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We study the dynamics of an optomechanical system consisting of a single-mode optical field coupled to a
mechanical oscillator, where the nonlinear interaction includes both linear and quadratic terms in the oscillator’s
position. We present an analytical solution to this quantum-mechanical Hamiltonian problem by employing
the formalism of two-phonon coherent states. Quantum estimation theory is applied to the resulting state of
the optical field, with a focus on evaluating the quantum Fisher information with respect to the strength of the
quadratic coupling. Our estimation scheme employs balanced homodyne photodetection and demonstrates that
the corresponding classical Fisher information can reach the quantum Fisher information limit, with the phase

of the local coherent oscillator playing a crucial role.
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I. INTRODUCTION

Optomechanical systems [1] are at the center of a techno-
logical revolution [2] that is based on the interaction between
light and matter to study fundamental physics [3] and pro-
duce innovative devices, spanning from signal processors [4]
to transductors [5] and quantum amplifiers [6,7]. Achieving
these goals requires a thorough understanding of the op-
tomechanical system, which can be attained through precise
measurements of its parameters. Numerous studies [8—15]
have focused on understanding how to estimate the parameters
of an optical cavity coupled to a mechanical oscillator via
radiation pressure.

In constructing effective estimation frameworks, the first
essential step is to define a statistical model for the data
[16,17]. In quantum mechanics, this requirement translates
to obtaining an exact solution for the time evolution of the
quantum state. Formally, this yields a family of quantum
states parametrized by the unknown variables to be esti-
mated. However, due to the complexity introduced by the
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high-dimensional parameter spaces commonly encountered in
optomechanical systems, it is often necessary to introduce
simplifications to the physical model. These approximations
facilitate the formulation of a minimal model that remains
tractable while still capturing the essential physics. A detailed
derivation of the optomechanical Hamiltonian is presented in
the foundational works [18,19]. Two principal approximations
are typically employed to simplify this Hamiltonian. First, if
the mechanical oscillator evolves adiabatically slowly com-
pared with the frequency separation between optical modes,
intermodal photon scattering can be neglected. Under this
condition, the system can be effectively described using a
single optical field mode. Second, in the linear approximation,
the radiation—mechanical interaction is simplified by expand-
ing the coupling Hamiltonian to first order in the mechanical
position operator. The first objective of this paper is to con-
struct a statistical model by deriving the exact time-evolving
quantum state governed by the optomechanical Hamiltonian,
under the adiabatic approximation, while extending the stan-
dard linear interaction to include second-order (quadratic)
terms in the mechanical displacement.

The Hamiltonian under investigation has been previously
discussed in comprehensive reviews [1]. It has found appli-
cations in various contexts, including quantum nondemolition
measurements of the phonon number of the mechanical mode
[20], as well as in optomechanically induced parametric os-
cillations [21]. Mathematical analyses of such systems often
concentrate on the corresponding Heisenberg equations of
motion and their expectation values. In many cases, these
approaches rely on suitable approximations to obtain a finite
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set of coupled differential equations describing the system dy-
namics [22]. An alternative strategy is to confine the dynamics
to Gaussian states, which enables the use of general closed-
form expressions in quantum parameter estimation studies
[23]. The aforementioned approaches can even be extended to
include dissipative processes within the Hamiltonian frame-
work. In contrast, the present work is concerned with obtain-
ing an exact analytical solution for a general time-dependent
quantum state, without imposing Gaussian or perturbative
approximations. To the best of our knowledge, such an exact
formulation has not been reported previously. We employ the
formalism of two-photon coherent states [24], adapted here
to describe the mechanical oscillator. The obtained solutions
describe the joint quantum state of the optical field and the
mechanical oscillator. Since, in practice, measurements are
typically performed on the optical field, we trace out the
mechanical degrees of freedom. We provide a comprehensive
analysis of the resulting state and its dynamics.

In the quantum parameter estimation analysis, we employ
a frequentist approach to determine the lower bounds on the
variance of any unbiased estimator of the quadratic optome-
chanical coupling. Even without explicitly constructing the
estimators, these bounds serve as benchmark values for as-
sessing the performance of those used in experiments. In this
context, we analyze the quantum Fisher information (QFI),
which is inversely proportional to the lower bound in the
Cramér-Rao inequality [25,26]. We determine the QFI for the
optical field state as a function of the unknown strength of
the quadratic optomechanical coupling. This is compared with
the classical Fisher information (CFI), obtained for balanced-
homodyne photodetection measurement scheme. The QFI
serves as a measure of the sensitivity of the optical field
state to changes in the quadratic optomechanical coupling
constant; in other words, it quantifies how much information
the quantum state contains about this parameter. However, the
CFI assesses the potential to evaluate this sensitivity using a
set of classical measurements.

This paper is organized as follows: In Sec. II, we describe
the analytical model, and we solve the equations of motion
with explicit dependence upon the linear and quadratic (the
mechanical position operator) optomechanical coupling con-
stants. In Sec. III, we introduce the quantum and classical
Fisher information and the projective measures describ-
ing the standard and the balanced-homodyne photodetection
schemes. In Sec. IV, we show the dynamics of the optical
state affected by quadratic optomechanical coupling, and we
evaluate the quantum and classical Fisher information, while
analyzing the performance of the two measurement schemes.
Finally, in Sec. V we draw our conclusions and outlooks.

II. MODEL

We consider a single-mode Fabry-Pérot optical cavity with
a suspended dielectric membrane that is free to oscillate.
The electromagnetic field inside the cavity exerts radiation
pressure on the mechanical oscillator and causes it to os-
cillate around its equilibrium position. The Hamiltonian of
the optomechanical system can be written by summing the
contributions from the optical and the mechanical subsystems

as follows [19]

A2

A= Lo v remata, 1)

2m 2

where % is the position operator of the mechanical system, p is
its momentum operator, m is its mass, and €2 is the mechanical
frequency of motion. The operators &, a' are the photonic
ladder operators with the commutation relation [a, all=1,
and w(x) is the resonant optical frequency of the cavity, which
depends on the position x of the mechanical oscillator. If we
expand the optical frequency w(x) around the equilibrium

value x(, we obtain

" (xo)
2!

(x — x0)*

w(x) & w(xo) + o' (x0)(x — Xo) +

= w, + g1x + gax%, 2)

where @™ (xo) denotes the nth derivative of w(x) evaluated
at the point xy. Here, g; is the linear, and g, is the quadratic
optomechanical coupling constant. The parameter w, is iden-
tified as the frequency of the single mode of the radiation
field. It is worth noting that by combining Egs. (1) and (2), the
harmonic potential governing the mechanical system takes on
a modified form: mQ2%%/2 4 hg,a'ax?, where the position is
treated as an operator. To preserve the harmonic motion of the
mechanical system, we must ensure that for any physically re-
alizable quantum state |W). of the cavity field, the coefficient
of £2 remains positive; that is,

mQ*/2 + hgy (W|a'a| W), > 0. 3)

This condition not only guarantees harmonic behavior but
also serves as a stability criterion for the model, ensuring the
system consists of two interacting quantum harmonic oscilla-
tors. Under this constraint, the optomechanical Hamiltonian
becomes

X 21 .
Aavad _ é’_m + Emsz%ez 1 hwd'a 4 higiataz + higratag>.

4)

It is worth mentioning that the single-mode approach requires
the motion of the mechanical oscillator to be adiabatically
slow, so the model can ignore the scattering of photons from
the mode to other cavity modes [18]. Furthermore, this unitary
model assumes that the cavity is lossless and the mechanical
oscillator is not subject to any decoherence processes.

To solve the dynamics, we notice that the Hamiltonian (4)
is block diagonal in the photonic Fock basis |n). (n € Ny), i.e.,
it can be written as

ﬁquad = Zﬂnv ﬂn = Iﬁnﬁquadpm (5)
n

where P, = |n).(n| is the projector on the subspace with n
photons. The Hamiltonian H, reads
52

1 2h
fl-+—m(92+-—&f)xz+hgm& 6)
m

I-?n:h ci
e +2m 2

where I is the identity operator on the Hilbert space of the
mechanical oscillator. By setting
5, , 2hgan

Q=+ ——, (7
m
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which, due to (3), is always strictly positive, we can define the
ladder mechanical operators bn, b,L as

- ms2, . P
by = ; : 8
2n (x+lmszn) ®

Ay ms2, s p
bn—,/—zrl (x lm§2n>' )]

We stress that the ladder operators related to different in-
dices 13,1, 51 with n 7 [ do not commute. In fact, the relations
between them are given by the following Bogoliubov-like
transformation rules:

L1 0\ 1 .\
by=-/=|(1- bl 4 1+ =2 )b, |,
2\ Q. Q Q

b= s 2 (= 26, 4 (14 2060 ] aoy
7oV Q, Q)" Q)"

This must be taken into account when solving the dynamics of
the system, because any initial state of the mechanical oscilla-
tor is represented by the Fock basis |m)o (m € Nyp) defined by
the ladder operators bo, b The Hamiltonian (6) assumes the
form

ﬁn = hwni+ Flin;:;Bn + hgl,n(én + E;)’ (11)
where

Wp = nwe + /2, (12)

and g, = ng1v/h/2mS2,. By applying the Baker-Campbell-
Hausdorff formula, we get [27]

_if _i b i bih
e iHyt/h _ e lq’u(’)enu(f)b,, ﬂ"(t)bue lan,,bnt’ (13)

where we have introduced the functions

g

®,(t) = wyt — s;; [t — sin(Qt)], (14)
Mat) = ggl—:(e—'“*’ — ). (15)

Given an initial state 9(0), the time evolution of the system is
given by the von Neumann equation

0(1) = 7™ (0)e ™I, (16)

We are interested in cases where no initial correlations
between the single-mode optical field and the mechanical
oscillator are considered. Therefore, we choose an initial state

J

(&)
06) = Y duuln)c(mle” /M (0)e "

n,m=0

of the form
0(0) = p(0) ® M(0), (17)

where p and th are the optical and the mechanical density
operator, respectively.

Now, we consider the density operator of the mechanical
oscillator in the following representation:

wm(0) = /dzolP(Ol,Ol*)|Ol)0(O[|, (18)

where d?a = dRe{a}dIm{a}, |o)y is a coherent state, and
P(a, a*) is a Glauber-Sudarshan phase-space distribution

[28,29]. Due to the fact that H9%* is block diagonal in the
photonic Fock basis, we choose

= > aumlne(ml, (19)

n,m=0
where the matrix entries a, ,, are subject to the conditions
Tr{p(0)} = 1 and p(0) > 0, (20)

i.e., p(0) is a positive semidefinite operator with trace one.

To evaluate the time evolution of the state, we employ the
Bogoliubov transformations (10) to calculate the action of
e~ H:t/1 on the eigenstates of the number operator N, = I;Ill;n.
They define a Fock basis |m), (m € Ny), whose properties
have been extensively investigated in the literature [24,30-
32]. The displacement operator D, () = ¢*>~*">» has the
following property:

Dy(e)|0), = [}, 2L

where |a), is an example of a two-phonon coherent state. We
note that the concept of two-photon coherent states was orig-
inally developed for quantized electromagnetic fields [24];
however, in this work, we apply the formalism to an oscillator
with mass. With the help of the unitary squeeze operator

A 1o %12 2 .
S(z) = e2@h P = e, (22)
we have the transformation

|m>n = S(Zn)|m>09 in = "Iy eiO,,, (23)

h L[ 1+ 2 6, =0 (24)
coshry = =4/ — = | n — Y.
"=V Q,

Now, we can evaluate Eq. (16) as

oo
= Y aymln)eimle 1O~ / d*a P, & )D, [0, (1)]e™ ™ |ar)o (| D] [, (1)) (25)

n,m=0

In the next step, we introduce two identity operators

=—/|ﬂnﬁ|d2ﬁ— f|ymy|dy 26)
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to get
> Plo,a )
A —i — A _ i At
o) =Y aymln)cimle 10O n ] f Dl (01T B), Blotyo oty Y (y 1€ P00t DY [, (1)] dPer d*B dPy
n,m=0 T
27)
ad P(a, ™)
= 3 aunln)elmle 19000 f T 10a) + Be ) (Bla)o (@l b (1) + y e %"
n,m=0 T[
x ezl (OB e OB 3l (ye™ ' —nu Oy G20, 28 g2, (28)
where we have used the relations:
lanb t|a> |aefiﬂt>n’ (29)
A L (Bo*—B*
Dy(B)la), = 2P OB 1 ), (30)

The remainder of the calculation will focus solely on the optical density operator, p(t), at time ¢. This approach is justified by
the fact that, in most practical scenarios, the optical field is the only component of the system that is experimentally accessible.
The operator p(t) is obtained by performing a partial trace over the mechanical degrees of freedom, and it can be expressed as

P) = Trmeen@(O} = Y @nm(®)In)e(ml, 31)

n,m=0

where

_ _ P(a,o") i i
(1) = ay e 1P O] f ——5niBladolely hmol8Ina(t) + Be Y (M (t) + ye | 8)g dPa d*B dPy d*S. (32)

To derive this equation and to subsequently make use of
Eq. (A1), we introduced the identity operator

R 1f 5
== [18)0(8]d%. (33)
T

The integral can be evaluated explicitly under the assumption
that the mechanical system initially is in a thermal state:
el /m

P(O[,Ol*)z 7, (34)
th

with the average phonon number

A !
Ny = |:exp <I<B_T) — lj| , (35)

where kg is the Boltzmann constant and 7 is the temperature
of the initial thermal state. The expression for a, ,, (t) reduces
to a Gaussian integral, yielding

1
anm(t) = I/ exp (——XTAX +b'x+ c)dgx
Rs 2

(277)8 L7
=1 det(A) (2bA b—l—c), (36)

where [ reads

PR CXORLMO)
I= T St 2,40 " (37

thy /50 2/0%,
The complete expressions for A, b, and ¢ are provided in
Appendix B, all derived from the overlaps of two-phonon

coherent states [32], as explicitly given in Eq. (Al). As a

(

consistency check, the initial state in Eq. (17) was numerically
propagated under U = ¢~ [see Eq. (4)] for representative
scenarios involving simple parameter values and initial states
represented by small size matrices. The mechanical degrees
of freedom were then traced out, and agreement with the
analytical results in Eq. (36) was observed within numerical
accuracy.

The coefficients a, , (¢) of the optical density operator pro-
vide a complete description of the interaction between the
single mode of the radiation field and the single vibrational
mode of the mechanical oscillator, under the assumption that
all losses and sources of decoherence are neglected. We now
use these results to estimate the strength of the quadratic
optomechanical coupling.

III. QUANTUM AND CLASSICAL FISHER INFORMATION

In an estimation problem, the goal is to infer the value of
an unknown parameter by inspecting datasets coming from
the measurement. In the literature, various approaches to this
problem are presented, which broadly fall into two main cat-
egories: the Bayesian and frequentist frameworks [16,17]. In
this work, we adopt the frequentist perspective, wherein the
parameter is assumed to have a true, fixed (i.e., nonrandom)
value. The central question then becomes: what is this true
value, and what is the optimal strategy to estimate it? In quan-
tum metrology, this question is often addressed by comparing
the classical Fisher information (CFI) with the quantum Fisher
information (QFI).

Given a certain measurement procedure, the CFI quantifies
the information that can be extracted from a given state and
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it is upper-bounded by the QFI, which is the maximization
of the CFI over all quantum measurements. Thus, QFI is
a property of the state, whereas CFI is a property of both
the state and the measurement procedure. Their importance
comes from the Cramér-Rao theorem [16] and its quantum-
mechanical version [25], which states the relation between
the Fisher information and the minimum attainable variance
of any unbiased estimator. It reads

1 1
> K
Nmeas CFI Nmeas QFI

where g is the parameter to be estimated.

While the construction of estimators will not be addressed
in this work, it plays a crucial role in estimation theory and
can be particularly challenging when dealing with probability
distributions arising from quantum systems [33]. To be more
specific, the measurements that we perform on the system re-
turn a set of data, which is then fed to an estimator, a function
of the data whose outcome is an estimate of the unknown
parameter. Whether the variance of our estimate reaches the
minimum given by the inverse of the CFI, following the
Cramér-Rao theorem (38), depends on the estimator itself.
For example, the maximum likelihood estimator is able to
saturate the lower bound given by the CFI for asymptotically
large data sizes [16,17]. We point out to the reader that there
exist other, less well-known versions of the Cramér-Rao the-
orem for biased estimators [8] or when adopting the Bayesian
approach [34].

In quantum mechanics, the measurement procedure is
described by a positive operator-valued measure (POVM),
a collection of operators {fli}i, such that any f[i >0 and
> I1; = I, where I is the identity operator on the corre-
sponding Hilbert space. We denote the parameter g-dependent
optical density operator as pg. The CFI of the quantum state
p, together with the measurements I1; can be calculated as

2
CFI = ZR-(g)[%] , (39)

Var, > (38)

ag

where Pi(g) = Tr{[)gfli} is the probability of getting the
outcome i when the true value of the parameter is g.

The QFI could be obtained by maximizing Eq. (39) over all
the possible POVMs, but this is generally a mission impossi-
ble. Fortunately, there is a simple expression of it [25]:

QFI = Tr{p,L;}. (40)

which is written in terms of the symmetric logarithmic
derivative (SLD) L, [35], which satisfies the relation
0o, 1 o .
The SLD can be found by solving the Lyapunov equation (41),
with the solution

oo
L,=2 f e P (dypg)e P dx. (42)
0
We mention here that when the density operator has the

property that ,?)5 = Dy — hi, with h € R, which always hap-
pens when p, describes a two-level system, the SLD assumes

the simplified form [36]
Ly =20,p, — S0,Pp; ", (43)

where p is not a pure state, P = Tr{,b;} is the purity of the
system, and it is related to & by

P=2h+1. (44)

This relation can be used to ease the computation of the QFI.
In the following, we are going to apply Eq. (43) to calculate
the QFI for the case when the cavity is populated by a super-
position of zero-photon and one-photon states.

In the case of a 2 x 2 system, we use the balanced homo-
dyne photodetection (BHD) measurements in terms of their
projective value measures (PVM). The BHD [37] enables the
measurement of the observable

Aoit 1 AT ,—id
X(b:ae +a'e ’ 45)
2
with ¢ being the phase of the coherent local oscillator. In
employing the BHD, we have assumed that the quantum state
of the optical field can be accessed without inducing any
disturbance.

We rewrite this to account for the two-level system sce-
nario that we are considering by substituting the operators
a,at with the 2 x 2 counterparts 6, 61, respectively. The
corresponding PVM {fIX¢} is given by the projectors on the
two eigenstates of X¢,

Ty, (k) = lex) (el k=1,2. (46)

IV. RESULTS

In this section, we address two main objectives. First, we
present results on the system dynamics based on the general
solution given in Eq. (32). As previously discussed, we as-
sume the mechanical oscillator is initiated in a thermal state.
For the optical field, the initial state is taken to be either

(i) a coherent state,

(i) quantum states within the subspace spanned by the
vacuum and one-photon Fock states.

Due to the computational challenges associated with
evaluating the symmetric logarithmic derivative (SLD), our
discussion of the quantum Fisher information (QFI) and clas-
sical Fisher information (CFI) will be restricted to the 2 x 2
photonic subspace, i.e., case (ii).

The results are organized into two main sections. In Sec.
IV A, we explore the dynamics of a dimensionless model
in which the coupling parameters g; and g, are treated as
independent variables. In Sec. IV B, we consider an experi-
mentally relevant optomechanical setup, where g; and g, are
interdependent due to a phenomenological model for w(x).

A. Independent couplings

Assuming that g; and g, are independent and can be varied
individually, we investigate their respective and combined
influences on the system dynamics. To facilitate a clear char-
acterization of the system through dimensionless parameters,
we adopt a unitless model defined by

h=m=Q=ny=w.=1. “mn

023504-5
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9:=0.0, g>=0.0, t=Tw = t=0

9:=0.0, g2=1.0, t=Tw

9:=0.0, g2=10.0, t=Tw

10 4 10 4 . 10
T T T
E 0 L] E 04 E 0
-10 4 -10 A -10 0.50
T T T T T T T T T
-10 0 10 -10 0 10 -10 0 10 0.25
Re(a) Re(a) Re(a)
9:=1.0, 92=0.0, t=Tw g:=1.0, g2=1.0, t=Tw 91=1.0, g2=10.0, t=Tw
0.10
10 10 101
T T T
E 0 - = E 04 E 0 - 0.00
-10 -10 4 -10
T T T T T T T T T --0.10
-10 0 10 -10 0 10 -10 0 10
Re(a) Re(a) Re(a)
-0.25
9:=10.0, g2=0.0, t=Tw g:=10.0, g==1.0, t=Tw g:=10.0, g==10.0, t=Tw
10 10 10 4 ~0.50
T T T
E’ 0 L ] ‘g 0+ E’ 0
-10 -10 1 -10
T T T T T T T T T
-10 0 10 -10 0 10 -10 0 10
Re(ct) Re(a) Re(a)

FIG. 1. Wigner phase-space distribution of the optical field initially prepared in a coherent state, with @ = 10 and system parameters
defined by Eq. (47). In the panels, g, takes the values from 0, 1, and 10 left to right, while g, top to bottom. The plots are snapshots of the
distribution taken at time equals 7,,, defined in Eq. (49). With the border outlined in red, the top-left panel is both a snapshot of the system at
T, for g, = g, = 0 but also the initial state for all the other panels atz = 0.

Within this framework, we reveal an intrinsic periodicity in
both the system dynamics and the associated QFI/CFI charac-
teristics.

1. System dynamics for case (i)

Under realistic conditions, the optical field is often ini-
tialized in a coherent states. Thus, we analyze the system
dynamics using the Wigner phase-space distribution. This dis-
tribution provides a convenient and intuitive way to visualize
the state of a quantized radiation field. It is closely related
to the Glauber-Sudarshan P representation [32], with the key
difference lying in operator ordering: the P representation
corresponds to normal ordering of the operators @ and &',
while the Wigner phase-space distribution is associated with

symmetric ordering. Given the density matrix of a field state
0, the Wigner phase-space distribution is given as follows:

1 At oot

W(a, Ol*) — —2/Tr{,€) eCa*—{ a}eot( —a {d2§’ (48)
g

where o, ¢ € C.

In Fig. 1, the Wigner phase-space distribution of the optical
field is shown, with the field initially prepared in a coherent
state of amplitude o = 10. The Fock space is truncated at
|a|? 4 44/]a], corresponding to a maximum of 140 photons
included in the calculations. The figure displays snapshots of
the system’s Wigner phase-space distribution at time

2 2

and Tg = ——,
W] — W Q1 —Q

T, = (49)
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where w, is defined in Eq. (12) and €2, in Eq. (7). These
times correspond to intermediate characteristic timescales of
the system’s evolution, considering the range of frequency
differences among all values of w, and €2,. In the figure,
the coupling parameter g; increases from left to right, tak-
ing the values 0, 1, and 10, while g, increases from top to
bottom. In the Wigner phase-space representation, a coherent
state appears as a localized Gaussian packet that undergoes
circular motion around the origin in the absence of inter-
action between the optical field and the mechanical system.
However, the interaction between the two oscillators causes
the initially localized Gaussian packet to spread along the
circular trajectory defined by the free evolution of the opti-
cal field. This occurs because the interaction Hamiltonian in
Eq. (4) commutes with hw.ata, i.e., with the free evolution of
the optical mode. Within this circle, one can observe dense
interference fringes. This behavior arises because a coher-
ent state is a specific superposition of Fock states, whose
probability amplitudes evolve according to Eq. (32), where
dnm = "o*™ //nlmle™1*" . Thus, the time-evolved state of
the optical field is a general density matrix of size 140 x
140. Every density matrix is a convex combination of pure
states, which are either Fock states or their superpositions.
The convex combination of such states implies only a convex
combination of their respective Wigner phase-space distribu-
tions. However, due to the large photon number involved up to
n = 140, pure states, unlike coherent states, induce a complex
pattern of the interference fringes [32]. The most interesting
situation occurs when g, = 0, because then T, = 27 /w,.. In
this situation, the first column of Fig. 1 shows the Wigner
function of a coherent state, since the solution of Eq. (36)
reduces to

n.,*xm

an,m(t) = —e_‘a‘ze_gzlﬂf,zn)x(’)_ﬂ%(f)’ (50)
n'm!
where
(1) = iwct(n —m), (51)
1 — cos(L2t
120 = g+ DT

Qt — sin(2t)
l—
Q2

Since all parameters in this section are set according to
Eq. (47), we have

(n* —m?). (52)

O(T,) = 2mi(n — m), (53)

f2(T,) = —2mwi(n* — m?). (54)

Furthermore, since n —m € Z and g; is chosen as 0, 1, and
10, it follows that g2 (n> — m?) € Z. Hence,

oo —la)? &2 (T,)—FO(T,)
an!m(Tw) = e e 1/ nm\ e nm o s

= 2= el (55)

This explains why only a coherent state is observed in those
plots.

2. System dynamics for case (ii)

To gain deeper insight into the system’s behavior, we con-
sider case (ii), which permits an intuitive visualization of the
dynamics on the Bloch sphere. Therefore, in this scenario, the
initial photonic state p(0) is defined on the subspace spanned
by the zero-photon state |0) and the one-photon state |1).
Thus, p(0) is a 2 x 2 positive semidefinite density matrix that
can be written as

p(0) = (I + 16, + 1,6, + 126,), (56)

where &; with i = x,y, z are the Pauli matrices and the
coefficients r; are real numbers s.t. rf + r\z, + rf < 1, with the
equality satisfied when p(0) is a pure state.

In the following discussion, we consider either the pure
state

[s) = V/510) + V1 = s]1), (7
with r(0) = 24/s(T = 5), ,(0) = 0, and r, = (25 — 1), or

the mixed state defined as
s = 51V (sl + 5191 (Y], (58)

both parametrized by a single parameter s. Note that the coef-
ficients r, and r, of the pure states |v) and |v/;_) coincide.

In Fig. 2, we show the parametric evolution of the optical
field state (36) expressed in terms of the coefficients r, and
ry, allowing the system evolve between t =0 and ¢ = 27,
defined in Eq. (49). The evolution is shown for two choices
of the parameter s of Eqgs. (57) and (58). In fact, by solving
the integral in Eq. (36), we can see that the diagonal elements
of the optical field’s density matrix are time-independent and
therefore r, is a constant. Thus, the projection on the X-Y
plane of the Bloch sphere suffices to describe the evolution
of the optical system, while its value is independent of the
purity P of the system, and can be parametrized solely by
s. The complex behavior observed in the plots arises for the
following reasons: After solving the unitary evolution of the
entire system, we traced out the mechanical degrees of free-
dom without making any approximations. Consequently, the
dynamics of the optical field alone reflects the situation in
which the two oscillators become entangled and disentangled
during the interaction. These processes, in turn, lead to a
corresponding decrease or increase in the optical field’s purity.
One observes the inward spiral of the coordinates toward the
center of the Bloch sphere, which represents the maximally
mixed state. Thus, the inward spiral shows a decrease in pu-
rity. This happens to a greater degree within the reference time
T,, for larger values of the coupling parameters, as expected
from the increased interaction between the optical field and
the mechanical oscillator.

3. Spectral analysis

To demonstrate the system’s approximate periodic behav-
ior, we examine the case where g, is small compared with g1,
ie., g = 1 and g, = 0.01. Note that this scenario, where g;
is larger than g, is common in experimental setups, as we
present in Sec. IV B. For this purpose, we show in Fig. 3 the
evolution of the r, component. After about 50 fast cycles,
the system spirals into the innermost point corresponding
to the lowest purity, and then spirals outward again until it
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FIG. 2. Trajectories in the X-Y plane of the Bloch sphere showing the evolution of the quantum states given in Eqgs. (57) and (58),
parametrized by s = 0.1 (red) and s = 0.2 (blue). The system evolves from ¢ = 0 to t = 27T, where T, is defined in Eq. (49). The first
cycle is shown with solid lines, and the second with dotted lines. The evolution depends solely on the parameter s and is independent of the

state’s purity. All other parameters are defined in Eq. (47).

is back at the initial, outermost coordinates corresponding to
the highest purity. This process happens at approximately the
slower oscillation reference period Tg,, defined in Eq. (49).
One can identify the relevant periods from the spectral analy-
sis of r, and purity. We plot the time evolution of the purity P
in Fig. 3 for a pure and mixed state with s = 0.2.

To reveal the underlying frequencies, we performed a
Fourier transform on the dynamics of r, and P, i.e.,

F(f) = / dte ™ r (1), (59)
R

P = / dte T'P(r). (60)
R

Upon a closer examination of Fig. 3, we find that the primary
frequencies of the r, oscillations occur at integer multiples
of §/2, where § = w; — wp. This behavior is also evident
in Fig. 1, where, in the panel corresponding to g; = 1 and
g» =0, the system completes exactly half a full cycle at
t =T, = 2m /5. While the oscillations and frequencies of r,
take place on a shorter timescale, the most prominent period-
icity of the system dynamics emerges on a longer timescale
T, defined in Eq. (49) and illustrated in the right-hand
panels of Fig. 3. For both pure and mixed states, the sys-
tem’s purity oscillates with an almost exact period of T,
as further confirmed by the Fourier transform of the purity,
which exhibits clear peaks at integer multiples of A, where
A = Q) — Q.
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FIG. 3. Time evolution of r,, the x component of the system on the Bloch sphere, plotted for the initial pure state |v/,) with s = 0.2. Time
is expressed in units of the fast oscillation period, two full cycles of which are shown in Fig. 2. The fast oscillation is modulated by a slower
beating pattern at frequency A = Q; — 2. In all subplots, g; = 1.0 and g, = 0.01, while the remaining parameters are defined in Eq. (47).

Mathematically, the explanation of such periodic behav-
ior of the system can be found in the Gaussian integral
that is used to calculate the time dynamics, whose exponent
has both real and imaginary components. As the real com-
ponents may cause damping of the system, the imaginary
components cause oscillatory behavior instead. Among all
the terms in the integrand exponent, the two frequencies with
larger amplitude are A = Q) — Qo, see Eq. (7),and § = w; —
wy, see Eq. (12). Successive frequencies have an exponentially
decaying amplitude and only appear in the spectral analysis as
secondary peaks, as shown in Fig. 3.

4. Quantum and classical Fisher information

In this section, we first present, using the setup from
case (ii), a comparison between the CFI and QFI for various
combinations of g; and g;. Our goal is to demonstrate the
saturation of the QFI by the CFI. We then examine the QFI
properties for case (i). A more detailed analysis is provided
in Sec. IV B, where the parameters of the model are as-
signed experimentally relevant values. In Fig. 4, we show the

—mixed

3.0x10" }

2.0x10" |

QFlI

1.0x10 |

0'| 1 1
0 1 2 3 4

t X A/2m

FIG. 4. Quantum Fisher information as a function of time for
the mixed state with s = 0.2, computed analytically. Periodic peaks
appear at regular intervals of 27 /A, with A = Q; — . The param-
eters are set as g; = 1, g» = 0.01, with all other relevant parameters
set to unity, as in Eq. (47).
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FIG. 5. Comparison of quantum Fisher information (blue) and classical Fisher information (red) as a function of time for an initially mixed
two-level optical field state given by Eq. (58) with s = 0.1 and for A = Q; — €. The time interval spans from 0 to 4T, where Tg, is defined

in Eq. (49). All other system parameters are set to unity, as in Eq. (47).

temporal evolution of the QFI for the initial mixed state (58)
with s = 0.2. We calculated the QFI using the simplified an-
alytic expression for ig given in Eq. (43). Even for an initial
mixed state, the periodicity of the peaks of the QFI coincides
with the periodicity of the purity of the system. Around the
peaks, the off-diagonal elements of the density matrix show
greater sensitivity to changes of the g, parameter, as can be
verified by solving Eq. (36). We also observe that under the
same parameter setup, the temporal evolution of the QFI for
an initially pure state display much narrower and taller peaks,
centered at the same time points as the mixes state counterpart,
although this result is not shown here.

In Fig. 5, various representative combinations of values
for g; and g, are taken, and the corresponding QFI and CFI
evolution in time are juxtaposed. In line with the method of
BHD outlined in Sec. III, we choose the two-level system
in case (ii) to calculate the CFI values for the system. The
system for all subplots is initiated in a mixed state labeled by
s = 0.1, see expression (58). As time evolves from 0 to 47,
one observes peaks at every regular interval of Tg,. The peaks
also increase in intensity as time progresses and decrease in
intensity as the values of the coupling parameters increase.
Another feature of the correlation is that the peaks of QFI and
CFI coincide.
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FIG. 6. Classical Fisher information (black dashed line) and
quantum Fisher information (red solid line) as a function of time,
enlarged around the first period of the system’s beating oscillation,
t = T, where Tg is defined in Eq. (49). In this plot, g, = 1.0,
g» = 0.01, ¢ = 7 /2, and all other system parameters are set to unity,
as in Eq. (47).

In Fig. 6, we investigate the overlapping peaks of QFI
and CFI closely to demonstrate the saturation behavior. By
solving Eq. (36), we see that the diagonal elements remain
time-independent throughout the system evolution. The set of
PVM related to the BHD, as defined in Eq. (46), is chosen
to calculate CFI because it provides information about the
off-diagonal elements. When the phase ¢ = 0 they reduce to

Mo = [+H)(+]. T = |=) (=], (61)

where |£) = \%(|O) =+ |1)), which lead to the measurement

probabilities of detecting one or no photon:

Py=3(1+po1 + pro),  Pr=3(1—por — po). (62)

Note that %(pm + p1o) is simply the real part of both the
off-diagonal elements. We compare the CFI obtained with
the above-described set of PVM to the QFI in Fig. 6, where
we show the result around the slow oscillation reference time
t = To in the case of an initial mixed state with s = 0.2.
The CFI has its peak slightly shifted with respect to the QFI
peak. However, we find that when the CFI is maximum, its
value corresponds to the QFI value. Similar behavior is ob-
tained both for different choices of s and for an initial pure
state.

Finally, we turn to case (i) and demonstrate the periodic
behavior of QFI for an optical system initialized in a coher-
ent state with o = 3. As the system size has increased, the
analytical two-level system solution to QFI no longer applies;
hence, a numerical integration method is adopted. QFI as a
function of time is presented as a scatter plot, see Fig. 7. The
transparency of the data series’ coloring is taken as a linear
function calculated as follows:

2
o= &2 (63)
2 max (Q%)

such that the transparency parameter « is a distribution on the
interval [0,1].

/
/
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/
/
/) ®
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FIG. 7. Quantum Fisher information against time as a scatter plot
with A = Q; — (. One observes peaks at regular intervals with
increasing magnitude. The system is initialized in a coherent state
with o = 3, with all system parameters set to unity as in Eq. (47),
while g; = 1.0 and g, = 0.01. The transparency of the data series
is scaled by expression (63). A quadratic relation over the peaks is
plotted for reference with Q ~ 4.334 x 10! x 2/T2.

Furthermore, a quadratic data series is juxtaposed on the
scatter plot to fit the successive peaks observed. It follows the
equation

2

t
y=4334x 10" x —.
T,

Q

From this, one sees that the intensity of the peaks scales
quadratically with system time. This can be explained by the
increasing amount of interaction between the optical field and
the mechanical oscillator. Given that up to quadratic inter-
action is considered, a quadratic increase in the extractable
information can be expected.

B. Interdependent couplings

In the preceding sections, g; and g, were treated as in-
dependent variables. In a laboratory setting, however, certain
phenomenological models approximate the cavity frequency
as a function of some of the system parameters. In the follow-
ing section, we show that such a model implies a mathematical
relation between g; and g, when Eq. (2) is truncated strictly at
the quadratic term; that is, all terms of order higher than two
are assumed to have zero coefficients in the Taylor expansion.
For the results presented below, we adopt this strict approx-
imation and derive the corresponding relation between g;
and g».

We consider the following phenomenological model [38]:

4
w(x) = I% arccos |:r cos %], (64)

where L denotes the cavity length, r is the membrane reflec-
tivity, A is the wavelength of the laser driving the cavity, and
x is the membrane center-of-mass position along the cavity
axis [39,40]. By combining Eq. (2) with Eq. (64), an interde-
pendent relation between g; and g, can be established. More
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TABLE 1. Table of parameter values used as a reference for
an experimental system. All parameter values are expressed in SI
units. Among the listed parameters, m and Q2 are directly taken from
Ref. [38], while ny,, the average phonon number, is calculated for
a temperature of 300 K. The remaining parameters are obtained by
substituting the experimental values of Ref. [38] required for the
phenomenological model in Eq. (64) into Eqgs. (67), (68), and (69).

Reference values

h 1.054 x 10~ [Js]
m 50 x 101 [kg]
Q 27 x 134 x 103 [Hz]
N 4.665 x 107
W, 6.544 x 10" [Hz]
g1 —1.308 x 10'® [Hz/m]
& 1.445 x 10% [Hz/m?]
specifically,

471 4x

L sin

o' (x) = %) , (65)

L \/1 — [rcos (%‘)]

which has zeros at x = (nA)/2, where n is an integer. From
Eq. (2), we obtain

o(x) ~ w(x) + o (x)(x — X) + 2( 2 (x — xo)
_ o (x 0)
= [ w(xo) + o + [0 (x0) — @ (x0)x0]x
+ Z(TO)XZ = w. + g1x + gox°. (66)

To have w'(x9) = 0, we set xy = (n1)/2 with n > 0, which

yields the following relations:

e = o) + 2(f°) 2 67)
g1 = — (x0)xo, (68)
g = L), (69)

2!

For the results presented in this section, we use the numeri-
cal values of the system parameters reported in Ref. [38]. The
setup consists of a suspended SiN membrane oscillating at a
frequency of 2 = 2w x 134 kHz, positioned at the center of
a Fabry-Pérot optical cavity of length L = 67 mm, and driven
by an external laser with wavelength A = 1064 nm. This
configuration yields an effective harmonic-oscillator mass of
approximately m =~ 50 pg. The membrane has a reflectivity
of r =0.42, and the system operates at a temperature of
300 K. Under these conditions, the initial thermal state of the
mechanical oscillator described in Eq. (18) corresponds to
an average phonon number of ng, &~ 4.665 x 107. This setup
yields a relatively large quadratic optomechanical coupling of
g2 ~ 1.445 x 10 Hz/m™2, as obtained from Eq. (69) when
the membrane is positioned at either a node or an antinode of
the optical field, i.e., xo = nA/2, with n = 400. The remaining
parameters are determined using Egs. (67) and (68) and are
summarized in Table I. Furthermore, Refs. [40,41] show that
tilting the membrane by a small angle can induce coupling

10 |
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C - (2
.S ---1.05 x g2
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c
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FIG. 8. Quantum Fisher information of an experimental system
as a function of the phenomenological values of g,, evaluated at
three different time points: t = T, o = o for g=10.95g, (blue
dashed line), g = g, (red solid line), and g = 1 05g, (green dotted
line). The range of the unknown coupling values g considered spans
from 0.9g; to 1.1g,. All other system parameters are kept fixed at the
values listed in Table 1.

between different transverse modes of the electromagnetic
field, thereby enhancing the quadratic coupling constant to
g2 ~ 2.802 x 10%° Hz/m 2.

1. Estimates of the quadratic optomechanical coupling

We aim to estimate the value of the optomechanical
coupling constant, denoted by g, in an experimental context.
To treat this as an unknown parameter, we assume that
the phenomenological model given in Eq. (64) provides a
good, although approximate, description of the coupling. To
investigate this scenario, we use the parameter values listed
in Table I. Note that throughout this section, we exclusively
consider the mixed initial state corresponding to case (ii) in
Sec. IV A.

We compute and plot the QFI over a range of values
of the quadratic coupling parameter g, centered around the
phenomenological reference value g,. For convenience, we
introduce the notation 2, , = (2> + 2£2)!/2 to emphasize
the dependence of €2, on g in Eq. (7). Figure 8 presents
three data series, each showing the QFI evaluated for different
values of g (on the x axis) and at the reference peaking time as-
sociated with three specific choices of g, namely, g = 0.95g5,
g=g»,and g = 1.05g,. The corresponding times are given by
t=T = —Ql,g Qo

The results show that, for each selected system time, the
QFI exhibits a distinct sharp peak precisely centered at the
corresponding g value. This indicates a strong correlation
between the system’s information-theoretic properties and the
characteristic reference time T, in a simple two-level system
composed of zero- and one-photon Fock states. Furthermore,
by comparing with Fig. 7, we observe that as more Fock
states participate in the system dynamics, the periodicity of
the QFI decreases, and the peaks no longer appear at integer
multiples of Tg,.

Using these values, we found that the first peak of the QFI
is 5.5 x 10" for an initial mixed state p,; with s = 0.2. We
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FIG. 9. Quantum Fisher information (red dashed line) and clas-
sical Fisher information (black continuous line) for the experimental
system, calculated at t = 27T, as a function of the phase ¢. System
parameters take on the values in Table I.

analyze how the choice of the parameter ¢ influences the CFI.
While the behavior shown in Fig. 6 is reflected even with the
experimental values, we see that a different choice of ¢ can
lead the CFI to saturate the QFIL. In Fig. 9, we plot att = 2T,
the CFI as a function of the phase ¢.

Finally, we investigate the influence of temperature on the
QFL. In Fig. 10, we plot the QFI as a function of the tem-
perature for the different peaks at t = N x T with N = 10,
103, and 10°. When the temperature is close to zero, the state
of the mechanical system is substantially the ground state of
the mechanical oscillator. This means that the optical system
is interacting with a very weak field, and, consequently, the
information about the optomechanical coupling is low. At the
opposite extreme, when the temperature is large, the mechan-
ical system is close to the maximally mixed state, which is
persistent, regardless of the value of g. Even in this case, the
information retrieval about g is small. In between, there is a
temperature where the QFI is at its maximum.

From Fig. 10, we see that the largest peak of the QFI
is located at a different oscillation period that depends on

13 —N=10
6.0x10"3 | —-N =100
----- N = 1000
— 4.0x102f P
o .
2.0x1083 }
O b= S
10%10%10%2107% 10° 10t 102 16 10
T

FIG. 10. Quantum Fisher information as a function of the system
temperature plotted at t = N x T, with N =10, 100, and 1000.
Depending on the temperature, the largest peak of the QFI is located
at different periods of oscillation. The other system parameters are
given in Table I.

the temperature of the mechanical system. This behavior is
opposite for cold and hot temperatures. For low 7' although
the mechanical system is approximately in the ground state,
the information grows at each cycle, as the information avail-
able to the optical system cumulates. For high temperature 7',
the mechanical bath tends to destroy all the available informa-
tion, and the peaks of the QFI decline at each cycle.

V. CONCLUSION AND PERSPECTIVES

In this work, we have investigated the dynamics of an
optomechanical system with linear and quadratic couplings.
We have found that each photon number contributes indepen-
dently to the total Hamiltonian, which allows us to isolate
these contributions and solve the temporal evolution of the
density operator. Assuming that the optical and mechanical
quantum states are initially factorized, we have derived a
complete description of the optical field’s density operator
using the formalism of two-photon coherent states. Further-
more, by considering the mechanical system to be initially in
a thermal state, we obtained a solution that can be evaluated
numerically.

We have investigated the dynamics of the system for two
types of initial optical field states: a coherent state, and a state
restricted to the subspace spanned by the zero- and one-photon
Fock states. To understand the influence of the linear and
quadratic optomechanical couplings on the system’s evolu-
tion, we first considered a dimensionless model in which the
two couplings are treated as independent.

The evolution of the optical field has been analyzed using
the Wigner phase-space distribution and, for the two-level
subspace, the Bloch sphere representation. The Wigner distri-
bution reveals a rich dynamics in which the photon number is
preserved, while intricate interference fringes develop. In the
two-level case, through a series of comprehensive analyses of
the system dynamics that consider different combinations of
g1 and g», we find strong approximate periodicity in the sys-
tem when one of the couplings is suppressed. As manifested
in the experimentally relevant regime, where g; > g», the
periodicities are attributed to the photon number-dependent
frequencies of the mechanical oscillator.

To quantify the sensitivity of the optical field to variations
in the quadratic coupling, we have calculated the quantum
Fisher information for both initial conditions of the field’s
quantum state. The effect of the quadratic optomechanical
coupling is particularly evident when the system regains its
original purity, as the off-diagonal elements of the optical den-
sity matrix encode information about the coupling constant.
Additionally, we have evaluated for the two-level case the
classical Fisher information associated with balanced homo-
dyne photodetection and found that it is capable of saturating
the quantum Fisher information.

Finally, we have considered a phenomenological model for
the cavity frequency, which results in interdependent linear
and quadratic couplings. Using the experimental values from
Ref. [38], we have investigated the estimation of the quadratic
coupling around the value predicted by the phenomenological
model. Consistent with the findings from the dimensionless
model, we have also demonstrated that in a balanced homo-
dyne photodetection setup, adjusting the phase of the coherent
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local oscillator allows the classical Fisher information to satu-
rate the quantum Fisher information. Furthermore, we have
studied the dependence of the quantum Fisher information
on the temperature of the mechanical system, showing that
it reaches its maximum at an intermediate temperature that al-
lows the state of the mechanical system to be highly populated
while being far from the maximally mixed state.

Our study describes the procedure to gain the most infor-
mation on the optomechanical coupling constant out of the
optical field inside the cavity. Future works need to assess
whether our result remains valid when the measurement is
performed on the output field, which can be obtained by
filtering the input-output relation to the detector frequency
[9,42].
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J

x = (Re{a}, Im{a}, Re{}, Im{}, Re{s}, Im{5}, Re{y }, Im{y}),

and the matrix A as

APPENDIX A: RELEVANT PROPERTIES OF THE
TWO-PHONON COHERENT STATE

In this appendix we write the overlap between the two-
phonon coherent state |8), and the coherent state |o). It
is [24]

1 w2 i i}
<a|ﬂ>n = —e_%(|“\2+lﬂ\2+ﬁa 7_Eﬂ2_;72na /3)’

N

where the parameters u,, v, are taken from the Bogoliubov
transformations

(AL)

by = (nb + v,b"), (A2)
bl = (urb" + vib) (A3)

and satisfy the relation
il = loal* = 1. (A4)

Their value is obtained by comparing the Bogoliubov Eqgs.
(10), with the above formula, yielding

Qn + Q Qn - (AS)
n=——, l)n = —.
Hn =5 /o, 2 a0,

With the proper substitutions, we can calculate all the implicit
terms in Eq. (36).

APPENDIX B: EXPRESSIONS FOR THE MULTIVARIATE
GAUSSIAN INTEGRAL

In this appendix we explicitly write the elements of
Eq. (36). Consistently with the expression found in Eq. (32)
and introducing the identity as in Eq. (33), we define the x
vector as

(BI)

A=21K + M,
with M given by
2 F ; 1 i 1 i
v iF_ —— L 0 0 L i
Ny T Hn Hn Hon i
iF_ 2 _F —L 1 i _L
! Nin + Han Hn 0 O Hm Hm
1 i vy (e ) oy (1—em20n) e it 0 0
An An n n M n
L _L l U,,(l—e’z’n”') U,,(l+872'g”’) je—i9nt _e—lﬂnl O 0
Mn Mn Mn Mn M n
0 0 _ e‘/:ﬂnr . ie;"ﬂn’ F, _iF. _ ejfm’ ie;ﬂ’"' ’
n n m m
0 0 i~ "t et _iF. _F, et _eiom
Hon Hn Hom Hom
-1 i 0 0 e et py (14w (@)
Mm Mm U Iom Im I
i 1 0 0 ie'm! LM Gl ) Vi (14%mt
Hon Hon Hon Hon o o
where the following shorthands were used:
P Vp o Uy F o Vp Vi
+=—+ ), =
MUn Mm Mn Wm
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The vector b has the form

Finally, the scalar ¢ has the following explicit form:

1
c=——
2

2{Re[nn(t)] c08(€2,1) — Im[17, (1)) $in(Qut) — 17, (1) ,Z—';e’iﬂ"’} = (1) € (1) eI H
1 2{Relna (O1sin(2u1) + Im{n, ()] co8(Rut) — i 1, (1) J=e™ "t} i (1) €S iy (2) 7!
2 — (1) = = (1)
() = 25 (1)
2{Re[1,u(1)] cos(ut) — Im[1, ()] sin(ut ) — 17;() Z—”‘memm’} — nE(t) e 4 (t) €t
2{Re[nu ()] sin(Qut) 4+ Im[1,, ()] cos(put) + i 14 (1) ﬁeiﬂmf} — i BE(t) e — in, (1) &t

[mnmﬁ + Mm@ —

0
0

(B2)

Hm

o) — nﬁ(t)]
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