not,
the electron has energy En, magnitude of angular momentum
φl , and component z of angular momentum θm.

In summary, in its explicit mathematical form, the quan-
tum state update is a mechanism for reconstructing states
based on propositions about the system’s future predictions
(i.e., counterfactual propositions). Asserting that this update
inherently reflects the physical disturbance resulting from a
past interaction with a measuring apparatus, i.e., saying the
reconstruction mechanism is grounded on propositions in the
simple past tense, is a claim that, in our view, lacks theoretical
support within the standard quantum formalism.

To conclude, we would like to emphasize that we are not
denying the existence of a measurement problem in quan-
tum mechanics. The question of how, in a real experiment,
a superposition of eigenstates of the measured quantity col-
lapses to one of these states—and whether such a jump
can be described by quantum mechanics—is indeed rich and
fascinating. However, we believe this issue pertains to the
experimental collapse and should not affect our understanding
of the theoretical mechanism of state reconstruction. The-
oretically, the state update mechanism depends solely on
predictions about the system’s future behavior. Connections
with postmeasurement collapses are merely circumstantial
and, as such, cannot determine this theoretical construction.

B. Contrasting pictures of quantum systems: OMF vs Hilbert

Our analysis of the quantum state update places Lüders’
rule and conditional probability on the same footing: both
serve as mechanisms for reconstructing states to ensure the
validity of certain propositions about future (i.e., subsequent)
measurements of physical quantities. The only difference is
that the former operates within the quantum formalism of
Hilbert spaces, whereas the latter relies on a probability space
shared by all physical quantities altogether. This section ex-
amines the distinctions between these two frameworks and
clarifies why the former permits order-dependent predictions
in sequential measurements, whereas the latter does not.

Proposition 1 shows that, at least under our view on the
state update, there is no loss of generality in working with
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deterministic models. In the deterministic state-updating on-
tological model M ≡ (�,�,�) for a set of observables OS

we constructed when proving Proposition 1, � consists of
the Cartesian product 


.= ∏
A∈OS

σ (Â) equipped with the
product σ algebra 


.= ∏
A∈OS

P(σ (Â)), where P(σ (Â)) is
the power set of σ (Â). There is thus no loss of generality in
assuming that deterministic ontological models are equipped
with a Hausdorff topology [55], as we do in Lemma 4.

In a quantum system H, a proposition [Â = α] (“if a
measurement of Â is made, the result will be found to be
α”) is represented by the set �̂(Â = α)(H) of pure states
(here treated as unit vectors) in which this proposition is
true, in that ψ ∈ �̂(Â = α)(H) if and only if Pψ [Â = α] = 1.
Projecting a state ψ ∈ H consists of selecting the state in
which [Â = α] holds that better approximates ψ because it
is the unique element of �̂(Â = α)(H) that minimizes the
distance from ψ [Eq. (13)]. Hence, projecting ψ orthogo-
nally onto �̂(Â = α)(H) is an optimal way of reconstructing
ψ to ensure that, in the reconstructed state, [Â = α] is
true. To accommodate mixed states ρ̂, one projects the
pure states of which ρ̂ is a statistical mixture (i.e., con-
vex combination) onto �̂(Â = α)(H) and assigns appropriate
probabilities to them. This was demonstrated in detail in
Sec. III.

Analogously to quantum systems, a deterministic onto-
logical model represents the proposition [Â = α] as the set
�(Â = α) of ontic states λ where this proposition holds,
meaning that λ ∈ �(Â = α) if and only if κλ[Â = α] = 1.
Given a state μρ̂ and a proposition [Â = α], the updated state
τ[Â=α](μ) modifies μ to ensure that the proposition [Â = α]
is true. To achieve this, τ[Â=α] “projects” (i.e., conditions) the
ontic states of which μ is a statistical mixture onto �(Â =
α) and assign appropriate probabilities to them—this can be
made precise with Choquet’s theorem [87], but this level of
precision is unnecessary here. As happens with pure states in
quantum mechanics, ontic states where [Â = α] holds remain
unchanged when updated by [Â = α], whereas those in which
[Â 
= α] is true are lead to the null state (the measure that
assigns 0 to all measurable sets). Note that [Â 
= α] is true
in a microstate λ if and only if κλ[Â = α] = 0.

We can make this comparison mathematically precise us-
ing the total variation distance, which is the canonical notion
of distance between probability measures [78,88]. If μ, ν are
probability measures in some measurable space � ≡ (
,A),
the total variation distance between μ and ν is the number

‖μ − ν‖ .= sup
�∈A

|μ(�) − ν(�)|. (72)

Projecting a state ψ ∈ H consists of selecting the element of
�̂(Â = α)(H) that minimizes the distance from ψ [Eq. (13)].
Analogously, conditioning a measure μ ∈ S (
) on �[Â ∈ �]
consists of selecting the measure in which [Â ∈ �] holds that
minimizes the distance from μ:

Lemma 4. Let OS be a set of observables in some (finite
dimensional) quantum system S, and let M ≡ (�,�,�) be a
deterministic (state-updating) ontological model for OS (Def-
inition 2). Let S
 be the set of all probability measures on �,

and let μ ∈ S
. For any Â ∈ OS and � ⊂ σ (Â), we have

‖τ[Â∈�](μ) − μ‖ = min{‖ν − μ‖ : ν ∈ S
, Pν[Â ∈ �] = 1},
(73)

where Pν[Â ∈ �] ≡ ν( f −1
Â

(�)).
A proof can be found in the Appendix B.
The similarity between the quantum state update and con-

ditional probability is that, by construction, both are optimal
methods for reconstructing states to ensure the validity of
propositions. The difference—and this is key—is that ontic
states do not superpose, reducing the update mechanism to a
mere enhancement of the experimentalist’s knowledge about
the system’s ontic state. This is because �(Â = α) and �(Â 
=
α) exhaust all ontic states, while the subspaces �̂(Â = α)(H)
and �̂(Â 
= α)(H) does not include all pure states. That is, on
the one hand, we have �(Â = α) ∩ �(Â 
= α) = ∅ and


 = �(Â = α) ∪ �(Â 
= α). (74)

On the other hand, we have �̂(Â = α)(H) ∩ �̂(Â 
= α)(H) =
{0} but H 
= �̂(Â = α)(H) ∪ �̂(Â 
= α)(H){0}. Instead, H is
the direct sum of these subspaces:

H = �̂(Â = α)(H) ⊕ �̂(Â 
= α)(H). (75)

As we know, this means that, in some pure states ψ , neither
[Â = α] nor [Â 
= α] holds, because these states are superpo-
sitions of nonzero vectors ψα and ψ
=α where [Â = α] and
[Â 
= α] are satisfied, respectively. These are precisely the
pure states that undergo a nontrivial update by [A ∈ α], mean-
ing they are neither left unchanged nor mapped to the zero
state. Consequently, any mixed state ρ = ∑m

i=1 pi|ψi〉〈ψi| that
contains such a superposition as one of its possible states
ψ1, . . . , ψm will undergo a nontrivial update by [Â = α], in
that it will not simply be conditioned on the set of states
ψi satisfying Pψi [Â = α] = 1. This is where the classical
and quantum update mechanisms diverge, and it is precisely
these nontrivial updates that leaves room for a pivotal as-
pect of quantum systems: the possibility of order-dependent
predictions of sequential measurements, or, equivalently, the
existence of incompatible observables. Conditional proba-
bility is a fully subjective update, as it only enhances the
experimentalist’s knowledge about the system’s ontic state.
The very meaning of Bayes’s rule is that, under such update,
which has a subjective, epistemic, or statistical character, se-
quential probabilities are independent of order.

C. On alternative updates in ontological models

Multiple ontological models have been proposed, which
use different rules for state update. Some of them justify
their update mechanisms by invoking physical disturbances
arising from interactions with measuring apparatuses [60,61].
For instance, Hindlycke and Larsson’s state update rule [61]
effectively combines a basis update (to quote them, an up-
date ensuring “that the measurement and conjugate contexts
remain a symplectic basis”) with a measurement disturbance,
where they “randomize the phase for the (possibly new) Ck”.
Justifications grounded on measurement disturbances are only
tenable if the quantum formalism updates states not through
counterfactual propositions but through propositions in the
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simple past, contradicting our account of the quantum state
update rule. Hence, under our account, such ontological mod-
els do not properly capture the ontology of quantum systems
in the way that we would expect given the nature of the
ontological models formalism. It means that, to justify al-
ternative updates in ontological models using measurement
disturbances, one must advocate for a reading of the quantum
state update mechanism that differs from ours.

Alternatively, some authors propose limits to our capacity
to grasp ontic states, thereby restricting the set of measures
that can represent quantum states and permitting the viola-
tion of conditional probability. This is the case in Spekkens’
toy model, for instance [68]. To understand how such re-
strictions can affect the state update, suppose that, for some
reason (e.g., a “knowledge balance principle” dictating that
quantum states are measures with “large” support, as in the
toy model [68]), there is a limit on which probability mea-
sures can represent states in some ontological model M ≡
(�,�,�). Let SQ(
) � S (
) be the set of such measures.
With this additional constraint, reconstructing a state ρ̂ to
ensure that a proposition [Â ∈ �] holds consists of selecting,
within SQ(
) � S (
), the measure in which [Â ∈ �] holds
that best approximates μρ̂ (for example, one may take the
measure in SQ(
) � S (
) satisfying [Â ∈ �] that minimizes
the total variation distance from μρ̂). In summary, the up-
dated state τ[Â∈�](μψ ) is determined by a constrained optimal
approximation, where the constraint arises from the experi-
mentalist’s incapacity of grasping the system’s ontic state with
precision.

The challenge in this, say, “epistemic” justification for the
violation of conditional probability lies in explaining why
sequential probabilities constructed using such a suboptimal
update mechanism would yield well-defined probability mea-
sures and correctly predict the relative frequencies observed
in sequential measurements. This amounts to assuming that
the suboptimal update mechanism, constrained by the experi-
mentalist’s inability to precisely grasp the system’s ontic state,
correctly predicts the relative frequencies observed when ρ̂

is prepared and Â and B̂ are measured in sequence, whereas
conditional probability (the unconstrained, optimal epistemo-
logical update) would fail. Put differently, an intellect (or
“demon”) free from this epistemological limitation would fail
to predict the relative frequencies observed when ρ̂ is prepared
and Â and B̂ are measured in sequence, implying that the pre-
dictive success of quantum theory is rooted in our ignorance.
Given we would expect our knowledge of the world not to di-
rectly affect the world itself, epistemic constraints seemingly
fails to justify the violation of conditional probability in onto-
logical models, at least under our description of the quantum
state update. Under alternative descriptions—allowing, for in-
stance, a change in the system’s ontic state—such justification
does remain possible; however, such an account differs from
the typical account of the process of state update implicitly
assumed in quantum theory.

Another obstacle to alternative updates—one that does not
depend on our particular account, but applies to Lüders rule as
such—is ensuring that they give rise to conditional probability
at the quantum level. As discussed in Sec. IV, the distribu-
tion of an observable B̂ in quantum mechanics is updated
via conditional probability whenever possible, i.e., whenever

the proposition [Â ∈ �] involves an observable Â that can
be represented as a random variable in the same probability
space as B̂. This happens when Â and B̂ are compatible. The
probability space is given by the joint spectrum of Â and
B̂ [17], equipped with their joint distribution. Equivalently,
it consists of the spectrum of any observable Ĉ such that
Â = f (Ĉ) and B̂ = g(Ĉ). In this case, the random variables
representing Â and B̂ are f and g, respectively, and the prob-
ability measure is the distribution of Ĉ. Two questions arise
from these well-known features of the quantum formalism:
first, how can one construct an update mechanism that, despite
not adhering to conditional probability at the ontological level,
nonetheless yields conditional probability among compatible
observables at the quantum level? This may be conceivable in
finite-dimensional systems but is cumbersome in continuous
ones. Second, how can we understand the distinction between
compatible and incompatible observables, given that ontic
states render all observables jointly distributed? IĈ entails
jointly measuring all its functions?

It may be argued that Beltrametti and Bugajski’s model
[89] challenges the line of thought leading to Definition 1:
this is an ontological model that, by construction, updates
states in agreement with the quantum state update rule and, for
precisely this reason, does not obey conditional probability.
In response, we argue that Beltrametti and Bugajski’s model
is only formally equivalent to Spekkens’ ontological models,
differing in how measurements are interpreted: if Beltrametti
and Bugajski’s model obeys the quantum state update rule
(as the standard postulates of quantum mechanics demand),
then its measurements cannot be interpreted according to the
OMF description, namely as leading “to an update in one’s
information about what the ontic state of the system was prior
to the procedure being implemented” [24].

In fact, in Beltrametti and Bugajski’s model, the set of
ontic states consists of all pure quantum states of the system.
Each convex decomposition of a state ρ̂ defines a probability
measure representing it in the model (these measures are
not necessarily equal, meaning that the model is generalized
contextual for preparations [24]). The Markov Kernel associ-
ated with an observable Â assigns probabilities to pure states
via the Born rule, that is to say, κψ [Â = α]

.= 〈ψ |�̂(Â =
α)|ψ〉. Finally, the model recovers the quantum predictions
via Eq. (41), which is equivalent to the Born rule. Interpreting
measurements as updating one’s information about what was
the ontic/pure state prior to measurement in this model is
equivalent to assuming that such interpretation holds in quan-
tum mechanics, which is recognized as an incorrect view—it
conflicts, to mention only one issue, with state superposition.
Therefore, this model does not invalidate our claim that onto-
logical models, as conceived in the generalized contextuality
literature [24], must update states via conditional probability.

It is important to recall that Beltrametti and Bugajski’s
work predates the development of generalized contextual-
ity; their reformulation of quantum mechanics was intended
to demonstrate that it admits a certain classical extension
(defined in a mathematically precise sense), a goal they suc-
cessfully achieved. Moreover, Spekkens was the first to point
out that their model does not qualify as a classical one
according to the OMF criterion, as it is contextual for
preparations [24].
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To conclude, we would like to emphasize that, in contin-
uous systems, Eq. (66) is virtually sufficient to rule out any
update that differs from conditional probability in determin-
istic models—if you accept our analysis of state update. As
discussed in the end of Sec. VI A, this is because measure-
ments in ontological models are thought of as “measurements
of the ontic state of the system” which “might only enable one
to infer probabilities for the system to have been in different
ontic states” [24], suggesting that there exists a (possibly
multivalued) observable Â that simply reveals in which ontic
state the system exists. Every measurable set � ⊂ 
 satisfies
� = f −1

Â
(�) for some � (just get �

.= fÂ(�)), thus, given
any measurable set �, conditioning a state μρ̂ on � consists
of updating the state ρ̂ with a proposition [Â ∈ �].

D. Concluding remarks

In this paper, we have shown that ontological models
(crafted as per Spekkens’ ontological models framework),
which admit sequential measurement of incompatible observ-
ables, cannot represent the state update we would expect
given standard conditioning of probabilities. Inversely, on-
tological models which can reproduce the stated update
we would expect from conditional probabilities can only
represent sequential measurement of pairwise compatible ob-
servables. We argued that ontological models consistent with
the canonical postulates of quantum mechanics must update
states via conditional probability, from which it follows that
incompatibility—or equivalently, order-dependent predictions
for sequential measurements—is sufficient to rule out onto-
logical models of quantum systems.

It is natural to ask what impact our result has on OMF-
based definitions, such as generalized contextuality and recent
approaches to the ontology problem [90]. A first question
is whether these categories remain applicable to quantum
mechanics for those who accept the counterfactual account
we defend. Another promising direction is to identify ex-
amples in classical physics of theories with incompatible
observables that employ such a counterfactual update and are
therefore impossible to represent within ontological models.
Such examples would directly challenge the goal of mak-
ing generalized contextuality a notion of classicality that
is universally applicable [30–33], making this an important
avenue of research. We aim to explore these directions in
future work. In addition, we plan to extend our result to
continuous and infinite-dimensional systems, investigate its
intersection with hidden-variable models constructed using
negative (quasi)probabilities, and examine its implications for
the notion of theory-independent nonlocality [20,21].

Future work will aim to prove our result for continuous and
infinite-dimensional systems; look at the intersection of our
result with hidden variable models constructed with negative
(quasi)probabilities for systems either being in a certain ontic
state λ given they have a certain quantum state (i.e., negative
μs), or a system returning a value in a given range � under
measurement of a given observable Â when in a given ontic
state λ (i.e., negative κs); and explore the implications of
our results for the notion of theory-independent nonlocality
[20,21].
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APPENDIX A: MATHEMATICAL PRELIMINARIES

In this section, we summarize the measure-theoretic results
used throughout the manuscript. Detailed presentations can be
found in Refs. [55,76–78] and elsewhere.

In probability theory, measurable sets represent events to
which probabilities can be assigned. The complement 
\�
of an event � corresponds to its negation, i.e., the event that
� does not occur. The union of events, on the other hand,
corresponds to the event in which some of them occur. The set

 is said to be the sample space, and its elements are called
sample points.

Probability spaces formalize the concept of probability for
continuous variables. Let 
 be a nonempty set, and let A be
a collection of subsets of 
. Then A is said to be a σ algebra
on 
 if it satisfies the following conditions:

(i) Closure under complementations: if � ∈ A then

\� ∈ A.

(ii) Closure under countable unions: For any sequence
�i ∈ A, i ∈ N,

∞⋃
i=1

�i ∈ A. (A1)

(iii) 
 ∈ A.
Note that items (a) and (c) entail that ∅ ∈ A, which in turn,

together with item (b), ensures that A is closed under finite
unions. It is also easy to show that σ algebras are closed under
countable intersections [55,77].

If A is a σ algebra on 
, the pair � ≡ (
,A) is said
to be a measurable space. The elements of A are called the
measurable sets of �.

Probabilities are assigned to events via probability mea-
sures. These are functions A → [0, 1] that respect the
σ -algebra structure. The definition of measure is as follows.

A (positive) measure on a measurable space � ≡ (
,A)
is a function μ : A → [0,∞] satisfying the following condi-
tions:
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(a) σ additivity: if �i ∈ A, i ∈ N, are pairwise disjoint,
then

μ

( ∞⋃
i=1

�i

)
=

∞∑
i=1

μ(�i ). (A2)

(b) μ(∅) = 0
If μ is normalized, i.e., if μ(
) = 1, μ is said to be a

probability measure on �. The number μ(�) is called the
measure of the measurable set �. In the particular case where
μ is a probability measure, μ(�) is known as the probability
of �.

A measure space consists of a measurable space equipped
with a measure. That is, a measure space is a triple (
,A, μ),
where � ≡ (
,A) is a measurable space and μ is a measure
on �. A probability space is a measure space whose measure
is normalized (i.e., a probability measure).

It is easy to show that measures are monotonic and sub-
additive. Monotonicity means that, if two measurable sets
�1,�2 satisfy �1 ⊂ �2, then μ(�1) � μ(�2). Consequently,
every event in a probability space has measure (i.e., probabil-
ity) between 0 and 1, as expected. Subadditivity means that,
for any sequence of sets �i ∈ A, i ∈ N, we have

μ

( ∞⋃
i=1

�i

)
�

∞∑
i=1

μ(�i ). (A3)

In probability theory, Eq. (A2) ensures that, if �i ∈ A, i ∈
N , are mutually exclusive events, the probability that some of
them occur is just the sum of their probabilities. If the events
are not mutually exclusive, the sum of their probabilities may
be larger than the probability that some of them occur (due to
the potential existence of intersecting events), as encapsulated
in Eq. (A3).

A central topic in measure theory is integration theory,
particularly Lebesgue integration theory [55,77,78]. It is out
of the scope of this work to provide a detailed presentation
of Lebesgue’s definition of integral—such discussions can
be found in any undergraduate textbook on measure theory
(see, e.g., Refs. [55,77])—but the core idea behind it is easy to
grasp. The construction begins with simple functions, which
are linear combinations of indicator functions of measurable
sets. More precisely, a function f : 
 → R is said to be
simple in the measurable space (
,A) if there are pair-
wise disjoint measurable sets �1, . . . , �m and real numbers
β1, . . . , βm such that f = ∑m

i=1 βiχ�i , where χ�i is the indi-
cator function of �i. Now let μ be a measure in � ≡ (
,A).
The Lebesgue integral of f with respect to μ [equivalently, in
the measure space (
,A, μ)] is the number∫




f (λ) μ(dλ)
.=

m∑
i=1

βiμ(�i ). (A4)

The integral of more complicated real-valued measur-
able functions is defined through converging sequences of
simple functions. Roughly speaking, it consists of partitioning
the codomain of the function into subintervals and taking the
limit where their length approaches zero, similarly to what
the Riemann integral does to the function’s domain [88]. The
Lebesgue integral of a complex-valued function is defined via
their real and imaginary part.

The Lebesgue integral generalizes the proper Riemann in-
tegral in its domain of applicability. Every proper Riemann
integral on an interval [α, β] ⊂ R is a Lebesgue integral
w.r.t. the so-called Lebesgue measure (the measure μL on
R that assign lengths to intervals, i.e., μL([α, β])

.= β − α

for each interval [α, β] ⊂ R). In addition, some functions
f : [α, β] → R that are not Riemann integrable have a well-
defined Lebesgue integral. This is because a bounded function
is Riemann integrable on [α, β] if and only if it is continuous
almost everywhere (the set of points where it is discontinuous
has Lebesgue measure equals zero), a condition that does
not apply to the Lebesgue integral. The canonical example
is the indicator function of the rational numbers, which is
discontinuous in every point of [0,1] but has a well-defined
Lebesgue integral, which is zero.

To conclude, let us state the Kolmogorov extension the-
orem, which is central for our proof of Proposition 1. For
simplicity, we will restrict it to probability spaces with finite
sample spaces. The general version can be found in Ref. [55]
and elsewhere.

Theorem 1 (Kolmogorov extension theorem for finite
spaces). Let 
A, A ∈ O, be finite sets, where O is a
nonempty set of indexes. Let 
 be the Cartesian product∏

A∈O 
A, namely, the collection of all tuples λ ≡ (λA)A∈O
satisfying λA ∈ 
A for each A ∈ O. For each finite sequence
A1, . . . , Am ∈ O, let P[(A1, . . . , Am) ∈ ·] be a probability
measure on the power set of

∏m
i=1 
Ai . Suppose that, for any

finite sequence A1, . . . , Am ∈ O, the following conditions are
satisfied:

(a) For any permutation π of {1, . . . , m} and any sets �i ⊂

Ai ,

P[A1 ∈ �1, . . . , A1 ∈ �m]

= P[Aπ (1) ∈ �π (1), . . . , Aπ (1) ∈ �π (m)], (A5)

where P[A1 ∈ �1, . . . , A1 ∈ �m] ≡ P[(A1, . . . , Am) ∈ �1 ×
· · · × �m], and analogously for the right-hand side of the
equation.

(b) For any subsequence Ai1 , . . . , Ain of A1, . . . , Am,
the measure P[(Ai1 , . . . , Ain ) ∈ ·] corresponds to the mea-
sure P[(A1, . . . , Am) ∈ ·] marginalized over all indexes in
{Â1, . . . , Âm} except Ân1 , . . . , ÂnM . That is to say, for any sets
�i j ⊂ 
Ai j

, j = 1, . . . , n, we have

P[Ai1 ∈ �ii , . . . , Ain ∈ �in ] = P[A1 ∈ �′
1, . . . Am ∈ �′

m],

(A6)

where

�′
i =

{
�i j if i = i j for some j

Ai otherwise.

(A7)

Then there exists a probability measure P on the product
σ algebra [55] on 
 ≡ ∏

A∈O 
A such that, for any finite
sequence A1, . . . , Am ∈ O and sets �i ⊂ 
Ai , i = 1, . . . , m,
we have

P[A1 ∈ �1, . . . , Am ∈ �m] = P[{λ ∈ 
 : ∀i(λi ∈ �i )}].
(A8)
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To compare Eq. (A8) with the Proof of Proposition 1, note that

{λ ∈ 
 : ∀i(λi ∈ �i )} =
m⋂

i=1

f −1
Ai

(�i ), (A9)

where fAi : 
 → 
Ai is the coordinate projection function
λ �→ λAi .

APPENDIX B: PROOFS

Proof of Lemma 1. Let Â and B̂ be (not necessarily com-
patible) observables in a finite-dimensional quantum system,
and let Â = ∑

α∈σ (Â) α�̂(Â = α) and B̂ = ∑
β∈σ (B̂) β�̂(B̂ =

β ) be their spectral decompositions [17]. For any state ρ̂ and
sets � ⊂ σ (Â), 	 ⊂ σ (B̂), define

Pρ̂[Â ∈ �, B̂ ∈ 	] ≡ Pρ̂[(Â, B̂) ∈ � × 	] (B1)

.= Pρ̂[Â ∈ �]Pρ̂[B̂ ∈ 	|Â ∈ �]. (B2)

As discussed in Sec. IV, it induces a probability measure
Pρ̂[(Â, B̂) ∈ ·] on R2. By construction, the support of this
measure is a subset of the finite set σ (Â) × σ (B̂). De-
note by Pρ̂[(Â, B̂) = ·] the probability distribution on σ (Â) ×
σ (B̂) associated with Pρ̂[(Â, B̂) ∈ ·], i.e., Pρ̂[Â = α, B̂ = β]

.=
Pρ̂ (Â ∈ {α}, B̂ ∈ {β}). As shown in Eq. (26),

Pρ̂[Â = α, B̂ = β] = 〈�̂(Â = α)�̂(B̂ = β )�̂(Â = α)〉ψt .

(B3)

States separate observables in quantum systems, i.e., two
self-adjoint operators C, D are equal if and only if 〈C〉ψt =
〈D〉ψt for each state ρ̂ [87]. Therefore, the probability dis-
tributions Pρ̂[(Â, B̂) = ·] and Pρ̂[(B̂, Â) = ·] are equal (up
to a permutation) for every state ρ̂ if and only if �̂(Â =
α)�̂(B̂ = β )�̂(Â = α) = �̂(B̂ = β )�̂(Â = α)�̂(B̂ = β ) for
any (α, β ) ∈ σ (Â) × σ (B̂). As shown in Ref. [91], this is
equivalent to saying that �̂(Â = α) and �̂(B̂ = β ) are com-
patible. We know that Â and B̂ are compatible if and only if

�̂(Â = α) and �̂(B̂ = β ) are compatible for each (α, β ) ∈
σ (Â) × σ (B̂) [80]. Hence, Â and B̂ are compatible if and only
if, for each state ρ̂ and each (α, β ) ∈ σ (Â) × σ (B̂),

Pρ̂[Â = α, B̂ = β] = Pρ̂[B̂ = β, Â = α]. (B4)

This is equivalent to saying that, for every state ρ̂, the proba-
bility measures Pρ̂[(Â, B̂) ∈ ·] and Pρ̂[(Â, B̂) ∈ ·] are equal up
to a permutation, which in turn is equivalent to saying that
Eq. (33) holds for any sets � ⊂ σ (Â) and 	 ⊂ σ (B̂). �

Proof of Lemma 2. Let OS be a nonempty set of ob-
servables in a finite-dimensional quantum system S, and let
M ≡ (�,�,�) be a state-updating ontological model for OS .
Let Â ∈ OS , and let Â = ∑

α∈σ ( ˆ̂A)
α�̂(Â = α) be its spectral

decomposition. Recall that, for any function g : σ (Â) → R,
we have g(Â) = ∑

α∈σ (Â) g(α)�̂(Â = α). It thus follows from
the linearity of the Lebesgue integral and from the definition
of the integral of simple functions that

〈g(Â)〉ψt =
∑

α∈σ (Â)

g(α)〈�̂(Â = α)〉ψt =
∑

α∈σ (Â)

g(α)Pρ̂[Â = α]

=
∑

α∈σ (Â)

g(α)
∫




κλ[Â = α] μρ̂ (dλ)

=
∫




( ∑
α∈σ (Â)

g(α)κλ[Â = α]

)
μρ̂ (dλ)

=
∫




∫
σ (Â)

g(Â) dκλ[Â ∈ dα]μρ̂ (dλ). (B5)

This proves Eq. (59). Equation (60) follows from the fact that
Â = id(Â), where id is the identity function α �→ α.

Next, let A1, . . . , Am be pairwise compatible observables
and �i ⊂ σ (Âi ), i = 1, . . . , m, be sets. For simplicity, write
Pρ̂[Âi ∈ �i| . . . , Âi−1 ∈ �i−1] rather than Pρ̂[Âi ∈ �i|Â1 ∈
�1, . . . , Âi−1 ∈ �i−1] (other shorthands are hopefully self-
explanatory). It follows from Eqs. (30), (32), and (47) that

Pρ̂[Â1 ∈ �1, . . . , Âm ∈ �m] =
m−1∏
i=1

Pρ̂[Âi ∈ �i| . . . , Âi−1 ∈ �i−1]
∫




κλ[Âm ∈ �m]μρ̂ (dλ| . . . , Âm−1 ∈ �m−1]

=
m−1∏
i=1

Pρ̂[Âi ∈ �i|Â1 ∈ �1, . . . , Âi−1 ∈ �i−1]

×
∫




κλ[Âm ∈ �m]κλ[Âm−1 ∈ �m−1]

Pρ̂[Âm−1 ∈ �m−1| . . . , Âm−2 ∈ �m−2]
μρ̂ (dλ| . . . , Âm−1 ∈ �m−2]

=
m−2∏
i=1

Pρ̂[Âi ∈ �i|Â1 ∈ �1, . . . , Âi−1 ∈ �i−1]

×
∫




κλ[Âm ∈ �m]κλ[Âm−1 ∈ �m−1]μρ̂ (dλ| . . . , Âm−2 ∈ �m−2]

=
m−3∏
i=1

Pρ̂[Âi ∈ �i|Â1 ∈ �1, . . . , Âi−1 ∈ �i−1]
∫




m∏
i=m−2

κλ[Âi ∈ �i]μρ̂ (dλ| . . . , Âm−3 ∈ �m−3]

= · · · =
∫




m∏
i=1

κλ[Âi ∈ �i]μρ̂ (dλ) (B6)
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[recall that
∫

gd (
∫

f dμ) = ∫
f gdμ]. It proves item (b). To conclude, let Â and B̂ be compatible observables, and let g : R2 → R

be a function. Recall that the observable g(Â, B̂) is given by

g(Â, B̂) =
∑

α∈σ (Â)

∑
β∈σ (B̂)

g(α, β )�̂(Â = α)�̂(B̂ = β ), (B7)

where Â = ∑
α∈σ (Â) α�̂(Â = α) and B̂ = ∑

β∈σ (B̂) β�̂(B̂ = β ) are the spectral decompositions of Â and B̂. For each state ρ̂,

〈g(Â, B̂)〉ψt =
∑
α,β

g(α, β )〈�̂(Â = α)�̂(B̂ = β )〉ψt =
∑
α,β

g(α, β )Pρ̂[Â = α, B̂ = β]

=
∑
α,β

g(α, β )
∫




κλ[Â = α]κλ[B̂ = β] μρ̂ (dλ) =
∑

α

∫



∫
σ (B̂)

g(α, β )κλ[Â = α]κλ[B̂ ∈ dβ]μρ̂ (dλ)

=
∫




∫
σ (Â)

∫
σ (B̂)

g(α, β )κλ[Â ∈ dα]κλ[B̂ ∈ dβ]μρ̂ (dλ). (B8)

Since Â + B̂ = g+(Â, B̂) and ÂB̂ = g◦(Â, B̂), with g+(α, β )
.=

α + β and g◦(α, β )
.= αβ, item (c) follows. �

Proof of Corollary 1. Let S be a finite-dimensional quan-
tum system, and let OS be a nonempty set of observables of
S. Let M ≡ (�,�,�) be a deterministic ontological model
for OS . For each observable B̂ ∈ OS and set 	 ⊂ σ (B̂), let
κ(·)[B̂ ∈ 	] be the indicator function of f −1

B̂
(	), i.e., κλ[B̂ ∈

	] = 1 if fB̂(λ) ∈ 	 and κλ[B̂ ∈ 	] = 0 otherwise. Similarly,
let κ(·)[B̂ = β] be the indicator function of f −1

B̂
({β}), where

β ∈ σ (B̂). Recall that κ(·)[B̂ ∈ ·] is the Markov kernel deter-
mined by the random variable fB̂ : 
 → R. By construction,
we have

fB̂(λ) =
∑

β∈σ (B̂)

βκλ[B̂ = β] =
∫

σ (B̂)
βκλ[B̂ ∈ dβ]. (B9)

Item (a) of Corollary 1 immediately follows from Eqs. (60)
and (B9). Item (b) follows from the trivial fact that the prod-
uct of indicator functions is the indicator function of the
intersection of their support. That is, for any observables
Â1, . . . , Âm ∈ OS and sets �i ⊂ σ (Â), we have

m∏
i=1

κλ[Âi ∈ �i] = χ⋂m
i=1 f −1

Â
(�i )(λ), (B10)

where χ⋂m
i=1 f −1

Â
(�i ) denotes the indicator function of⋂m

i=1 f −1
Â

(�i ). It follows from the definition of Lebesgue
integral that the integral of χ⋂m

i=1 f −1
Â

(�i ) w.r.t. μρ̂ is

μρ̂ (
⋂m

i=1 f −1
Â

(�i )), thus item (b) holds. Finally, let Â, B̂ ∈ OS

be compatible observables, and let g : σ (Â) × σ (B̂) → R be
a function. It is easy to see that

[g ◦ ( f , g)](λ) =
∑

α∈σ (Â)

∑
β∈σ (B̂)

g(α, β )κλ[Â = α]κλ[B̂ = β],

(B11)

where ( f , g)(λ)
.= ( f (λ), g(λ)) for each λ ∈ 
. Hence, it fol-

lows from Eq. (B8) that

〈g(Â, B̂)〉ψt =
∑
α,β

g(α, β )
∫




κλ[Â = α]κλ[B̂ = β] μρ̂ (dλ)

=
∫




∑
α,β

g(α, β )κλ[Â = α]κλ[B̂ = β] μρ̂ (dλ)

=
∫




[h ◦ ( f , g)](λ) μρ̂ (dλ). (B12)

Since Â + B̂ = g+(Â, B̂) and ÂB̂ = g◦(Â, B̂), with g+(α, β )
.=

α + β and g◦(α, β )
.= αβ, and since g+ ◦ ( fÂ, fB̂) = fÂ + fB̂

and g◦ ◦ ( fÂ, fB̂) = fÂ · fB̂, item (c) follows. �
Proof of Proposition 1. Let OS be a set of observables

in a finite-dimensional quantum system S. If an ontological
model for OS exists, Lemma 1 and item (b) of Lemma 2 entail
that the observables of OS are pairwise compatible. Therefore,
item (a) implies item (c). Item (a) follows from item (b) by
definition. Hence, all that remains for us to prove is that (b)
follows from (c).

Suppose that OS is a set of pairwise compatible observ-
ables. Let 
 be the Cartesian product

∏
Â∈OS

σ (Â), and let
A be the product σ algebra

∏
Â∈OS

P(σ (Â)) [55], where
P(σ (Â)) denotes the collection of all subsets of σ (Â). Recall
that elements of 
 ≡ ∏

Â∈OS
σ (Â) are tuples λ ≡ (λÂ)Â∈OS

satisfying λÂ ∈ σ (Â) for all Â ∈ OS . For each Â ∈ OS , let
fÂ be the coordinate projection function 
 → σ (Â), that is,
fÂ(λ)

.= λÂ for all λ ∈ 
. It follows from the definition of
product σ algebra that fÂ is a measurable function [55]. For
each � ⊂ σ (Â), denote by κ(·)[Â ∈ �] the indicator function
of the set f −1

Â
(�). It means that

κλ[Â ∈ �] =
{

1 if λÂ ∈ �

0 otherwise.
(B13)

The definition of Lebesgue integral ensures that, for any mea-
sure μ on A,

μ
(

f −1
Â

(�)
) =

∫



κλ[Â ∈ �] μ(dλ). (B14)

Thus far, we have constructed a space of ontic states
� ≡ (
,A) and deterministic Markov kernels κ(·)[Â ∈ ·]
(equivalently, measurable functions fÂ : 
 → R) represent-
ing observables. To conclude, we need to define probability
measures representing states and recover Eqs. (45) and (47).
So let ρ̂ be a state. For any finite subset {Â1, . . . , Âm} of OS , let
Pρ̂[(Â1, . . . , Âm) ∈ ·] be the joint distribution of Â1, . . . , Âm
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in the state ρ̂ [see Sec. IV, more specifically Eqs. (30) and
(32)]. Let Ân1 , . . . , ÂnM be a subsequence of Â1, . . . , Âm. The
joint distribution of Ân1 , . . . , ÂnM is the joint distribution of
Â1, . . . , Âm marginalized over all observables in {Â1, . . . , Âm}
except Ân1 , . . . , ÂnM —this is known as the nondisturbance
condition [23]. Hence, it follows from the Kolmogorov ex-
tension theorem [55] that there exists a unique probability
measure μρ̂ on � such that, for any observables Â1, . . . , Âm ∈
OS and sets �i ⊂ σ (Âi ), i = 1, . . . , m,

Pρ̂[Â1 ∈ �1, . . . , Â ∈ �m]

= μρ̂

( m⋂
i=1

f −1
Âi

(�i )

)
=

∫



m∏
i=1

κλ[Âi ∈ �i]μρ̂ (dλ)

(B15)

(see Theorem 2.4.3 of Ref. [55] for details). In particular,
for any Â ∈ OS and � ⊂ σ (Â), Eq. (45) is satisfied. Finally,
let us show that, for any state ρ̂, any observable Â and any
set � ⊂ σ (Â), the state T[Â∈�](ρ̂ ) is represented by the mea-
sure μρ̂ conditioned on f −1

Â
(�), as in Eq. (47). To begin

with, it follows from Eqs. (30), (32), and (B15) that, for
any observables Â1, . . . , Âm ∈ OS and any sets �i ⊂ σ (Âi ),
i = 1, . . . , m,

PT[Â∈�] (ρ̂ )[Â1 ∈ �1, . . . , Âm ∈ �m]

= Pρ̂[Â ∈ �, Â1 ∈ �1, . . . , Âm ∈ �m]

Pρ̂[Â ∈ �]

=
μρ̂

(⋂m
i=1 f −1

Âi
(�i ) ∩ f −1

Â
(�)

)
μρ̂

(
f −1
Â

(�)
)

≡ μρ̂

(
m⋂

i=1

f −1
Âi

(�i )| f −1
Â

(�)

)
, (B16)

where, as usual, μρ̂ ( · | f −1
Â

(�)) denotes the measure μρ̂ con-

ditioned on f −1
Â

(�). On the other hand, Eq. (B15) ensures that

PT[Â∈�] (ρ̂ )[Â1 ∈ �1, . . . , Âm ∈ �m]

= μT[Â∈�](ρ̂ )

(
m⋂

i=1

f −1
Âi

(�i )

)
, (B17)

therefore

μT[Â∈�](ρ̂ )

(
m⋂

i=1

f −1
Âi

(�i )

)
= μρ̂

(
m⋂

i=1

f −1
Âi

(�i )

∣∣∣∣ f −1
Â

(�)

)
.

(B18)

Hence, it follows from the uniqueness of the measure given by
the Kolmogorov extension theorem [55] [applied to the state
T[Â∈�](ρ̂)] that

μT[Â∈�](ρ̂)(· ) = μρ̂

(· ∣∣ f −1
Â

(�)
)
. (B19)

It proves that τ[Â∈�] is necessarily be given by Eq. (47), com-
pleting the proof. �

Proof of Lemma 4. Let M ≡ (�,�,�) be a deterministic
(state-updating) ontological model for OS . Let S
 be the set
of all probability measures on �, and let μ ∈ S
. For any Â ∈
OS and � ⊂ σ (Â), set ��

.= f −1
Â

(�) and �C
�

.= 
\��.
Let ν be a probability measure whose support lies in ��,

i.e., 1 = Pν[Â ∈ �] ≡ ν(��). Define η : A → [−1, 1] by

η(�)
.= (ν − μ)(�) (B20)

for each � ∈ �. This is what is called a signed measure in the
literature [76,88]. Note that η(�) = −μ(�) � 0 whenever
� ⊂ �C

�.
The well-known Hahn decomposition theorem [88] en-

sures the existence of a partition �′
−,�′

+ ∈ A of 
 such that
η(�) � 0 if � ⊂ �′

− and η(�) � 0 whenever � ⊂ �′
+. Since

�′
+ ∩ �C

� ⊂ �C
�, we have η(�′

+ ∩ �C
�) � 0. On the other

hand, �′
+ ∩ �C

� ⊂ �+ implies that η(�′
+ ∩ �C

�) � 0. There-
fore, η(�+ ∩ �C

�) = 0. Define �+
.= �′

+ ∩ �� and �−
.=


\�+ = �′
− ∪ �C

�. Then �+,�− ∈ A is a partition of 


such that η(�) � 0 whenever � ⊂ �+ and η(�) � 0 if � ⊂
�−. In fact, � ⊂ �+ implies � ⊂ �′

+, thus η(�) � 0. On
the other hand, if � ⊂ �′

− then η(�) = η(� ∩ �C
�) + η(� ∩

��), in which � ∩ �C
� ⊂ �C

� and � ∩ �� ⊂ �′
−\�C

� ⊂ �′
−,

thus η(�) � 0. Note that, by construction, we have �+ ⊂
��.

Define η+(�)
.= η(� ∩ �+) and η−(�)

.= −η(� ∩ �−)
for each � ∈ A. More explicitly,

η+(�)
.= (ν − μ)(� ∩ �+),

η−(�)
.= (μ − ν)(� ∩ �−). (B21)

η+ and η− are measures on � [88]. We have η = η+ − η−,
which is known as the Jordan decomposition of η [88]. It is
well-known that the total variation distance between ν and μ

[Eq. (72)] equals half the total variation of η
.= ν − μ, which

in turn is the number (η+ + η−)(
) [78]. Therefore,

2‖ν − μ‖ = (η+ + η−)(
) = η+(�+) + η−(�−) = [(ν − μ)(��) − (ν − μ)(��\�+)] + η−(�−)

� (ν − μ)(��) + η−(�−) = 1 − μ(��) + (μ − ν)(�−) = 1 − μ(��) + μ(
\��)+μ(�− ∩ ��)−ν(�− ∩ ��)

= 2 − 2μ(��) + η−(��) � 2 − 2μ(��). (B22)

Next, consider μ conditioned on ��, namely, the measure

τ[Â∈�](μ) ≡ μ(·|��) = μ(· ∩ ��)

μ(��)
. (B23)
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Clearly, τ[Â∈�](μ) assigns probability 1 to ��. For each � ⊂ �� we have μ(�|��) � μ(�), whereas 0 = μ(�|��) � μ(�)
whenever � ⊂ 
\��. Hence, ��,�C

� is a Hahn decomposition of 
 with respect to the signed measure τ[Â∈�](μ) − μ [88]. It
leads us to

2‖τ[Â∈�](μ) − μ‖ = (τ[Â∈�](μ) − μ)(��) + (μ − τ[Â∈�](μ))
(
�C

�

)
= μ(��|��) − μ(��) + 1 − μ(��) − μ

(
�C

�

∣∣��

)
= 2 − 2μ(��). (B24)

Finally, let S
(Â ∈ �) be the set of all probability measures on � such that Pν[Â ∈ �] = 1. It follows from Eqs. (B22) and
(B24) that, for each η ∈ S
(Â ∈ �),

‖τ[Â∈�](μ) − μ‖ � ‖ν − μ‖. (B25)

We have τ[Â∈�](μ) ∈ S
(Â ∈ �), thus

‖τ[Â∈�](μ) − μ‖ = min{‖ν − μ‖ : ν ∈ S
(Â ∈ �)}
= min{‖ν − μ‖ : ν ∈ S
, Pν[Â ∈ �] = 1}. (B26)

This completes the proof. �
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[67] T. Paterek, B. Dakić, and Č. Brukner, Theories of systems
with limited information content, New J. Phys. 12, 053037
(2010).

[68] R. W. Spekkens, Evidence for the epistemic view of quantum
states: A toy theory, Phys. Rev. A 75, 032110 (2007).

[69] R. W. Spekkens, Quasi-Quantization: Classical Statistical The-
ories with an Epistemic Restriction (Springer, Dordrecht, 2016),
pp. 83–135.

[70] J. Surace, A theory of inaccessible information, Quantum 8,
1464 (2024).

[71] S. J. van Enk, A toy model for quantum mechanics, Found.
Phys. 37, 1447 (2007).

[72] J. H. Selby, D. Schmid, E. Wolfe, A. B.én Sainz, R. Kunjwal,
and R. W. Spekkens, Contextuality without incompatibility,
Phys. Rev. Lett. 130, 230201 (2023).

[73] J. R. Hance, M. Ji, T. Matsushita, and H. F. Hofmann,
External quantum fluctuations select measurement contexts,
arXiv:2501.04664.

[74] B. C. Hall, Quantum Theory for Mathematicians, 1st ed., Grad-
uate Texts in Mathematics (Springer, New York, 2013).

[75] K. Hannabuss, An Introduction to Quantum Theory, Oxford
Graduate Texts in Mathematics (Clarendon Press, Oxford,
1997).

[76] D. L. Cohn, Measure Theory, 2nd ed. (Birkhäuser, New York,
(2013).

[77] P. R. Halmos, Measure Theory, Graduate Texts in Mathematics,
1st ed. (Springer, New York, 1974).

052208-21

https://arxiv.org/abs/2407.09624
https://doi.org/10.22331/q-2024-03-14-1283
https://doi.org/10.1103/PhysRevA.109.022228
https://doi.org/10.1103/PhysRevA.107.062203
https://doi.org/10.1088/1751-8121/ad0bcc
https://arxiv.org/abs/2406.09715
https://doi.org/10.1103/PhysRevLett.125.230603
https://doi.org/10.1103/PRXQuantum.2.030351
https://doi.org/10.22331/q-2020-04-27-258
https://doi.org/10.22331/q-2024-02-05-1240
https://doi.org/10.1002/andp.19504430510
https://doi.org/10.1103/mrqr-sdyf
https://doi.org/10.3390/psf2021003012
https://doi.org/10.3390/e27080797
https://doi.org/10.3390/quantum5010011
https://doi.org/10.1007/s40509-024-00329-4
https://doi.org/10.1088/2399-6528/ac96cf
https://doi.org/10.1007/BF00262075
https://philsci-archive.pitt.edu/15914/
https://doi.org/10.1063/PT.3.5027
https://arxiv.org/abs/2412.02826
https://doi.org/10.1103/PhysRevLett.48.291
https://doi.org/10.1063/1.525514
https://doi.org/10.1103/PhysRevA.69.022118
https://doi.org/10.1016/j.physleta.2005.06.032
https://arxiv.org/abs/0709.4266
https://doi.org/10.1103/PhysRevLett.129.130401
https://doi.org/10.1103/PhysRevA.86.012103
https://doi.org/10.3390/e24010137
https://doi.org/10.1103/PhysRevA.100.062102
https://doi.org/10.1016/j.entcs.2011.01.004
https://doi.org/10.1007/s11229-024-04852-0
https://doi.org/10.1088/1367-2630/12/5/053037
https://doi.org/10.1103/PhysRevA.75.032110
https://doi.org/10.22331/q-2024-09-09-1464
https://doi.org/10.1007/s10701-007-9171-3
https://doi.org/10.1103/PhysRevLett.130.230201
https://arxiv.org/abs/2501.04664


TEZZIN, AMARAL, AND HANCE PHYSICAL REVIEW A 112, 052208 (2025)

[78] A. Klenke, Probability Theory, a Comprehensive Course,
2nd ed. (Springer, London, 2014).

[79] R. V. Kadison and J. R. Ringrose, Fundamentals of the Theory
of Operator Algebras: Elementary Theory, 1st ed., Graduate
Studies in Mathematics (American Mathematical Society, Prov-
idence, 1983), Vol. 15.

[80] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information, 1st ed. (Cambridge University Press,
Cambridge, 2000).

[81] J. von Neumann and R. T. Beyer, Mathematical Foundations of
Quantum Mechanics: New Edition (Princeton University Press,
Princeton, 2018).

[82] D. Schmid, R. W. Spekkens, and E. Wolfe, All the noncontextu-
ality inequalities for arbitrary prepare-and-measure experiments
with respect to any fixed set of operational equivalences,
Phys. Rev. A 97, 062103 (2018).

[83] N. Harrigan and R. W. Spekkens, Einstein, incompleteness, and
the epistemic view of quantum states, Found. Phys. 40, 125
(2010).

[84] P. Bongaarts, Quantum Theory: A mathematical Approach,
1st ed. (Springer, Cham, 2015).

[85] T. Maudlin, Three measurement problems, Topoi 14, 7
(1995).

[86] F. A. Muller, Six measurement problems of quantum me-
chanics, in Non-Reflexive Logics, Non-Individuals, and the
Philosophy of Quantum Mechanics: Essays in Honour of the
Philosophy of Décio Krause, edited by J. R. B. Arenhart and
R. W. Arroyo (Springer International Publishing, Cham, 2023),
pp. 225–259.

[87] J.-B. Bru and W. A. de Siqueira Pedra, C*-Algebras and
Mathematical Foundations of Quantum Statistical Mechanics
(Springer, Cham, 2023).

[88] G. B. Folland, Real Analysis: Modern Techniques and Their
Applications, 1st ed., Wiley Series in Probability and Statistics
(John Wiley & Sons, New York, 1999).

[89] E. G. Beltrametti and S. Bugajski, A classical extension
of quantum mechanics, J. Phys. A: Math. Gen. 28, 3329
(1995).

[90] M. Leifer, Is the quantum state real? An extended review of
ψ-ontology theorems, Quanta 3, 67 (2014).

[91] W. Rehder, When do projections commute? Z. Naturforsch. 35,
437 (1980).

052208-22

https://doi.org/10.1103/PhysRevA.97.062103
https://doi.org/10.1007/s10701-009-9347-0
https://doi.org/10.1007/BF00763473
https://doi.org/10.1088/0305-4470/28/12/007
https://doi.org/10.12743/quanta.v3i1.22
https://doi.org/10.1515/zna-1980-0415

