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Variational preparation of quantum many-body scars with shallow circuits
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We present and benchmark a type of variational quantum eigensolver (VQE) which we denote o-VQE. It is
designed to target midspectrum eigenstates and prepare quantum many-body scar states. The approach leverages
the fact that noisy intermediate-scale quantum devices are limited in their ability to generate generic highly
entangled states. This modified VQE pairs a low-depth circuit with an energy-selective objective that explicitly
penalizes energy variance around a chosen target energy. The cost function exploits the limited expressibility
of the shallow circuit as atypical low-entanglement eigenstates such as scar states are preferentially selected.
We validate this mechanism across two complementary families of models that contain many-body scar states:
the Shiraishi-Mori embedding approach and a matrix product state parent Hamiltonian construction. We define
an unbiased estimation scheme for the nonlinear cost function that is compatible with qubit-wise commuting
grouping and bitstring reuse. A proof-of-principle demonstration using a small-system instance was performed
on IBM Fez in December 2025 (Heron r2 QPU). These results motivate its use as a practical algorithm for
detecting quantum many-body scars and variationally generating states with appreciable scar state overlap.
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I. INTRODUCTION

Variational methods for approximating eigenstates date
back more than a century [1]. The same principles underpin
a modern hybrid classical-quantum counterpart—the varia-
tional quantum eigensolver (VQE) [2]. The VQE has become
a standard paradigm for noisy intermediate-scale quantum
(NISQ) hardware [3,4], with applications ranging from quan-
tum chemistry [5,6] to materials science [7,8] and quantum
machine learning [9]. In an iteration of the VQE algorithm,
a parametrized circuit prepares a trial state, a cost (or ob-
jective) function is estimated by measurements and classical
postprocessing, and a classical optimizer updates the circuit
parameters to ideally lower the cost function for the next
iteration. It is one example of a hybrid quantum-classical
algorithm [10,11]. While textbook VQEs focus on ground
states by minimizing (H) with respect to the circuit state,
many research questions that probe excited-state structure,
finite-temperature physics, and nonequilibrium initial-state
engineering demand methods that can target interior eigen-
states without requiring deep circuits or full diagonalization.

Quantum many-body scars (QMBS) are atypical eigen-
states that violate the eigenstate thermalization hypothesis
(ETH) in a spectrum that otherwise follows it [12—14]. The
ETH predicts that individual eigenstates at fixed energy
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density in generic interacting systems reproduce micro-
canonical thermodynamics for local observables. Scarred
eigenstates are counterexamples [15,16]. They exhibit anoma-
lously low entanglement compared to nearby states, which
enables long-lived coherent dynamics and revivals from sim-
ple product-state initial conditions. Although towers of scar
states and strong revivals are especially prominent in parts
of the scar literature, they are not necessary for the termi-
nology used here, which follows the standard usage that also
encompasses exact embedded Shiraishi-Mori-type construc-
tions [17]. These features make QMBSs relevant testbeds
for exploring how nonergodic structure can persist without
integrability or disorder. They have potential practical appli-
cations due to their ability to stabilize coherent dynamics at
energies where typical states are highly entangled and rapidly
thermalize. For recent reviews on QMBSs, see Refs. [18,19].

In this work we modify the standard VQE to target QMBSs
by using an eigenstate-targeting objective that is naturally
suited to midspectrum search [20]. We denote this protocol
the 0-VQE. The central modification relative to the “text-
book” implementation of the VQE is a nonlinear cost function
that depends on the first and second moments of the Hamil-
tonian and explicitly penalizes energy variance at a chosen
target energy Ey,.. By construction, the objective is minimized
by eigenstates with energy closest to E., while coherent
superpositions of eigenstates incur a variance penalty. This
principle is closely related to a wider family of excited-state
VQE strategies explored in other contexts [21-26], but here it
is deployed alongside shallow quantum circuits specifically
as a diagnostic and preparation primitive for QMBSs. The
same cost function was introduced in Ref. [20] under the name
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VQE-S and studied in ideal state-vector simulations. Here,
we develop its finite-shot unbiased implementation, extend
the benchmarking to two complementary scar constructions
including a tunable entanglement parent Hamiltonian setting,
and provide a proof-of-principle hardware demonstration on
IBM Fez.

A second key design choice is to combine the o-VQE cost
function with a deliberately shallow circuit ansatz [27]. Shal-
low circuits are often treated as a limitation of NISQ devices,
while here they become an asset. Generic midspectrum eigen-
states typically exhibit volume-law entanglement, whereas
scarred eigenstates atypically display low entanglement. A
low-depth circuit strongly constrains the entanglement acces-
sible to prepared states. In the benchmark settings studied
here, that representational restriction disfavors generic highly
entangled midspectrum eigenstates while leaving the anoma-
lous low-entanglement target states accessible. We stress,
however, that this is a statement about representational bias
rather than a general claim that shallow circuits are always
easier to optimize. The low-depth ansatz has the additional
benefit of exposing the system to less noise than would be
seen for deeper circuits.

A practical challenge shared by VQE-style algorithms
is circuit overhead. Estimating Hamiltonian-based objective
functions can involve measuring many Pauli strings and thus
preparing the same circuit many times over. This motivates
the use of estimators and measurement strategies that (a) ex-
ploit operator structure and grouping, (b) remain unbiased at
finite shot count, and (c) make maximal use of each bitstring
collected by the measurement of the system at the end of the
circuit. In the 0-VQE implementation presented in this work
we address these requirements by combining a qubit-wise
commuting (QWC) measurement strategy with an estimator
designed to reuse each sampled bitstring across many strings
within a commuting group, together with an unbiased con-
struction for the nonlinear terms. Further improvement of the
algorithm can naturally be found in the broader landscape of
measurement-frugal estimation schemes (including grouping
and derandomization) that aim to reduce the number of circuit
executions required for a fixed estimation accuracy [28-30].
We demonstrate the feasibility of o-VQE through a proof-
of-principle realization on superconducting hardware using
an IBM Heron 12 processor. This processor has a heavy hex
lattice topology and was accessed in December 2025.

The structure of the paper is as follows. In Sec. II, we
introduce the o-VQE algorithm. We specify the shallow
entangling ansatz, the cost function, and the two classical
optimizers we consider. We use a gradient-based optimizer
[adaptive moment estimation (ADAM)] in the noiseless set-
ting, where gradients (needed to update circuit parameters
iteration to iteration) can be estimated using parameter-shift
rules [31,32], and a gradient-free optimizer [simultaneous per-
turbation stochastic approximation (SPSA)] when contending
with device noise and significant shot budget limitations. We
then present our QWC-compatible measurement scheme and
construct an unbiased finite-shot estimator for the nonlinear
objective. In Sec. III we outline two families of benchmark
Hamiltonians that contain scarred eigenstates. The first is
the Shiraishi-Mori projector-embedding construction [17] to
embed a product eigenstate at finite energy density into an

\_____——————/xdepth

FIG. 1. Hardware-efficient ansatz used throughout this work. N
is the number of qubits in the circuit, and the index (/) runs from 1 to
the total depth of the ansatz. Each layer applies single-qubit rotations
on all qubits, followed by a pattern of two-qubit entangling gates (cz)
on a periodic nearest-neighbor chain. The circuit depth denotes the
number of such layers.

otherwise chaotic spectrum. The second uses a parent Hamil-
tonian embedding of random matrix product states (MPSs)
[33], enabling controlled tuning of scar state entanglement.
Finally, in Sec. IV we benchmark o-VQE performance in ide-
alized simulation and under realistic finite-shot and hardware
noise, including a proof-of-principle execution on supercon-
ducting quantum hardware.

II. 0-VQE

The o-VQE is a hybrid quantum-classical variational al-
gorithm. In the ideal case a noiseless parametrized quantum
circuit U (@) prepares the state | (0)). Expectation values for
observables relevant for a cost objective (typically the Hamil-
tonian) are estimated on that state, and a classical optimizer
uses this information to update the circuit parameters 6 to
find a parameter configuration that lowers the cost function.
This process repeats until convergence to an optimal solu-
tion (within an acceptable tolerance) or resource limits are
reached. The key differences with o-VQE relative to textbook
ground-state VQE concern the cost function and the way in
which we estimate it. The cost is chosen to select an eigenstate
of our Hamiltonian of interest with energy close to a specified
target energy, Ey,:. The estimator is built to remain unbiased
under finite-shot sampling and to be compatible with QWC
grouping. The optimizer can be either a gradient-based routine
such as ADAM or a gradient-free stochastic routine such as
SPSA. We summarize all these elements below.

A. Circuit ansatz and cost function

The circuit ansatz is a key element of VQEs that must
balance expressibility with efficiency for the learning task
[34]. We choose a hardware-efficient ansatz built from d lay-
ers of single-qubit rotations followed by nearest-neighbor cz
entangling gates, as shown in Fig. 1. The variational param-
eters 6 are the collection of rotation angles in the one-qubit
gates, while the cz gates are fixed and parameter free. The
circuit is initialized in the all-zero N-qubit computational
basis state, |0)®". The hardware-efficient ansatz is typical in
NISQ-based VQE chemistry and materials applications [35].
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It is designed to be relatively agnostic to the specific Hamil-
tonian one wishes to implement, and instead be relatively
easy to implement on a device using native operations. We
intentionally restrict the circuit depth so that we preferentially
target low-entanglement states. This expressive bias is central
to using 0-VQE as a scar-hunting primitive, since generic
midspectrum eigenstates are typically volume-law entangled
while scars are not [20,36].The cost function that defines the
0-VQE [20] is designed to penalize both deviation from a
target energy and noneigenstates. Let

(H)y = (W @OIHIY©®)), (H*)g= (Y OIH*|¥(©)). (1)
We then define the cost function as
C(O) = al(H — Ew)’)o + b((H*)g — (H)5),  (2)

where 6 denotes the vector of variational parameters, Ei,
is the target energy from which deviations in the energy of
the circuit state are penalized, and a and b are real positive
weights where we take a + b = 1 without loss of generality.
The term weighted by a forces the mean energy toward the
target value Ey,. The term weighted by b is the energy vari-
ance. If |¢(0)) is an exact eigenstate of H with eigenvalue A,
then (H)} = (H?)y = A%, and

C(0) = a(r — E)*. 3)

This highlights the importance of the squaring of the first
term to minimize C(0) for eigenstates at A = E,: any state
that is a coherent superposition of different eigenstates incurs
a positive variance penalty. We fix a + b =1 as only their
relative weighting is meaningful, while an overall common
rescaling would simply rescale the cost function. We therefore
use a =b =1/2 as a simple symmetric benchmark choice
rather than as a finely tuned optimum. Unless otherwise stated,
we set Ey,, = 0, which matches the embedded scar energy in
our testbed models, which we define later in Sec. III.

B. Gradient-based optimizer: ADAM

There is a choice over what classical optimization scheme
is used in hybrid variational quantum algorithms [37,38]. Un-
less restricted by noise or resources, we use ADAM as it has
been shown to be particularly robust and typically converges
quickly. ADAM is a stochastic gradient method which utilizes
adaptive first- and second-moment estimates of the gradient.
For our purposes we estimate the gradient for each parameter
using the parameter-shift rule. Let 6, be the parameter vector
at iteration 7. Let g, = V4C(6,) be the gradient of the cost
function, Eq. (2). ADAM maintains two auxiliary vectors:
a running exponential average of gradients and a running
exponential average of squared gradients (or velocity),

my = Bimy—y + (1 — B1)g:, “)

v = Bovir + (1 — Bo)gr © &, )

where © denotes the Hadamard product. We take the hyper-
parameters §; and $, to be 0.9 and 0.999, respectively. Then,
we correct for bias as both mg and vy are 0. Bias-corrected
estimates are then

ny

= 1—,31’

=1

1y O

(6)

The update rule for each component is

ny i

)

Orr1k =0 ——F———,
Ui+ €
where « is the learning rate and € is a numerical stabilization
hyperparameter which we take to be 1078, To update the
parameters we need to estimate the gradient g,. As the circuit
consists of fixed two-qubit entangling gates and single-qubit
rotations of the form exp(—if;Gy/2), where Gy is a Pauli
operator (or tensor product thereof), we make use of the
parameter-shift rule (PSR) to calculate the gradient. For an
observable O, the PSR implies that the derivative 9y, (O)y can

be computed as

35,(0)s = 1[{0)osz — (0)o—z], @®)

where only parameter 6; is shifted by +m /2. As the cost
function for o-VQE is a linear combination of (H)g, (H?)g,
and (H )(3, we cannot simply apply the PSR directly to the cost
function as in the case of a ground-state search. Instead, we
have

3,C = (a+ b)dg (H?)g — (2aEr + 2b(H)g)dg (H)o.  (9)

Both 9y, (H )y and dg, (H)p can be evaluated via (8). The full
gradient can then be assembled in an unbiased way by using
the PSR for each derivative, with an additional evaluation of
(H)p.

This method of calculating the gradient is exact, but the
calculation of the gradient for each optimization iteration
requires 2P + 1 estimates of expectation values, where P de-
notes the number of parameters and we assume both (H) and
(H?) can be estimated simultaneously from the same circuit
measurement (more on which later).

C. Gradient-free optimizer: SPSA

Expectation values—and therefore also the cost function—
(2) are estimated from a finite number of shots (circuit
preparations and executions) on quantum hardware. Using the
PSR to calculate the gradient demands 2P + 1 expectation
values to be estimated. We can avoid explicit PSR gradients
by optimizing with a stochastic gradient approximation. This
will prove useful in cases where our estimation of the cost
function is particularly noisy, or when the number of shots
is severely limited. The gradient-free method we will use
is simultaneous perturbation stochastic approximation [39].
SPSA replaces the gradient by a simultaneous two-point finite
difference along a random direction in parameter space.

We now outline the SPSA method. At iteration ¢ of the opti-
mization procedure we draw a random perturbation vector A,.
Each component A, ; is independently and randomly drawn
from {—1, 1}. SPSA then evaluates the cost function at two

shifted parameter vectors,
67 =6+, 67 =6—-cA, (10)

where ¢; = co(¢ + 1)77 is a decay hyperparameter. The finite-
difference approximation of the gradient is given by

_CO™H—ce)
2¢ Ak .

N

8tk

(1)
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The advantage of SPSA is that this estimate requires only
two cost evaluations per iteration (instead of 2P + 1), and
therefore is independent of the number of parameters. We then
update the parameters as

Orp1 =0 — a; &, (12)

where
aop
A+r+1)

The algorithm wraps each updated angle back to the inter-
val (—m, w]. SPSA is well suited to NISQ devices as it is
known to tolerate device noise and demands a lower shot
overhead [35,40]. We have a number of hyperparameters,
{aop, co, A, v, a}, and unlike ADAM, SPSA is quite sensitive
to their choice. When utilizing SPSA we optimize the hyper-
parameters using the methods prescribed in Ref. [39].

13)

a =

D. Unbiased estimation of the cost function

We now describe how to estimate the expectation values
(H)g, (H?)g, and (H)3 needed for both PSR and SPSA meth-
ods from finite shots in a way that is unbiased (with respect
to shot noise) and allows for simultaneous use of circuit mea-
surement outcomes for each value.

We work with N qubits. We denote P = {1, oy, 0y, 0,
as the set of Pauli strings. We expand the operators needed for
the cost function in the Pauli string basis as

= Bl + > BP. (14

}®N

H = Oln]l-i-ZOliPi, H?

with real coefficients «;, 8;. For a given circuit state |1 (6)),
the expectation values we need are

Hyy=as+ Y ailP)e, (H)o=p1+ Y Bi(P
1 1 (15)

Measuring (P;)g for all strings separately is inefficient and
wastes information that can be shared across shots. Instead,
we exploit the QWC structure [41,42] and use a classical
shadow-motivated approach to simultaneous estimation of ex-
pectation values [29]. A Pauli string P; is compatible with
a measurement basis B € {oy, o, 0.}®"N if on each qubit P;
either acts as the identity or P; and B act with the same Pauli
axis. We define the coverage indicator for this as

$5(0) = {(1)

Let B be the set of all bases that cover at least one Pauli string
P; which has nonzero «; or ;. To measure in a basis B, local
prerotations U = &) ; Up, are applied to each qubit in the
register after the circuit is executed. This maps measurement
in the computational basis to a measurement in basis B. This
mapping is done by U,, = H, Us, = R.(r/2), and U, = I.
The bitstring g € {0, 1}" is then drawn by measurements on
each qubit in the computational basis. The distribution of
outcome bitstrings is then

pq = Pr(q| B, 6) = (q|Usl¥s)I*. a7

P; covered by B,

otherwise. (16)

For any i covered by B, the eigenvalue of P; on the outcome g

is
[T v, (18)

Jjesupp(P;)

mi(q) =

where supp(P;) means we consider only those elements of the
bitstring that correspond to nonidentity elements of the Pauli
string P;. By construction, E[m;(q)|B,60] = (P,;)s. Given a
fixed budget of circuit executions, we allocate shots across
measurement bases using importance sampling. We define
basis weights,

wy” Z|a,|83<l> wy' = Z|ﬂ,|83(z) (19)

and sample a measurement basis B with

H) + w(HZ) 20)
P =
dpes (wB’ " g )
The coverage probability for a string i is given by
E()=Y_ psdsli). 1)

BeB

This is the probability that a random basis draw can measure
P,. After S shots, where shot s = 1, 2, ..., S has corresponding
measurement setting and outcome (B, ¢), we form the
unbiased estimators

SR zz Ses

I L Bi dpw (@) O)
<H2>—5”s22—g(,-) mi(q¥).  (23)

s=1 i

mi(q"™), (22)

These estimators are unbiased because each Pauli-string
contribution is reweighted by the inverse of its sampling prob-
ability £ (7). In addition to reusing each shot across all covered
strings, the importance sampling additionally concentrates
shots on bases that cover strings with large |«;| and | 8;|, which
reduces variance for fixed S.

The cost function, Eq. (2), also relies on estimating (H )5.
If we naively square our estimator (/H\) we will introduce bias
at finite S. To avoid this bias, we build a U-statistic for (H )5.
We isolate the per-shot contribution from (22)

i 6w ()
y© =3 B (). 24)
Z £(0)

The unbiased estimator is then constructed as

_ YOR S (72
(H)? = Qs ) 2, . (25)

SIS —1)

It satisfies ]E[(fi\ﬂ] =(H )5 provided that the shots are inde-

pendent. Our estimator for the cost function is then

— (a + b)(H?) — 2aE (H) — b(H)? + aE>

tar*

(26)

Unless otherwise stated, we take Ey,, =0 and a = b = 1/2,
which gives the cost function the following form:

—

C = (H?) — L{H). @7)
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This estimator is what is queried when we need to estimate the
full cost function such as for SPSA. We note that ADAM with
the PSR only requires estimation of (H), and (H?)4, with the
U-statistic only needed for logging an estimate of the cost.

E. Simulating shot noise

Simulating S independent circuits per optimization itera-
tion to capture the effect of shot noise is expensive in classical
benchmarks, particularly when we simulate a density matrix
to capture hardware noise. We avoid this by drawing the shot
statistics directly. After choosing an average number of shots
per QWC measurement circuit S, we set the total shot
budget for one estimator evaluation at fixed circuit parameters
0 to

S = GSCirCs

where G = |B| is the number of QWC measurement bases.
We then allocate this total budget across bases by sampling
a multinomial distribution [43] with probabilities pp given
by Eq. (20), i.e., the distribution of counts obtained from S
independent draws over the possible measurement bases,

K ~Mult(S, pg), > Kz =S5. (28)
BeB

This allocation gives, on average, more shots to measurement
bases covering Pauli strings with larger coefficients in H and
H?. Then, for each basis, we draw the histogram of Kjp total
outcome bitstrings in that basis from the multinomial distribu-
tion with probabilities p,,

M® ~ Mult(Kg, p,), Z MP =Kg, (29
ge{o, 1}y

where p, is given by Eq. (17). With this we can reconstruct the
expectation values using our unbiased estimators as before.
This approach samples the same shot and basis-allocation
noise as S independent circuit executions, without explicitly
simulating each execution individually.

III. MODELS WITH EMBEDDED SCAR STATES

We now introduce the Hamiltonians used to benchmark
the o-VQE. The guiding principle is to construct interacting
spin models that host at least one eigenstate with anomalously
low entanglement and otherwise display Wigner-Dyson spec-
tral statistics. We consider two constructions. The first is a
Shiraishi-Mori-type projector embedding of a product scar.
The second is a parent Hamiltonian construction for an MPS
scar of tunable bond dimension.

A. Shiraishi-Mori embedding

The projector-embedding approach of Shiraishi and Mori
[17] is a general method for embedding many-body scar states
into the spectrum of a Hamiltonian. It can be readily extended
to arbitrary dimensions and model geometries, though we
restrict to 2-local interactions on an open spin chain. Let (i, j)
denote a pair of neighboring sites i and j. Let &;; be a two-spin
Hermitian operator and P;; a projector acting on sites i and j.

The Shiraishi-Mori Hamiltonian is then

H= ZPijhijPija (30)
(i J)

where (i, j) indicates we are summing over all bonds in the
model. We independently draw a Haar-random normalized
single-qubit state |¢;) for each site i. The projector for each
bond is then

Pij=1&®1 — |¢i) (¢l @ |9;)(e;l- €29

This embeds the product state |Vs..r) = ®;|¢;) as a scar state
with eigenvalue 0, since it is annihilated by each P;;. The state
|¥scar) 1 clearly a product state, so its bipartite entanglement
entropy is strictly zero. We choose the local Hamiltonian
terms to be XXZ type with a symmetry breaking transverse
field as in Ref. [44],

h=J(o,®0,+0,®0y)+ Ao, ®0;
+ 00, @1+ 1Qoy), (32)

with J =b =1 and A =0.7. We therefore obtain a model
that has a product eigenstate with energy zero, while the rest
of the spectrum displays Wigner-Dyson level-spacing statis-
tics, specifically those of the Gaussian orthogonal ensemble
(GOE). This setting is ideal for testing whether o-VQE can
selectively prepare the scarred eigenstate over the large num-
ber of other nearby eigenstates.

One limitation of the Shiraishi-Mori embedding used here
is that the embedded scar is a product state. In numerical
and analytical studies of many-body scar phenomenology this
is often sufficient, but many physical scar states such as in
Rydberg chains [15,45-47] exhibit nontrivial internal entan-
glement. We therefore introduce a second construction that
embeds a target state with tunable entanglement.

B. Parent Hamiltonian embedding

We next construct Hamiltonians that host an entangled scar
eigenstate whose entanglement structure we can tune. We do
this by building a parent Hamiltonian for a chosen MPS.
We consider a ring of N qubits. We define the normalized,
translationally invariant MPS state with bond dimension x as

[Ymps) = C Y Tr[A"A . A™]|s15...50). (33)

Slyeeey SN

where s; € [0, 1], C is a normalization constant, and A%, A! €
C*’. The bond dimension x controls the amount of entangle-
ment in the MPS state. We construct a Hamiltonian operator
that annihilates |y\ps). We specify an interaction range D for
the ring of spins. We then tile the ring with N overlapping
length-D blocks. On each block we consider a subspace A
that supports the reduced density matrix of |yps) on those
D sites. The orthogonal complement A within the full 2°-
dimensional Hilbert space of the block is the set of local states
that we will build the Hamiltonian from. We require

20 5 52 (34)

in order for the complement space to be nonempty. Let {1,,} be
an orthonormal basis for Ac. We define a D-local Hermitian
operator akin to an annihilation operator acting on the ith
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FIG. 2. Bipartite entanglement entropy S of eigenstates for the benchmark Hamiltonians. The scar states are circled in red. (a) The N =9
Shiraishi-Mori (SM) embedding yields a product-state scar at E = 0. (b) The N = 8 parent Hamiltonian construction without an embedded
scar. (c)—(e) The N = 8 parent Hamiltonian construction with an embedded MPS scar of bond dimension x = 1, 2, 3, respectively. Increasing
X increases the scar entanglement and moves the scar state closer to the thermal band.

block as

hi=Y Coml¥m) (V. (35)

m,neAc

As the MPS state has no support in the complement space,
a projector operator h; constructed from states from A¢ will
annihilate the MPS state. We can choose c¢,,, to be positive
semidefinite. Each #; is then positive semidefinite along with
satisfying h;|yps) = 0. The parent Hamiltonian,

(36)

will then have [ynps) as its ground state. However, we are
interested in midspectrum scars, not ground states. To embed
|Ymps) into the interior of the spectrum, we instead choose
coefficients c,,, that are not all positive. A simple choice
is [33]

Com = (_l)nanms (37)

which alternates signs along the basis of A¢. This produces
h;; operators that have both positive and negative eigenvalues.
The parent Hamiltonian then has |{r\ps) as an eigenstate with
zero eigenvalue but not necessarily as an extremum. We then
add small random perturbations supported on A¢ to ensure
that the spectrum has GOE-like level statistics.

The parent Hamiltonian embedding provides a benchmark
that is qualitatively different from the Shiraishi-Mori ap-
proach. By varying x and the interaction range D we can
tune the entanglement of the scar eigenstate. This allows us to
examine the performance of o-VQE when preparation of the
scar requires some entanglement be generated by the shallow
circuit.

To validate that our benchmarks contain a single scar low-
entanglement eigenstate amid otherwise thermal eigenstates,
we plot the bipartite entanglement entropy of the full spectrum
in Fig. 2. The bipartite entanglement entropy of each eigen-
state p; (with corresponding eigenvalue E;) is defined using
a contiguous real-space bipartition into subsystems A and B,
where for the open-chain Shiraishi-Mori model A and B are
the left- and right-hand parts of the chain, while for the parent
Hamiltonian ring we cut the ring at a fixed bond and take A
and B to be two contiguous halves,

S = —Tr[p{ log, p}'], (38)

where the reduced density matrices are found by tracing out
the support of partition B, i.e., p? = Trp[p/*f].

For the Shiraishi-Mori embedding, the embedded scar is
a product state and appears as a clearly isolated eigenstate
at £ = 0. For parent Hamiltonian embedding with N = §,
D =4, tuning the bond dimension x allows us to increase
the scar entanglement. As we do this the scar becomes less
separated from the thermal band, providing a control param-
eter for testing how the performance of o-VQE degrades as
the entanglement gap is reduced (and thus the shallow ansatz
becomes insufficient to prepare midspectrum eigenstates).

IV. RESULTS

We benchmark the o-VQE using both models outlined
in Sec. III with the goal of assessing whether a shallow,
hardware-efficient ansatz combined with an energy-targeting,
variance-penalized objective can reliably converge to a QMBS
when such an atypical low-entanglement eigenstate exists
near a chosen target energy. We quantify performance using
the cost function, Eq. (2), taking a = b = 1/2. We addition-
ally track the fidelity of the state produced by the circuit |iy)
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FIG. 3. 0-VQE performance when searching for the SM-
embedded nonintegrable N = 9 open XXZ chain. The results shown
are from setting the target energy of the cost function to zero, the
energy of the scar state. We use ADAM with exact (state-vector)
evaluation of all expectation values and parameter-shift gradients.
We simulate using 1-6 ansatz layers. We plot the infidelity (1 — F)
of the circuit state with the scar state vs iteration of the algorithm. We
observe that even a relatively shallow depth of 2 is enough to achieve
significant overlap with the scar state in this setting.

with the target scar state |Ygcar),

Fo = |{(Yscar | Vo) | (39)

A. State-vector simulations

We first benchmark o-VQE using exact state-vector sim-
ulations for numerical evaluation of the cost objective (and
its gradients). We then make these simulations more realistic
by using the techniques described in Sec. I E to simulate the
effect of shot noise on trainability. In both cases we assume
noiseless circuit execution and measurement. Optimization is
performed with ADAM using PSR, and the hardware-efficient
ansatz is initialized from |0)®" with small random parameters
(of order 1073).

Figure 3 shows o-VQE applied to the N =9 Shiraishi-
Mori-embedded open XXZ chain taking E,, = 0, the eigen-
value of the scar state. We run the algorithm with circuit
depths ranging from 1 to 6. All other hyperparameters are
kept fixed. The main observation is that substantial overlap
with the scar is already achievable with low-depth circuits,
indicating that the low-entanglement structure of the target
state is accessible to the shallow ansatz. The results shown
do not suggest a simple monotonic improvement with depth,
and we therefore limit ourselves here to the conclusion that
low-depth circuits already perform well in this benchmark.To
test whether o-VQE succeeds in lowering the cost function
only near anomalously low-entanglement eigenstates, we use
the same N = 9 Shiraishi-Mori XXZ Hamiltonian and sweep
the target energy Ey, over a range of values. For each Ei,
value we run a 300-iteration o -VQE routine, and we addition-
ally repeat the procedure for a control case of a disordered
XXZ chain without an embedded scar. As shown in Fig. 4,
the cost objective drops substantially only when the target is

A S I
E no scar 3
10°F
L 102 E 2
~ 3 3
— :
10°F
10°E . § 3
-1.0 -0.5 0.0 0.5 1.0

Etar

FIG. 4. We run the o-VQE for the N = 9 Shiraishi-Mori em-
bedded chaotic XXZ model, now varying the target energy that is
set in the cost function, Eq. (2). We run the o-VQE routine for 300
iterations with an ansatz depth of 3. We observe that the algorithm
is only successful in reducing the cost function significantly when
we specifically target the scar. Eigenstates at other target energies
require more entanglement to be generated, and therefore are out of
reach of the low-depth circuit. We additionally run the VQE for a
control case of the chaotic XXZ model without an embedded scar.
The shallow ansatz cannot significantly lower the cost function at all
in the control case.

tuned to the scar energy. Away from the scar the optimization
largely stalls, consistent with the fact that the shallow ansatz
is unable to represent generic midspectrum (volume-law en-
tangled) eigenstates. In the no-scar control case, the same
ansatz fails to reduce the cost objective significantly across the
scanned energies. This energy selectivity is consistent with the
design principle of the o-VQE. Together, Figs. 3 and 4 illus-
trate the central mechanism exploited for the algorithm. When
entanglement generation is intentionally restricted, successful
eigenstate targeting becomes selective for those states that are
anomalously low entanglement in an otherwise ETH-obeying
system. These noiseless baseline tests establish functionality
in the limit of infinite measurement statistics. We next intro-
duce finite-shot sampling of the cost, keeping the underlying
circuit evolution noiseless. In this regime, the cost is evaluated
via the unbiased estimators defined in Sec. I D. We reiterate
that we reuse each measured bitstring across multiple Pauli
strings, with simultaneous reconstruction of multiple expec-
tation values within a qubit-wise commuting group to reduce
the number of circuits required for accurate measurement of
expectation values. Under independent sampling, the variance
of the unbiased estimator variance decreases as 1/S due to the
central limit theorem, where S is the shot budget per gradi-
ent evaluation. Different grouping schemes for Pauli strings
primarily affect the prefactor for this decay. A number of
schemes for grouping Pauli strings and creating measurement
settings B have been proposed in the literature [28,30,48-50]
in an effort to reduce this estimation variance and the number
of circuits required for the execution of NISQ algorithms
and beyond. For our purposes we use qiskit’s default QWC
grouping scheme for generating the measurement bases.
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FIG. 5. We simulate the o-VQE with a depth of 3 for the N = 9 open XXZ chain with a Shiraishi-Mori random-product QMBS state, using
average shot budgets Seire € {103, 10%, 10°} per physical QWC circuit evaluation. The plotted cost C is the exact state-vector cost evaluated
along the finite-shot optimization trajectories. The parameter updates themselves are computed using shot-noisy estimates. This probes whether
shot-noisy parameter updates still produce progress in the underlying noiseless cost landscape.

Figure 5 shows the same o-VQE being run for the N =9
SM embedded chaotic XXZ model using the QWC group esti-
mation scheme. We report the finite-shot data in terms of the
average number of shots per physical QWC circuit evaluation,
Scirc. This corresponds to a total shot budget Sevas = GScirc,
where G is the number of QWC measurement groups. In this
instance G = 193, and the budget is divided across groups us-
ing the importance-weighted allocation described in Sec. ITE.

For the depth-3 ansatz, P = 126, so each parameter-shift
rule ADAM update requires 2P + 1 estimator evaluations,
giving a total shot count per iteration of (2P + 1)GS8,;. not in-
cluding any additional cost-logging evaluation. We use Sgire €
{10°, 10%, 10°}, where 10° and 10* are typical reference shot
counts per circuit and 10° is a high-statistics reference.

In the cost panel we plot the exact state-vector cost
C evaluated at the parameters produced by the finite-shot
optimization. The parameter updates are computed using
shot-noisy estimates, while the displayed cost is evaluated
without shot noise, separating progress in the underlying
noiseless cost landscape from fluctuations of the finite-shot
cost estimator. We stress that the noiseless curve is a ref-
erence optimization trajectory, not a lower bound on the
infidelity or cost. Finite-shot gradient estimates generate dif-
ferent stochastic optimization paths, and fidelity is not the
optimized quantity, so a finite-shot trajectory can pass through
points with lower instantaneous infidelity than the noiseless
reference at the same iteration. At smaller Sg;., the larger
estimator variance limits the precision with which the cost
landscape and gradients are resolved, consistent with the
higher apparent optimization floor in the examples shown. We
therefore conclude that the unbiased estimator remains able
to support o-VQE optimization under finite-shot sampling,
although the total PSR-ADAM circuit overhead remains
substantial.

The Shiraishi-Mori benchmark embeds a strict product
eigenstate and is therefore “easy” from an entanglement
standpoint. As the qubit register is initialized in a product state
and we select small initial circuit parameters, optimization
is relatively straightforward. To assess performance beyond
product scars, we benchmark o-VQE on the parent Hamil-
tonian (PH) construction, which embeds a MPS as an exact

eigenstate with bond dimension y (see Sec. III B for details).
The bond dimension is a free parameter which allows us
to increase the entanglement of the embedded scar, provid-
ing a controlled interpolation between product-like and more
entangled (yet still subthermal) target states. This is visible
directly in the exact-spectrum entanglement diagnostics in
Fig. 2. As x increases, the anomalous eigenstate becomes
less isolated from the thermal band. Consequently, o-VQE is
forced into a regime where the circuit ansatz must generate
enough structure to represent the scar, while still remaining
too entanglement limited to approximate generic midspectrum
eigenstates at nearby energies.

We benchmark o-VQE using the parent Hamiltonian con-
struction in Fig. 6. We use N = 8 qubits, interaction range
D =4, and a depth-4 hardware-efficient ansatz. For each x €
{1, 2, 3} and at each target energy Ei,, we run 300 iterations
of the o-VQE routine using PSR gradient evaluations. The
same procedure is repeated for a control Hamiltonian with
similar structure in which no scar is embedded. We plot both
the inverse cost and the fidelity to the known scar state (when
one is present). The inverse cost peaks around Ei, = 0, the
energy of the embedded scar state, reflecting the explicit
energy-targeting structure of the o-VQE objective function.
The fidelity exhibits broader plateaus instead of peaks as a
function of Ey, than the inverse of the cost function. The
optimization can converge to states with appreciable overlap
with the embedded MPS scar, while Ei,, is detuned from the
exact eigenvalue of the scar despite the cost function itself
being penalized for that detuning. This is consistent with the
hypothesis of scar states being particularly attractive low-
entanglement solutions for the variational search with shallow
circuits. The inverse cost peak is therefore a more suitable
diagnostic of the correct energy window. As y increases,
0-VQE performance as a high-fidelity state preparation pro-
tocol degrades. Increasing the MPS bond dimension raises
the entanglement required to represent the scar and reduces
its separation from the thermal band, narrowing the regime
where a shallow ansatz can represent the scar while still failing
to select for typical eigenstates. The no-scar control provides
the corresponding null test. In the absence of an anomalous
low-entanglement eigenstate, the same shallow variational
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FIG. 6. 0-VQE performance when searching for a random matrix product state QMBS that is embedded via the parent Hamiltonian
method taking N = 8, x = 1, 2, 3, and D = 4 together with a no-scar control Hamiltonian. For each target energy E,,;, we run a single depth-4
hardware-efficient ansatz optimization using 300 iterations of PSR gradient evaluations. We plot inverse cost and fidelity to the embedded MPS
scar vs Ey,,. Broad fidelity plateaus compared to a narrower inverse-cost peak indicate that the variational search can still find substantial scar

overlap even while the energy detuning is penalized by the cost function.

search does not produce a comparable signature with the cost
function.

The parent Hamiltonian results support two practical con-
clusions relevant to scar-hunting in less engineered models.
First, the 0-VQE need not be restricted to product-like scars.
It can identify and prepare moderately entangled scars so long
as they remain atypical relative to the surrounding thermal
spectrum. Additionally, the observed fidelity plateaus suggest
a useful workflow when the scar energy is not known a priori.
A coarse sweep in Ey,, can be used to locate candidate win-
dows via an inverse-cost peak, while the broad overlap region
indicates that the algorithm can still converge to the relevant
low-entanglement structure even before the target energy is
perfectly tuned.

We note some further improvements can be made to
our strategy if we wish to maximize fidelity with the scar
state. While we restrict Fig. 6 to single-run optimization to
characterize baseline behavior, standard variational-algorithm
strategies may improve robustness in higher y regimes. Ex-
amples include restart strategies with different initial circuit
parameters to mitigate optimizer sensitivity in rugged land-
scapes combined with the use of cheaper initial optimizers
such as SPSA when one wishes to reduce per-iteration mea-
surement overhead to explore many initial positions in the
optimization landscape quickly. More broadly, the VQE litera-
ture contains a range of practical techniques that are known to
affect convergence. Comparative studies show strong depen-
dence on the classical optimizer, with gradient-based methods
often outperforming common derivative-free choices when
gradients are accessible [37,38]. Geometry-aware updates
such as the quantum natural gradient can further improve
performance [51]. Likewise, circuit or parameter initialization
strongly affects trainability. A given random initialization can
place the optimization on barren plateaus [52], motivating
strategies such as identity-block initialization [53]. Addi-
tionally, optimizing the circuit structure itself can improve
outcomes [54].

Finally, as the estimator variance depends on how shots
are distributed across measurement bases, variance-aware shot

allocation can accelerate convergence at a fixed measure-
ment budget. Shot-adaptive approaches allocate shots based
on gradient or estimator variance to aid estimation [55-58]. In
addition, reinforcement-learning methods for shot assignment
have also been proposed [59]. In the present context, such
methods are best viewed as ways to improve performance
at fixed shot counts, rather than qualitatively changing the
mechanism behind o-VQE.

B. Hardware demonstration

We performed a proof-of-principle demonstration of o-
VQE on superconducting hardware. Using several IBM
Quantum Platform trial allocations, we obtained brief ac-
cess, totaling approximately 50 min of QPU time on
the cloud-based ibm_fez on December 10, 2025, using
the connected physical-qubit chain 144—143—142. The
calibrated coherence times for qubits 144, 143, and 142
were (T, T>) = (140.96, 114.86) ps, (97.40, 114.54) us, and
(94.69, 106.03) us, respectively, with readout errors 3.66 x
1073, 6.35 x 1073, and 5.37 x 1073. The calibrated cz errors
on 144—143 and 143—142 were 2.24 x 1073 and 2.17 x
1073, while the corresponding rzz errors were 3.40 x 1073
and 3.48 x 1073,

We restricted the demonstration to error-mitigation tech-
niques that do not multiply the sampling cost by large constant
factors: dynamical decoupling sequences were enabled on
idle qubits, and Pauli twirling was applied to two-qubit
gates and measurement. In contrast, we did not use methods
such as probabilistic error cancellation, error amplification,
or zero-noise extrapolation [60,61]. Although powerful, these
methods significantly increase circuit volume and/or require
repeated evaluations at multiple effective noise levels, making
them incompatible with the present shot-limited demonstra-
tion and with shallow-budget access regimes.

To implement the estimator described in Sec. IID, we
used the qiskit sampler primitive rather than the estimator
primitive. sampler returns raw shot bitstrings for each circuit
instance, which was required for our reuse of each bitstring
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FIG. 7. Hardware implementation of ¢-VQE for the N = 3 SM-embedded XXZ chain on ibm_fez (a Heron r2 QPU with heavy-hez
topology), using a depth-2 hardware-efficient ansatz and SPSA optimization. We plot the on-device proxy cost CAPP computed from shifted
evaluations used by SPSA together with an offline reconstructed “model” cost C¥ and model fidelity 7" obtained by replaying the hardware
parameter trajectory in a noiseless state-vector simulation. We used dynamical decoupling on idle qubits and Pauli twirling on two-qubit gates
and readout as error mitigation. Total QPU usage was 50 min, accessed in December 2025.

across multiple Pauli strings within the same QWC measure-
ment group. estimator aggregates observables internally and
therefore discards the bitstring-level correlations exploited by
our postprocessing. Use of the sampler primitive also limited
the error-mitigation techniques available in giskit.

The limited shot budget prevented us from logging the
cost function at each iteration of the optimizer. Since SPSA
only requires the shifted evaluations C(Qf“) and C(Gt(_)) to
construct its gradient estimate, we devoted the available shots
entirely to these evaluations and monitored progress using an
on-device proxy that required no additional circuit executions,

(+) =)
C]i\pp — C(ek ) + C(Qk )’ (40)
2
where C (glfi)) are the shifted cost function evaluations used
for the SPSA optimizer as defined in (11).

To maximize robustness, we intentionally targeted a mini-
mal model, the N = 3 Shiraishi-Mori embedded chaotic XXZ
model with a depth-2 hardware-efficient ansatz. The low
depth reduced the two-qubit gate count, idle time, and expo-
sure to readout noise. We additionally transpiled the logical
chain onto a connected set of physical qubits with the low-
est available two-qubit error rates. Deeper circuits and larger
N degrade the optimization signal at fixed shots. Emula-
tion of the noisy hardware suggested that instances beyond
N = 3 were not reliably trainable without stronger mitigation
(Appendix).

The hardware results are shown in Fig. 7. We used 5000
shots per SPSA iteration (535 000 total). The on-device proxy
C,? PP shows a clear downward trend, indicating that—even
under restricted sampling and lightweight mitigation—the
o-VQE objective retains a usable optimization signal on hard-
ware. To interpret this trajectory beyond a noisy proxy, we
also perform an offline “model replay.” We take the parame-
ter sequence {6;} produced by the on-device SPSA loop and
evaluate the corresponding “model” cost C} and “model”
fidelity F); in a noiseless state-vector simulation (where the
embedded scar is known numerically). The replay confirms
that the parameter trajectory learned on the noisy hardware

corresponds to improved model cost and increased overlap
with the scar. The significance of the hardware run is not
the absolute system size, but that the combination of a shot-
frugal optimizer, bitstring-level postprocessing for nonlinear
objectives, and lightweight mitigation suffices to obtain an
on-device optimization signal.

V. CONCLUDING REMARKS

In this work we benchmark a hybrid quantum-classical
protocol, o-VQE, for uncovering quantum many-body scar
eigenstates. The method combines a nonlinear, energy-
targeting objective with a variance penalty, alongside a shal-
low hardware-efficient circuit ansatz that restricts accessible
entanglement to bias optimization toward low-entanglement
eigenstates [20]. The resource overhead of the algorithm is
reduced by a classical shadow-motivated QWC measurement
strategy together with an unbiased finite-shot estimator for the
nonlinear cost function, ensuring that finite-sampling effects
do not systematically bias the variance-related terms.

Across noiseless simulations, o-VQE rapidly converges
for Shiraishi-Mori projector-embedded product scars, while
parent Hamiltonian MPS embeddings provide a controlled
view of failure modes as the embedded scar entanglement
increases toward typical thermal eigenstates in the same en-
ergy window. Finally, a proof-of-principle superconducting-
hardware execution (Fig. 7) demonstrates end-to-end fea-
sibility under tight shot constraints using a shot-frugal
optimizer, bitstring-level postprocessing, and lightweight
mitigation.

These results support interpreting o-VQE as a diagnostic
for scarred structure near a chosen target energy density. If
a low-entanglement scar exists near the target energy, the
shallow ansatz can represent it and the nonlinear objective
supports convergence, whereas the same circuit family fails
to realize generic midspectrum eigenstates. The results addi-
tionally show that o-VQE acts as a state-preparation primitive
for initializing states with significant overlap with nonther-
mal states for subsequent dynamical studies, such as probing
anomalous relaxation [15,45]. Many applications do not
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FIG. 8. The results of our noisy emulation using 535 000 total shots (the amount accessed during the hardware run). We use SPSA and
a depth-2 hardware-efficient ansatz. Finite-shot outcomes were generated via multinomial sampling from the noisy output distributions. We
compare system sizes of N = 3 and N = 4 while using different budgets for shots per SPSA iteration S. For N = 3, optimization remains
viable, while for N = 4 the noise model prevents reliable convergence within the same shot budget.

require high-fidelity scar eigenstate preparation. Preparing a
state with appreciable overlap onto a scar, as seen in the
MPS case, is sufficient to exhibit long-lived coherent dynam-
ics, consistent with the wider scar literature [15,45,62,63].
This perspective also aligns with proposed scar-enabled
applications such as robust sensing and metrological
enhancement [46,64].

o-VQE fits within the broader class of variational excited-
state methods [23-26]. As with all VQEs, its practical scaling
is constrained by the growth of measurement overhead and
the fragility of the optimization signal under finite-shot, noisy
execution. In our setting, lightweight mitigation is sufficient
for a proof-of-principle hardware demonstration, but scaling
to larger systems on current devices will likely require either
substantially higher shot budgets or stronger error mitigation
to recover a useful optimization signal [60,61,65,66]. Im-
proving measurement efficiency to counteract the growth of
Pauli terms (such as through grouping, derandomization, par-
allelization, and variance-aware shot allocation [28-30,56])
and better device-level noise performance will therefore be
central to extending o-VQE beyond the small-system regime.
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APPENDIX: HARDWARE EMULATION

We used qiskit aer to emulate o-VQE runs under a
device-calibrated noise model for IBM Fez. For a chosen
physical-qubit chain, we transpiled the variational circuits
onto the Fez device layout and constructed a noise model
from the backend calibration data, including gate error rates
and durations, per-qubit T1 and T2 times, and readout assign-
ment errors. This emulator captures dominant stochastic error
channels at the level provided by the calibration snapshot,
but it does not include several effects that can be relevant on
hardware, such as coherent over- or underrotations and mis-
calibrations, drift, and crosstalk. The emulation results should
therefore be interpreted as an optimistic proxy for trainability
rather than a faithful predictor of hardware performance.

We fixed a total budget of 535000 shots and used SPSA
together with a depth-2 hardware-efficient ansatz, reflecting
the shot- and depth-frugal regime targeted in the hardware
demonstration. We searched over a grid of shots per itera-
tion of the SPSA optimizer (S = 10,5 x 103, 10%, 2 x 10%)

which trades estimator variance against the number of op-
timizer iterations available within the fixed total budget.
For each choice of S we generated the requisite number of
bitstring outcomes via the multinomial sampling procedure
described in Sec. ITE. These bitstrings were then used to
estimate the shifted cost evaluations for the SPSA gradient
approximation. We plot the cost and fidelity with the scar state
using access to the full simulated density matrix of the circuit.

The results are shown in Fig. 8. For N = 3 optimization
remained viable within the fixed budget. We find that allocat-
ing fewer shots per iteration (hence allowing more iterations)
generally improved the final outcome until the SPSA updates
became dominated by shot noise. In contrast, for N = 4 the
same budget and circuit depth did not yield reliable conver-
gence under the Fez-calibrated noise model. This supports the
design choice used for the hardware run. Within the available
shot budget and without stronger mitigation, increasing N
rapidly degrades the optimization signal, and larger instances
are unlikely to be trainable in the same regime.
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