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Equilibrium and dynamical quantum phase transitions in dipolar atomic Josephson junctions
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An atomic Josephson junction realized with dipolar bosons in a double-well potential can be described by

an extended Bose-Hubbard model in which dipolar interactions generate an effective on-site interaction and
nearest-neighbor pair tunneling. Using mean-field theory and exact diagonalization, we investigate how this
correlated process affects zero-temperature equilibrium and dynamical properties of the system. In equilibrium,
we show that pair tunneling induces ground-state parity modulations and significantly reshapes the phase
diagram, producing qualitative changes in the quantum phase transitions toward NOON and phase-NOON
states, as well as quantitative shifts of the critical points. Out of equilibrium we demonstrate that it modifies
the conditions for macroscopic quantum self-trapping, and assess its impact by comparing mean-field and fully
quantum evolution, including the emergence of dynamical quantum phase transitions.

DOI: 10.1103/5mhn-jqtq

I. INTRODUCTION

The Josephson effect is one of the most relevant man-
ifestations of macroscopic quantum coherence. Originally
discovered in weakly linked superconductors (Josephson
junctions) [1-3], it was later recognized as a general phe-
nomenon arising from coherent quantum tunneling, which
could also be realized in coupled Bose-Einstein conden-
sates [4]. Owing to remarkable experimental advances in the
control of ultracold atoms, Josephson dynamics has since
become ubiquitous, emerging in systems ranging from su-
perfluids to exciton polaritons and supersolids [5-19]. In
the context of double-well-trapped Bose-Einstein condensates
realizing a bosonic Josephson junction [9,10], interactions
among tunneling atoms give rise to nonlinear phenomena
absent in superconducting junctions, most notably macro-
scopic quantum self-trapping [20,21]. For sufficiently strong
interactions, the very nature of the tunneling process can be
fundamentally altered. In the case of N =2 atoms, exact
quantum-dynamical calculations have shown that increasing
the interaction strength changes the dynamics from Rabi os-
cillations to correlated pair tunneling [22,23], a behavior that
has also been observed experimentally [24,25]. In extended
optical lattices, strong interactions likewise play a crucial
role in driving transitions between different quantum phases
[26]. These systems are typically described by extended
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Bose-Hubbard models [27-30], which include—besides the
standard single-particle tunneling and on-site two-body inter-
action terms—additional two-body operators accounting for
nearest-neighbor density-density interactions, collisionally in-
duced tunneling, and correlated pair tunneling. Although such
processes can emerge from sufficiently strong contact interac-
tions, they become particularly important in the presence of
dipolar interactions, where inter-site interaction energies can
compete with—and may even exceed—the on-site contribu-
tions [31,32].

In this work we adopt the extended Bose-Hubbard frame-
work to study the impact of dipolar interactions on the
equilibrium and dynamical properties of an atomic Joseph-
son junction, enabling us to access higher-order tunneling
processes while remaining in the weakly interacting regime.
Because only two wells are involved, the model reduces to
an effective two-site description with a renormalized on-site
interaction and nearest-neighbor pair tunneling. The standard
atomic Josephson junction is known to exhibit a quantum
phase transition (QPT) toward a NOON state, corresponding
to a fragmented condensate [33—37]. By combining mean-
field theory and exact diagonalization, we show that the
inclusion of pair tunneling qualitatively modifies this transi-
tion and promotes the emergence of a distinct QPT toward
a phase-NOON state. We further explore the consequences
for the Josephson dynamics, including macroscopic quantum
self-trapping, and investigate the time-domain counterparts of
quantum phase transitions, namely, dynamical quantum phase
transitions (DQPTs), both in the absence and in the presence
of pair tunneling.

The paper is organized as follows. In Sec. II we introduce
the extended two-site Bose-Hubbard model and derive the
corresponding mean-field theory. In Sec. III we investigate
the ground-state properties of the system, showing that pair
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tunneling induces parity modulations in the ground-state Fock
probabilities, modifies the QPT toward the NOON state—
changing its nature from continuous to first order within a
certain parameter range—and gives rise to a different con-
tinuous QPT toward a phase-NOON state. We determine the
location of these transitions at the mean-field level by map-
ping out the zero-temperature phase diagram and confirm the
analysis in the fully quantum setting through a finite-N scaling
study of the low-energy spectrum and the ground-state fidelity
susceptibility. In Sec. IV we address the dynamical properties
of the system. We compare the mean-field evolution with the
quantum dynamics of atomic coherent states, determining in
particular how pair tunneling modifies the mean-field condi-
tions for macroscopic quantum self-trapping. We then analyze
DQPTs, identified through finite-N precursors of nonanalyt-
icities in the Loschmidt return rate and real-time zeros of
the Loschmidt amplitude. Finally, in Sec. V we summarize
our results and draw the conclusions. Appendix A presents a
supplemental figure, while Appendixes B and C provide some
technical details on DQPTs.

II. THE MODEL

We consider an ultracold gas of N dipolar bosons of
mass m polarized by an external electric or magnetic field
along the z direction and confined by an external potential
Uex(x). This is given by the superposition of a double-well
trap in the axial direction x and of an isotropic harmonic
confinement with frequency w, in the transverse plane.
In the presence of a transverse energy /iw; much larger
than the characteristic energy of the bosons in the axial
direction, our system can treated as quasi-one-dimensional.
The boson-boson interaction derives from the sum of a contact
potential and a long-range dipole-dipole potential, and is of

the form  Vin(x — X') = g8(x — X) + ¥ (s — 3E=25)
[38]. In a two-mode approximation, the bosonic field

operator is \il(x) = &, (x)ar, + Pr(x)ag, where D) (x)

are the condensate wavefunctions and drg) are the
annihilation operators in each well [39]. Substituting
this expression into the many-body Hamiltonian

A =[xV LV 4 U1 (x) + L [ dPxd’) x
T x) U (%)W (x — X)) (X )T (x), one obtains an extended
two-site Bose-Hubbard model [28,31,32,40]

. . U
H = —Jy(alag +He) + TO[ﬁL(ﬁL — 1) + Ag(ig — 1]

+ Vg — Tla] (A + fAg)ag + Hec.]
+ P(a} &} agag + H.e.), (1)

where fipr) = &Z( rdrr) and H.c. denotes the Hermitian con-
jugate. The parameters Jy and Uy represent the single-particle
tunneling amplitude and the on-site interaction energy, re-
spectively. The former originates from the one-body term
of the many-body Hamiltonian, while the two-body term is
responsible for the on-site interaction U, the nearest-neighbor
density-density interaction V, the collisionally induced tun-
neling 7, and the pair tunneling P. In the absence of pair
tunneling (P = 0), the effects of the V and T terms on the

ground-state and dynamical properties of few bosons have
been studied analytically in Refs. [40-42].

The total number of particles N = f; + Ag is conserved.
As a consequence, the T term simply renormalizes the tunnel-
ing energy, while the V term renormalizes the on-site energy.
Therefore the Hamiltonian (1) can be rewritten, up to con-
stants, as

R U
H=—J(@jag +He.) + E(ﬁ% + i)

+ P(4) 4} agag + Hee.), 2)

where J = Jy + T(N — 1) and U = Uy — V. Throughout this
work we assume J > 0 and P > 0, while U may take either
sign, corresponding to repulsive (U > 0) or attractive (U < 0)
interactions. In particular, the presence of the density-density
interaction V allows the effective interaction U to become
negative even when the bare on-site term U, is positive,
thereby circumventing the instability associated with the col-
lapse of the condensate cloud [41].

Our analyses will be based on the numerical solution of
the eigenvalue problem H|E,) = E,|E,) for a fixed num-
ber N of bosons, obtained by exact diagonalization (see,
e.g., Refs. [35,37,41]). In this case the Hilbert space is
(N + 1)-dimensional and the Hamiltonian is represented in
the Fock basis |[i,N —i) =), QN —iy (i=0,...,N)
by a (N + 1) x (N + 1) real symmetric matrix. Hence each
eigenvalue E, is associated with an eigenstate |E,;) of the form

N
En) = eli, N —i), 3)
i=0

with real coefficients cf") normalized to unity.

The quantum dynamics generated by the Hamiltonian (2)
has a well-defined semiclassical (mean-field) limit. This can
be derived from the principle of least action for S[{g}] =
fdt (Wlihd, — H|W), where |W¥) = |W({g})) is a trial macro-
scopic state constructed to encode as much information as
possible about the underlying microscopic dynamics and
parametrized by a set of classical variables {g} [43]. For
the two-site Bose-Hubbard model, the standard choice is a
Glauber coherent state |a) = |a;) ® |ag) [44,45], which can
be parametrized by the relative phase ¢ = ¢r — ¢ between
the condensates in the two wells and the fractional population
imbalance z = (n, — ng)/N. The action is then

S(¢,z) = Ns(¢,z) = Nfdt[%q’s —JE(o, z)i|, 4)
where
A 2 I1 2
E=—V1—2722cos¢ + 57 + 3(1 —z7)cos2¢ (5

is the classical energy in units of J, and

UN PN
A=—, II=—2=20. 6
27 T2 (6)

Imposing §S = 0, we obtain the equations of motion

hip = cos ¢ + UNz — 2PNz cos2¢, (7a)

2Jz
V=22
hz = —2Jy/1 —z2sing + 2PN(1 — 2*)sin2¢.  (7b)
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The same equations can be derived from the two-mode ap-
proximation of the Gross-Pitaevskii equation [46,47], and
in the absence of pair tunneling they reduce to the familiar
equations for an atomic Josephson junction [20,21]. Up to
a reinterpretation of the parameter P, they also provide an
improved semiclassical description of the standard (nonpolar-
ized) junction, accounting for higher-order overlaps between
&, (x) and Pg(x) [39,48-50].

III. GROUND STATE

We begin by analyzing the effects of pair tunneling on
the ground state |Ey) = Zf\]:o cEO)|i, N —i). In doing so, it is
important to account for the fact that the V, T, and P terms
in Eq. (1) originate from the same microscopic interaction
and thus are not independent. In extended optical lattices, the
typical hierarchy is such that 7 is approximately one order
of magnitude smaller than V, while P is further suppressed
by an additional order of magnitude and is therefore often
neglected [26,31,32]. For a single double-well system, how-
ever, the pair-tunneling amplitude P can be comparable to
T, depending on the barrier height and interwell separation
[40]. Motivated by this, we consider an illustrative protocol in
which a system with N = 32 particles is initially prepared in
the ground state for Uy/J > 0, and the dipolar interaction is
then adiabatically increased from zero. As V grows, we con-
strain P and T to scale as P = T = 0.1V. Under this protocol,
U /J decreases while P/J simultaneously increases. Since the
particle number is moderate, we may safely assume that the
bare tunneling amplitude dominates over interaction-induced
corrections, i.e., Jo > T(N — 1) = 0.1(N — 1)V, so that the
effective tunneling can be approximated as J ~ Jy. In Fig. 1
we compare this scenario with that in which dipolar interac-
tions are absent and the same variation of U/J is achieved by
adiabatically tuning the contact interaction.

A. Parity modulations

We observe that even weak pair tunneling produces a clear
signature in the distribution of the ground-state probabilities
pi = |c§0) |2, appearing as a pronounced modulation of p; ac-
cording to the parity of the index i [Figs. 1(a) and 1(b)]. The
origin of this effect is that in the limit J/ — 0, the Hamiltonian
contains only operators that change n;,g) by zero or two units.
Consequently, the parity of nzg) is conserved. In this limit,
the Hilbert space decomposes into the direct sum of two dis-
connected sectors (fragments), Hevenoday = span{|i, N — i) :
i=001),203),4(5), ...}, with dim Heyen = [N/2] + 1 and
dim Hoga = [N/2]. In particular, the ground state has well-
defined parity, belonging either to Heyen Or Hoqq. For J #
0, Heven and Hoqq are coupled and the parity symmetry is
explicitly broken, yet a parity-dependent modulation of the
ground-state probabilities persists, and is enhanced with in-
creasing P/J. To quantify the degree to which the ground
state is hybridized across the two parity sectors, we intro-
duce the projectors even(odd) = Zieven(odd) li, N —i){i, N — i
and the corresponding weights pevenodd) = (Eo0|Ileven(odd)|Eo)-
We then characterize the resulting degree of fragmentation
through the entropy

Sfrag = —Peven 10g2 Peven — Podd Ing Podd, ()

1.0y

(a) ! pi | (b) p;

[ [
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FIG. 1. Ground state. Distributions of the ground-state probabili-
ties p; (a), (b) and the corresponding entanglement and fragmentation
entropies (¢), (d) as functions of U /J, for N = 32, Uy = 2.0,J = 1.0,
and V varying from O to 3.0, i.e., U = U, — V varying from 2.0 to
—1.0. The pair tunneling is P = 0 in panels (a) and (c),and P = 0.1V
in panels (b) and (d). Horizontal dotted lines indicate max Sg,, = 1.0
and max Seye = log, 33 >~ 5.04, while vertical dashed-dotted lines
mark local extrema of S..

taking values in the interval [0, 1]. Values of Sg,; < 1 indicate
that the two symmetry sectors are not equally weighted in
the ground state, and Sg,g = O implies that the ground state
has well-defined parity. Indeed, the probabilities modulation
displayed in Fig. 1(b) is associated to the reduction of Sg,e
shown in Fig. 1(d). In the absence of pair tunneling, Sgag is
generally equal to one, except when N is even and U/J is
reduced below the critical value associated with the crossover
toward the NOON state |N, 0) + |0, NV). In fact, if N is even
the NOON state belongs to Heyen and the corresponding frag-
mentation entropy is zero. This behavior, visible in Fig. 1(c),
is clearly absent when N is odd, because then the NOON state
does not have definite parity.

Prior to the crossover toward the NOON state, as P/J
increases there exist specific values of the interaction at
which sudden changes in the parity of the probabilities mod-
ulation occur [Fig. 1(b)]. These events correspond to level
crossings of the two lowest eigenvalues, Ey and E;, and the
observed parity switches result from the fact that |Ey) and
|E1) have probabilities modulations of opposite parity. These
level crossings already occur for N = 4 and N = 6, for which
there are two crossings [51]. For N = 8 there are three cross-
ings, and for N > 8 the number of crossings increases by
one each time two particles are added to the system. Under
our driving protocol, the values of U/J corresponding to the
first two (lowest U/J) crossings are nearly independent of
N, while the position of last crossing shifts to larger U/J
(smaller P/J) with increasing N. Between the second and
the last crossing there are (N — 8)/2 additional crossings and
hence further parity changes. However, the gap E| — Ej in
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the nonzero regions between the second and the last crossing
decreases by roughly one order of magnitude with every two
additional particles. Consequently, for large N the two lowest
eigenvalues become quasidegenerate throughout this interval
and are exactly degenerate at a dense set of points. For this
reason the resolution in Fig. 1(b) is insufficient to resolve
the 12 parity changes that occur within the quasidegenerate
region for N = 32. In the thermodynamic limit N — oo, the
quasidegenerate region becomes fully degenerate; the smallest
value of P/J at which a level crossing occurs then defines the
critical point of a continuous QPT induced by pair tunneling.
This transition will be analyzed in detail in Sec. III B.

From an experimental standpoint, the fact that |E,) and
|E1) exhibit complementary parity modulations implies that
this feature can be easily washed out in experiments un-
less kgT <« E| — Ey. Nevertheless, other features are robust
against finite temperature. For instance, at moderate pair tun-
neling the probabilities distribution is broader [Figs. 1(a) and
1(b)], making imbalanced configurations more likely to be
observed than in the absence of pair tunneling at the same tem-
perature. Another effect expected to be robust against finite
temperature is the shift of the critical interaction associated
with the transition toward the NOON state [37], which is
discussed in the next section.

B. Quantum phase transitions

Besides parity properties, the spreading of the ground-state
probabilities p; across the Fock states can be quantified by the
entanglement entropy [52]

N
Semt = — Y _ pilog; pi, ©)
i=0

which takes values in the interval [0, log,(N + 1)], with
larger values of S indicating a more delocalized distribution.
In particular, the critical interaction strength U, /J associated
with the crossover toward the NOON state corresponds, up to
O(N~") corrections, to a local maximum of Sy [Figs. 1(c)
and 1(d)] [35,37]. The clearest effect of pair tunneling is a
shift of U,./J; with the parameters used in Fig. 1, this moves
U, /J toward more negative values, namely, stronger attractive
interactions, with respect to the P = 0 case. Importantly, be-
yond shifting the critical interaction strength, pair tunneling
may qualitatively change the nature of the transition. For
absent or weak pair tunneling, the crossover is accompanied
by a closing of the gap E; — Ej in the thermodynamic limit,
leading to a continuous QPT. By contrast, in the presence of
sufficiently strong pair tunneling, the gap at U./J develops a
cusp, indicative of a sharp avoided level crossing, which in the
thermodynamic limit becomes a level crossing giving rise to a
first-order QPT.

The different nature of these transitions—as well as the
pair-tunneling-induced transition anticipated toward the end
of Sec. IIl A—can be clearly captured at the mean-field level.
We will later substantiate the mean-field analysis through a
numerical study of the N scaling of the energy gap and the
ground-state fidelity susceptibility; see Fig. 3 and the accom-
panying discussion. The critical value A, = U.N/2J can be
predicted from the bifurcation of the minimum of the classical

energy £(¢, z) [Eq. (5)] in the direction of z. The dependence
of A. on Il is piecewise. For IT < %, that we identify with the
weak pair tunneling regime,

A, = —14TIL (10)

In this regime, for A > A, there is a single minimum at
(¢,z) = (0,0), while for A < A, there are two degenerate
minima at (0, £z;), where

=+1—(A—T)2 (11)

At the critical point A = A, the minimum at (0,0) undergoes
a pitchfork bifurcation: 92£(0, 0) = 0, while 8;5 (0,0) > 0.
As A is further reduced, the new imbalanced minima at
(0, £z;) emerge continuously from it, while (0,0) becomes a
saddle. This represents a continuous QPT in terms of the order
parameter z, and the closing of the gap E; — Ej at the critical
point is a direct consequence of the softening of the collective
mode along the direction of z. This is qualitatively the same
behavior observed for IT = 0.

By contrast, for strong pair tunneling, IT > %, the critical
interaction is

A, = —TI1. (12)

For A > A, there are two degenerate minima at (%¢;, 0),
where

¢ = arcsec(2I1), (13)

while for A < A, there are again two degenerate imbalance
minima at (0, +z;). At A = A, the two classes of stationary
points coexist with the same energies, £(¢y, 0) = £(0, £z4),
and upon crossing A, they exchange stability: (0, z,) are
saddles for A > A, while (£¢;, 0) become saddles for A <
A.. This exchange of stability between two disconnected
semiclassical minima leads to a first-order QPT. Since the
phase and imbalance minima exist at finite distance in phase
space, no mode softens, and the excitation spectrum reor-
ganizes via a level crossing. Evaluating these mean-field
predictions using the parameters of Fig. 1, we obtain U./J =
—0.0625 for P = 0 [Fig. 1(c)] and U,./J = —0.5 for P # 0
[Fig. 1(d)], in very good agreement with the values obtained
numerically by exact diagonalization and associated to the
local maxima of Sep.
Finally, for A > —%, by crossing the line

M.=1 (14)

the minimum of £(¢, z) changes continuously from (0,0)
to (£¢y, 0), which signals the pair-tunneling-induced con-
tinuous QPT. All this information is summarized in the
zero-temperature mean-field phase diagram represented in
Fig. 2. The values of the stationary points of £(¢, z) in each
region, which will also be relevant for the mean-field dynam-
ics (Sec. IV A), are reported in Table I. An extended version
of the phase diagram, including illustrative contour plots of
E(¢, z) for each region, is provided in Fig. 9 (Appendix A).
The above mean-field description can be directly con-
nected to the properties of the quantum ground state [53-55].
At any finite N, the exact many-body ground state is non-
degenerate, real in the Fock basis, and fully respects the
symmetries of the Hamiltonian. For A < A, in the large-N
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IT

FIG. 2. Mean-field phase diagram (see also Fig. 9 for an ex-
tended version). Solid lines delineate regions characterized by
different stationary points of £(¢,z). Thick solid lines indicate
boundaries across which the minima change, either continuously (red
lines) or discontinuously (black lines), while thin solid lines indicate
boundaries across which the maxima change, either continuously
(red lines) or discontinuously (black lines). Different colors denote
the three dynamical regimes described in Sec. IV A: Josephson
regime (green), phase-locked MQST (light blue), and running-phase
MQST (dark blue). Above the line IT = 1 the same dynamical

2
regimes are present with qualitative differences.

limit the ground state |Ey) and the first excited state |E;) are
given, respectively, by symmetric and antisymmetric superpo-
sitions of wave packets localized around the two imbalanced
semiclassical ground states (0, £z;). These wave packets are
well described by the SU (2) atomic coherent states—namely,
minimal-uncertainty product states with well-defined relative
phase ¢ and population imbalance zy [56,57]—

N
1 1—z0 -
|(¢o,Zo)>=W<\/ +\/ zzoel%fqu) 10,0), (15)

with ¢9p =0 and zo = %z, [58]. In the strongly attractive
regime, A < A., these wave packets become sharply local-
ized around the Fock states |N, 0) and |0, N), so that |Ey) and
|E1) approach the symmetric and antisymmetric NOON states
IN, 0) = |0, N). The degeneracy of the semiclassical ground
states corresponds to the fact that the system in the quantum
ground state is a fragmented condensate [54,57,59-62], char-
acterized by two macroscopic eigenvalues of the one-body

density matrix
Na
A np -
M = (W 2 ) (16)

2

1+Z0 AT
2

where npg) = (figr)) and o = %(&Z&R), with (- --) denoting
in this case the expectation value on |Ep). In the thermo-
dynamic limit, the energy splitting between the symmetric
and antisymmetric superpositions vanishes exponentially with
N. An arbitrarily weak perturbation selects one of the semi-
classical minima, leading to spontaneous breaking of the
left-right symmetry. A similar situation occurs for A > A, in
the presence of strong pair tunneling, IT > % In this regime,
in the large-N limit the two lowest-energy eigenstates are
given by symmetric and antisymmetric superpositions of wave
packets localized around the phase-imbalanced semiclassical

ground states (%¢y, 0), namely |(¢s, 0)) = |(—@5, 0)). Deep

TABLE 1. Stationary points of the classical energy (¢, z).

Region Minima Saddles Maxima

A (0, £z,) (0,0) (£m,0)

B (0,0 — (£m,0)

C (0,0) (£7m,0) (£m, £z,)
A (0, £z,) (g5, 0) (0,0), (£, 0)
B, (x5, 0) (0, £z,) 0,0), (£7,0)
B, (£¢5, 0) (0,0) (£7,0)

C (£¢5, 0) (0,0), (£, 0) (£m, £z4)

in pair tunneling regime, IT > % these approach |(Z, 0)) £
|(=%,0)), which may be interpreted as symmetric and an-
tisymmetric phase-NOON states, again corresponding to a
fragmented condensate [54]. In the thermodynamic limit, the
degeneracy of the two eigenstates leads to spontaneous sym-
metry breaking, in this case associated with the selection
of one of the two time-reversal-related semiclassical ground
states.

The mean-field analysis is corroborated by Fig. 3, which
presents exact numerical results for the behavior of the gap
E| — Ey and the ground-state fidelity susceptibility xr, de-
fined as [63]

—21n [{Eo(g)|Eo(g + 62))I
8¢

xF(g) = lim , an
8g—0

where g denotes the control parameter driving the QPT. Since
the parameter space is two-dimensional, described by (A, IT)
or equivalently by (U, P), any trajectory connecting two quan-
tum phases, and thus crossing a line of QPTs, can be linearized
in the vicinity of the transition point as a straight line, so that g
can be expressed as a linear combination of U and P. The pre-
cise relation between these parameters depends on the specific
choice of the trajectory and is immaterial for the identifica-
tion of the transitions themselves. The fidelity susceptibility
quantifies the sensitivity of the ground state to an infinites-
imal variation of the control parameter and thus provides a
faithful probe of quantum critical behavior. For continuous
QPTs, the excitation gap closes in the thermodynamic limit;
at finite N, although the gap does not vanish exactly, it is
expected to become extremely small in the symmetry-broken
phase, reflecting the emergence of quasidegenerate ground
states associated with spontaneous symmetry breaking. Corre-
spondingly, the fidelity susceptibility develops a pronounced
peak at a pseudocritical point that approaches the mean-field
critical value as N increases, with a peak height that grows
algebraically and a width that narrows with increasing N
[55,63-68].

These features are clearly observed in Figs. 3(a) and
3(b), which display the A-driven and IT-driven continuous
transitions to NOON-like and phase-NOON-like states, re-
spectively, and thus confirm the mean-field predictions for
both the location and the continuous nature of the transitions.
By contrast, Fig. 3(c), obtained for IT > %, exhibits qualita-
tively different behavior: the gap displays a cusp, while the
fidelity susceptibility shows a very narrow and rapidly grow-
ing peak. This behavior is characteristic of a first-order QPT,
where the gap closing in the thermodynamic limit originates
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A

FIG. 3. Equilibrium quantum phase transitions. Thick solid lines (circular markers) denote the energy gap E; — E,, while thin dashed-
dotted lines indicate the ground-state fidelity susceptibility x» for several values of N. The dashed vertical line at the center of each panel
represents the mean-field critical value of the driving parameter. (a) A-driven continuous QPT to NOON-like states in the weak pair tunneling
regime (IT = 0.25), where A, = —0.75. (b) I1-driven continuous QPT to phase-NOON-like states for A = 0, where I1, = 0.5. (c) A-driven
first-order QPT to from phase-NOON-like to NOON:-like states in the strong pair tunneling regime (IT = 1.0), where A, = —1.0. Parameter

J=1.0.

from a level crossing between two macroscopically distinct
ground states rather than from the softening of a collective ex-
citation mode. At finite N the transition is replaced by a sharp
avoided crossing [69], with a minimum gap that decreases
approximately linearly with increasing N. The fact that the
gap vanishes asymptotically away from the transition, both
for A < A. and for A > A, reflects the first-order nature of
the transition between two distinct symmetry-broken phases,
characterized by broken left-right symmetry for A < A, and
broken time-reversal symmetry for A > A..

This analysis is complemented by Fig. 4, which displays
the first few energy levels over the same parameter ranges
considered in Fig. 3. We observe that, deeper within both
symmetry-broken phases, the merging of energy levels also
occurs for higher consecutive pairs, e.g., E3 ~ E,, Es >~ E4,
etc. [33,37]. The avoided crossings between such pairs of
eigenvalues at the first-order pseudocritical point are also
clearly visible in Fig. 4(c).

IV. DYNAMICS

We now turn to the effects of pair tunneling on the dy-
namics. We initialize the system in a pure state |W) =
Z?’:O Y;li, N — i) and consider its unitary time evolution
() = efin/han) = >V Yi0)li, N —i). A naturally in-
teresting class of initial states is provided by the atomic

coherent states |(¢o, zo)) (15), for which ¥; = «/(i)zl,v(l +
20)2(1 — zg)WV=D/2£IN=Déo_Tn fact, these states are the ones
most commonly realized in experiments, where the large
number of atoms typically ensures dynamics close to the
mean-field description. By considering atomic coherent states,
we thus maximize the likelihood of identifying phenomena
that persist at experimentally relevant particle numbers, rather
than effects that are purely few-body in nature and potentially
difficult to observe. Moreover, the choice of |(¢y, zo)) as ini-
tial state allows for a direct comparison between the ensuing
quantum dynamics and the mean-field dynamics of Eq. (7)
with initial condition (¢, z9) [70,71].

A. Mean-field dynamics: Josephson oscillations
and Macroscopic Quantum Self-Trapping

The mean-field dynamics can be inferred from the phase-
space structure of the stationary points of the energy £(¢, z).
While the location (and possible degeneracy) of the local
minima determines the ground-state properties, the different
dynamical regimes are governed by the overall arrange-
ment of local minima, saddle points, and local maxima of
E(¢,z); see Figs. 2 and 9. Let us recall the salient fea-
tures of the mean-field dynamics when pair tunneling is
absent: IT = 0 [21,50]. Since £(¢, z) is symmetric under the
transformation ¢ — —¢, we may restrict attention to the

(a) 6 (b) (c)
4
S 4
Lla 0.5
S
2 2
0 0 0.0
-1.0 —0.5 0.4 0.6 —1.05 —1.00 —0.95
A 1 A

FIG. 4. Low-energy spectrum. Energy of the first five excited states with respect to the energy of the ground state, for N = 64 and the same
parameters of Fig. 3. (a) I1 = 0.25; (b) A = 0; (¢) I1 = 1.0. Parameter J = 1.0.
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strip [0, ] x [—1, 1]. We consider first the case of repulsive
interactions. For 0 < A < 1 all trajectories are closed, rep-
resenting Josephson oscillations around the minimum (0,0)
or the maximum (r, 0). At A = 1, the point (v, 0) under-
goes a pitchfork bifurcation and becomes a saddle, while new
maxima appear at (7, +z;). Hence the dynamics consists of
Josephson oscillations around the minimum, with (z(¢)), =
0, or closed orbits around the maxima with (z(¢)), ## 0; the
latter is the phase-locked (7-phase) macroscopic quantum
self-trapping (MQST). Finally, for A > 2, separatrices con-
necting the saddle points (£, 0) emerge, and a new region
opens up between the separatrices and the libration regions
of (m, £z;), where the system can explore open trajectories
with (z(¢)); # 0, namely, running-phase MQST. Increasing
further the energy, trajectories may enter the small regions
surrounding (7, z;), giving rise again to w-phase MQST.
The minimal requirement for which some initial conditions
produce MQST is therefore A > 1. More generally, given
the initial conditions (¢, zo), MQST occurs when the energy
of the trajectory exceeds the saddle energy, i.e., (o, z0) >
E(m, 0). This yields A > 2(v'1 — z5 cos ¢ + 1)/22.

Since the transformation ¢ — 7 — ¢, A — —A maps
& — —&, the phase-space portraits for attractive and re-
pulsive interactions are identical up to a phase shift of =&
combined with time reversal. Therefore the same dynamical
regimes occur for attractive interactions; in particular, the
condition for MQST is &€ (¢, z0) < £(0, 0), which yields A <
2(v1 — 2 cos gy — 1)/22.

Let us now examine the effects of pair tunneling. For weak
pair tunneling, IT < %, the picture discussed above remains
qualitatively unchanged, as the same fixed points and dynam-
ical regimes are present; see Table I and Fig. 2. Phase-locked
MQST canoccurfor A > 1+ ITor A < A, = —1 4+ I (light
blue regions in Fig. 2), while running-phase MQST can occur
for A > 2+ ITor A < —2 4 TII (dark blue regions in Fig. 2),
provided the initial conditions satisfy

M[1— (1 —z§) cos 2] + 2(,/1 — 23 cos ¢ + 1)

A > 5
20

or
M[1 — (1 —z3) cos 2] + 2(y/1 — 22 cos o — 1)
2
20

(o<m<y), (18)

A <

’

for repulsive and attractive interactions, respectively. There-
fore MQST is not the only dynamical regime accessible in
these regions of parameter space. If the requirements on the
initial conditions are not satisfied, Josephson dynamics occurs
instead.

The situation changes for IT > % where new phase-
imbalanced fixed points appear at (£¢y, 0), which are saddles
for A < —II and minima for A > —TII. In the former case,
Josephson oscillations can occur around the maximum at
(0,0) even for negative interaction strengths. In the latter case,
oscillations may take place around each of the two minima
at (¢, 0) individually—corresponding to phase-imbalanced
Josephson oscillations with (¢(¢)); # {0, w }—or around both

simultaneously. In general, phase-locked MQST can occur for
A >14+1TIIor A <A, = —TII (light blue regions in Fig. 2),
while running-phase MQST can occur for A > 2+ IT or
A < —% — IT (dark blue regions in Fig. 2), provided that
E(po, z0) > E(, 0) or E(¢ho, 20) < E(¢Ps, 0), namely,

mnfr—(1-22 2¢0| +2(,/1 — 22 +1
[ (1= ) cos 2] +2(,/1 G eosgn + 1)

%
or
—T[1 4 (1 — 2§) cos 2¢y] +2(mcos¢0 ~ 4
A < . ’
20
(H > %), (19)

for repulsive and attractive interactions, respectively. Notice
that for repulsive interactions, the condition is the same as in
Eq. (18).

B. Comparison with the quantum dynamics

The mean-field dynamics described in Sec. IV A is ex-
pected to accurately reproduce the quantum dynamics for
large N at fixed A and II, becoming exact in the ther-
modynamic limit N — oo. Formally, this follows from the
coherent-state path-integral representation of transition am-
plitudes, [ D¢Dze™*@/" in which the action is naturally
multiplied by N, see Eq. (4). In the limit N — oo the path
integral is therefore dominated by stationary phase trajecto-
ries, which satisfy the equations of motion (7) [71]. Finite-N
deviations from the mean field, arising from genuine few-
body quantum effects, can be studied by directly comparing
the mean-field dynamics initialized at (¢, zo) with the full
quantum evolution of the corresponding atomic coherent state
|(¢o, 20)), that is, |W(¢)) = e /% |(¢y, z0)). The expectation
value of the population imbalance is given by

(V@)L — ng|W(1))

z2(t) = N . (20)

The relative phase is extracted from the one-body density ma-
trix pf;(t) = (W(t)lafa;| W), i, j € {L, R} [Eq. (16)]. For
nonzero a(t) = 1%(\Il(t)|&z&R|\IJ(t)), the eigenvalues o4 (¢) of
pW) satisfy

0x(t) _ 14 Vz() +la@)P

21
N > 2D
and the corresponding eigenvectors are
e 0) o @2)
X£({1)) X )
- —2(t) 2O + ()]

up to normalization. The largest-eigenvalue eigenvector of
p1 is the complex conjugate of the macroscopically occu-
pied single-particle state [57,59], therefore the relative phase
between the condensates in the two wells is the argument of
«(t), namely,

$(1) = arg (W(1)|a) ag|W(1)). (23)

In Fig. 5 we report an example of Josephson oscillations
for A > 0, comparing dynamics in the absence and the pres-
ence of pair tunneling, as well as quantum and mean-field
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(b)

0.0

()

FIG. 5. Josephson oscillations. Time evolution of the probabil-
ities |¥;(t)|* (a), (b) and of the population imbalance z(¢) and the
relative phase ¢(¢) (c), (d) for the system initialized in an atomic
coherent state with zop = 0.5 and ¢y = 0. Darker blue corresponds
to higher probability. Exact quantum results (bold solid lines) are
compared with the corresponding mean-field trajectories (thin lines).
(a), (¢) A =4.0, T = 0; (b), (d) A = 4.0, IT = 1.2. Parameters are
N =64 and J = 1.0. Time is in units of 7/J.

descriptions. Alongside the time evolution of the macro-
scopic observables z(t) and ¢(t), we show the underlying
microscopic dynamics through the evolution of the Fock-state
occupation probabilities |;(¢)|>. Here, as in Figs. 6 and 7, the
interaction parameters are chosen to enhance the distinction
between the mean-field and exact quantum evolutions and
to make the relevant dynamical features as clear and legible
as possible. For the chosen interaction parameters and initial
conditions, the inclusion of pair tunneling leads to Josephson
oscillations around both minima at (%¢;, 0), resulting in a
markedly nonsinusoidal evolution of z(¢) characterized by a
doubly peaked profile, which is also reflected in the structure
of the Fock-state probabilities. The mean-field trajectories are
in good agreement with the exact quantum results at short
times, accurately reproducing the initial oscillation frequency
and overall behavior. At longer times, few-body effects—
such as amplitude modulations and increasingly anharmonic
features—become evident [71,72]. These effects are accom-
panied by a progressive spreading of the wave packet in
the Fock basis, as visible in Figs. 5(a) and 5(b), signaling
a reduction of its coherence. In general, for a fixed particle
number N, the agreement between exact and mean-field de-
scriptions improves and persists over longer times for weaker
interactions. In the noninteracting limit A = IT = 0, as far
as the observables ¢(¢) and z(¢) are concerned the quantum
dynamics of an atomic coherent state follows exactly the mean
field dynamics at any N [71].

Similarly, Fig. 6 illustrates an instance of phase-locked
MQST for A <0, where the mean-field dynamics corre-
sponds to closed trajectories around the fixed point (0, zy).

1.0 e p—
(a) b = — =
08 R
S0.6
04
0.2

(d)

10 0 5 10

(]
~~ Ut

FIG. 6. Phase-locked MQST. Time evolution of the probabilities
[ (t)|? (a), (b) and of the population imbalance z(¢) and the relative
phase ¢(t) (c), (d) for a system initialized in the atomic coherent
state with zo = 0.5 and ¢, = 0. Darker blue corresponds to higher
probability. Exact quantum results (bold solid lines) are compared
with the corresponding mean-field trajectories (thin lines). (a), (c)
A=—-14T1=0;(b,d) A =—14,II=0.6. Parameters are N =
64 and J = 1.0. Time is in units of /i/J.

(a) (b)

(¢) ()

FIG. 7. Running-phase MQST. Time evolution of the population
imbalance z(¢) for a system initialized in an atomic coherent state
with zp = 0.8 and ¢y = 0 (bold solid lines), compared with the corre-
sponding mean-field dynamics (thin lines). (a) A = 5.2, IT = 0; (b)
A=52,T1=12;() A=10.0,T=0; (d) A =100, IT=1.2.
Parameters are N = 64 and J = 1.0. Time is in units of //J.
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In this regime, the most striking effect of pair tunneling
appears at the microscopic level: the additional nonlinearity
substantially reshapes the Fock-state probabilities, leading to
a qualitatively different distribution compared with the case
without pair tunneling, despite the persistence of self-trapped
behavior.

In Fig. 7 we present an example of the third dynamical
regime, namely, running-phase MQST, for A > 0. For the
chosen initial conditions, the mean-field criterion for the oc-
currence of MQST reads A — IT > 5.0. In Figs. 7(a) and 7(b)
we fix A = 5.2 and compare the cases [1 = 0 and I1 = 1.2.
The inclusion of pair tunneling lowers the energy of the
mean-field trajectories below that of the separatrix, resulting
in the expected destruction of MQST and its conversion into
large-amplitude Josephson oscillations around both minima at
(£, 0). This prediction is confirmed by the exact numerical
results; however, for these moderately large values of A, the
quantum dynamics rapidly departs from the mean-field behav-
ior. In Figs. 7(c) and 7(d), we consider instead a parameter
regime in which the inclusion of pair tunneling is not expected
to destroy self-trapping. In this case as well, the quantum
results are in qualitative agreement with this mean-field pre-
diction, although the strong interactions cause the quantum
dynamics to become incoherent at short times, i.e., smaller
than one semiclassical period.

C. Dynamical quantum phase transitions

We complete our characterization of the effects of pair
tunneling by considering dynamical quantum phase transi-
tions. These extend the notion of criticality to the time domain
[73—75], where the central object is the Loschmidt amplitude

Z(t) = (Wole M 0y), (24)

giving the overlap between the initial state |\W) and its time-
evolved counterpart at time f. The associated probability,
L) = |Z(t)|?, is known as the Loschmidt echo or fidelity.
The formal similarity of the Loschmidt amplitude to the
partition function Z(8) of an equilibrium system at inverse
temperature 8 motivates the definition of DQPTs paralleling
that of thermal phase transitions. In equilibrium, criticality
emerges in the thermodynamic limit as a nonanalyticity of
the free energy density f(8) = — ﬁ]—N InZ(B) at a critical tem-
perature 8 = B.. Correspondingly, a DQPT is defined in the
thermodynamic limit as a nonanalyticity (typically a cusp) of
the return rate

M) = _zlv In|Z@)] (25)

at a critical time t = ¢,.

Inserting the eigenbasis |E,) in Eq. (24) and introducing
the imaginary time 7 = if, the Loschmidt amplitude can be
written as Z(t) = Zf:’zo [(E,|Wo)|>e 5/ For finite N, this
is a finite sum of analytic functions and is therefore itself
analytic. As a consequence, it can be factorized as [75]

T
z — T _
(1) =e ]_[<1 r,)’ (26)
i
where ¢ is a constant and 7; are the complex zeros of
the Loschmidt amplitude (Loschmidt zeros). These are the

nonequilibrium analog of Fisher or Lee-Yang zeros of ther-
mal partition functions [76—78] and determine the nonanalytic
properties of the return rate, as

A(T) = —]%Re[ct+21n (1 — Tl)} 27)
J

J

For finite N, the Loschmidt zeros are isolated points in the
complex plane. As N increases, they become increasingly
dense and, in the thermodynamic limit, coalesce into continu-
ous lines or regions. Intersections of these structures with the
imaginary t axis determine the real critical times at which the
return rate becomes nonanalytic and DQPTs occur. The occur-
rence of a DQPT (and the associated critical time) is therefore
tied to whether a state orthogonal to the initial state—i.e.,
maximally separated in the Hilbert space—is dynamically
accessible under time evolution, and if so, at which time.

Since its introduction in the context of the transverse-field
Ising model by Heyl ef al. [73], the study of DQPTs has
extended to a variety of many-body systems [79,80], including
topological systems [81-83], systems with long-range inter-
actions [84,85], superfluids and superconductors [86,87]. The
phenomenon has also been observed experimentally in an
interacting trapped-ion platform [88]. While the original work
of Hely et al. suggested a close connection between DQPT's
and equilibrium QPTs, this correspondence is not universal
[89]: a DQPT may occur without crossing an equilibrium crit-
ical point and, conversely, a quench may cross an equilibrium
critical point without generating a DQPT. As we shall show,
our system falls into this more general scenario, exhibiting
dynamical critical behavior that is not tied to quenches across
equilibrium criticality, such as tuning A from A < A, to
A > A.. In this case, DQPTs reflect genuinely dynamical
features of the real-time evolution, with no direct counterpart
in equilibrium critical behavior.

We address the identification of DQPTs by means of two
complementary numerical approaches. First, we compute the
Loschmidt echo and the associated return rate directly from
the full energy spectrum obtained via exact diagonalization,
and analyze their scaling with N. In particular, we search
for finite-N precursors of nonanalytic cusps in the return rate
when the Loschmidt echo approaches zero. To substantiate
the signatures inferred from this direct inspection, we also
determine the complex Loschmidt zeros in the vicinity of the
imaginary t axis using the method of Loschmidt cumulants
[90,91], outlined in Appendix B.

As in the previous sections, we take the system initialized
in an atomic coherent state |(¢g, Z9)). In the absence of inter-
actions, the time evolution of such a state is perfectly coherent
and periodic, and no DQPT occurs. Consider instead A # 0
and IT = 0, corresponding to the standard interacting atomic
Josephson junction. When the semiclassical trajectory with
initial condition (¢, z9) lies well within either the Josephson
or the self-trapping regime—namely, sufficiently far from a
separatrix or the boundary of the libration region of a fixed
point—we find clear numerical evidence that DQPTs arise
for any nonzero A, provided the evolution time is sufficiently
long. Following their first occurrence, the critical times recur
in an almost periodic manner, at least until the time-evolved
wave packet has lost coherence to such an extent that the
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FIG. 8. Dynamical quantum phase transitions. Time evolution of the Loschmidt echo £(¢) (green lines) and the return rate A(¢) (blue lines)
(a), (b) and complex zeros of the Loschmidt amplitude in the vicinity of the imaginary 7 axis (c), (d) for a system initialized in an atomic
coherent state with ¢y = 0 and zo = 0.5 and several values of N. Red dashed lines identify the critical times. (a), (c) A = 4.0, I1 = 0; (b), (d)

A =4.0 and IT = 0.6. Parameter J = 1.0. Time is in units of /i/J.

interpretation of the numerical data becomes ambiguous. The
value of the first critical time 7, decreases with increasing
|A| and, for fixed A, lies between two semiclassical periods
T =T (E(¢o, 20)), 1.e., nT < t. < (n+ 1)T for some integer
n > 0. The inclusion of pair tunneling substantially reshapes
the distribution of complex Loschmidt zeros and shifts the
critical times; however, it does not fundamentally alters the
nature of the DQPTs, which continue to manifest as cusps in
the return rate.

Multimedia files illustrating these results for varying A and
IT are provided as Supplemental Material [92]. A representa-
tive example is shown in Fig. 8. We see that as N increases,
few-body oscillations are suppressed, resulting in a smoother
A(t) with better-defined cusp precursors, and the Loschmidt
zeros tend to coalesce along well-defined lines in the complex
plane; their intersections with the imaginary 7 axis coincide
precisely with the incipient cusps observed in the return rate.
In Figs. 8(b) and 8(d), we observe that the introduction of pair
tunneling shifts the first cluster of zeros towards the imaginary
T axis, making the first DQPT occur at a time ¢, < T; on
the other hand, the period between two consecutive DQPTs
is larger than in the absence of pair tunneling. A further
distinction is that, in the presence of pair tunneling, DQPTSs
occur significantly closer to the semiclassical return times,
so that critical times deviate markedly from (n + %)T. This
is related to the fact, visible in Fig. 8(d), that pair tunneling
mainly affects the location of the Loschmidt zeros with larger
Im t within each cluster.

These features admit a compelling geometrical interpre-
tation [93]. We can think of the large-N atomic coherent
state |(¢o, zo)) as represented by a semiclassical amplitude
Wy (¢, z) in phase space, localized around (¢, zp). Under
the classical Hamiltonian flow ®, : (¢, z) — (¢(¢), z(t)) each
point of the wave packet moves along its own trajectory,
so that at time ¢ the wave packet becomes a stretched and
distorted cloud, W, (¢, z) = Wo(O®_,(¢, 7)), whose center of
mass follows the classical trajectory starting from (¢, zo)-
As shown in Appendix C, within this description the return
rate at time ¢ is dominated by the phase-space point (call it
the saddle point) that minimizes the arithmetic mean of its
distances from the original center (¢, z9) at times 0 and ¢. A
DQPT occurs when the identity of such saddle point changes
discontinuously at a critical time ¢ = .. At time zero the
saddle point coincides with (¢, zo), and if the wave packet
evolves almost rigidly the identity of the saddle point will
change continuously. By contrast, interactions smear the wave
packet, creating regions where different points compete to
minimize the mean distance. Stronger interactions acceler-
ate the smearing, opening the possibility for the saddle-point
switch to happen earlier.

This picture also explains why the saddle-point switch oc-
curs between two semiclassical periods, e.g., for T < f, < 2T
in the case of the first DQPT of Fig. 8(a). Let us imagine fol-
lowing the evolution of the semiclassical amplitude Wy(¢, z).
For 0 <t < T, as the wave packet stretches the saddle point
remains near the evolving center of mass. For ¢t 2 T, as the
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center of mass moves away from (¢, z9), the saddle point
shifts gradually toward the back tail of the distorted wave
packet, to remain close to the original center. As ¢ grows fur-
ther, the leading edge of the wave packet swings back toward
the original center (anticipating the center of mass), and at
t =t. < 2T the saddle point jumps abruptly from the back
to the front of the wave packet, realizing the DQPT. In this
way, DQPTs can be visualized as a dramatic reorganization
of the wave packet’s dominant contribution in phase space:
the system switches which part of the distorted wave packet
counts most for the return rate, producing the characteristic
cusps in A(?).

V. DISCUSSION AND CONCLUSIONS

In this paper we have studied the effects of dipolar interac-
tions on zero-temperature static and dynamical properties of a
Bose gas confined in a double-well potential, thereby realiz-
ing a dipolar atomic Josephson junction within an extended
two-site Bose-Hubbard framework. Dipolar interactions are
responsible for a pair tunneling term, usually neglected in the
nonpolarized case, which significantly alters both the equilib-
rium and nonequilibrium properties of the system.

In equilibrium, we have shown that pair tunneling substan-
tially modifies the structure of the many-body ground state.
In particular, it induces parity modulations in the distribution
of Fock-state probabilities and leads to a broader population
spread across Fock states, reflecting enhanced many-body cor-
relations. Concerning quantum criticality, we demonstrated
that the quantum phase transition toward the NOON state—
corresponding to an imbalance-fragmented condensate—is
strongly affected by pair tunneling. In general, it shifts the
critical interaction strength and, above a threshold, qualita-
tively changes the nature of the transition from continuous to
first order. Furthermore, pair tunneling gives rise to a distinct
continuous quantum phase transition toward a phase-NOON
state, which, like the imbalanced NOON state, represents a
fragmented condensate.

At the dynamical level, we showed that the familiar dy-
namical regimes—Josephson oscillations and macroscopic
quantum self-trapping—persist in the presence of pair tunnel-
ing. However, the modified semiclassical structure introduces
additional fixed points in phase space, leading to new dy-
namical features. These include phase-imbalanced Josephson
oscillations with (¢(?)), # {0, =}, oscillations around mul-
tiple minima, and modified conditions for the onset of
macroscopic quantum self-trapping. Thus, while the overall
dynamical taxonomy remains intact, the underlying phase-
space organization is significantly enriched. Finally, we
analyzed dynamical quantum phase transitions, showing that
several features of the exact numerical results admit a
clear geometric interpretation in terms of the evolution and
deformation of semiclassical phase-space amplitudes. Pair
tunneling induces quantitative modifications in the DQPT
structure, both the critical times and their periodic spacing, but
does not lead to a fundamentally different type of dynamical
critical behavior.

In general, the two-mode effective model (2) on which our
analysis is based is justified in the low-energy, weak-overlap
regime of a sufficiently deep double-well potential, where the

condensate remains predominantly localized in the two lowest
single-particle orbitals and the mixing of higher modes is neg-
ligible. Within this framework, it is important to distinguish
between two levels of description: the semiclassical two-mode
dynamics (7), and the fully quantum dynamics of the effective
Bose-Hubbard model (2), which additionally captures number
fluctuations and many-body correlations within the restricted
two-mode subspace [94].

For dipolar condensates, previous studies have bench-
marked semiclassical two-mode predictions against full
three-dimensional Gross-Pitaevskii simulations, showing that
the effective description successfully reproduces the essential
Josephson and self-trapping phenomenology, with quantita-
tive agreement improving when the Josephson frequency is
small compared to the characteristic trap frequencies [95,96].
We emphasize, however, that the models employed in those
works were simpler than the one considered here, as they
neglected the pair-tunneling contribution responsible for the
cos(2¢) term in our classical Hamiltonian. Our treatment
therefore extends the standard two-mode framework by incor-
porating additional interaction-induced tunneling processes.
Moreover, in the case of contact interactions, it was demon-
strated that the quantum two-mode Bose-Hubbard model
provides a significantly improved description over the semi-
classical approximation, yielding better agreement with exact
many-body calculations [72]. Although an analogous bench-
mark has not been carried out explicitly for dipolar systems,
there is strong reason to expect that the inclusion of full
quantum dynamics similarly enhances the reliability of the
effective description in the present case. At the same time,
the model remains inherently limited: phenomena such as
roton-like excitations, transverse instabilities, and collapse
mechanisms [26] lie beyond the scope of any two-mode
treatment and require fully three-dimensional mean-field or
many-body approaches for a complete description. These ef-
fects, however, fall outside the low-energy regime considered
here, under which we expect our conclusions to remain quali-
tatively robust.

Within this regime, the effective two-site model
is characterized by the renormalized interaction and
tunneling parameters U = Uy —V and J =Jy+ TN — 1),
leading, in the experimentally relevant large-N limit,
to the dimensionless parameters A =UN/2J =
Uy —V)IN/[2Jy +2T(N — D] =~ (Up — V)/2T and Il =
PN/J = PN/[Jo+T(N — 1)] ~ P/T. Since U, can be tuned
over a broad range through standard scattering-length control,
A may attain both large positive and negative values, or be
brought close to zero when U, ~ V. Similarly, depending
on the double-well geometry and the applied electric or
magnetic fields, the ratio P/T can vary over the range
[T~ 0.01-1. These parameter regimes fully encompass
those required to observe the phenomena predicted in this
work. We therefore expect that the dipolar many-body effects
discussed here should be accessible with current experimental
platforms, without posing challenges beyond those routinely
encountered in the field.

Overall, our results demonstrate that dipolar interactions
provide a controlled mechanism for engineering higher-order
tunneling processes in atomic Josephson junctions, enabling
significant modifications of both equilibrium and dynamical
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properties and of the associated quantum critical phenomena.
In view of the ongoing interest in Josephson dynamics both
as a fundamental phenomenon and in extended and dipolar
quantum systems, especially in the context of supersolids,
we expect our results to provide useful insight into higher-
order tunneling processes and their impact on equilibrium and
dynamical criticality in these emerging platforms.
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APPENDIX A: MEAN-FIELD PHASE DIAGRAM

In Fig. 9 we present an extended version of the mean-
field phase diagram discussed in Sec. III B. For each of the
seven regions identified in Fig. 2 and Table I, characterized by
distinct configurations of stationary points, we show a repre-
sentative contour plot of £(¢, z) in phase space. Each contour
represents a possible classical orbit. Dark blue indicates lower
values of &£, while dark red indicates higher values. Local
minima are marked by cyan circles, local maxima by magenta
squares, and saddle points by yellow triangles.

APPENDIX B: LOSCHMIDT CUMULANTS

The method of Loschmidt cumulants [90] provides an effi-
cient framework for the accurate determination of the complex
zeros of the Loschmidt amplitude in the vicinity of a given
basepoint t. Here we give a brief outline of the method,
referring the reader to Appendixes A and B of Ref. [90] for
additional details.

One defines Loschmidt moments

" Z(1) _ (Wol A" |W(T))

e = ) =y = ey

(BI)

and cumulants
(H"), = (—h)"3"1In Z(1), (B2)

which are related recursively via
n—1 1
(H"): = (H"); — Z ( )((H'"»T(H”_m)n (B3)

with (H)), = (H),. Using Eq. (26), we can express properly
normalized cumulants k,(7) in terms of simple summations
over Loschmidt zeros,

-1 n—1 . 1
kn(T) = h(—)«H"», =y ——. (B4

"(n—1)! ~(t;—1)"

with n > 1. Therefore the cumulants are primarily deter-
mined by the Loschmidt zeros located nearest to the complex
basepoint 7, whereas the influence of more distant zeros is
suppressed by the inverse of their distance to the basepoint
raised to the power of the cumulant order. This allows to make
the problem tractable by truncating the summation on the
right-hand side to the m distinct zeros closest to the basepoint,
each counted with its multiplicity d:

ien(T) = Zd_,.),"., (B5)
j=1

where A; = (t; — t)~'. The approximation becomes increas-
ingly accurate at higher cumulant orders 7.

In this truncated form, the cumulants satisfy a homo-
geneous linear difference equation of degree m for some
coefficients ay,

Kpn = aikp—1 + ao2kp—2 + -+ - + Aukn—m, (B6)

and the numbers A; are the m solutions of the associated
characteristic equation. The first step is thus to compute the
coefficients @; by solving a linear system of m equations.
This requires the knowledge of 2m cumulants «; for [ = n —
m, ..., n+m — 1, which we can compute exactly according
to Egs. (B1) and (B3). The second step consists of solving the
characteristic equation

A —a " — Gk —ay, =0 (B7)

to determine the m roots A;. The approximate Loschmidt
zeros are then obtained as t; = v + 1/A;. The last step is to
compute the multiplicities d;. Since Eq. (B5) is an approxima-
tion, they are in general non-integer. We therefore identify the
most reliable approximate zeros by retaining only the pairs
(tj,d;) for which |d; — €| < 0.01, where £ is an integer. In
our case we have found no zeros with multiplicity £ > 1. The
procedure is then repeated while varying the basepoint t along
the imaginary axis within the time interval of interest.

The results in Figs. 8(c) and 8(d) are obtained following
this procedure for m = 10 and n = 50, with 200 basepoints
along the imaginary 7 axis from¢ =0tot = 6.0.
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FIG. 9. Mean-field phase diagram (extended version of Fig. 2).

APPENDIX C: GEOMETRICAL PICTURE OF DQPTS

Let v = (¢, z) denote a point in classical phase space
and |v) the Glauber coherent state parametrized by v, nor-
malized such that f dv |v)(v| = 1. The large-N system is
initialized in an atomic coherent state centered around v,

1Wo) = [ dv Wo(v)|v), where Wy(v) oc e~ ¥ A@HSOI apg
Ay and S are the real and imaginary parts of a phase-space
rate function: Ay (v) quantifies the phase-space distance from
v, while Sy(v) encodes the local geometric phase. Using the
coherent state path integral, the Loschmidt amplitude can thus
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be written as
Z(t) = (Wole /7 wq)
_ /dv dv' Wi (0 )Wo(v)(v'|e H1/|v)

/dv dv' e*%|Ao(v)Jer(v’)Jri(So(v)*Sn(v'))l

u(t)=v' w
X / Duer*®, (CI)
u(0)=v

At large N, the path integral is evaluated by stationary phase,

which selects v" as v(¢), i.e., the classical time evolution of v.
Therefore

_N i Ba _
Z(t):/dve ¥ [ Ao+ Ao o) 5 +5000)) So(v))]’ 2)

where s, is the action (4) evaluated on the classical trajectory
v — v(¢). Taking the modulus square, the oscillatory phase
drops out at leading exponential order, yielding

1Z0))? ~ fdv exp [—NAO("(”); AO(")}. (C3)

This integral is dominated by the saddle point v, that mini-
mizes [Ag(v(t)) + Ag(v)]/2. Geometrically, this corresponds
to selecting the classical trajectory whose initial and time-
evolved phase-space points minimize the arithmetic mean of
their distances from the initial center vy. The return rate is
therefore

Aolv(t Ao(v
A) ~ min o[v ()] + Ao( ),
v 2
and a DQPT occurs when the minimizing vector v, jumps
discontinuously at a critical time ¢ = ¢, leading to a nonan-
alyticity (cusp) in A(%,.).
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