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Quantum annealing correction (QAC) models provide a promising approach for mitigating errors in quantum
annealers. Previous studies have established that QAC models are crucial for ensuring the robustness of the
ground state of the Ising model on hardware. In this work, the effects of QAC models incorporating replicas with
additional interactions, specifically, the penalty spin model and the stacked model, are investigated for problems
characterized by a small energy gap between the ground and first excited states during quantum annealing, a
well-known bottleneck to reaching the ground state. The results demonstrate that these QAC models can obtain
the optimal solution within short annealing times by exploiting diabatic transitions, even for problems with a
small energy gap. These findings highlight the potential of QAC models as practical near-term algorithms for

hardware subject to runtime limitations and control noise.
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I. INTRODUCTION

Quantum annealing (QA) [1-6] has the potential to solve
combinatorial optimization problems with both high accuracy
and efficiency. Recently, various QA-based algorithms have
been developed for practical use, including size-reduction
methods [7-13], quantum-classical hybrid methods [14-16],
and error mitigation methods [17,18]. Moreover, QA and
QA-inspired methods have been applied to diverse domains,
including advertisement optimization [19], black-box opti-
mization [20-26], computer-aided engineering [27-31], and
finance [32,33].

The adiabatic theorem [34] guarantees that the ground state
of the Ising model, which corresponds to the optimal solution
of the combinatorial optimization problems [35], is obtained
at the final time of QA with a sufficiently long annealing time.
Previous studies [3—6,34] have discussed the adiabatic condi-
tion, which determines the required annealing time to obtain
the ground state of the Ising model. The adiabatic condition
guarantees instantaneously following the ground state of the
system during QA with an annealing time that scales with
the inverse square of the minimum energy gap between the
ground state and the first excited state. However, bottlenecks
such as a small energy gap [36], hardware control noise [37],

*Contact author: shu.tanaka@appi.keio.ac.jp

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2469-9926/2026/114(2)/022470(17)

022470-1

and decoherence [38] hinder the achievement of high-quality
solutions. Therefore, algorithms are needed to overcome these
bottlenecks.

Expanding the energy gap is one promising approach.
Previous studies have demonstrated improvements in the scal-
ing of the energy gap, both analytically and numerically
[36,39-47]. Although numerous methods have achieved ex-
ponential improvements in energy-gap scaling, significant
difficulties remain in their practical implementation on quan-
tum hardware and in their limited applicability under specific
enhancement conditions.

Exploiting diabatic transitions during QA 1is another
promising approach for overcoming the small energy gap
[16,48-50]. Diabatic QA, which allows diabatic transitions
during QA, has been shown to benefit both combinatorial
optimization and sampling tasks [48]. Moreover, annealing
schedule optimization is a promising way to exploit diabatic
transitions during QA [16,49]. Although the transferability of
annealing schedules reduces the cost of the schedule optimiza-
tion [16], the applicability remains limited for similar problem
instances. These methods exploiting diabatic transitions are
important as near-term algorithms, since diabatic transitions
are inevitable in current hardware.

The parallel QA has been proposed to effectively use the
idle quantum bits (qubits), thereby improving the time to
solution (TTS) in real quantum annealers [51]. Also, previ-
ous studies have proposed the quantum annealing correction
(QAC) models to enhance the robustness of the ground state
of the Ising model against control errors [37,52—-62], and
demonstrated better performance than parallel QA, which is
equivalent to the classical model in these previous studies.
In the previous studies, errors in a random error Ising model
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were suppressed [52] by introducing additional interactions
between each spin and a penalty spin. A penalty spin acts
as a slack spin that imposes an energetic penalty when spins
across replicas are not aligned, where a replica is a spatially
parallelized copy of the Ising model. This QAC model is
referred to as the penalty spin model. Consequently, the ad-
ditional interactions cause the spins in each replica to align in
the same direction, thereby protecting the quantum state from
errors. The penalty spin model is particularly effective when
the success probability of each replica is relatively high, as
it resembles the majority-vote scheme in coding theory. Ana-
Iytical studies of penalty spin models have also been actively
pursued [56,58].

The nested quantum annealing correction (NQAC) model
[55,60] is an extension of QAC models that introduces a
nested structure to enhance both error resilience and solu-
tion quality by adding ferromagnetic interactions that align
the replicas in the same direction. This structure mitigates
spin flips, chain breaks, and other hardware-induced errors,
resulting in stable success probabilities that are largely inde-
pendent of the number of replicas. The NQAC model has been
shown to be effective even for Boltzmann sampling via QA
[63]. The effectiveness of antiferromagnetic interactions has
been validated in the NQAC model. However, the mechanism
underlying this performance improvement remains unclear.

Another promising QAC approach is the stacked model,
which utilizes replicas of the Ising model on hardware
and incorporates additional interactions between replicas
[61,62,64]. Previous studies demonstrated the robustness of
the ground state of the Ising model for both the Sherrington-
Kirkpatrick model and the antiferromagnetic chain [61,62].
Additionally, they investigated in detail how and when an-
tiferromagnetic interactions between replicas can effectively
reduce bit-flip errors, and they estimated the extent of er-
ror reduction achieved. However, the dynamics of QA and
the performance on actual quantum annealers have not been
studied in instances with a small energy gap between the
ground state and the first excited state. Adding slack spins may
hinder the solution quality by increasing the number of spins,
as suggested in the previous studies [11,12]. Therefore, it is
crucial to investigate the properties of the QAC models and
whether they hinder the performance.

In this study, we examined QAC models applied to prob-
lems characterized by an exponentially decreasing minimum
energy gap. Previous studies have discussed the effects of
adding ferromagnetic interactions in many QAC models. Such
approaches can be interpreted as error-correction schemes
based on majority voting. In contrast, relatively few studies
have investigated QAC models that incorporate antiferromag-
netic interactions. While the robustness of the ground state
in formulations with added antiferromagnetic interactions has
been examined, experimental demonstrations of success prob-
ability on actual QA hardware remain lacking, and it is still
unclear for which classes of problems such models are most
effective.

In this context, the present work aims to explore practi-
cal ways to utilize QAC models by leveraging their intrinsic
decoding properties. In QAC models, the optimal solution
may appear in certain excited eigenstates after decoding; thus,
even if the quantum state does not reach the ground state, the

optimal solution can still be obtained. Therefore, under condi-
tions where the state is easily excited due to the small energy
gap, decoherence, or control noise, QAC models can still
yield the optimal solution. To evaluate the effects of the QAC
models, we used the frustrated ring model as a benchmark
problem, since it exhibits spin-glass bottlenecks where the
minimum energy gap between the ground state and the first
excited state during QA decreases exponentially with system
size [65].

The remainder of this paper is organized as follows. Sec-
tion II introduces QA and QAC models. Section III describes
the frustrated ring model, experimental setup, numerical
methods, and evaluation metrics. Section IV analyzes the
effects of the QAC models in experiments and numerical sim-
ulations, focusing on success probability and the properties
of the energy spectrum during QA from the perspective of
diabatic QA. Finally, Sec. V presents our conclusions and
outlines future directions.

II. METHOD

In QA, the optimal solution of a combinatorial optimiza-
tion problem corresponds to the ground state of the Ising
model. The Hamiltonian of the QA is expressed as follows:

HE) =AW Hq+BOH,, 0<t<T, (D)

where 7 is the annealing time, H, is the driver Hamilto-
nian, #, is the problem Hamiltonian, and A(¢) and B(¢) are
real-valued functions called annealing schedules. The anneal-
ing schedules satisfy A(0) > B(0) and A(r) < B(t). Many
combinatorial optimization problems can be formulated as an
Ising model by mapping their optimal solutions to the com-
binatorial optimization problems and the ground state of the
Ising model [35]. In QA, the problem Hamiltonian is repre-
sented by the Ising model. A transverse field is generally used
as the driver Hamiltonian. QA ideally aims for the quantum
state to follow the instantaneous ground state of the system.
Therefore, the initial state is the ground state of H,,.

The transverse-field and problem Hamiltonians are respec-
tively expressed as follows:

Hy=—) o, @)

N
Hp = — Zhiaf —
i=1

where o (@ = x, y, z) is the o« component of the Pauli matrix
on vertex i and N is the number of spins. Here, h; and J; ; are
the longitudinal magnetic fields at spin i and the interactions
between spin i and j, respectively. The initial state is the equal
superposition state of all computational basis states, which
corresponds to the ground state of Hq. The formulation of H,
in Eq. (3) is the standard form used in QA, which we call the
unprotected model as shown in Fig. 1(a).

The required number of spins is N x K in the QAC models.
The unpenalized parallel Ising model, referred to as the classi-
cal model [52,53], was also proposed as a form of parallel QA
in a previous study [51]. A schematic diagram of the classical
model is shown in Fig. 1(b). We define the Hamiltonian of the

> ijoiok, 3)

1<i<j<N
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Classical model Penalty spin  Stacked model
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Unprotected —@—@—
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FIG. 1. Schematic diagrams of the QAC models: (a) the unpro-
tected model, (b) the classical model, (c) the penalty spin model,
and (d) the stacked model. The unprotected model is equivalent to
the Ising model with conventional QA, and the classical model uses
replicas without interactions between replicas, which is equivalent to
the parallel QA. The penalty spin model and the stacked model use
replicas with additional interactions. The circles represent the spins,
and the solid lines represent the interactions. The red circles repre-

sent the slack spins, and the red solid lines represent the additional
interactions.

model

kth replica of the QAC model as

N
k
== b -
i=1

Here, 0 (o = x, y, z) denotes the & component of the Pauli
matrix on vertex i in the kth replica. In the classical model, the
Hamiltonian is given by

Z Ji,jaifkaf,k “4)

I<i<j<N

He = Z He, (5)

where K denotes the number of replicas.

The penalty spin model has been proposed as a QAC model
that employs replicas and additional interactions [37,52-55].
A schematic diagram of the penalty spin model is shown
in Fig. 1(c). The penalty spin model protects the quantum
states from errors such as decoherence and bond chaos. In the
penalty spin model, the additional interactions between each
spin and the penalty spin are introduced. A penalty spin acts as
a slack spin that imposes an energetic penalty when the spins
across replicas are not aligned. The formulation of the penalty
spin model is as follows:

N K-1

Hps = ZH“‘) B> ik (©)

i=1 k=1

where Hg‘) is the same as Eq. (4) and J, is the interaction
strength between each spin and the penalty spin. As shown
in Eq. (6), the penalty spin model requires N x K spins, con-
sisting of K — 1 replicas together with N penalty spins. We
decode the final state by selecting, among the K — 1 problem
replicas and penalty spins, the replica with the lowest energy
in the penalty-spin model. In the penalty spin model, spins
at the same site align regardless of the sign of J,, while the
alignment of the penalty spins depends on the sign of J,.

In this study, we consider the stacked model as a QAC
model, which spatially parallelizes replicas of H, with ad-
ditional inter-replica interactions, as proposed in the previous

study [61,62,64]. A schematic diagram of the stacked model is
shown in Fig. 1(d). We investigate two boundary conditions in
this model: open and periodic. The Hamiltonian of the stacked
model with open boundary conditions is given by

N K-1

(ObC) k) _ z -z

Hgacked = Z Hy Jp Z Z Oi ki k+1° )
i=1 k=1

where H® is the same as Eq. (4) and J, is the interaction
strength between replicas. The Hamiltonian of the stacked
model with periodic boundary conditions is given by

K

Pbe) ZH(k)
P

stacked

N K
- Z Z 01Okt ®)

k=1 i=1 k=1

Here, 0, xk+1 = 0,1 for arbitrary i due to the periodic boundary
condition. For J, > 0 (ferromagnetic interactions), the addi-
tional interactions align spins among different replicas in the
same direction. In contrast, the additional interactions with
Jp < 0 (antiferromagnetic interactions) align spins of nearest-
neighbor replicas in opposite directions.

When we apply the QAC models, we replace H,, in Eq. (1)
with H,s shown in Eq. (6) or Héfabcck)ed, Hgfa:)cck)ed shown in
Egs. (7) and (8). In these QAC models using K replicas, the
transverse fields are expressed as follows:

K N
HO=->">"0}. )

k=1 i=1

Here, the initial state is the ground state of the transverse fields
defined in Eq. (9), which is easy to prepare on hardware.

Decoding strategies for QAC models have been discussed
in previous studies [52-54]. These previous studies demon-
strated that the energy-minimization strategy is more effective
than the majority-vote strategy, which determines spin con-
figurations by a majority rule across parallelized replicas.
Therefore, we adopt the energy-minimization strategy for
decoding QAC models. In this strategy, the energy of each
replica is calculated, and the replica with the lowest energy is
selected.

III. SETTINGS

In this study, we adopted the frustrated ring model as a
benchmark problem because its sparsity results in minimal
embedding overhead. Figure 2 shows a schematic diagram
of the frustrated ring model with an odd number of spins N.
The frustrated ring model is a benchmark problem known to
exhibit a spin-glass bottleneck during the QA [66].

The spin-glass bottleneck, a well-known limitation in QA,
prevents the quantum state from remaining the instantaneous
ground state of the total Hamiltonian. Therefore, obtaining the
ground state of the frustrated ring model with conventional
QA is difficult.

In this study, to eliminate trivial degeneracies for simplic-
ity, we applied a small longitudinal magnetic field at site 1,
setting 1y = 0.01. The frustrated ring model used in this study
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Ferromagnetic ferromagnetic

FIG. 2. Schematic diagram of the frustrated ring model with an
odd number of spins N. The circles represent the spins, the solid lines
represent the ferromagnetic interactions, and the red dashed line rep-
resents the antiferromagnetic interaction. The interaction strengths
are defined in Eq. (11).

is therefore expressed as follows:

My = ZJG oiy — hiot. (10)
The interactions are defined as follows:
—Jr ifi=
Ji=1n ifi =J(N£1), (11)
J otherwise,

where the interactions satisfy 0 < Jg < Jp <J =1, N is odd,
and the periodic boundary condition is imposed, such that
i = N + 1 corresponds to i = 1. Interactions between nearest-
neighbor spins are ferromagnetic, and the interaction between
spin 1 and spin N is antiferromagnetic, which introduces
frustration in the system.

The frustrated ring model dealt with in the previous study
[65] has no longitudinal magnetic fields, which is h; =0
in Eq. (10). Following Ref. [65], we set the parameters of
the frustrated ring model in the spin-glass bottleneck region
to Jg = 0.45 and Ji = 0.5. Figure 3 shows the energy gap
between the ground state and the first excited state during QA
for the frustrated ring model shown in Eq. (10). As seen in
Fig. 3, the small-gap properties persist even after removing
the degeneracies. Therefore, the frustrated ring model remains
difficult to solve using both classical metaheuristics and QA.

In this setting, the ground state of the frustrated ring model
is the all-up state, and the first excited state of the frustrated
ring model is the all-down state, whereas these two states are
degenerate without the longitudinal magnetic field. Under this
setting, classical metaheuristics using a single-spin flip, such
as simulated annealing [67] and gradient descent methods,
are easily trapped in local minima due to the large Hamming
distance between the ground state and the first excited state.

We evaluated the performance of the QAC models on a
quantum annealer. We used Advantage2_systeml. 10 as the
quantum annealer [68]. The quantum annealer consists of
4594 qubits arranged on the Zephyr graph [69]. Since the
Zephyr graph is a two-dimensional lattice with open boundary
conditions, the stacked model, whose unprotected model is
a one-dimensional chain with open boundary conditions, is
embeddable without embedding overhead. The embedding
overhead is defined as the number of spins in one chain.

10° 4
1071 4

1072 4

A(t/T)

1073 4

1074 4

1 I I I

0.0 0.2 0.4 0.6 0.8 1.0
t/t

FIG. 3. Energy gap A(t/t) between the ground state and the first
excited state during QA for the frustrated ring model after removing
the degeneracies by adding longitudinal magnetic fields #; = 0.01,
shown in Eq. (10). The interactions of the frustrated ring model are
J=1,J;. =0.5, and Jg = 0.45. The black dashed line indicates the
time at which the energy gap closes at N — oo, obtained analytically
from the frustrated ring model with #; = 0 in Eq. (10).

The total number of spins of the frustrated ring model on
the Zephyr graph is O(N), which is significantly smaller
than the total number of spins of complete graphs O(N?),
indicating that the frustrated ring model has a smaller average
chain length. Figure 4 shows the number of physical spins of
QAC models on the Zephyr graph. Here, the lowest number
of physical qubits is used by employing minor embedding
[70,71] among 1000 runs. Even on the Zephyr graph of the
QAC models, the embedding overhead is much smaller than
the complete graph. The effects of embedding on each QAC
model are in Appendix A.

We set the number of spins in the unprotected model
as N =11, 21, 31,41, 51, and 61 and the number of replicas
as K =1,2,3,5,10, 15, 20, 25, 30, and 35, considering the

12500 | O stacked (periodic)
I X stacked (open)
] I O
£ 10000 - i ps
= I + classical
T 7500 7 ,’ == complete
o |
2 50004 I
ks 1
o
o 2500 - g 2
z / & =]
o] tmm E
T T T T
0 10 20 30

K

FIG. 4. Number of physical spins on the Zephyr graph when
embedding the frustrated ring model with QAC models. The black
dashed line shows the number of physical qubits by using clique
embedding.
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FIG. 5. Final success probability as a function of annealing time 7. The horizontal axis is shown on a logarithmic scale. The problem size
is N = 61. The number of replicas is K = 15. The black and green lines represent the success probabilities of the unprotected and classical
models, respectively. Each panel shows the results with different interaction strength J,: (a) J, = —1, (b) J, = —0.1, (¢) J, = —0.01, (d)
J, =0.01, (e) J, = 0.1, and (f) J, = 1. Solid lines between points are provided as a guide to the eye.

overhead arising from differences in the boundary conditions
between the Zephyr graph and the QAC models. The an-
nealing time was set to 7 = 1, 20, 100, 1000, and 2000 ps. In
the analysis of the dependence of the other parameters, the
annealing time was set to T = 20 us, which is the default
annealing time. We examined the dependence of performance
on annealing time, additional interactions in the QAC models,
and the number of spins. The quantum annealer was executed
with num_reads = 100 and minor embedding was employed
[70,71]. All other parameters were set to their default values.

Next, we numerically examined the effectiveness of the
QAC models for the frustrated ring model by solving the
time-dependent Schrodinger equation using QuTiP [72,73].
The annealing schedules are set to A(#) =1—1¢/t and
B(t) =t/t for simplicity. We set the number of spins to
N = 3 to investigate the dependence of the number of replicas
in the numerical analysis. The Schrodinger equation is written
as follows:

i%hﬁ(t)) =HOIY(@)). (12)

Here, Planck units are used.

We evaluated the performance of the QAC models by using
the success probability. The success probability is expressed
as follows:

p(t) = (Y (O|A|Y (7)), 13)

where |/ (7)) represents the quantum state at a time 7. The
failure probability is defined as the complement of the success

probability. The projection operator P is defined as

Po=)" 1) (il

ieS;

(14)

where |¢;) is the ith eigenstate of the Hamiltonian of the QAC
models and S is the set of indices of states including the
optimal solution after decoding in the QAC model.

We examined the energy spectrum through numerical exact
diagonalization. To reveal the properties of the QAC models,
we compared the unprotected model, the classical model,
and the QAC models with different numbers of replicas and
interaction strengths by using these metrics.

IV. RESULTS

We evaluated the performance of QAC models, including
the stacked models with both periodic and open boundary
conditions, as well as the penalty spin model, using an actual
quantum annealer and numerical simulation. Section IV A
presents the performance of QAC models on the actual quan-
tum annealer, and Sec. IV B shows the numerical results.

A. Experiment on an actual quantum annealer

We first examined the effect of additional interactions on
the success probability. Figure 5 shows the final success prob-
ability as a function of the annealing time t for the frustrated
ring model after removing degeneracies with N = 61 and
K = 15. The number of replicas is selected as the efficient
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number of qubits by time to solution (TTS) considering the
efficiency of the qubit resource in Appendix B.

From the perspective of efficient resource utilization, it is
also important to consider parallelizing the QAC model itself.
We therefore included in Appendix C a comparison between
a parallelized implementation of the QAC model and a single
QAC model that uses the same number of logical qubits.

Figure 5 demonstrates that the QAC model enhances
performance compared to the unprotected model, whereas
ferromagnetic interactions degrade it. Adding interactions in-
creases the energy scale of the system, which can hinder
exploration under a fixed transverse-field scale. However,
Fig. 5 shows that the additional antiferromagnetic interac-
tions broaden the accessible low-energy states, facilitating
exploration, enabling high-quality solutions to be obtained
with shorter annealing times. We next examine each model
in detail.

In the periodic-boundary stacked model shown in
Figs. 5(a)-5(c), introducing antiferromagnetic interactions
leads to a higher success probability than that of the classi-
cal model. This enhancement is observed regardless of the
magnitude of the antiferromagnetic interactions within the
Jp range examined, J, = —1, —0.1, and — 0.01. By contrast,
ferromagnetic interactions reduce the success probability.

In the open-boundary stacked model shown in
Figs. 5(a)-5(c), antiferromagnetic interactions also enhance
the success probability relative to the classical model.
However, for J, = —1 and J, = —0.1 at long annealing
time in Figs. 5(a) and 5(b), the success probability decreases.
Consequently, strong interaction strengths tend to decrease the
success probability. Ferromagnetic interactions consistently
degrade the performance, as shown in Figs. 5(d)-5(f). These
findings demonstrate that a higher energy scale leads to a
deterioration in solution quality. Furthermore, the distinction
between stacked models arises solely from the boundary
conditions. This suggests that the boundary conditions
influence the mechanism that leads to higher success
probabilities. Since the effect of boundary conditions persists
across problem sizes N = 101, 201, 301, 401, 501, and 601,
the mechanism does scale, as confirmed in Appendix E.

In the penalty spin model, the improvement compared to
the unprotected model occurs only within a narrower range
than in the stacked models. The effect of the additional
interactions on the replicas is essentially the same, indepen-
dent of their sign. The distinct behaviors of ferromagnetic
and antiferromagnetic interactions arise from differences in
penalty-spin alignment during decoding: with antiferromag-
netic interactions, penalty spins align opposite to the replicas,
whereas with ferromagnetic interactions, they align in the
same direction. This alignment difference directly leads to
the observed disparity in success probability. Figure 5 shows
that the penalty spin model with antiferromagnetic inter-
actions sometimes enhances the performance compared to
the unprotected model. The pronounced nature of this ef-
fect suggests that under the present problem setting, penalty
spins frequently correspond to the correct solution state after
decoding.

These observations can be explained by the mechanism
of replica diversification. In the stacked model, antiferromag-
netic interactions align spins of different replicas in opposite

directions, broadening access to diverse low-energy states.
By contrast, ferromagnetic interactions promote uniform spin
alignment across replicas, reducing the diversity of sampled
states.

A key factor underlying these behaviors is whether frus-
tration is present among replicas. In the periodic-boundary
stacked model, frustration arises only when the number of
replicas K is odd, allowing access to a broader set of low-
energy states. This explains why high success probabilities
persist even for large negative J,. In all cases, appropriately
tuned antiferromagnetic interactions yield higher success
probabilities than the classical model within shorter anneal-
ing times. Moreover, the periodic-boundary stacked model
requires only minimal tuning, making it easier to apply. When
frustration is absent, the dominant effect of large interaction
strengths is the rescaling of the energy spectrum. Previous
studies have shown that excessive energy scales degrade so-
lution quality [13,17]. In the open-boundary stacked model
and the penalty spin model, where frustration is absent, this
rescaling effect governs the performance, resulting in lower
success probabilities compared with the periodic-boundary
stacked model. The influence of energy scaling is also evident
in the annealing-time dependence: larger energy scales require
longer annealing times to reliably reach low-energy states.
By contrast, in the periodic-boundary stacked model, a high
fraction of the diversified low-energy states coincide with
the target ground state, enabling robust success probabilities
even at short annealing times. We note, however, that stronger
interactions in the periodic-boundary stacked model increase
the total number of spins, which may introduce additional
errors due to chain breaks; see Appendix A for details.

To further explore the role of frustration, we next examined
the periodic-boundary stacked model. Unlike the open bound-
ary case, the periodic boundary condition introduces replica
frustration, which significantly alters the behavior of the sys-
tem. We examined the dependence of success probability on
the number of replicas K.

Figure 6 shows the final success probability as a function
of the number of replicas K at T = 20 ps for the frustrated
ring model after removing degeneracies with N = 61. These
results are consistent with those obtained at short annealing
times, as shown in Appendix D. We emphasize that even the
shortest hardware annealing time considered here, 7 = 1 us,
lies outside the coherent fast annealing regime reported for
the one-dimensional Ising chain benchmark in Ref. [74]. Ac-
cordingly, the hardware success probabilities, including the
unprotected model baseline, may contain thermal and other
open system contributions and should not be interpreted as
signatures of coherent closed system dynamics.

With antiferromagnetic interactions of moderate strength,
increasing K systematically improves the success probability.
By contrast, with ferromagnetic interactions, no such trend
is observed. Notably, for large antiferromagnetic interaction
strength, the success probability exhibited a strong even-odd
dependence on K, further confirming the importance of frus-
tration in governing performance.

Finally, we analyzed how success probability scales with
problem size N. Figure 7 shows the scaling of the final
success probability for the frustrated ring model with N af-
ter removing degeneracies with T =20 us for K = 15. As
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expected, the success probability decreases with increasing N
when J, > 0.0. However, the rate of decrease is significantly
mitigated by parallelization: the periodic-boundary stacked
model in particular reduces the decay. Interestingly, for some
antiferromagnetic interaction strengths, the success probabil-
ity remains high or increases with N. This behavior can be
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FIG. 7. Scaling of the final success probability of the periodic-
boundary stacked model. The number of replicas is fixed to K = 15.
The annealing time is 7 = 20 ps. The results at J, = 0 correspond
to the classical model. The dashed black line represents the success
probability of the unprotected model. Solid lines between points are
provided as a guide to the eye.

attributed to the fact that as the problem size increases, the
diversity of the sampled states becomes richer. Decoding from
a more diverse set of samples increases the likelihood of
recovering the optimal solution, leading to a higher success
probability. This trend persists across different system sizes
and periodic-boundary stacked models, suggesting that the
mechanism is robust in periodic-boundary stacked models that
utilize replicas in Appendix E.

So far, we have presented the results for the frustrated
ring model defined in Eq. (10). These observations are con-
sistent with the frustrated ring model with #; = 0. Results
and further discussion of success probabilities are provided
in Appendix F.

B. Numerical analysis

The numerical simulations are intended not only to repro-
duce the experimental observations but also to clarify their
underlying mechanisms. While the quantum annealer pro-
vides success probabilities, the simulations allow analysis of
the population distribution and energy spectrum.

Figure 8 shows the final success probability as a function of
the annealing time 7 for the frustrated ring model after remov-
ing degeneracies with N = 3 and K = 3. The simulations also
show that antiferromagnetic interactions enhance the success
probability, consistent with the experimental observations.
This indicates that the advantage of antiferromagnetic inter-
actions is not merely a hardware-dependent phenomenon but
persists in an ideal, noiseless environment.

In the periodic-boundary stacked model shown in
Figs. 8(a)-8(c), antiferromagnetic interactions enhance the
success probability in most cases. By contrast, in the open-
boundary stacked model and the penalty spin model shown
in Fig. 8(a), the success probability decreases when the an-
nealing time is short and J, = —1. These results indicate that
energy-scale effects strongly influence success probability and
that the replica frustration enhances performance, consistent
with the experimental findings.

In the QAC models with ferromagnetic interactions, the
success probability decreases compared to the classical model
from Figs. 8(d)-8(f). Consequently, the QAC models with
ferromagnetic interactions are not effective for problems with
a small energy gap.

We next analyzed the probability distribution of the sam-
pled states, sorted in ascending order of energy, shown in
Fig. 9. The results demonstrate that in the periodic-boundary
stacked model, success states are broadly distributed among
the low-energy states. Consequently, the correct solution can
be obtained without requiring fully adiabatic evolution, ex-
plaining why the diversification in this model is effective, and
this model yields high success probabilities.

The total spectrum of K independent replicas is not iden-
tical to that of a single replica. Each replica possesses the
same single-replica spectrum and the same minimum-gap
bottleneck, while the overall dynamics factorize into inde-
pendent single-replica dynamics. Consequently, the decoded
success probability increases according to Eq. (G2) shown
in Appendix G. Therefore, for problem instances intrinsically
hard to solve by QA, parallelization provides little benefit. In
theory, the benefit of parallelization scales with the number of
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replicas K. A detailed discussion is provided in Appendix G.
For such hard problems, introducing diversity across replicas
is essential for achieving a high success probability.

We also compared the energy spectra obtained by exact
diagonalization for different QAC models. Figure 10 shows
the energy spectrum of the periodic-boundary stacked model
for J, = —1 and J, = 1. In the periodic-boundary stacked
model, success states occupy a wide range of low-energy
levels, implying that even diabatic time evolution can read-
ily yield correct solutions. The antiferromagnetic interactions
preserve the correspondence between the low-energy eigen-
states and the optimal solution shown in the previous study
[37,61]. Moreover, Fig. 10(a) shows that the success states
spread to the low-energy-excited states. The results indicate
the potential to obtain a high success probability even in a
shorter annealing time required in the adiabatic regime. On
the other hand, the eigenstates corresponding to the optimal
solution spread into higher-energy eigenstates in the periodic-
boundary stacked model with ferromagnetic interactions.

In the periodic-boundary stacked model, the decodability
of low-energy states varies with different interaction strengths.
For J, = —1 and —0.1, the 47 lowest-energy states cor-
respond to the optimal solution. For J, = —0.01, the 38
lowest-energy states correspond to the optimal solution. For
Jp = —0.001, 0, and 0.001, the six lowest-energy states cor-
respond to the optimal solution. For J, = 0.01,0.1, and 1,
only the ground state corresponds to the optimal solution.
Since these properties are preserved in Ising machines, the
periodic-boundary stacked model with antiferromagnetic in-
teractions may also be beneficial for other ground-state search
algorithms. In an open-boundary stacked model with an-
tiferromagnetic interactions, the two lowest-energy states
correspond to the optimal solution. The absence of frustration
significantly decreases the effects of spreading the success
states to low-energy states. The results indicate that frustration
is an important property for corresponding the multiple low-
energy states to success states.

By contrast, in the open-boundary stacked model and the
penalty spin model, the first- or second-excited states do not

correspond to success states. As a result, adiabatic evolution
is necessary to reach the ground state. In these QAC mod-
els, adding interactions enlarges the energy gap between the
ground and first excited states, facilitating adiabatic evolution
and improving performance.

Finally, note that in noisy or embedded settings, certain
states may become stabilized due to hardware-specific effects.
Under such conditions, models that inherently diversify sam-
pled solutions, such as the periodic-boundary stacked model,
exhibit superior performance. This observation is consistent
with the high success probabilities observed experimentally
on the quantum annealer.

V. CONCLUSION

We examined the properties of QAC models with addi-
tional interactions in QA characterized by a small energy gap,
using the frustrated ring model as a benchmark. By employing
the frustrated ring model, we ensured that the observed perfor-
mance reduced embedding overhead and separately assessed
chain-break effects. As a result, we demonstrated the potential
of QAC models to overcome limitations of conventional QA.
Furthermore, this study provides insights into the mechanisms
underlying the performance improvement.

Experiments on the actual quantum annealer and numer-
ical simulations revealed that antiferromagnetic interactions
enhance the success probability, whereas ferromagnetic inter-
actions suppress it. Upon decoding, the QAC models yield
various eigenstates corresponding to the optimal solution
of the unprotected model. Notably, incorporating antiferro-
magnetic interactions within the QAC models significantly
increases the success probability, even at short annealing
times. This suggests that the QAC models are a promising
strategy for hardware with limited coherence time and control
noise.

We demonstrated that frustration introduced by peri-
odic boundary conditions plays a key role in diversifying
low-energy configurations, thereby enabling higher success
probabilities even in the short annealing-time regime. These
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findings suggest that the QAC models can facilitate diabatic
QA under limited annealing times.

These results demonstrate that the proposed method en-
hances the success probability within shorter annealing
times. This improvement, however, comes at the expense of
requiring a larger number of physical qubits to treat small-
energy-gap problems, for which conventional approaches
typically demand significantly longer annealing time. Im-
portantly, while the annealing time required in conventional
schemes is generally expected to increase exponentially as
the minimum energy gap decreases, our observations do not
indicate a corresponding exponential growth in the qubit over-
head of the proposed method—at least within the range of
system sizes examined in this study. These findings suggest a
shift in the dominant resource scaling from annealing time to
qubit count. In this sense, expanding the number of available
qubits may be more impactful than extending the maximum
annealing time when addressing small-gap instances.

In the future, our results suggest several promising direc-
tions. First, optimizing the interaction strength relative to the
annealing time is essential to balance the benefits of replica
frustration against the detrimental effects of large energy
scales. Second, developing hardware-aware QAC models, tai-
lored to specific connectivity and embedding constraints, will
be vital for future QA platforms. Since constraints in com-
binatorial optimization are typically imposed as penalties,
many problems reduce to dense Ising models. For practical
applications, it is crucial to develop approaches that minimize
embedding overhead and clarify how embedding affects per-
formance. Third, a systematic investigation of the qualitative
differences between simulated quantum annealing [75] and
open-system dynamics described by the Redfield master equa-
tion [76] is crucial for bridging the gap between numerical
simulations and the behavior of realistic quantum annealing
hardware. Finally, extending the present framework to more
general optimization problems will further elucidate the role
of frustration and interaction tuning in achieving scalability in
quantum annealers.
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APPENDIX A: EFFECTS OF EMBEDDING

In this section, we examined the effects of constructing
embedding chains in a quantum annealer. We performed the
embeddings with minor embedding [70,71]. Ideally, all spins
within the chain should take the same value. However, due
to noise, insufficient chain strength, or conflicting problem
interactions, some chains may break, causing spins within the
same chain to disagree.

Figure 11 shows the maximum chain length for each QAC
model. Under the present problem setting, the penalty spin
model requires the longest chain length. This occurs because
as the number of replicas increases, the number of interactions
involving the penalty spins also grows. Longer chains are
more susceptible to chain breaks, and avoiding them requires
setting the chain strength, the interactions between spins
in a chain, to large values. However, large chain strengths
constrain the overall energy scale of the problem, reducing
the solution quality. In the penalty spin model, we also ob-
served greater variability in chain lengths. The fractions of
penalty spins effectively diminish their role, suggesting that
the stacked model becomes more advantageous as the under-
lying problem becomes denser.

Figure 12 shows the chain-break fraction for each QAC
model. Ideally, the spins in a chain are aligned in the same
direction. The chain-break fraction is the ratio of the number
of misaligned spins to the total number of spins in a chain.
This metric serves as an indicator of embedding overhead and
correlates with the susceptibility of chain breaks.

The results indicate that the chain-break fraction is signif-
icantly larger in the penalty spin model shown in Fig. 12(c)
than the open-boundary and periodic-boundary stacked
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FIG. 12. The chain-break fractions as a function of the interaction strength J, and the annealing time 7 us for different QAC models. The
problem size is N = 61, with the number of replicas fixed at K = 35. Panels show (a) periodic-boundary stacked model, (b) open-boundary
stacked model, and (c) penalty spin model. The results at J, = 0 correspond to the classical model with K = 35.

models shown in Figs. 12(a) and 12(b). When K = 15, the
chain-break fraction is all zero in all QAC models. Our re-
sults demonstrate that the stacked model is more embedding
friendly. The reason is that in the penalty spin model the
maximum number of interactions per spin grows as the sum
of (K — 1) along the parallelization directions and the number
of interactions in the unprotected model. In the stacked model,
by contrast, the contribution from parallelization is limited to
two, regardless of K. Consequently, for K > 3, the interaction
density is lower in the stacked model than in the penalty spin
model.

These results suggest that certain QAC models are in-
herently better suited to the topology of specific hardware
architectures, and that the development of QAC models tai-
lored to future hardware topologies will be essential for
minimizing embedding overhead.

APPENDIX B: SELECTION OF THE EFFICIENT
NUMBER OF REPLICAS

The efficient number of replicas is selected by the TTS
considering the qubit number efficiency. The metric is defined
as

_ In(0-0.99
~In[l — p(7)]

The metric considers the efficiency of the qubit by multiplying
the number of replicas. By using Tk, we evaluate the efficient
number of replicas.

Figure 13 shows Tx as a function of K on an actual
quantum annealer. According to the Tx metric, the optimal
efficiency is achieved at K = 15. Notably, for odd values of
K, strong antiferromagnetic interactions (J, = —1) exhibit a
clear performance enhancement. The nonmonotonic changes
in Tx are associated with the parity of K. In the periodic-
boundary stacked model with antiferromagnetic inter-replica
interactions, an even number of replicas permits an alternat-
ing configuration that satisfies all couplings along the replica
direction. For odd K, however, the periodic replica direc-
tion forms an odd antiferromagnetic cycle, and at least one
coupling must remain unsatisfied. This parity-induced frustra-
tion modifies the low-energy spectrum and the effectiveness

k (BI)

of obtaining the success states. The jumps in Tx between
neighboring values of K should therefore be understood as
an even-odd effect rather than as statistical fluctuations or a
smooth dependence on K. Although the present results indi-
cate an even-odd dependence, a more systematic investigation
using a finer sampling of K values is required to fully charac-
terize this parity effect, which we leave for future work.

APPENDIX C: COMPARISON OF TWO INDEPENDENT
K =3 QAC MODELS AND A SINGLE K = 6 QAC MODEL

From the perspective of exploiting the qubit resource,
comparisons between the parallel QAC models and the QAC
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FIG. 13. Tx as a function of the number of replicas K with
the periodic-boundary stacked model. The problem size is N = 61.
The annealing time is T = 20 ps. The results at J, = 0 correspond
to the classical model. Solid lines between points are provided as a
guide to the eye. The jumps in Ty are associated with an even-odd
effect in K. For antiferromagnetic inter-replica couplings with peri-
odic boundary conditions, odd K produces a frustrated replica cycle,
whereas all inter-replica couplings can be simultaneously satisfied
for even K.
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models are important. In this Appendix, we compare the two
independent K = 3 QAC models and a single K = 6 QAC
model. Figure 14 shows the final success probability compar-
ison between the two independent K = 3 periodic-boundary
stacked models and the single K = 6 periodic-boundary
QAC model. Note that these results were obtained by
Advantage2_systeml.13.As shown in Fig. 14, the two par-
allelized K = 3 periodic-boundary stacked models and the
single K = 6 stacked model exhibit nearly identical success
probability behavior.

The slight differences observed can be attributed to the
presence or absence of inter-replica interactions. In the
K = 6 model all replicas are coupled, whereas in the two
independent K = 3 models they are not. As K increases, the
distinction between parallelized and single QAC implementa-
tions is expected to become negligible. In the present case,
where K is relatively small (K =3 and K = 6), individual
inter-replica couplings can have a noticeable impact. Never-
theless, we find that their overall effect remains limited. Thus,
as the system size increases, the differences become negligi-
ble. While further investigation is required for larger system
sizes or in the presence of significant embedding overhead, we
leave this for future work.

APPENDIX D: SUCCESS PROBABILITY IN A SHORT
ANNEALING TIME

In this section, we examined the size scaling and parameter
dependence of the QAC models in a short annealing-time
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FIG. 15. Scaling of the final success probability of the periodic-
boundary stacked model. The number of replicas is fixed to K = 15.
The annealing time is T = 1 us. The results at J, = 0 correspond to
the classical model. The dashed black line represents the result of the
success probability with the unprotected model. Solid lines between
points are provided as a guide to the eye.

regime. Although the previous figures presented results for
7 =20 us, here we focus on the case of v =1 us. Fig-
ure 15 shows the size dependence of the success probability at
T =1uys.

When negative J, is introduced, the degradation with sys-
tem size is significantly improved, and the success probability
becomes higher than that of the classical model. In the cases
Jp = —0.1and — 1, the success probability increases as the
system size increases since the diversity of the sampled state
increases. This demonstrates that antiferromagnetic interac-
tions provide a clear advantage even in the short-time regime,
consistent with the results obtained for long annealing times.

Moreover, the success probabilities achieved by the QAC
models at T = 1 us are comparable to those of the classical
model with annealing times in the range v = 100-1000 ps.
This result highlights the effectiveness of QAC models in
environments constrained by coherence times and noise. The
results further indicate that leveraging a larger number of
qubits can mitigate noise effects, suggesting that QAC models
may serve as practical error-mitigation strategies for noisy
quantum computers.

Figure 16 shows the final success probability as a func-
tion of the strength of the additional interaction. The results
confirm once again that parallelization with antiferromagnetic
interactions yields higher success probabilities. In the classi-
cal model, the success probability increases monotonically as
the number of replicas increases. In contrast, in the periodic-
boundary stacked model, increasing the number of replicas
does not necessarily lead to a corresponding increase in suc-
cess probability. We attribute this to the stronger impact of
the energy scale at short annealing times. As the annealing
time decreases, the relative effect of large interaction strengths
becomes increasingly pronounced. This finding also implies
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that even in the periodic-boundary stacked model, where
frustration enhances performance, the energy-scale effect can
reduce the success probability. As the problem size and num-
ber of replicas increase, the number of interactions grows,
making the energy-scale effect even more dominant.

In the periodic-boundary stacked model, successful so-
lutions are mapped onto a set of low-energy eigenstates.
However, if the quantum state transitions to higher excited
states outside these low-energy states, the decoding process
becomes less effective, and the success probability does not
improve significantly. Consequently, the enhancement in suc-
cess probability achieved by the periodic-boundary stacked
model is smaller than that obtained by the classical model
when simply increasing the number of replicas. The periodic-
boundary stacked model is therefore most effective in regimes
where the population is dominated by the ground state, the
first excited state, or nearby low-energy excited states. Such
behavior is commonly observed in systems where the en-
ergy gap decreases exponentially with system size, and the
periodic-boundary stacked model is therefore particularly ef-
fective. In such regimes, decoding can recover a large fraction
of successful solutions, and the antiferromagnetic periodic-
boundary stacked model exhibits its strongest performance.

APPENDIX E: RESULTS FOR THE LARGER
ISING MODEL

The performance of the periodic-boundary stacked mod-
els in the larger Ising model was examined. We set the
number of spins in the unprotected model as N = 101,

=
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FIG. 17. Scaling of the final success probability of the periodic-
boundary stacked model. The number of replicas is fixed to K = 5.
The annealing time is T = 20 ps. The results at J, = 0 correspond to
the classical model. The dashed black line represents the result of the
success probability with the unprotected model. Solid lines between
points are provided as a guide to the eye.

201, 301, 401, 501, and601 and the number of replicas
to K=1,2,3,4, and5, considering the overhead arising
from differences in the boundary conditions between the
Zephyr graph and the QAC models. The annealing time was
set to T = 1,20, 100, 1000, and 2000 us. We examined the
dependence of performance on annealing time, additional
interactions in the QAC models, and the number of spins.
The quantum annealer was executed with 100 runs, and
embedding with minimal overhead was selected for 1000 em-
beddings with minor embedding. All other parameters were
set to their default values.

Figure 17 shows the final success probability as a function
of N. As the system size increases, solving the problem be-
comes increasingly difficult for the classical model. However,
in the antiferromagnetic periodic-boundary stacked model,
although the success probability decreases with system size,
successful solutions can still be obtained. These results in-
dicate that the proposed approach is effective for problem
instances that are difficult to solve using conventional QA and
are also challenging for classical models.

From Fig. 18, when antiferromagnetic interactions are in-
troduced, the success probability increases with the system
size N and decreases at N = 301. This behavior can be at-
tributed to the fact that as the problem size increases, the
diversity of the sampled states becomes richer. In the periodic-
boundary stacked model, successful solutions are mapped
onto a set of low-energy eigenstates. However, if the quantum
state transitions to higher excited states outside these low-
energy states, the decoding process becomes less effective,
and the success probability does not improve significantly.
The periodic-boundary stacked model is therefore most ef-
fective in regimes where the population is dominated by the
ground state, the first excited state, or nearby low-energy

022470-13



TOMOHIRO HATTORI AND SHU TANAKA

PHYSICAL REVIEW A 114, 022470 (2026)

1.0
> 0.8 1
5
S 0.6
o
o
8 0.4
(9]
9]
=}
v 0.2
0.0 __*4*>np o |
100 200 300 400 500 600
N
-- /,=-1.0 == Jp=0.0(C) == Jy;=0.1
¢ J,=-0.1 —<- J,=0.01 —— J,=1.0
&~ J,=-0.01

FIG. 18. Scaling of the final success probability of the periodic-
boundary stacked model. The number of replicas is fixed to K = 3.
The annealing time is T = 1000 ps. The results at J, = 0 correspond
to the classical model. The dashed black line represents the result
of the success probability with the unprotected model. Solid lines
between points are provided as a guide to the eye.

excited states. Such behavior is commonly observed in sys-
tems where the energy gap decreases exponentially with
system size, and the periodic-boundary stacked model is
therefore particularly effective. The changing points of the
trade-offs between the energy scale and the diversity effects
are about N = 301 in this model. From these results, the
periodic-boundary stacked model is effective for even larger
Ising models.

APPENDIX F: SUCCESS PROBABILITY IN A
FRUSTRATED RING MODEL

In this section, we present the success probabilities of the
QAC models applied to the frustrated ring model defined
without local magnetic fields [#; = 0 in Eq. (10)]. The energy
gap of this model has been analytically studied in previous
works, and it is known to close exponentially in the limit of
infinite system size N. Figure 19 shows the energy gap of the
frustrated ring model, obtained by exact diagonalization. As N
increases, the energy gap closes, the ground state becomes de-
generate between the all-up and all-down spin configurations,
and the first excited state is fourfold degenerate.

Figure 20 shows the final success probability as a function
of annealing time 7. For the unprotected model, the success
probability remains below 0.1 in most cases, regardless of the
annealing time. The settings of the actual quantum annealer
are the same as those in Sec. III. Consistent with the results in
Sec. IV, high success probabilities are obtained with antiferro-
magnetic interactions. In particular, for the periodic-boundary
stacked model, the success probability is enhanced over a
broader parameter range than when degeneracy is lifted. This
improvement is attributed to the fourfold degeneracy of the
first excited state, which provides a diversity of accessible

109 3
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FIG. 19. Energy gap A(t/t) between the ground state and the
first excited state during QA for the frustrated ring model. The
interaction parameters are J = 1, Jp = 0.5 and Jg = 0.45. The black
dashed line indicates the time at which the energy gap closes at
N — o0, obtained analytically from the frustrated ring model with
hy = 0in Eq. (10).

states and enables high success probabilities even at shorter
annealing times. Thus, for degenerate problems, the diversity
of solutions enhances the likelihood that the excited states
of the parallelized model correspond to the correct solutions.
This property confirms the effectiveness of QAC models even
in degenerate systems.

The open-boundary stacked model also exhibits a wide pa-
rameter region with high success probabilities, indicating that
QAC models are effective even without frustration. However,
for large absolute values of the interaction strength, the suc-
cess probability decreases, which we attribute to energy-scale
effects. Therefore, the alleviation of fine-tuning requirements
by frustration is consistent with our interpretation.

The penalty spin model exhibits qualitatively similar be-
havior. Adding interactions of small absolute magnitude
increases the success probability compared to the unprotected
model; however, the success probability of the penalty spin
model is lower than that of the other QAC models.

Taken together, these results demonstrate that for problems
otherwise hard to solve with quantum annealing, spatial par-
allelization combined with additional interactions provides a
viable strategy. This highlights the potential of QAC mod-
els as near-term algorithms applicable to a wide range of
problems.

APPENDIX G: PROBABILITY OF THE
CLASSICAL MODEL

The classical model facilitates obtaining the optimal so-
lution through decoding. In this section, we discuss the
probabilities associated with the classical model. When the
ground state is nondegenerate, the number ng,. of success
states in the classical model with N spins and K replicas is
given by

K

_ K N _ 1yk—1
nsuc—;<K_k+1)(2 1)
=2NK _ NV — k. (G1)
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FIG. 20. Final success probability as a function of annealing time t for the frustrated ring model with #; = 0. The horizontal axis is
shown on a logarithmic scale. The problem size is N = 61. The number of replicas is K = 15. The black and green lines represent the success
probabilities of the unprotected and classical models, respectively. Each panel shows the results with different interaction strength J,: (a)
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the eye.

Here, each replica is independent in the classical model.

If the success probability of the unprotected model is de-
noted by pU_ ..., the success probability of the classical model
is given by

K
p(s:uccess =1- (l - pISJuCCCSS) . (G2)

The ground-state probability of the classical model is
given by

5= (pY)". (G3)
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