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Bilayer crystals in a polar-molecule system
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We investigate the finite-temperature phase diagram of polar molecules confined in a quasi-two-dimensional
geometry by a harmonic potential along the polarization axis. We employ quantum Monte Carlo simulations
to explore the strongly correlated regime accessible with current experimental setups. By tuning temperature
and confinement strength, we identify a rich set of phases, including normal fluid, superfluid, supersolid,
cluster crystal, and bilayer crystal states. Our results reveal the emergence of crystallization upon increasing
temperature, highlighting the nontrivial role of thermal fluctuations in dipolar systems. In particular, we show
that a bilayer crystal with one molecule per lattice site can be stabilized by varying the confinement strength at
fixed interaction. Moreover, we show evidence of layering of superfluid states with phase coherence between the
two layers. These findings provide insight into the interplay between interactions, confinement, and temperature
in low-dimensional dipolar systems, and suggest new directions for engineering quantum phases with ultracold

polar molecules.

DOI: 10.1103/64fx-rncl

I. INTRODUCTION

Ultracold gases have established themselves as versatile
platforms for quantum simulation, enabling controlled real-
izations of paradigmatic models of condensed matter physics
[1,2]. Landmark achievements include the observation of
Bose-Einstein condensates (BECs) [3-5], self-bound droplets
[6,7], and supersolids [8—10], where long-range interactions
give rise to exotic forms of quantum matter.

For dipolar supersolids, theoretical investigations predict a
rich ground-state phase diagram in (quasi-)two-dimensional
systems showcasing triangular, honeycomb, and stripe su-
persolid states when the long-range interaction dominates
over the short-range repulsion, and a homogeneous superfluid
state in the opposite regime [11-14]. Theoretical approaches
used to describe those states are either based on the solu-
tion of the extended Gross-Pitaevskii equation [15-17], with
the addition of the Lee-Huang-Yang correction to the mean-
field theory to avoid the collapse of the system [18,19],
or in quantum Monte Carlo simulations to describe strong-
correlated regimes [20-27]. Experimentally, supersolids have
now been realized in quasi-one- and two-dimensional plat-
forms [28-31].
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Dipolar atoms have played a central role in these advances,
but they offer limited tunability: the short-range scattering
length can be controlled, while the dipolar interaction strength
is fixed by the atomic magnetic moment [32]. As a result,
only a subset of the theoretically predicted dipolar quantum
phases can be accessed. Polar molecules, by contrast, pro-
vide a high degree of control over the dipolar interaction
through rotational-state dressing with static and microwave
fields [33-36].

This tunability enables access to regimes ranging from
cluster crystals with thousands of particles per site to crystals
with a single particle per site, potentially realizing long-
sought phases such as supersolids by delocalization of defects
in the crystal [37,38]. With the recent achievement of BECs
of NaCs and NaRb [39,40], ultracold polar molecules now
open a new avenue for quantum simulation, extending the
reach of dipolar physics far beyond what is possible with
atoms. The results of this experimental realization have been
reproduced theoretically using the extended finite-temperature
Gross-Pitaevskii equation [41] and, importantly, universality
in the microwave shielding has been shown to allow the re-
alization of BEC to be achieved with most polar molecules
[42]. Regarding the interaction potential, its derivation was
theoretically proposed years ago, and analytical expressions
have been refined for both single and double microwave fields
[34,43-47].

Recently, theoretical results have reported the self-
assembly of dipolar droplets [48] and monolayer crystals with
one molecule per site [49]. The effects of coherence between
layers of two-dimensional ultracold gases is also a topic of
interest. Previous calculations revealed coupling between su-
perfluid layers in a system of polar molecules trapped in a
two-dimensional double-well potential [50]. With ultracold
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FIG. 1. Graphic representation of the bilayer state. In blue and
red, we have a snapshot of the worldlines sampled in the path-integral
Monte Carlo simulation (see text). The system is made of molecules
polarized along the z axis and confined by a harmonic potential of
intensity €2, in the polarization direction (represented in black). The
color gradient from red to blue is based on the z coordinate.

atoms, this coherence between two layers was also realized re-
cently in flat geometries [51] and theoretically in curved space
[52]. Layering is relevant for a plethora of topics in physics,
including ferromagnetism in multicomponent quantum Hall
systems [53,54], the effects on the Berezinskii-Kosterlitz-
Thouless (BKT) transition described by vortex and antivortex
unbinding [55], and exciton condensation [56].

New physics is expected to emerge in the strongly cor-
related regime of polar molecules, in which the optimal
theoretical approach is through quantum Monte Carlo (QMC)
simulations.

In this work, we aim to investigate the finite-temperature
phase diagram of dipolar molecules under harmonic con-
finement along the polarization axis. By selecting interaction
strengths that can be realized in quantum simulations with
polar molecules, we report the observation of normal fluid
(NF), supefluid (SF), supersolid (SS), cluster crystal (CC), and
bilayer crystal (BC) phases (see Fig. 1 for an illustration of the
CC and BC states). The phase diagram obtained by tuning the
confinement strength and temperature is showcased in Fig. 2.
Notably, we observe crystallization with increasing temper-
ature and demonstrate how the BC with one molecule per
site can be realized by tuning the strength of the confinement
with fixed interaction, which can lead to new routes towards
supersolids in dipolar systems. However, in the regime of
parameters considered in this work, supersolid states were
observed only in cluster crystals.

The paper is organized as follows: In Sec. II, we present
the model, the methodology, and the main observables. The
results are presented in Sec. III. Finally, we propose a discus-
sion of the outcomes in Sec. IV.

II. SYSTEM AND METHODS

We consider a system of N polar molecules of mass m
polarized along the Z axis. The pairwise interaction among
these molecules was devised in Ref. [43] and reads

1 z? Cs
VR) =G F_?,ﬁ +ﬁ, (1)
with R = (X, Y, Z) being the relative coordinates between
a pair of molecules. The C; and Cg parameters depend on

the dipole moment d of the molecules, as well as various
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FIG. 2. Phase diagram for the system of polar molecules con-
fined in the z direction by a harmonic potential V(z) = ©.z> as
a function of 2, and temperature 7. The phase diagram displays
superfluid (SF), supersolid (SS), normal fluid (NF), cluster crystal
(CQO), and bilayer crystal (BC) states. The dashed boundary lines are
guides for the eye.

experimental parameters related to the shielding scheme that
is used [33] . Choosing £ = (Cs/C3)"/? and € = i*/(m(?) as
the unit of length and energy, respectively, the dimensionless
Hamiltonian reads

1, 2
H=_§;Vi+ZU(rj—ri)+QzZZi’ )

j>i=1 i=1

with r; = (x;, y;, z;) being the dimensionless coordinates of
the ith particle, i=1,2,...,N, while the second term
of the Hamiltonian is U(r) = V(R)/e = D(r—3 —3z%r7> +
r~°). Moreover, D = (m/h*)(C#/Cs)"/* is the interaction
strength and 2, = ma)f /2 is the confinement parameter along
the polarization axis, where w, is the harmonic potential fre-
quency.

We investigate this system using state-of-the-art path-
integral Monte Carlo (PIMC) simulations [57] with the sam-
pling of particle permutations boosted by the worm algorithm
[58]. The PIMC method maps each quantum particle into
classical polymers (or worldlines) through Feynman’s path-
integral formalism, allowing the simulation of a quantum
system in a classical computer. To this aim, we consider a
discretization of the imaginary-time paths of each particle
in a number of M time slices. The primitive approximation
was used to calculate the density matrix via its convolution
property; the error introduced by the discretization can al-
ways be made smaller than the statistical error of Monte
Carlo methods. For the lower temperatures, we considered
up to M = 1024 time slices. The biggest system we consider
contains N = 180 molecules in a box of size L, = 9 along
the x direction and L, = 54/3 along the y direction, with
periodic boundary conditions in x and y. In all cases, the
averaged density in the x — y plane is p = 2.31. A very large
box is considered along z with open boundary conditions to
ensure that confinement is only due to the trapping poten-
tial. For other relevant parameters, we considered D = 35
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in most simulations, which is experimentally feasible with
NaCs molecules, 2 x 107! < Q, <2 x 10% and 5 x 1072 <
kgT < 4.

To characterize crystalline phases, we define the structure
factor in the x — y plane,

S(k) = f drp(r.)e e 3)

for r; = (x,y) and k = (ky, ky,). We further process our
data calculating the angle-averaged structure factor S(k) =
Q2m)™! [ d$S(k) and the momentum-space contrast,

1 _
q(k) = 2—/d¢[5(k) — S(k)P. “4)
T

By computing the contrast at the characteristic wavelength kg
located at the Bragg peaks of the structure factor, we locate
the transition from homogeneous to modulated phases when-
ever ¢q(ko) substantially increases [49]. We measure the phase
coherence in the system by computing the superfluid fraction
[ via the winding number estimator,

=g

B
where B! = kgT, while W = (W,, W, W) is the vector of
winding numbers in each spatial direction [59] and (-) denotes
the equilibrium average. We emphasize that W, = 0 in our
calculations since the confinement forbids winding in this
direction.

In the strong-interaction regime that we considered in this
work, the measurement of the winding numbers in the sim-
ulation may be challenging and leads to an underestimation
of the statistical error associated to the superfluid fraction f,
as reported in (5). In order to have a stronger evidence of
phase coherence in the system, we also display the frequency
of permutation cycles among the molecules.

We define this quantity as the probability P(L) that a
randomly selected particle is part of a cycle of length L,
essentially a closed loop formed by L interconnected world-
lines. If V7 (C) represents the number of L cycles in a given
configuration C [where ), LN;(C) = N1, the probability is
given by P(L) = L{N(C))/N, satisfying the normalization
>, P(L) = 1. The emergence of a flattened trend in P(L)
serves as a signature of superfluidlike behavior within our
molecules system [22,60].

(W] — (W)?), )

III. RESULTS

In Fig. 2, we show the phases of the system by varying
the temperature 7' and the confinement parameter 2,. At the
lowest temperatures, the system is in a homogeneous and SF
state. As expected, when the temperature increases, the system
loses its superfluid response and enters either in a NF, a CC,
or a SS state. Interestingly, heating is causing crystallization
in the system at fixed €2,. In classical bilayer systems made
of dipoles, such liquid to solid transition was observed by
changing the interlayer spacing rather than the temperature
[61]. Crystallization in dipolar bosonic gases containing two
layers was also observed by tunning the system density and
the distance between the layers [62]. Interestingly, we also
observe this phenomenon even in regimes where layering does
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FIG. 3. (a) Snapshot of the worldlines of the SS state in the y — z
plane. Each red circle is a particle image. (b) A cut of the snapshot of
the SS state in the x — y plane showing the percolations; the gray dots
represent a particular time slice. (c¢) The structure factor associated
to (b). The physical parameters in (a)—(c) are 2, = 0.2, kT = 0.2.
(d) A snapshot of the PIMC world lines in the y — z plane, showing
the length of the filaments in the CC state. (e) A snapshot in the
x —y plane showing the triangular pattern. (f) The structure factor
of the triangular pattern in the x — y plane. The physical parameters
in (d)—(f) are Q, = 0.2, kgT = 0.4. (g) Snapshot in the y — z plane
showing the separation in two layers. Here, the gradient from white
to dark red indicates an increasing value of the z coordinate. (h)
Snapshot in the x —y plane showing the bilayer triangular lattice,
with the bottom one in pink and the top one in red. The black dots
represent a particular time slice (we changed the color for better
visualization); note that we have one molecule per lattice site. (i)
The structure factor of the density pattern in the x —y plane. In
(g)—(1), the physical parameters are 2, = 2000, kgT = 2, D = 35.
In all situations, we considered D = 35 and p = 2.31.

not occur. Moreover, thermocrystalization from superfluid to
supersolid was reported to ocuur in atomic dipolar systems
due to a softening of the roton mode [63], an aspect also
present in our system.

A depiction of the typical phases of the system is shown
in Fig. 3. For weak confinement and intermediate tempera-
ture, the molecules group in filaments with multiple particles.
These clusters of particles present some sort of percolation
and finite superfluid fraction, characterizing the SS state; see
Figs. 3(a) and 3(b) for the cuts in the y — z and x — y planes
of a snapshot of the worldlines of the PIMC simulation of
this state, respectively. In Fig. 3(c), we show the structure
factor associated to Fig. 3(b), averaged over many PIMC sam-
ples. By increasing the confinement strength, the superfluid
fraction vanishes and we observe the CC state, characterized
in Figs. 3(d)-3(f). Strikingly, at the strongest confinement,
where the hard-core repulsion dominates, the system splits
into two layers along the polarization direction z. The effect
of the long-range interaction in this situation is to organize
the molecules in each layer into a triangular lattice with
one molecule per site. This BC state has a shift between
the two layers in order to reduce the hard-core repulsion;
the molecules in the upper layer are placed on the edges of the
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FIG. 4. Snapshot of particle positions along z vs p, for differ-
ent temperatures and confinement strengths (7 = 2.0 green line,
T = 1.0 light-blue line, and T = 0.4 violet line). (a) Weak confine-
ment with ., = 0.2. For intermediate confinement (b) €2, = 20 and
(c) 2, =200, we observe density modulations that depend on the
temperature. (d) Strong confinement regime 2, = 2000, where the
system splits in two layers as the temperature increases. The density
of the system is p = 2.31 and the interaction strength is D = 35.

lower one [see Figs. 3(g) and 3(h) for the cuts of a snapshot
of the BC state in the y — z and x — y planes, respectively, and
see Fig. 3(i) for its structure factor].

The one-dimensional density p, along z was also com-
puted from a histogram containing the z; coordinate of each
particle in each time slice of a snapshot of the simulation.
Figure 4 shows p, for three different temperatures (kT =
2.0, 1.0,0.4) for different 2,. Considering Fig. 4(a) (2, =
0.2), where a weak confinement is imposed, we observe a be-
havior that displays a uniform character along the z direction
for all temperatures. Dissimilarities are noticed in Fig. 4(b).
In this case, looking at T = 2.0 and 1.0, central oscillations
identify the CC phase. The oscillations soften at lower tem-
perature; here the system depicts a NF phase, accordingly with
the phase diagram in Fig. 2. Such a behavior is substantially
spotted in Fig. 4(c) with €, = 200. Finally, Fig. 4(d) shows
the system’s behavior for €2, = 2000. Upon lowering the tem-
perature, the system evolves from the BC phase into a state
featuring two distinct superfluid planes. In this regime, phase
coherence extends along the z axis as well. Ultimately, at
T = 0.4, the system displays a clearly anisotropic superfluid
character.

We further characterize the states of the system calculating
the structure-factor contrast g(k) in Eq. (4) and the superfluid
fraction f; in Eq. (5). The values of g(ky), with ky being the
characteristic momentum of the crystalline structure, and f
extracted from our simulations at varying temperature 7" and
confinement €2,, are shown in Figs. 5(a) and 5(b), allowing
the distinction between homogeneous phases, such as the SF
and the NF ones, that have vanishing contrast g(ko), and crys-
talline phases, such as the SS, CC, and BC ones, where g (ko)
is finite. A contrasting behavior between weak to intermediate
and strong confinement is shown in Fig. 5(a). For weak to
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FIG. 5. (a) Structure-factor contrast at the modulation wave vec-
tor (circles). (b) Superfluid fraction (squares), where the inset shows
finite winding numbers at strong confinement and low temperature.
(c) Characteristic momentum ko (rhombus). (d) Frequency of per-
mutation cycles among the molecules for kg7 = 0.2. We consider
different confinements: 2, = 0.2 (white), 2, = 2.0 (yellow), @, =
20.0 (red), 2, = 200.0 (green), and 2, = 2000.0 (blue). These data
refer to the interaction strength D = 35 and average density p =
2.31. The value max[q(ko)] is the maximum value of the contrast
at fixed €2, considering all temperatures.

intermediate confinement, g(kg) starts to decrease for high
temperatures, indicating a softening of the density modulation
in the system. On the other hand, for strong confinement, the
contrast g(ko) remains strong at high temperature and, in this
regime, we observe the formation of the BC. The differenti-
ation between CC and BC order has been already discussed
with the one-dimensional density p, in Fig. 4. Importantly,
the number of clusters, and of particles per cluster, in the
CC state depends on the confinement parameter €2,. For in-
creasing €2., the number of clusters increases and the number
of particles in each cluster decreases until the formation of
the BC state with one molecule per cluster. Of course, as
the number of clusters increases in the crystalline phase, the
lattice constant diminishes and the characteristic momentum
ko increases. We estimated the values of ky from the structure
factors [see Figs. 3(c) and 3(f) for reference] and plotted them
in Fig. 5(c), where we see the dependence in €2., but not in the
temperature 7. The superfluid fraction f; is used to distinguish
the SF and SS phases from the NF, CC, and BC ones. As
mentioned, the computation of f; in strong-correlated dipolar
systems is challenging; therefore, we also analyze the length
of molecular permutation cycles to characterize superfluid-
ity [see Fig. 5(d)]. A plateau of long permutation cycles is
indicative of phase coherence and therefore superfluid behav-
ior. For instance, at kgT = 0.4 and 2, = 2000, we display a
small but finite value of f; in the inset of Fig. 5(b), which
is accompanied by long permutation cycles [see Fig. 5(d)],
thus characterizing one of the SF states found in this system.
Strikingly, this state has strong modulations in p,, as displayed
in Fig. 4(d), therefore representing coherence between layered
superfluids.
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FIG. 6. Snapshots of the worldlines in the PIMC simulation, with
colors. In (a)—(c) the interaction strength is D = 127 and in (d)—(f)
D = 11. (a) and (d) depict the three-dimensional system. Projections
of the worldlines in the x —y and y — z planes are represented in
(b).(e) and (c),(f), respectively. The harmonic confinement strength
is €, = 200 and the temperature is k37 = 2. In (c) and (f), the color
gradient is the same as in Fig. 3(g).

Now, we investigate the phases of the system in different
interaction regimes. In Figs. 6(a)-6(c), we display snapshots
of the PIMC simulation for D = 127, @, = 200, and kgT =
2, where we see clusterization and hints of multiple layering.
Interestingly, we also observed percolation between some of
the clusters as in the SS state represented in Fig. 3(b). We also
considered a weaker interaction D = 11 in Figs. 6(d) and 6(e)
maintaining the confinement strength and temperature. In this
situation, the percolation is more evident, but we still notice a
tendency of layering formation. At this regime of temperature,
the system has no superfluid fraction.

IV. DISCUSSION

We performed quantum Monte Carlo simulations of a sys-
tem made of bosonic polar molecules confined by a harmonic
potential along the polarization axis considering periodic
boundary conditions in the plane perpendicular to the former
axis. By varying the system temperature 7" and the confine-
ment strength €2,, we construct a phase diagram for this
system at a fixed interaction D = 35. We observe a homoge-
neous SF phase that with increasing temperature, transitions
to either a homogeneous NF, a modulated CC, or a SS that
breaks simultaneously translational and gauge symmetries.
Such an interesting thermocrystallization effect in dipolar
gases has been experimentally observed recently in Ref. [63]
by using cigar-shaped-like confinements. We also observe a
transition from the CC state with multiple particles per cluster
to a BC with a single molecule per site. The BC state splits in
two triangular lattices separated along the polarization direc-
tion. Layered quantum systems are a subject of current interest
in many scientific fields, ranging from quantum Hall systems
to the BKT theory in coupled two-dimensional systems. For
strong confinement and low temperature, our results indicate
the formation of layered SF states with particle permutation
among the two layers.

At large confinement, we observe that the cluster phases
shrink, leading to an almost immediate transition from fluid
to a bilayer crystal as temperature is increased. While this
phase is still challenging to realize experimentally, due to the
strong confinement required, we expect it to be an interesting
setting to investigate the response to defects, and interlayer
correlations, in a self-assembled setting, providing a strong
candidate for new forms of supersolidity.

In order to present realistic experimental parameters, we
consider the case of double microwave shielding [47]. The
interaction potential in this case is highly tunable, and, for
some ranges of experimental parameters, takes a dipolar form
as (1); although the »~® term typically has an angular de-
pendence, we can compare it with Cg(1) by taking the first
order in a spherical harmonics expansion. We can then derive
the parameter D and look for experimental parameters that
match our simulations. For example, considering NaCs with
Q, =1297, A, =12,Q2, =11.5, and A, = 8, we obtain
D ~ 35. In this case, the length scale (Cs/C3)'/? comes out
to approximately 100 nm, and our largest confinement is
equivalent to 2w x 400 kHz, which is a very large number
for experiments with ultracold condensates. Using a molecule
with larger dipole moment, such as CsAg, we have the same
value of D by setting A, = 11; in this case, the length scale
is around 200 nm and the required confinement is of the order
of 2 x 50 kHz, which, while still quite large, is considerably
smaller. More favorable numbers may be obtained by tuning
the microwaves differently or through other shielding methods
such as static shielding; nonetheless, this shows that most of
our phase diagram is accessible for reasonable experimen-
tal parameters. Static-field shielding is perhaps even more
promising. A recent experiment has observed the formation of
droplets, which simulations predict to be strongly anisotropic
filaments [64]

Going further, complex confinement by external poten-
tials as in quasicrystalline optical lattices seems to be an
interesting candidate for the development of new physics, as
reported in Ref. [65]. The aperiodic nature of the quasicrystal
breaks Bloch’s theorem, a cornerstone of solid-state physics,
thus raising a fundamental question. Fractal structures not
only show aperiodicity, but can possess noninteger dimension,
which could reveal new mechanisms of superfluidity. Qua-
sicrystal [66] and fractal [67,68] confinements are the subject
of recent interest in quantum simulation. Nonetheless, the be-
havior of strong-correlated bosons that experience long-range
interaction, as can be realized in polar-molecule platforms,
is still elusive and could possibily reveal new routes towards
supersolidity. In future simulations, we will explore how the
lattice geometry, imposed by an external potential, affects the
behavior of cold polar molecules.
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