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Measurement-based quantum computation (MBQC) is a framework for quantum information processing in
which a computational task is carried out through one-qubit measurements on a highly entangled resource state.
Due to the indeterminacy of the outcomes of a quantum measurement, the random outcomes of these operations,
if not corrected, yield a variational quantum channel family. Traditionally, this randomness is corrected through
classical processing in order to ensure deterministic unitary computations. Recently, variational measurement-
based quantum computation (VMBQC) has been introduced to exploit this measurement-induced randomness to
gain an advantage in generative modeling. A limitation of this approach is that the corresponding channel model
has twice as many parameters compared with the unitary model, scaling as N x D, where N is the number of
logical qubits (width) and D is the depth of the VMBQC model. This can often make optimization more difficult
and may lead to poorly trainable models. In this paper, we present a restricted VMBQC model that extends
the unitary setting to a channel-based one using only a single additional trainable parameter. We show, both
numerically and algebraically, that this minimal extension is sufficient to generate probability distributions that

cannot be represented by the corresponding unitary model.
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I. INTRODUCTION

Quantum computers are expected to outperform classi-
cal computers for certain classes of problems [1-5]. In the
standard circuit model, quantum computation proceeds deter-
ministically through a sequence of unitary gates, followed by
measurements performed only at the final stage to extract the
output. Measurement-based (or one-way) quantum computa-
tion (MBQC) [6-8] offers a fundamentally different approach
to perform computation. In this paradigm, one first prepares a
highly entangled resource state, e.g., a cluster state [9], and
then computation is carried out entirely via a sequence of
one-qubit measurements on this state.

Since measurement outcomes in MBQC are, in general,
intrinsically random, the computation naturally gives rise to
probabilistic evolution corresponding to a mixed quantum
channel. However, by employing fully adaptive measurement
schemes that correct unintended outcomes at every step,
this randomness can be compensated, effectively reducing
the computation to a deterministic unitary evolution. Recent
works have shown that the view of MBQC as a quantum chan-
nel can be exploited to achieve advantages over both classical
approaches [10] and purely unitary quantum models [11]. In
a related direction, Ref. [12] studies density quantum neural
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networks, randomized mixtures of parametrized unitaries that
effectively implement a quantum channel, and demonstrates
benefits compared with purely unitary models. Another recent
work [13] shows that parametrized instantaneous quantum
polynomial (IQP) circuits with hidden (traced-out) qubits,
effectively forming a quantum channel on the visible qubits,
are universal for generating arbitrary probability distributions
on bit strings. While IQP circuits on N qubits alone are not
universal, it was shown that IQP circuits on 2N + 1 qubits
with N + 1 qubits traced out become universal on the proba-
bility simplex of the remaining N output bits. This illustrates
the effective advantage of channel models over purely unitary
models, as a channel implemented on N qubits can realize
distributions that a unitary model acting only on N qubits
cannot. In particular, Ref. [11] introduces a quantum learning
model based on MBQC embedded in the quantum circuit Born
machines (QCBMs) [14,15] framework, called variational
MBQC (VMBQC), which allows for controllable partial cor-
rection of measurement outcomes by introducing additional
learning parameters that tune the likelihood of correcting the
unintended measurement outcomes. This controlled partial
adaptation of measurement outcomes gives rise to a trainable
quantum channel model that can be shown to outperform its
unitary counterpart (where all measurements are corrected),
given the same (quantum) resources, both analytically and
numerically. The authors demonstrate this advantage in a gen-
erative learning setting [16], where the goal is to learn and
generate new samples from a target probability distribution
given a limited number of training samples.

While the VMBQC-based channel model does not require
additional quantum resources, it does require additional clas-
sical parameters, namely, the correction probabilities, which

Published by the American Physical Society


https://orcid.org/0000-0002-2601-7084
https://orcid.org/0000-0002-9065-1565
https://ror.org/054pv6659
https://crossmark.crossref.org/dialog/?doi=10.1103/5hzz-v77n&domain=pdf&date_stamp=2026-11-09
https://doi.org/10.1103/5hzz-v77n
https://creativecommons.org/licenses/by/4.0/

MAJUMDER, NAUTRUP, AND BRIEGEL

PHYSICAL REVIEW A 114, 052420 (2026)

control the partial adaptation of measurement outcomes.
Given a unitary MBQC implemented on a cluster state of
width N and depth D, the corresponding channel model intro-
duces N x D additional trainable classical parameters, which
gives twice as many as in the unitary model. While increasing
the number of parameters may enhance the expressivity of a
quantum learning model, it can significantly complicate the
classical optimization process [17]. In addition, the random-
ness of measurement outcomes can be interpreted as a form
of noise, which may add to a flat loss landscape [18]. This
motivates the following question:

How many additional classical resources are sufficient to
generate distributions with the VMBQC-based channel mod-
els that cannot be generated by the unitary models?

Here, classical resources refer to the number of additional
trainable parameters introduced to the VMBQC model along
with their gradient estimation overhead. In this paper, we
show both analytically and numerically that introducing just
a single additional trainable parameter is sufficient for the
variational quantum channel model to outperform its purely
unitary counterpart in generative learning tasks.

This paper is structured as follows: In Sec. I A, we
introduce quantum generative modeling and the QCBM
framework, while Sec. II B describes the MBQC framework
and the VMBQC model. Section IIC presents detailed de-
scriptions of all training models used in this work. The results
are presented in Sec. III. We first show algebraically that
there exists a VMBQC channel model with a single additional
trainable parameter whose output distribution cannot be repre-
sented by the corresponding unitary model. Motivated by this
result, we then numerically compare the performance of sev-
eral channel models, each with a single additional parameter,
against the corresponding unitary model.

II. METHODS

This section reviews classical and quantum generative
models (Sec. I A). Section IIB summarizes variational
measurement-based quantum computation from Ref. [11].
Section II C introduces the learning models used in our analy-
sis, and Sec. II D defines the loss and corresponding gradients.

A. Quantum generative modeling

Generative learning refers to a class of unsupervised learn-
ing methods that aim to model the probability distribution
underlying a given dataset (assumed to be the output of some
probabilistic process). Generative models can be broadly
categorized as either explicit, which provide a tractable math-
ematical expression for the distribution they generate, denoted
by g.p), or implicit, in which case they describe only the
stochastic process of sampling from the distribution, i.e.,
X ~ qe@.p [19], with (0, p) being parameters of the learning
model. In this work, we focus on implicit generative models.
The training dataset for a generative model consists of a col-
lection of M independent and identically distributed samples
D = {x1, x2, ..., x)}, where each x; € {0, 1}V is a bit string
of length N, with k € [M] := {1, ..., M}, sampled from some
unknown target distribution Y (x). The goal is to design and
train an implicit model such that its optimal empirical dis-

tribution g+ p+)(x) (defined by its optimal set of parameters
{0*, p*}) approximates Y (x) within some desired accuracy
(see Fig. 1). Note that, in the generative machine-learning
setting considered here, the samples in D are not supplied
individually as inputs to the learning model. Rather, they
are used to characterize the target distribution and evaluate
the training loss. Therefore, no sample-wise classical data
encoding is required. The learning model starts from a fixed
quantum state.

Classical generative models typically rely on neural net-
works with trainable weights to learn a target probability
distribution. In quantum generative modeling, for example,
in quantum circuit Born machines, the neural network is
replaced by a parametrized quantum circuit (PQC). Accord-
ingly, the QCBM framework consists of several components:
(i) a sufficiently expressive PQC composed of parametrized
single-qubit gates and entangling two-qubit gates, (ii) a clas-
sical postprocessing stage in which a cost function and its
corresponding gradients are evaluated using samples gener-
ated by the PQC, and (iii) a feedback loop that iteratively
updates the PQC parameters until convergence is reached.
The QCBM can thus be summarized as follows: First, a
parametrized quantum state |y (0, p)) is prepared by applying
the PQC, with trainable parameters {6, p}, to a fixed initial
state. Measurements performed at the end of the circuit, in
a chosen basis, then generate samples according to the Born
rule g p)(x) = |(x|¥ (0, p))|>. Each execution of the PQC
yields a single sample (bit string x) drawn from the model
distribution g p)(x). By collecting sufficiently many such
samples, one can perform loss optimization using an appropri-
ate loss function (see Fig. 1). A key advantage of QCBMs is
their ability to efficiently generate unbiased samples from the
learned distribution, which is a fundamental requirement for
generative learning. The VMBQC framework introduced in
Ref. [11] provides a natural realization of PQCs by leveraging
a circuit-model representation of MBQC in terms of so-called
Clifford quantum cellular automata (CQCA); see Ref. [20].
The relevant construction is reviewed in Sec. II B.

B. MBQC with probabilistic byproduct correction

The discussion below provides a concise summary of the
framework developed in Refs. [11,20], which serve as the
foundation for the extension introduced in the present work.

In MBQC, one can perform universal quantum computa-
tion using single-qubit measurements on a highly entangled
resource state [7,9]. The most common resource state is the
so-called cluster state, which can be prepared by placing each
qubit in the |+) state on a rectangular lattice and applying
entangling Cz gates between neighbors [Fig. 2 (top)]. We
always assume periodic boundary conditions on the cluster
state, connecting the qubit (1, j) and qubit (N, j) for all
j €11, D]. Computation is carried out by measuring each
qubit at site (i, j); i € [N], j €[l,D] in the cluster state
in the XY plane [21], i.e., measuring the qubit in the basis
|£y)) == 1/4/2(10) & e~ |1)). Here, N is the width of the

cluster and D is its depth. The measurement angles Qij then
determine the effective unitary gate that is applied. The lattice
has a total size of N x (D + 1), where the final column (layer
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FIG. 1. Quantum circuit Born machines with VMBQC. (a) Target distribution Y (x) (usually unknown), from which samples are given,
x ~ Y. In this paper, the target distribution is generated from the VMBQC model itself with a randomly chosen set of parameters {#, p} on the
cluster state with some given width N and depth D. (b) The learning model with width N and depth D is parametrized by measurement angles
0= {Q[j }i.j and a single correction probability p, that is, p := { p{ = p}i,j, for all partially adapted qubits (blue), by which we mean qubits,
on which the measurement outcomes are adapted with probability p. When measured on the last layer, the model produces bit strings from
the underlying distribution [x ~ g, ] according to the Born rule. The maximum mean discrepancy (MMD) loss takes samples from both the
learning model and the target distribution and measures the distance between the two distributions Y and ¢,y and updates the parameters
using the parameter shift rule on a classical computer. The model receives the updated parameters, and this loop continues until the MMD
converges to some minimum value. Once converged, the optimal parameters 8 and p* generate the optimal learned distribution. The entire
learning process can also be implemented using a different learning model (c) where we allow partially uncorrected qubits ( P,] < 1) only on
the first layer of the cluster state (blue), with the same p{ = p < 1 for all of them, and the training procedure remains identical. All other
qubits, in white, have p[ = 1, i.e.,, measurements on those qubits are always corrected. All the models in this study have periodic boundary
conditions, i.e., the first and the last qubits in the cluster state are connected. The qubits in green at the end of the cluster are the output qubits
measured in the computational basis. The samples D = {x, ..., x)/} are used only to evaluate the loss, while the VMBQC model starts from
a fixed quantum state.

with qubits in green in Fig. 2) serves as the output layer and is
typically measured in the computational Z basis.

When measurements are performed in the aforementioned
basis on the cluster state, the postmeasurement state is
projected, with equal probability, onto either |+¢) (44| or
|—¢) (—o|. The +1 measurement outcome directly imple-
ments the intended computation, whereas the —1 outcome
realizes the same computation up to an additional Pauli-Z
operator, since |—y) (—g| = Z |44) (+¢| Z. These Z operators
are referred to as byproduct operators and can be compen-
sated through classical processing and adaptive measurement
updates [11].

MBQC on a cluster state with XY plane measurements is
universal for quantum computation (Ref. [21]) and admits a
well-defined circuit model representation, as established in
Refs. [20,22-24]. As illustrated in Fig. 2 (bottom), each XY
plane measurement on qubit i in layer j corresponds to a sin-

implements the intended Z rotation without any additional
byproduct. A measurement outcome —1 (blue), equivalently
s/ =1, introduces a Pauli-Z; byproduct immediately after

the rotation. Both cases are compactly represented by Zf{
in Fig. 2, where vlj € {0, 1} denotes the binary measurement
outcome. These operations are followed by a fixed Clif-
ford layer T, consisting of nearest-neighbor Cz gates (with
periodic boundary conditions) and Hadamard gates applied
to all qubits (see Fig. 2). Further details can be found in
Refs. [11,20].

The fixed Clifford layer associated with one column of the
periodic cluster state is

N-1
T, .= H®N(H CZi,i-H)CZN,h (D

i=1

along with the rotation convention

gle qubit Z-rotation, Rz(9,-j ) = e~%% /2, in the circuit model. , _
R.(0/) :=exp (—i6/Z;/2). 2)

A measurement outcome +1 (white), equivalently s{ =0,
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FIG. 2. C-QCA-based circuit translation of an MBQC on a clus-
ter state. An MBQC on the cluster state (top) with width N = 5 and
depth D = 3 can be understood in the circuit picture (bottom) where
XY plane measurements become Z rotations in the circuit, inter-
leaved with Clifford blocks 7. The fourth column (top), with output
qubits (green), is measured in the computational Z basis. An unin-
tended measurement outcome, e.g., when the (i, j) = (3, 1) qubit
(blue) in the cluster state is measured in the e~ %/2 |—) (—| ¢®1%/2
basis, yields the outcome —1, resulting in an equivalent byproduct

]» on qubit i of layer j

Y/ . . . . . . . .
operator Z;' appearing in the circuit. The qubits in white yield a +1
outcome. All models have periodic boundary conditions, i.e., the first
(top) and last (bottom) qubits are connected with a CZ gate.

As detailed in Ref. [20], the (universal) family of unitaries,
parametrized by @ = {6/}, ;, that is implementable by the cir-
cuit in Fig. 2 (bottom, assuming no byproducts) is given by

T. ] exp(-i6jz/2)|. 3

which is referred to as the Clifford quantum cellular automata
(CQCA) in Ref. [20]. Equation (3) can be directly put into
correspondence with the circuit in Fig. 2 (without any Z
byproduct).

In this way, MBQC on a cluster state naturally gives rise
to a PQC ansatz for variational quantum algorithms (VQAs)
[25], as formalized in Eq. (3) (see also Ref. [20]).

An expression similar to Eq. (3), but including byproducts
[see Fig. 2 (bottom-blue)] is (see Ref. [11])

U8.5)= []

where s € {0, 1}¥*P is an N x D matrix with binary elements
s] € {0, 1}, representing the measurement outcomes at differ-
ent sites (i € [N], j € [D]). It controls the presence (s-l.’ =1
or absence (s = 0) of a byproduct operator on qubit i at layer
j as Zis"/ (see Fig. 2).

Besides using CQCA as the parametrized quantum circuit
ansatz for the QCBM (Fig. 1), another key element in the
model is the controlled use of these byproducts of U, in
Eq. (4). In the context of generative modeling, the authors
of Ref. [11] showed that introducing controlled randomness
in the VMBQC model can aid distribution learning. In this
approach, instead of correcting byproducts every time during
the computation, they assign trainable correction probabilities
p] for every qubit i at layer j to partially correct those byprod-
ucts. To describe the model with these additional trainable
correction probabilities, they introduce additional implicit
parameters c{ € {0, 1} for all qubits (i, j) € [N] x [D] that
decide whether to correct (C'l-i = 1) a specific byproduct at
position (i, j) or not (¢; = 0). The ¢/ can then be sampled
with probability p! as

7. ] (zl:‘{)exp (—i6/z:/2) |, @

o= 0 with probability 1 — pl’ 5)
“ |1 with probability p!

where p{ is a trainable correction probability.

To incorporate the trainable correction probabilities into
the model, the authors in Ref. [11] replace the measurement
outcomes s{ with an adaptive correction scheme Ef =(-
c{ )s{ that depends on the controllable parameters c{ . When we
do not correct a byproduct (clj = 0, with probability 1 — p{ ),
the probability of a —1 outcome (|—) state) is p(sf =1)=
Therefore, from the law of total probability, we can write

Pl =1)=3(1- 7)),
P =0)=3(1+7)). (©)

1
3

Given the set of trainable correction probabilities p =
{p!}i,j, and Eq. (4), variational MBQC gives rise to a family
of quantum channels as follows:

EO.plpl= Y pEUB,5pUL 6,5, ()

5€{0, 1}V xD

where p(3) = ]_[i’j p(E{) = I_L;j(w)’ with § being an
N x D binary matrix with entries El’ € {0, 1}, and P,] is the
trainable correction probability for the qubit at the (7, j) loca-
tion.

In MBQC, measurement-induced byproducts can be prop-
agated through the cluster state by repeatedly applying the

stabilizer relations (see Fig. 3, top, with one byproduct Z‘;;),
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Consider a byproduct Z3S3 on qubit 3 at position (3, 1). Propagat-
ing this through the cluster state via repeated stabilizer relations
generates X;; byproducts on qubits i within the forward light-
cone (green), which flips (if s} =1) the measurement angles
of the qubits. For instance, the angle 62 at position (3,2) is
transformed to (—1)362, following X;*R,(62) |£) (| RI (62)X.) =
R.[(—1)%62]|£) (£ RI[(—1)*63] up to a global phase. After prop-
agating through all layers in the cluster, the byproducts accumulate
at the final layer (before computational measurements), forming a
Pauli string of X* and Z° byproducts that depend on outcomes s.
(Bottom) Equivalent circuit representation of byproduct propaga-
tion via repeated Clifford circuits 72~/ (D =3, j € [D]) for a

byproduct Zis ' , i €[N]. In both representations, the accumulated
byproducts at the end of the computation form a Pauli string and the
additional Pp(§) layer removes this Pauli string (Clifford part) from
the computation and leaves the non-Clifford effect of the byproducts
in the intermediate-angle flips.

which can be understood by Eq. (1) in Ref. [11]. In the equiva-
lent circuit representation, this corresponds to commuting the

Pauli—Zf’{ byproducts to the end of the circuit through all the
following Clifford circuits TP (for a total depth of D),
which induces sign flips of the intermediate rotation angles
along the way (Fig. 3, bottom, with D = 3). Once the byprod-
ucts reach the end of the circuit, they combine into a single
Pauli string (e.g.. P = X ® 2 @ X' ® Z)' ® X" in Fig. 3).
The Ppy1(§) layer in Fig. 3 (bottom) corresponds to this Pauli
byproduct operator P, as it depends on the measurement out-
come §, and is responsible for removing the accumulated Pauli
string P. In Ref. [11], this process is described in more detail,
and it serves the purpose of removing the (trivial) Clifford
part of the byproducts (P) while retaining the (nontrivial)
non-Clifford effect of the byproducts. This non-Clifford effect
of the byproducts influences qubits within a specific forward
light cone (green in Fig. 3) by inducing sign flips of the
corresponding rotation angles [as X°R.(0) = R,[(—1)*0]1X].

This results in unitary evolution:

Ucw,s):PDH(s)[ I1 (T 1 @)
1 i=

j=D....,
x exp (—i6/Z; /2))]. (8)

Similar to Eq. (7), combining the learnable probabilities
p = {p!};; with the above unitary evolution defines a family
of quantum channels:

EO.plpl= ) p®U0.500]0.5), (9

§€{0,1}VxP

where pG8) = [T, ; p@3)), and p(3)) is given by Eq. (6). For
further details, see Refs. [11,20].

The discussion in this section is intended to summa-
rize the MBQC-to-circuit correspondence and the role of
measurement-induced byproducts needed for the present anal-
ysis. Detailed derivations of the circuit equivalence, byproduct
propagation, and adaptive correction rules can be found in
Refs. [11,20]. The results developed in the following sec-
tions build on this framework by restricting the correction
structure and analyzing the resulting learning performance.

C. Learning models

In this section, we introduce several simpler variants of the
VMBQC model [Eq. (7)]. Specifically, we consider models
with only one correction probability p := { p{ = p}; ; for dif-
ferent qubits (7, j) in the cluster state. In contrast, in the model
from Ref. [11], each qubit is assigned a different individually
adjustable correction probability. We present four different
variants of this kind, depicted in Fig. 4.

For the model corresponding to Fig. 4(a), one can rewrite
Eq. (7) as

EXN@, p)lp]

= Z H (#)Uc(e,ﬁ)wj(o,s). (10

§€{0,1}VxD je[D]
ie[N]

In Eq. (10), all qubits at positions (i, j) for i € [N], j €
[D] have the same correction probability p. The quantity
5/ € {0, 1}, appearing in the exponent, is a binary-valued entry
of the matrix § € {0, 1}V*P for all i € [N], j € [D], which
specifies whether a byproduct is present (37 = 1) at position
(i, j) or absent (3] = 0) at position (i, j).

To define the model in Fig. 4(b), we consider the matrix
§B = {(sHiZ) 7 € {0, VP | 5] = 0if j # 1}, whichis a
subset of {0, 1}¥*P. Each element§ € §® is an N x D matrix
whose first N elements are binary numbers, referring only
to the qubits (blue) in the first layer j = 1 of the model in
Fig. 4(b). The rest of the elements of § € {0, 1}¥*P are zero,
implying the absence of byproducts from other qubits outside
the first layer, as those qubits (i € [1, N] :={1,...,N}, j €
[2, D] := {2, ..., D}) are always corrected [white qubits in
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Qubits in a horizontal line
with same p € [0,1)

FIG. 4. VMBQC models with one correction probability. We consider four variants of the VMBQC model in a restricted setting, where
the number of trainable correction probabilities is limited to a single parameter, i.e., p := {p'i" = p}ij- (@) Channel model £ corresponding
to Eq. (10) where measurement outcomes of all qubits (blue) are partially adapted and all are sharing the same correction probability p < 1.
(b) Channel model £® corresponding to Eq. (11) where partially corrected qubits are restricted only to the first layer (blue), each with the
same correction probability p < 1, while all remaining qubits (white), when measured, are always fully corrected (p = 1). (c) Channel model
&Y corresponding to Eq. (12) where exactly one partially adapted qubit appears in each layer (blue), repeated across all layers (chosen as the
central qubit). (d) Channel model £® corresponding to Eq. (13) has only a single qubit, depicted in blue, whose measurement outcome is
partially adapted with p < 1. All the models considered above have periodic boundary conditions, and the qubits in green are the output qubits

measured in the computational basis.

Fig. 4(b)] in this case:
EP, p)lp]

=2 [1r6)

) Uc(8,3)pU; (8, 3)

5e8® je[D]
i€[N]
=3 T1r6) T r@=0)v0.50U 0.5
55w ielN] jelbhy T
=) (1‘[,, )Ucw, 5)pU/®.5)
5e8®)
N ﬁll
= (]‘[ w) U.0.5)pU 0,5, (1)
5e8§® \ i=1 2

where we have used the rule that qubits located at (i, j) fori €
[N], jel[D]I\{1}:={2,...,D} are always corrected, i.e.,
p(3/ = 0) = 1 for these qubits [Fig. 4(b)].

For the model in Fig. 4(c) we similarly define 3O .=
{(s]) ,,......,'N e {0, 1}V*P | s/ =0if i #q forall je[D]} C
{0, 1}V*P where any § € S(C) is an N x D matrix with D
binary elements. Each sé € {0, 1} corresponds to the qubit at
location i = ¢ in each layer j € [D] of the model, and the rest
of the (N — 1) x D elements are zero, corresponding to the
(white) qubits that are always corrected. Thus, we can write

EL, p)ip]

=2 [1nl

§e8©) jelD]
ie[N]

D 5
1 (#)w(as)pw(ﬁx (12)

550 j=1

) Ue(6,5)pU, (8, %)

where we have used p(5) = 0) = 1 fori € [N]\ {¢}, j € [D],
i.e., for qubits that are always corrected (Fig. 4(c)). As de-
picted in the figure, in this model, we choose the position
(i=q =4) for a partially adapted qubit in each layer and
repeat the same procedure for all layers j € [D].

And lastly, for the Fig. 4(d) model, we consider
3P = {GHE e 0. VP sl=0 if (L)) #
(g, D} c {0, I}NXD. Each § € 3 is a matrix with only
one binary element that corresponds to a qubit located at
index (i, j) = (gq,l) = (4, 1), while all other elements are
Zero.

Thus, the model can be expressed as

EP@, p)lp]

=2 [Inl

§e8® je[D]
i€[N]

14 (=1)%
5 (— ’

§eS®

_ (=2 v.05 f0,5
== (0,5¢.0)pU. (0,51

) Ue(8,3)pU/ (8, 5)

)Uc(o,swj(a, %)

N (“2”’>U(9 S=0)pU 0.5=0),  (13)

where we used p(3/ =0)=1 V ()€ (N]x[DD\
{(g, 1)}, as the rest of the qubits in the cluster except the one at
the (g, I) position are always corrected [see Fig. 4(d)]. Here,
$(.1) € {0, 1}¥*P is a matrix whose (g, [)th element is 1, while
all other elements are zero, and § = 0 is an N X D matrix with
all elements equal to zero.

Notice that in all the models shown in Fig. 4, there is
only one trainable correction probability p that allows for
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different channel models shown in Egs. (10)—(13). In Sec. I1I,
we perform our numerical analysis using these models.

Throughout this paper, we describe all the models us-
ing the cluster-state MBQC representation, as it provides a
transparent picture of measurement adaptivity and byproduct
propagation. We note that this representation is in one-to-
one correspondence with the equivalent CQCA-based circuit
description (see Fig. 2), and both viewpoints are used inter-
changeably in the analysis of this paper.

D. Loss and gradient

For training, we employ the maximum mean discrepancy
(MMD) [26] as an implicit loss function, defined below:

L@, p)= E [K(x, )] —2 IE [K(x »l
~d y 5
+ IEy[K(x,y)]- (14)
y~Y

Here, the gy, ) represents the output distribution of the train-
ing model with the set of parameters {6, p} (see Fig. 1), and
Y (x) is some target distribution. The K(x, y) in Eq. (14) is
referred to as the kernel function that quantifies the similarity
between samples x and y.

The MMD loss function is particularly suitable for implicit
quantum generative models like VMBQC, whereas Kullback—
Leibler (KL) divergence requires access to explicit probability
densities and can become ill-defined when the model assigns
zero probability to target events. Moreover, Ref. [27] shows
that MMD can avoid the trainability problems associated with
explicit losses such as KL divergence, provided that an appro-
priate kernel is chosen.

To train the QCBM, the parameters of the VMBQC model
are updated iteratively by computing the gradients of the
loss function with respect to the variational angles 6] and

correction probabilities P,/ ,ie., 25 and 25 respectively. Ref-

aaf ap, ’ ’
erences [11,14] provide more details on how to compute these
gradients analytically. The corresponding expression is also
provided in Appendix A. However, in our training models, we

have only one variational parameter p shared across different

qubits, and thus one can find the gradient of the loss ‘?f using
the chain rule
NxD
aL(8,
=y e as)
Py 8pl p:={p.....r}»)

From Eq (15) we observe that the analytlcal gradlent
(i, j), which does not speed up the gradlent estimation even
though it is evaluated at a point determined by the single pa-
rameter p. However, one can use the finite difference method
to estimate the gradient, which requires only one step,

%_ LO,p+e)—L(O,p—¢)

2
0 e + 0(e), (16)

where p + € = {p{ = (p+xe)}, for e >0 and O(€?) con-
tains the terms of order €? in the Taylor expansion of
L6, p+e).

While Eq. (15) provides the exact gradient of the loss
function, it scales poorly with system size. For larger sys-
tems, Eq. (16) is therefore preferred, despite being only an
approximation of Eq. (15). These gradients are estimated us-
ing samples generated by the training and target models. One
could also use batch or minibatch updates that can reduce
the statistical variance of the loss and gradient estimates by
averaging over multiple data samples and circuit shots before
updating the parameters. This may stabilize optimization, in-
cluding the finite-difference gradient estimator in Eq. (16).

III. RESULTS

In this section, we analyze the expressive power of the
single-parameter VMBQC models introduced in Sec. IIC.
We begin by revisiting Theorem 1 of Ref. [11] from the
perspective of the present work. In particular, we highlight
how this result implies that an advantage of the channel-based
model over its unitary counterpart can already be achieved by
introducing a single additional trainable parameter.

Observation 1. Let N be the number of qubits, D be
the depth of the model, 8 := {6/16/ € [0, 277)}iciv1.jerp) be
the set of trainable rotation angles, and p:={p/ =p | p€
[0, 1)}icrn, j=tp1 be the set of trainable correction probabili-
ties. Then there exists a tuple (N,D,f, p) for which the set
of probability distributions Qg (N, D, 0, p) generated by the
&. model [in Eq. (11) and Fig. 4(a)] is strictly larger than the
set of distributions Qy, (N, D, 0) generated by the pure unitary
model.

This observation is a special case of the result presented in
Theorem 1 of Ref. [11], specialized to the model depicted in
Fig. 4(b). The proof follows the same reasoning. In Ref. [11],
the authors validate the Observation 1 for the VMBQC model
with width N = 3, depth D = 1, and for a specific choice of
parameters 6§ = {9,.'},-5[1,3] and p = {p, 2}15[1 31. This alge-
braic result motivates the following numerical investigation
into the advantages of the restricted VMBQC model.

In Sec. Il A, we numerically investigate the performance
of the variational quantum channel models in Egs. (10)-(13)
with only a single trainable correction probability by compar-
ing with a fully deterministic (unitary) model given by Eq. (3).

In Sec. IIIC, we further examine the effect of a single
partially corrected qubit [Fig. 4(d)] on the resulting output dis-
tribution of the model. We then extend this analysis to a model
with two partially corrected qubits sharing a single correction
probability. For this purpose, we focus on the channel model
£.(0, p) defined in Eq. (9).

A. Learning quantum channel distributions
1. Training process

First, we generate a dataset with samples drawn from
the output distribution of the target model (described in
Sec. IIT A 2), with randomly initialized parameters, and then
train different learning models (described in Sec. III A 3) to
learn this target distribution via samples using the MMD loss
in Eq. (14). All learning models are trained for a fixed number
of epochs with identical hyperparameters (width and depth
of the cluster state), and results are averaged over multiple
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FIG. 5. Learning performances of VMBQC models. Four families of channel models, defined in Egs. (10)—(13), together with the unitary

model in Eq. (3), are trained to approximate a target distribution generated by the channel £.(6,, p,) in Eq. (7). (Top row) The target model has
width N = 7, depth D = 6, and generates target samples x ~ Y, ,,)(x) according to the Born rule (in blue box). The parameters 6, = {9,7 €
[0,2m)} and p, = { p{ € [0.9, 1)} are drawn independently and uniformly from their specified ranges. (a)—(d) Learning performance of the
unitary model U, (yellow) compared with the channel models E?Y, £®), £©) and £P) (blue), all with N = 7 and D = 5. The qubits (green)
in the last layer D = 6 (Bottom row) correspond to the output qubits. Curves show the mean MMD loss over 200 epochs, averaged across 10
random initializations; shaded regions indicate standard deviations. (Bottom row) Corresponding channel-based training models, each with a
single trainable correction probability p, as specified in Egs. (10)—(13). The depicted values of p in the figure are not the optimal values found

in our experiments but randomly chosen for illustration. The input to all the learning models is a fixed quantum state |+)®V.

random initializations, as shown in Figs. 5(a)-5(d). More
training details are provided in Appendix B 1.

2. Target model

We randomly select an instantiation of the channel model
Ec(0;, p,), defined in Eq. (7) with 6 = 6; and p = p,, as
the target. In particular, for Fig. 5, we choose N =7 and
D = 6 for the target model. The target is initialized with
measurement angles 6; := {6’/ € [0, 2m)};; and correction
probabilities p, := {p] € [0.9, 1)}, ;, both drawn uniformly at
random. Note that, in this model, each qubit is assigned its
own independent correction probability. The resulting output
distribution generated by the target model £.(0;, p,) serves as
the target distribution for the various learning models defined
in Egs. (3) and (10)—(13).

3. Learning models

The VMBQC learning models considered in this work
include a purely unitary model [Eq. (3)] and four families of
channel models defined in Egs. (10)—(13) [Figs. 4(a)-4(d)],
which differ only in the placement of the partially uncorrected

qubits on the cluster. We numerically compare the learning
performances of these channel models with that of the unitary
model U,(#). All channel and unitary models share the same
width N =7 and depth D = 5.

4. Analysis

In Figs. 5(a)-5(d), we present the averaged learning curves
comparing four families of channel models with the purely
unitary model. In all cases, the models are trained to learn
the same target distribution generated by another channel
model defined in Eq. (7). Across all panels, a significant
separation is observed between the final losses achieved by
the unitary model U, (in yellow) and those achieved by the
corresponding channel models 4, £B), £©) and £P) (all
in blue). This consistent performance gap shows that channel-
based VMBQC models achieve better learning performance
on channel-based target distributions than the unitary VM-
BQC model, even with only a single additional trainable
parameter.

To assess the performance retained by the re-
stricted parametrization, we additionally compare the

052420-8



MINIMIZING CLASSICAL RESOURCES IN ...

PHYSICAL REVIEW A 114, 052420 (2026)

1072 )
el
% .
A
ks — &
1073
3

FIG. 6. Comparison with the full-VMBQC model. The unitary
model U,, the single-parameter VMBQC model £, and the full-
VMBQC model £® with N x D independently trainable correction
probabilities are trained on the same target distribution using the
same training protocol as in Fig. 5. The upper panel shows the mean
MMD loss over 200 epochs, averaged over 10 random initializations,
while the shaded regions indicate one standard deviation. The lower
panel illustrates the independently trainable correction probabilities
p{ of the full model across the measured cluster-state qubits. The
output qubits are shown in green. The depicted values of p{ in the
lower panel of the figure are not the optimal values found in our
experiments but randomly chosen for illustration.

single-parameter model £ with the full-VMBQC model
containing (N x D) independently trainable correction
probabilities from Ref. [11]. The results are presented in
Sec. III B, where all models are trained on the same target
distribution and under the same training protocol.

B. Comparison with the full-VMBQC model

We compare the unitary model U,, the single-parameter
model EéA), and the full-VMBQC channel model, denoted by
E®, with independent correction probabilities p! for every
measured qubit i in layer j as defined in Eq. (10) of Ref. [11].
All models use the same circuit depth, target distribution,
optimizer, and sampling budget as in Fig. 5. Note that the
full-VMBQC channel model £®), from Ref. [11], belongs to
the same family of models as the higher-depth target channel
model in Fig. 5 that generates the target samples. As shown
in Fig. 6, the single-parameter model achieves a loss com-
parable to that of the full model for the target considered,
indicating that much of the observed learning performance

can be retained despite the substantial reduction in correction-
probability parameters. This result suggests that, for certain
target distributions, the single-parameter channel model is
as expressive as the full-VMBQC model in Ref. [11]. This
does not imply, however, that the single-parameter model can
always perform as well as the full-VMBQC model.

Furthermore, the more spatially restricted single-parameter
models converge more slowly and attain higher losses while
learning the same target distribution, as shown in Figs. 5(b)—
5(d). Thus, parameter sharing can also reduce learning
performance depending on the correction pattern. This com-
parison is numerical and does not imply equivalence between
the two model families.

We note that this comparison also focuses on target correc-
tion probabilities p, := {p! € [0.9, 1)}, ;, close to the unitary
limit. The behavior of the single-parameter model further
away from this regime is not systematically studied in this
work.

C. Effect of byproducts on the learning performance

So far, we have numerically demonstrated the advantage of
using channel-based models with a single correction proba-
bility p over unitary models. However, it remains unclear in
what way this advantage is connected to the position of the
byproduct in the cluster. To further analyze and understand the
demonstrated advantage, we consider the model in Fig. 4(d)
and compare the advantage between different positions of the
byproduct in the two-dimensional (2D) grid. As the model
in Fig. 4(b) contains byproducts in the same time slice, and
which are therefore commuting, we can also expect the anal-
ysis to carry over to this case. To highlight the role of a
single byproduct, we therefore isolate its effect by considering
VMBQC channel models with exactly one partially adapted
qubit [see Fig. 4(d)] and analyze how the resulting localized
measurement-induced byproduct influences the output distri-
bution depending on its position in the cluster state.

Here we choose the learning model to be the unitary model
U, [Eq. (3)], and assess its ability to learn different target mod-
els that are based on the channel model in Eq. (17) with one
byproduct at a specific position in the cluster. For each target,
the unitary learning model is trained with 10 random instanti-
ations using the MMD loss, and performance is summarized
by recording the minimum MMD loss attained by each model
instantiation over all training epochs. The resulting distribu-
tions of these minimum losses (shown on the y axis) across
different targets (shown on the x axis) are presented in Figs. 7
and 8 using box plots.

For the following analysis of the results, we mainly focus
on the lower whisker endpoint (LWE) (bottom horizontal line)
of each distribution, which represents the minimum nonoutlier
MMD loss within that distribution and thus the best observed
performance across 10 learning models, for each target. Fur-
thermore, we refer to each distribution using the color of the
box. Further training details are provided in Appendix B 2.

1. Model with one byproduct

We now demonstrate the effect of a single byproduct,
arising from one partially adapted qubit, on both the output
distribution of the VMBQC channel model and the learning
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FIG. 7. Effect of a single byproduct. Here we examine how well the unitary model U, can learn the channel model (‘:‘((,D) (6, p) when only
the measurement outcome of a single qubit is probabilistically adapted [see Eq. (17)]. The x axis labels the different target models, while
the y axis reports the distribution of minimum MMD losses achieved by 10 independently initialized unitary learning models U, over 200
epochs. (a) The target distribution is generated by a unitary model with measurement angles 6 = {Gij € [0, 1)};,; drawn uniformly at random.
A unitary model is then trained to approximate this distribution. (Top, leftmost) The distribution of minimum MMD losses is shown by the
box labeled by U, on the x axis, with a single outlier indicated in white. (b) A single partially uncorrected qubit (in blue with pf] =0.135)
is introduced while keeping @ unchanged to generate a target distribution. (Top, second from left) The corresponding MMD distribution is
shown with the 5K§D)(l = 1) labeled box. (c) The same rotation angles are used, while the partially uncorrected qubit is moved to (/, ¢) = (2, 4)
with the same pil as in panel (b), yielding the MMD distribution shown by the €~C(D )(I = 2) labeled box. (d) Moving the partially uncorrected
qubit to (/, g) = (3, 4) while keeping the rest the same as in panels (a)—(c). (Top, rightmost) The resulting MMD distribution is shown by the

ED(I = 3) labeled box, with an outlier in white.

performance of a purely unitary model. Specifically, we use
the channel model &.(6, p) defined in Eq. (9) as the tar-
get. This model distills the non-Clifford contributions of the
byproduct by adding a byproduct-dependent Pauli operator
Pp1(§) that adjusts the final readout basis at the end of the
circuit (see Fig. 3). Selecting a specific qubit, characterized
by a layer index / and a qubit index ¢, allows Eq. (9) to be
decomposed like Eq. (13) as follows:

- 1 — - -
dmmpmﬂ=(7fﬁwwj@mmﬁ@ﬂw»

1 ~

=0)p0/ (6,5 =0), (17)

where §(,;) € {0, 1}V*P is a matrix whose (g, /)th element is
1, while all other elements are zero. Note that, in Eq. (17),
U.(0,5 =0) = U.(0), i.e., the pure unitary evolution without
any byproduct [Eq. (3)]. With this setup, we perform a series
of simulations in which the unitary model U,, in Eq. (3), is

trained to approximate different target distributions generated
by various target models, as shown along the x axis in Fig. 7.
Throughout these simulations, all models, both target and
learning, have the same width N = 7 and depth D = 4.

We begin with a unitary model U, [Fig. 7(a) with p =
1] that generates a target distribution for some 6 = {91.] €
[0, 11};,; chosen uniformly at random for all qubits. Since
the learning model is also unitary, it is, in principle, capa-
ble of learning the target distribution accurately, as reflected
by the MMD distribution in the leftmost (U, labeled on the
x axis) box (Fig. 7). However, one training instance con-
verges to a suboptimal local minimum due to the inherent
variability in random initialization. Despite this outlier (de-
picted by a white dot), the key observation from the plot is
the minimum loss achieved by the unitary model, demon-
strating that, with a suitable parameter initialization, U, can
reach the optimal loss and faithfully reproduce the target
distribution.

In Fig. 7(b), for the £P)(, p) model, we fix the mea-
surement angles 6 to those of the U, target in Fig. 7(a), and
introduce a single partially corrected qubit (in blue) with a
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FIG. 8. Effect of two byproducts. Here we examine how well the unitary model U, can learn the channel model &.(6, p) with two partially
uncorrected qubits whose measurement outcomes are probabilistically adapted. The x axis labels the different target models, while the y axis
reports the distribution of minimum MMD losses achieved by 10 independent randomly initialized unitary models U, over 200 epochs. (a) The
target distribution is generated from the unitary model itself with § = {9[_/' € [0, 1)};,; drawn uniformly randomly. (Top, leftmost) The resulting
minimum MMD distribution is shown with the box labeled by U, on the x axis. (b) We choose two uncorrected qubits (in blue) for some fixed
py = pt = 0.1 for both of them, keeping the 6 the same as earlier. (Top, second from left) The minimum MMD losses, for the corresponding
output distribution, are shown using the &£.(I = 1) labeled box. (c) The uncorrected qubits are moved to [ = 2, g = 3, 5, with the same pf] and
0 as before. (Top, third from left) The corresponding MMD distribution, for this target model, is shown by the &.(I = 2) labeled box. (d) The
uncorrected qubits are placed in layer = 3, and the resulting MMD distribution is shown with the corresponding box labeled &,.(I = 3).

fixed correction probability pfl =0.135 (here, [ = 1, g = 4).
This induces a probabilistic byproduct whose forward propa-
gation leads to intermediate angle flips (dark purple) within its
light cone (shown in purple gradient, see also Fig. 3). Learning
the resulting distribution using unitary models U,.(#), each
initialized with different random parameters, yields the MMD
loss distribution shown in Fig. 7 [second from left, £ C(D (1=1)
labeled box on x axis], where the LWE is higher compared
with the fully unitary target [Fig. 7(a)]. It indicates that even a
single probabilistic byproduct makes the channel distribution
harder to learn for the unitary model. The effect is most
pronounced for low correction probabilities, typically for pfl €
[0.1,0.2].

In Fig. 7(c), we retain the same measurement angles from
Fig. 7(a) and move the partially adapted qubit to the next
layer, I = 2, g = 4. As a result, the LWE of the correspond-
ing channel distribution [Fig. 7, third from left, 5~§D)(l =2)
labeled box] decreases relative to Fig. 7(b) but remains higher
than the fully unitary case [Fig. 7(a)]. Shifting the uncorrected
qubit reduces the byproduct light cone size (purple gradient),
leading to a smaller non-Clifford effect of the byproducts
(dark purple) and a smaller impact on the output distribution.

In Fig. 7(d), we maintain the same setup and move the
partially uncorrected qubit to / = 3, g = 4. In this configu-
ration, all the unitary learning models reach a very low MMD
loss [Fig. 7, rightmost, gc(D )(I = 3) labeled box], with a single
outlier due to poor initialization. This illustrates that, while
a single probabilistic byproduct can make the output distri-
bution of the channel model harder to learn for the unitary
model, its impact depends strongly on its position. Notably,
placing the uncorrected qubit in the final layer (I = 4) has no
effect, as no further angle flips occur and the output remains
effectively unitary.

2. Model with two byproducts

In this section, we extend the previous analysis with
byproducts at two different positions but with the same correc-
tion probability and their impact on the output distribution of
the £.(0, p) model. Similar to Sec. III C 1, we conduct a series
of simulations with four different target models [Figs. 8(a)—
8(d)], and the results follow a trend similar to that in Fig. 7. All
target models and the unitary learning model have the same
width N =7 and depth D = 4, with the last layer being the
measurement layer.
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We start again with a unitary target model U, [Fig. 8(a)],
which defines a target distribution using measurement angles
0 = {0/ € [0, 1]}; ; drawn uniformly at random (distinct from
those in Sec. III C 1). Since the learning model is also unitary,
it successfully reproduces the target distribution, as indicated
by the low MMD losses (leftmost, U, labeled box on x axis).

In Fig. 8(b), we keep the same measurement angles 6
used in Fig. 8(a) and introduce two partially uncorrected
qubits (highlighted in blue) that share a single fixed correc-
tion probability p} = pl = 0.1. The corresponding byproduct
light cones (green and purple gradients) overlap, leading to
angle flips (shown in dark purple) within their combined re-
gion. Training the unitary models, with random initializations,
on the resulting target distribution yields a distribution of
minimum MMD losses, shown in Fig. 8 (second from left,
E.(I = 1) labeled box on x axis). As expected, the LWE of
the MMD loss distribution increases compared with the purely
unitary target, with the effect being most pronounced for small
values of pfl, typically within [0.1, 0.2].

In Fig. 8(c), both partially adapted qubits are shifted to
the next layer (I = 2 with ¢ = 3, 5), while keeping the same
measurement angles 6 as earlier. The distribution of MMD
[Fig. 8, third from left, E.(1 = 2) labeled box] shows that
the LWE decreases relative to Fig. 8(b) but remains higher
than the pure unitary case [Fig. 8(a)]. The placement of the
byproducts shrinks the combined light cone (green and purple
gradients) compared with Fig. 8(b), resulting in a smaller
non-Clifford effect of the byproducts (shown in dark purple)
and lower loss (LWE) than Fig. 8(b).

Lastly, in Fig. 8(d), the partially uncorrected qubits are
placed at layer / = 3 while the rest remain the same as earlier.
The corresponding distribution of the MMD losses is shown
using the rightmost [fc(l = 3) labeled] box in Fig. 7. How-
ever, notice that the LWE remains higher than that of the fully
unitary target [Fig. 8(a)].

In this section, we have been able to partially attribute
the learning advantage demonstrated in the previous sec-
tion (Sec. IIT A) to the position of the byproducts in the cluster.
The results in Secs. IIIC 1 and IIIC2 highlight that, while
randomness in the form of probabilistically adapted qubits can
influence the output distribution, its impact depends strongly
on their position in the cluster state.

Since the models considered in Secs. IIIC1 and IIIC2,
as well as the other models used in the numerical analy-
sis, are translationally invariant and use periodic boundary
conditions, the absolute position of a measurement-induced
byproduct within a given layer has the same light-cone effect
on the rest of the qubits in the cluster state as shown in
Fig. 7. Therefore, the position of the byproduct does not affect
the output distribution significantly. The relevant quantity is
instead its distance from the final readout layer. In Figs. 7
and 8, we observe that larger distances generally influence the
output distributions more significantly.

IV. CONCLUSION AND OUTLOOK

In this work, we investigated the variational measurement-
based quantum computation (VMBQC) framework for gener-
ative modeling introduced in Ref. [11]. VMBQC leverages the
intrinsic indeterminacy of measurement outcomes in MBQC

to realize quantum channels as learning models. Specifically,
Ref. [11] introduced independent trainable parameters for
each qubit in the MBQC that govern whether random mea-
surement outcomes in MBQC are corrected. In contrast, the
present work reduces these additional classical resources,
namely, the trainable correction probabilities, to a single
shared parameter while preserving an expressive advantage
over the corresponding purely unitary model. This setting
substantially reduces the sampling overhead associated with
gradient estimation, since only one additional parameter must
be differentiated, compared with the full-VMBQC channel
model of Ref. [11], which requires estimating gradients with
respect to N x D additional parameters, where N is the height
of the cluster state and D is its depth.

We demonstrate the effectiveness of our simplified chan-
nel VMBQC approach, both algebraically and numerically,
through various learning tasks, benchmarking it against purely
unitary models. Our results show that channel-based models,
even when endowed with only a single trainable correction
probability, can generate output distributions that cannot be
learned, up to a desired accuracy, by the corresponding uni-
tary models. Importantly, these numerical results are robust:
the qualitative behavior and conclusions remain unchanged
under different random choices of (target) model parameters
within the same range, indicating that the observed advan-
tage is not an artifact of specific instances but reflects an
intrinsic property of the model class. For the benchmark
considered, the single-parameter model retains much of the
task-relevant expressive capability of the full-VMBQC model
and achieves comparable learning performance. However, we
do not establish a general quantitative characterization of how
much expressive power is retained by the restricted VM-
BQC channel model family compared with the model family
with independent correction probabilities as introduced in
Ref. [11], across arbitrary target distributions.

We also point out that the success of these learning models
might depend on the underlying target distribution. Fur-
thermore, properly chosen hyperparameters, particularly the
choice and initialization of the shared correction probability,
can affect the performance of the model. Most importantly,
the benefit of introducing such measurement-induced clas-
sical randomness is expected to be most pronounced in the
shallow-circuit regime, since sufficiently deep unitary models
may already access a much larger portion of the relevant state
space.

Moreover, we show that the placement of the random
byproducts plays a critical role in determining their impact
on the output distribution. By strategically selecting which
qubits retain byproducts, one can utilize the channel character-
istics of the VMBQC model while keeping the circuit width
and depth fixed and the classical control resources minimal.
Together, these results provide concrete design principles for
quantum generative models that exploit measurement-induced
randomness with very few classical control resources within
the MBQC framework.
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APPENDIX A: GRADIENTS OF LOSS FUNCTION

For training purposes, we require calculating the gradient
of the loss function in Eq. (14). The resulting gradient with
respect to a variational measurement angle 6/ (see Ref. [14])
of the VMBQC model is

oL
— = E [K&yl— E [K(x )]
891’ X4+ p) X4 0-p)
y~qp y~qp
- E [Key)l+ E K@yl (AD
x”qw; ) w; )
Y~ y~

Here, g+ ,) and g - , are the output distributions of the
VMBQC channel model with parameters 6= = 0 + %e{ and
e{ is a vector with a 1 at position (7, j) and zeros elsewhere.
The parameter shifting is done for each angle individually,
while the other angles remain unchanged. Y is the target
distribution generated from the target model. In the channel
models considered for training in this study, there is a single
trainable correction probability p{ = p shared across different
qubits (i, j). Thus, we need to compute the gradient only with
respect to one p{ , for some (7, j). In Ref. [11], the general
form of the gradient with respect to any p{ is provided as

oL
— =2{ E [K(x,»)]— E [K(x, ]}
ap! X~y XG0
! Y4y y~dg
—2{ E [K(x,»)]— E [K(x,»]}. (A2)
XG40 X440
y~Y y~Y
Here, ¢ is the set of unchanged parameters, i.e., ¢ = (0, p),
and ¢' = (0, p') and ¢° = (0, p°), where
) J'
by . | Py for 7/, j;éz] A
Py - {b fori, j =1i,j (A3)

for the /'th qubit and j'th layer, and b € {0, 1}. While cal-
culating the gradient of the loss £ with respect to p{ , the
other correction probabilities p{/,, (@, j) # (i, j), remain un-
changed, whereas the only modification occurs at the (i, j)th
location, where the correction probability p{ is set to zero for
b= 0and I for b = 1. The detailed derivation of this gradient
is provided in Ref. [11]. To find the gradient with respect to

any other p{ = p, (i'j") # (i, j), we use the chain rule

NxD
=y =P 9£O.p) . (A4)
ap!

i,j=1 i

APPENDIX B: TRAINING DETAILS

All the training in this paper is performed with the Adagrad
[29] optimizer, using the gradients in Eqgs. (A1) and (A2).

1. Learning quantum channel distribution

In this appendix, we provide the training details corre-
sponding to the results presented in Sec. III A. We employ
gradient-based optimization to train the learning models, us-
ing the gradients derived in Eqgs. (A1) and (A2). Specifically,
both the variational measurement angles @ and the correction
probabilities p are updated during training. Distinct learning
rates are used for these parameters: a fixed learning rate of
0.1 for the measurement angles @, and 0.2 for the correction
probability p! = p shared across different qubits (i, j). A
systematic hyperparameter optimization is beyond the scope
of this paper. We additionally employ the Adagrad optimizer,
which adaptively rescales the effective learning rates during
training based on the accumulated gradient history.

For each experiment, we first generate a dataset of 8000
samples from a target distribution defined by a VMBQC
channel model. The target model parameters, measurement
angles 0, = {91.] € [0, 27)}; ; and correction probabilities p, =
{ p{ = p € [0.9, 1)}, ;, are drawn independently and uniformly
at random. Both unitary and channel-based VMBQC models
are then trained to learn this target distribution.

All learning models initialize their variational measure-
ment angles @ uniformly at random from [0, 27). For the
channel models, the single trainable correction probability p
is initialized uniformly from the interval [0.85,1).

We choose the correction probabilities in the target model
of Fig. 5 to be p, = {p{ € [0.9, 1)}, i.e., close to the uni-
tary regime so that the target distribution remains sufficiently
nonuniform [11] and the comparison probes a nontrivial learn-
ing task. Otherwise, both models could approximate an almost
uniform target distribution without revealing a meaningful
separation.

Initializing the correction probability p for the learning
model close to unity [between [0.85,1)] is empirically favor-
able, as smaller values tend to produce overly uniform output
distributions [11], from which optimization is empirically less
effective.

During training, each model generates 8000 samples per
epoch, matching the size of the target dataset. These samples,
together with the target samples, are used to evaluate the
MMD loss function [Eq. (14)] on a classical computer (see
Fig. 1). Model parameters are then updated after each epoch
using the gradients given in Eqgs. (A1) and (A2). Each model
is trained for a total of 200 epochs.

To ensure robustness and statistical reliability, all experi-
ments are repeated with 10 independent random initializations
of the model parameters. The reported results correspond
to the average performance across these runs, as shown in
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Figs. 5(a)-5(d). All learning models in this section are trained
using identical hyperparameters, including the cluster-state
width N, depth D, and dataset size.

2. Effect of byproducts on the learning performance

This appendix provides the training details corresponding
to the results presented in Secs. III C 1 and III C 2. In contrast
with Sec. Il A, here we fix the learning model to be the
unitary VMBQC U, in Eq. (3) and evaluate its ability to learn
a variety of target models.

For each target model, the parameters, measurement angles
0 = {0/ €[0,1]};;, and correction probabilities p = {p] =
p € (0.1, 0.2]}; ; are sampled randomly, and a dataset of 8000
samples is generated from the corresponding output distribu-
tion. To learn each target distribution, we train 10 independent
instances of the unitary model U,, each initialized with differ-
ent random parameters. Training is performed using the MMD
loss function [Eq. (14)], which is evaluated at every epoch and
used to update the model parameters.

Each unitary learning model is trained for 200 epochs.
While the loss is monitored throughout training, performance

is summarized by recording the minimum MMD loss achieved
by each model across all 200 epochs. The distributions of
these minimum losses are shown as box plots in Figs. 7 and
8, where each box (and the vertical line) corresponds to the
distribution of 10 minimum MMD losses obtained by the U,
model, for a given target model. Across all experiments in
this section, we use a fixed learning rate of 0.1 for the unitary
learning model.

The figures in these sections employ standard box plots to
summarize the distributions of MMD losses across different
target models. The x axis labels the different target models
under consideration, while the y axis reports the correspond-
ing distribution of minimum MMD loss values. Each box
spans the interquartile range (IQR), representing the central
50% of the data. The whiskers (vertical lines), containing
the rest of the data, extend to the most extreme data points
within 1.5 x IQR from the quartiles, with values beyond this
range treated as outliers. Throughout our analysis, we focus
on the lower whisker endpoint (bottom horizontal line), which
corresponds to the minimum nonoutlier MMD loss achieved
for a given target model and learning method, and thus reflects
the best performance without reliance on statistical outliers.
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