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Bit commitment is a fundamental cryptographic primitive and a cornerstone for numerous two-party crypto-
graphic protocols, including zero-knowledge proofs. However, it has been proven that unconditionally secure bit
commitment, both classical and quantum, is impossible. In this work, we demonstrate that imposing a restriction
on the committing party to perform only separable operations enables secure quantum bit-commitment schemes.
Specifically, we prove that in any perfectly hiding bit-commitment protocol, an honestly committing party limited
to separable operations will be detected with high probability if they attempt to alter their commitment. To

illustrate our findings, we present an example protocol.

DOI: 10.1103/58t8-djSy

I. INTRODUCTION

Bit commitment is a cryptographic primitive between two
mistrustful parties that allows the committer (Alice) to com-
mit to a bit and reveal it to another party (Bob) at a later
stage. More specifically, a bit-commitment protocol consists
of two phases. In the commit phase, Alice secretly chooses a
bit b € {0, 1} and sends Bob proof of her commitment without
revealing the bit. In the opening phase, Alice announces her
bit, and Bob verifies that it is indeed the bit she had committed
to. Informally, it is required that a bit-commitment protocol
is binding (i.e., Alice cannot change her bit after the commit
phase) and, at the same time, hiding (i.e., Bob does not learn
the bit before the opening phase).

Quantum bit commitment is a fundamental primitive in
quantum cryptography. Indeed, it can be used to build quan-
tum oblivious transfer [1] and, consequently, any two-party
computation. However, Mayers [2] and, independently, Lo
and Chau [3] proved that unconditionally secure quantum bit
commitment is not possible, thus bringing into question the
conditions under which it can actually be realized. A lot of
research has therefore been focused on restricting the power
of the adversaries involved in the quantum bit-commitment
protocol. The most common examples include putting bounds
on their quantum memory, both in size [4] and in quality [5],
and considering (relativistic) constraints on the location of the
parties [6]. Relatively unexplored are models in which restric-
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tions are placed on the operations accessible to the parties,
motivated by realistic hardware limitations. One such model
was proposed in [7], in which the adversary, i.e., a dishonest
Alice, has access to a large quantum memory but cannot act
upon its entirety in a coherent fashion. More precisely, Alice
has n qubits but can act on only up to k < n of them at a
time. These operations can be modeled as local operations and
classical communication (LOCC) channels. LOCC channels
are indeed a natural way to model realistic hardware assump-
tions; they precisely allow us to represent that in practice,
quantum devices rarely allow large, joint coherent operations
across many qubits, as is the case, for example, in modular
(see Fig. 1) and distributed quantum computing setups [8,9].
However, the security proof of the proposed protocol in [7]
was erroneous [10], and therefore, the question of whether
secure bit-commitment protocols exist in such models
remained.

In this work, we present a set of conditions that, if ful-
filled after the commit phase, allows for secure quantum bit
commitment under the restriction that the committing party
(Alice) can perform only separable operations on her quantum
registers. This restriction includes the restriction proposed in
[7] since LOCC channels are a subset of the more general sep-
arable channels [11]. Further, we propose a protocol in which
said conditions are satisfied and show that Alice’s attempts to
switch commitment after the commit phase will be detected
with high probability.

We first define what it means for a bit-commitment scheme
to be secure. We then study the properties of the shared states
following Alice’s commitment, focusing on scenarios where
her reduced state is either a product state or an absolutely
maximally entangled state, depending on whether she com-
mitted to 0 or 1, respectively. In these settings, we prove
that restricting her actions to separable operations leads to
security. Finally, we present a bit-commitment protocol in
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FIG. 1. Schematic representation of a modular quantum proces-
sor. The system is composed of multiple quantum chips arranged
in a stack, where coherent measurement operations are restricted to
individual chips rather than across the full device.

which Alice has a three-qudit register and can operate on only
two of these qudits. We prove that she is not able to change
her commitment except with probability 5, where d is the
dimension of the qudits used to communicate.

II. SECURITY DEFINITIONS

As previously mentioned, a bit-commitment protocol is
desired to be, at the same time, hiding and binding. The
definition of the first property is quite straightforward.

Definition 1: wu-hiding. A quantum bit-commitment proto-
col is u-hiding, with p > 0, if Bob can guess the committed
bit before the opening phase only with probability % + w. Itis
said to be perfectly hiding if © = 0, i.e., Bob can hazard only
a random guess.

On the other hand, there are different ways to define what
it means for a protocol to be binding. There is a composable
definition given in [12], while the most common definition
was first presented in [13]. In the latter, the authors define a
bit-commitment protocol as binding if Alice cannot signifi-
cantly increase the total probability of successfully opening
both 0 and 1 after the commit phase. In [12] this property
is referred to as weak-binding, and the authors of [14,15]
call this property sum-binding, while also defining the notion
of honest-binding. Informally, a protocol is honest-binding if
Alice cannot successfully open the bit 1 — b after she honestly
committed to the bit b. We formally define sum-binding and
honest-binding as follows.

Definition 2: §-sum-binding. A bit-commitment protocol
is 8-sum-binding if, for any strategy that Alice follows, the
probabilities p;, of successfully opening the bit b € {0, 1} sat-
isfy

potpr <1434

Definition 3: e-honest-binding. In a bit-commitment pro-
tocol, for b € {0, 1}, let p; be the probability that Alice
successfully opens bit 1 — b after having honestly committed
bit b. We say the protocol is e-honest-binding if

max{po, p1} < &.

Although sum-binding implies honest-binding, it is still
interesting to study the latter because it is precisely the honest-
binding property that fails in the unconditional setting, leading
to the no-go result [2,3]. Gaining a better understanding of
how to evade this no-go result could help design protocols
that are conditionally binding and hiding. In the following,
we show that restricting Alice to separable operations can
guarantee honest-binding, without comprising perfect hiding.
We first take a closer look at the properties of Alice and Bob’s
shared state after Alice committed honestly.

III. BINDING FROM SEPARABLE OPERATIONS

A. Postcommitment states

Let A be Alice’s Hilbert space and B be Bob’s Hilbert
space, associated with an n-qudit and an m-qudit quantum
register, respectively. We set N := dim(A) =d" and M :=
dim(B) = d™, where d > 2 is the dimension of the qudits.
After the commit phase, Alice and Bob share one of two
quantum states ¥y, ¥; € A ® B, depending on Alice’s com-
mitment to 0 or 1, respectively. We assume the states are
pure [16], and we write W, = |W,,)(V,| for b € {0, 1}. For the
protocol to be hiding, the reduced states on Bob’s side have to
be indistinguishable [17]. This means that

Tra(IWo) (Wol) = Tra(|\Wi) (Wi ). (1)

We study the situation where Alice and Bob share the
postcommitment state W, and Alice wants to open 1 — b,
meaning she wants to convince Bob that they are sharing
the state W;_,. We denote with p, the probability of her
successfully doing so, i.e., Bob accepting her opening. To
this end, Alice performs an operation on her space A, de-
scribed by N € C(A), where C(A) is the set of completely
positive trace-preserving maps, i.e., quantum channels, from
the space of linear operators on A to itself. Her goal is to
maximize pj, the probability that Bob identifies the shared
state as W;_,, after she applied her channel to the committed
state \Wj; this is expressed by the fidelity between the two
states [18]:

Po= Nrgg&)F(l‘Ifl—bH‘Pn_bl, NV @ L) (W) (¥p))).

We fix a channel A and denote by {K;} its set of Kraus
operators, i.e., N(X) = Z,‘ KjXKJT. Since W,_, is pure, it
follows that

FOW1-p) (W15, NV @ 1) (1W) (W)
= > HWII(K; ® 1) W) [ )
J

We now take a closer look at states W, and ¥;. From (1),
it follows that orthonormal sets {|x;) fV: —01 , i) }ﬁV: 61 C A, and
{|b;) ?igl C B, as well as A; > 0, exist, so we can write the
Schmidt decompositions [19] of |Wy) and |¥;) as

M—1
1Wo) = Y v/AilxidIby), 3)
i=0

M—1
W) =Y Vaily by, (4)
i=0
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We can now compute (see Appendix A for details)

2
Po=z

; ®)
j

P1=Z

J

D hilyilK;lxi)
i
2

(6)

Z)w(xilKﬂyi)

By the unitary equivalence of purifications, a unitary oper-
ator U exists such that U |x;) = |y;) for every i. Therefore, if
Alice’s operations are unrestricted, she can choose the unitary
channel with the single Kraus operator U and perfectly cheat
without being detected; this is exactly the famous no-go re-
sult [2,3]. We can, however, avert this by restricting Alice to
performing only separable channels, as we show in the next
section.

B. Binding from separable operations

A separable channel is defined with respect to a bipartition
of Alice’s space. A separable channel A € C(A) with respect
to the bipartition 4 = A; ® A; is a convex combination of
product maps N4, ® N 4,, where A4, are completely positive
maps on 4; and the convex combination is also trace pre-
serving. Let A = A; ® A, be such a bipartition, and denote
N; :=dim(A;) and N, := dim(A;) (without loss of general-
ity, we assume that N, < Nyp). S(A;, A,) is the set of separable
channels with respect to this bipartition. An important feature
of separable channels is that their Kraus operators are also
separable with respect to the same partition. For a separable
channel N € S(A;, Ay) we can write its Kraus operators as
Ki=K;i ®Kj.

In line with the notation chosen for the Schmidt decompo-
sition (3) and (4), we investigate the situation where |x;) are
maximally entangled orthonormal states and |y;) are orthonor-
mal product states (so that Alice’s reduced state is separable).
This means that unit vectors |v;) € A; and |w;) € A, exist
such that

lyi) = lvi}{wi). (N
We can write K;ly;) = (Kj1 @ Kjp)(|vi)|w;)) = |vji)|wji),
where |vj;) € A; and |wj;) € A, are of norm less than 1.

In contrast, |x;) are maximally entangled with respect to
the bipartition A; ® A;. This implies that, for every i, bases
{lea) " € Ajand {| fi)}y2y" C A exist such that

NQ*I

1
i) = —F—= ik) | Jik)- 8
|x;) N ;:0 lei) | fix) 3

With this we find the following upper bounds for py and p;
(see Appendix A for detailed calculations):

po < )»%naxNz, )
1

P o (10)
)

which depend on the maximum eigenvalue of Wy and on N,,
the dimension of the smaller of the two bipartitions of Alice’s
space.

If Bob can now choose M = N, and A; = 1%2 for every i,
then the states in (3) and (4) are both uniform superpositions.

It follows from (9) and (10) that Alice’s cheating probability
is bounded by 1%2 We stress that this can be achieved under
the motivated assumption that it is Bob who creates the states
and therefore fixes M and An.x; indeed, if we allowed Alice
to create an entangled state while being restricted to separable
operations, that would be conceptually a contradiction regard-
ing her capabilities. Furthermore, we note that Bob could also
choose M > N, and reduce py even more, but that would not
affect Alice’s overall cheating probability.

On the other hand, Alice can freely choose the partic-
ular bipartition A; ® A, on which to act with separable
operations, whereas (7) and (8) guarantee only that |x;) is
maximally entangled and |y;) is separable with respect to this
particular bipartition of 4. To ensure the binding property, we
then need to consider states that fit structures (7) and (8) with
respect to any bipartition of 4. We want the |y;)’s to be sep-
arable with respect to any bipartition of 4 and will therefore
consider the product states |y;) = |a;1) ® - - - ® |a;,), where,
for every j, |a;;) is a unit vector in the d-dimensional Hilbert
space H,. As for the |x;)’s, the states that are maximally
entangled with respect to any bipartition of A are precisely
the absolutely maximally entangled (AME) states.

Definition 4: Absolutely maximally entangled states [20].
An AME(n, d) state of n qudits of dimension d is a pure state
ly) € (Hq)®" = A such that for any bipartition of the system
A=A ® Ay, with N = dim(A;) < dim(A;) =Ny, |y) is
maximally entangled, i.e., Tr 4, (|y){y|) = %ﬂzvr

We are now equipped to prove the following theorem.

Theorem 1. We consider a bit-commitment scheme be-
tween Alice and Bob, who hold an n-qudit register A and
an m-qudit register B, respectively, with d being the qudit di-
mension. If after the commit phase Alice and Bob share either
the state Wy or W; of the form (3) or (4), respectively, then
the bit-commitment protocol is ﬁ-binding under the following
two conditions.

(1) Alice can perform only separable channels on A.

(2) In line with notation in (3) and (4) for every i €
{0,...,N — 1} it holds that |x;) € AME(n,d) and |y;) is a
separable state with respect to any bipartition of A.

Proof. The two conditions given in Theorem 1 imply that
the analysis presented so far holds for amy bipartition of
Alice’s space A. As discussed above, Bob creates the states
and therefore can freely choose Ap.,x and M in the Schmidt
decompositions (3) and (4). From (9) and (10) it then follows
that Alice’s maximal cheating probability is

. L,
HIlVEZIX I)‘fllnlalxl max { 172, AmaxV2 } .
Alice can maximize ﬁ by choosing the smallest possible N,
which corresponds to her acting on a single qudit, obtaining

1

maxy, g, = 5. If she wants to maximize A2 N, she can pick

N, to be as large as possible, i.e., L%J (because A, is the
smaller partition), but since Bob has control over A, he can
choose it to be L%’J ~1. Alice acting on a partition of dimension
L%J corresponds to her 0p§rating on Lg] of her ql‘lc.lits,. and we
can conclude that her maximum cheating probability is then

_ 1 1 _ 1
Pswitch = max E, m = E
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Therefore, we are left with the challenge of designing a
quantum bit-commitment protocol where, after commitment,
Alice’s reduced state is either a product state or an AME state
depending on her commitment. If there is a protocol where
Alice’s reduced state satisfies this condition regardless of her
strategy up to the end of the commit phase, then our anal-
ysis proves that the protocol is sum-binding. If the protocol
leads to the desired situation only if Alice is honest up to
the commitment, then our analysis proves that the protocol
is honest-binding. Crucially, in either case the protocol is
perfectly hiding since the postcommitment states satisfy (3)
and (4). In the following we present an example of an honest-
binding protocol for any d using AME(3, d) states, where
Alice has a three-qudit register and is restricted to perform
coherent operations on up to two of them.

IV. AMEQ3,d) QUANTUM BIT COMMITMENT

We consider the following setup: Alice has a three-qudit
register A, Bob has a single-qudit register 3, and we also
consider ancilla registers a. The Fourier gate for qudits is
F = [ Z k’|k)(l| where @ 1= e’ is the primitive dth
root of unlty, the gate transforms the generalized Z elgenba51s
B, = {|k)} to the generahzedX eigenbasis By = {|k)}k 0
with |k) = Fle [ S0 @ |1y [19]. We can now state
the protocol and prove its security.

Theorem 2. The bit-commitment protocol (Protocol 1) is
perfectly hiding and 1/d-honest-binding if Alice is restricted
to perform only separable operations.

In the following we outline the main steps of the proof of
Theorem 2. We refer the reader to Appendix B for details.

We first show that the commitment does not reveal any
information and is always accepted when both parties are
being honest. If Alice commits to 1, the postmeasurement
state given the permutation 7 and the measurement outcome
mis

‘EJIT,m> = |q>7T(m))‘

Similarly, if Alice commits to 0, the postmeasurement state is

l()

We assume that Alice decides randomly to commit to O or 1;
this means that given her measurement outcome m, the shared

. . . ’:‘() ’:: l
state of Alice and Bob is equally likely to oe | j-‘n_,m> or | B )
We need to guarantee that these states are indistinguishable to
Bob. Indeed, it holds that

ol

1
Tea(180, 80 l) = Tea((2) 8L ) = o

where 1 is the identity matrix. Furthermore since, for a given
T eS;and b € {0, 1}, {|Ef’[’j)( |}d ! forms a basis, when
Alice announces her parameters m 7t and b in step 5, Bob
can measure in that basis and finally accept Alice’s opening if
the outcome is indeed m.

We prove Theorem 2 by separately showing that the proto-
col is é—honest—binding and perfectly hiding. For the former
we show that it fulfills the conditions of Theorem 1 if Alice
acts honestly in the commit phase; as for the hiding, we show

PROTOCOL 1. AME(3, d) quantum bit commitment.

1: Bob creates the state

[I]

d—
Z 2| @) am (1)

where

d—

Z @ 1jjj)ali+ 1. (12)

=0

|P;) =

Commit Phase

2: Bob sends Alice the registers a and A.

3: Alice picks a permutation 7 € S; and chooses b € {0, 1}
she wants to commit.

1. To commit b = 0 Alice measures a in the basis
By = {|7 (k))}{,

2. To commit b = 1 Alice measures a in the basis
Bl T = {l?T(k) k—O .

4: Alice obtains outcome |7 (m)) or |7 (m)) and announces
m € {0, ...,d — 1}. The shared state dependent on b, 7,
and mis |EL ).

Opening Phase

5: Alice announces b and 7 and sends Bob the register .A.

6: Bob projects the full state onto the expected state

Bb V(&b E. ,.l.ap to verify that Alice’s announcement was

Srm

truthful.

that even if Bob sends an arbitrary state of his choice, he
cannot infer any information on the bit Alice committed after
the commit phase.

Lemma 1. If Alice acts honestly in the commit phase, then
Alice and Bob share a state |22 ) that satisfies condition 2 of
Theorem 1, making the protocol %-honest-binding.

Proof. We show that after honest commitment, Alice’s
reduced state is an AME state if she committed 0 and a
separable state if she committed 1. Indeed, if Alice selects the
permutation 7 and commits to 1, the postmeasurement state
given outcome m is

Z\y

where |y are product qudit states and { |y )}‘; o 1s an
orthonormal set. On the other hand, if Alice commrts to 0,
the postmeasurement state given outcome m is

’m an(m)l|q) Z| m. ’J

where [x7"") is an AME(3, d) state for every j and {|x"") ‘;;é
is an orthonormal set. We refer the reader to Appendix B for
more detailed explanations.

It therefore follows from Theorem 1 that p, < 5 for
b e {0,1}. This means that Alice can successfully re-
veal a bit different from the one she committed to with
probability é. ]

—~1
|E‘7-[,m) = | 7r(m)

m7T>

1
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We emphasize that if Alice had not been restricted to sep-
arable operations, then her cheating probability would have
been 1, whereas for qutrits our cheating probability is already
smaller than or equal to % Next, we prove that the protocol is
perfectly hiding.

Lemma 2. For any state that Bob creates and sends in the
AME(3, d) quantum bit-commitment protocol, he does not get
any information on the bit Alice commits.

Proof. Bob can try to cheat in step 1 of the protocol by
sending a different state that could potentially improve his
probability of guessing the committed bit before the opening
phase. Alice’s measurements can be modeled as quantum
channels, and thus, Bob’s cheating probability is the prob-
ability of successfully distinguishing between Alice’s two
choices.

Alice’s commitment b is implemented in terms of a mea-
surement channel on the register a; she chooses a permutation
7w € S4 at random and then measures in the By , or B; ; basis.
For a given m, we can write the measurement channels as
follows:

d—1

MZ(p) =D (Im) (7 (m)| & Lag)p(|7(m)) (m] ® Lap),
m=0
d—1

M7 (p) =D (Im) ()| & Lag)p(|7 (m)) (m| @ 1.ap)-
m=0

Since 7 is chosen at random, Alice’s measurement channels
corresponding to 0 and 1 commitments are

1
Mo(p) = — 3 MG (p),

JTGSd

1
Mi(p) = — 3 Mi(p).

' NESd

For any p, we then have (see Appendix B for details)
Mo(p) = Mi(p).

Therefore, the postmeasurement state reveals no information
on Alice’s choice to Bob, no matter which state he sends
Alice. The protocol is therefore perfectly hiding. |

V. CONCLUSION

While unconditionally secure quantum bit commitment
cannot exist, in this work we presented conditions under
which one could design a protocol that is binding if the com-
mitting party is restricted to separable operations. Specifically,
we proved that if the shared postcommitment state is either
an absolutely maximally entangled state or a product state
after tracing out the receiver’s system, then the probability
of the committer successfully cheating can be bounded by 5,
where d is the dimension of the qudits in the communicated
state. We further strengthened our result by presenting an
example protocol that is perfectly hiding and that saturates the
5 bound if the committer is honest during the first phase of the
protocol. The proposed AME(3, d) bit-commitment protocol
provides a foundational example of how honest-binding bit
commitment can be designed within this restricted operational
framework, leveraging the properties of AME states to ensure

security. However, in our proposed protocol, Alice can easily
defer her commitment, making the protocol honest-binding
but not sum-binding.

Our results present an approach to circumventing the no-
go theorem for unconditionally secure bit commitment in
the quantum setting, emphasizing the role of operational re-
strictions on the committing party. Theorem 1 offers a set
of conditions that, if fulfilled by a protocol, will lead to %—
sum-binding and perfectly hiding quantum bit commitment.
While we have established security under the honest-binding
criterion, developing protocols where the restriction to sep-
arable operations can also guarantee sum-binding security
remains an important challenge which has strong impli-
cations for the implementation of secure bit-commitment
schemes.

Furthermore, the security of the proposed protocol scales
with the dimension of the communicated qudits, rather than
with the number of qubits used, as is often the case for
other cryptographic protocols in particular [7]. The binding
condition presented in the latter requires a large number of
qubits (roughly calculated at 7800) with a restriction of act-
ing on a maximum of one qubit at a time to be close to
our bound offered by qutrits, highlighting the qubit-qutrit
trade-off between scaling in numbers and in dimension. Qu-
dits, however, remain significantly difficult to control and
use with current technological resources [21-23]. A possi-
ble implementation of the proposed protocol using qutrits
could, however, already be envisioned by using a ten-qubit
entangled state [24]; however, this would need to be further
investigated.

Further work should also include a thorough analysis of
the protocol’s robustness under realistic noise conditions. A
starting point could be considering separable noise channels,
for example, depolarizing channels acting on each qudit of
Alice’s reduced state. This would not alter our results be-
cause the effect of the noise channel would be absorbed by
Alice’s separable channel, leaving her cheating probability
unchanged. In contrast, correlated noise is destructive and
decreases entanglement, and we believe that while it might in-
crease Alice’s cheating probability in one direction (switching
her commitment from O to 1), it would reduce it in the other
direction. Additionally, such noise could lead to Bob rejecting
Alice’s commitment even when she has been acting honestly.
Typically, this would be resolved with some mitigation mech-
anism (e.g., repetition of the protocol), which could impact the
cheating strategies. A careful treatment of these noise effects
is left for future work.

Another direction for future research is to investigate sep-
arable channels over more than two partitions and eventually
return to the physically more realistic restriction of LOCC op-
erations mentioned in the Introduction. Given that the latter do
not have a closed-form expression [11,25], we anticipate the
mathematical analysis will be more challenging. We expect,
however, Alice’s inability to create entanglement to remain
the backbone of the security proof.

Finally, we believe that the insights from this work can be
extended to other two-party cryptographic primitives, such as
oblivious transfer and secure multiparty computation, where
similar operational restrictions might enable new secure
protocols.

062401-5



ZIAD CHAOUI, ANNA PAPPA, AND MATTEO ROSATI PHYSICAL REVIEW A 113, 062401 (2026)

ACKNOWLEDGMENTS meinschaft (Grant No. 41829458), and the Berlin Quantum
Alliance. M.R. is supported by Ministero dell’universita e
della ricerca via Project No. 816000-2022-SQUID - CUP
F83C22002390007 (Young Researchers).

All the authors would like to particularly thank Jamie
Sikora for insightful discussions throughout the project. M.R.
also acknowledges discussions with Andreas Winter on an
alternative swap-based protocol. Finally, A.P. would like to
thank Louis Salvail for introducing the original problem to

. : . . DATA AVAILABILITY
her while she was on an academic stay at the University
of Montreal and for discussing potential solutions. Z.C. and There are no publicly available research data or software
A.P. acknowledge support from the Hector Fellow Academy, supporting this manuscript. Requests for further information
the Emmy Noether grant from the Deutsche Forschungsge- or data should be sent to the authors.

J
APPENDIX A: DERIVING THE GENERAL CHEATING BOUND

M— 2

Z (il K; ;)

i=0

We derive (5) and (6) by plugging (3) and (4) into (2); indeed,
po= Y [Wi|(K; ® 1) W) =Y

, : <Zf<y, b|)(1< ®1B)(Zf|xl |bl)2=

Similarly, we find p; = Z | Z o i (x| Klyi) |
We now present detaﬂed computatlons of (9) and (10). We start with the latter. Using (7) and (8), we find

Z Z)\, )C,|K |y1 ZZ <Z \/— lk|vjl flk|w]1)

2

2

J

2

M—1N—1 M—1N—1 M—1N—1
Z Z Z ﬁ lk|vjl flk|wjt < Z (Z Z |\/> elk|vjl )(Z Z |\/)T3(fst|sz>|2)
i=0 k=0 Jj i=0 k=0 s=0 =0
1 M—-1 N—1 — N,—1 M—1
= ]Vz ( A Z |<€ik|vﬂ )(Z)\ Z | fYt|ij ) = Z (Z)" vjl|v_]l )( )Mv<sz|sz>>
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Z Z hids (il K Kt |03) (w, | Ky K o |w)

Jji,s=0
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1 .
= N—Tr E (Kj ®Kj2)<2 Ailv) (vi] ® E )\s|ws><ws|>(Kjl ®Kj»)'
) - ,
J i=0 s=0

1 - M—1 M-1 1
=T N(ZO: Ao (vil @ ;kslws“wf')} TN

The upper bound in the second line follows from using the Cauchy-Schwarz inequality on the double sum, treated as the sum of
all the terms indexed by i and k. The last equality holds because N is trace preserving.

The case for b = 0 is a bit more convoluted. Again, we use (7) and (8), and we denote by A, the maximum eigenvalue of
®y given in (3) and by I1x (where K € IN) a projector onto a subspace of dimension of K:

M=1N;—1
=2 ZX wilK; ) ZZ D 2 dilwil(wil(Kjy ®K,2)|e’i‘/>'_ﬁ’<>
J j 1i=0 k=0 N>
M=1N;—1 2
2_2 ZZJ»UJ Kjilea)v/ni(wil K2l fix)
j 1i=0 k=0
M—1N~1 M=
J i=0 k=0 —0 1=0

M—1N,—1 M—1N,—1
( > ilvilKjrlead (el Kfylv) Y xx<ws|1<,z|fw><fw|1<j2|ws>)
0

i=0 k=0 s=0 t=0
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1 M—1 N>—1 M—-1 Nr—1
= 17 Z Z)w vl|Kj1 (Z lei)( lk|) Ui) Z)\'s ws|K12 (Z |fst fst ) 12|ws
2
j i=0 =0 s=0 t=0

I Ny 1 Ny

M—1 M—1
(Z Ki(vil Kj Ty K i) As<ws|szﬂN2K}2|ws>)
i=0 s=0
M—1 M—1
= |: ( Ailvid(vi|K 1HN2K;1>TI' (Z Ag|wy) (w‘lejZJ]-NzK;2>i|
J

i=0 s=0

H

52 M—1 M—1
g —max Z|: r( [vi) (vi | K j1 Ty, ]l>Tr<Z [wg) (ws|K 2]1N9K12>:|
J i=0 s=0
A2 A
= %XZ[Tr(HMK,lnNZ T (MyKply,K )] = %Z[Tr(K,IHNOK M) Tr (Kj2 1y, K, )|
= maXTr Z( Kp2)(My, ® Ly, )(Kj1 ® Kj2)' (Tl ® Tyy)

A2, o
= TN (M, © 1) (T © )] < ﬁj‘Tr[N (T, ® 1y,)]

)‘rznax T (1—[ ® 1 ) )‘rznax N2
= —— 1T = —
N, N, N, N, 2

N>.

max

The first inequality again follows the Cauchy-Schwarz inequality, while the last inequality holds because Iy, ® 1y, is a positive
operator and V' is a completely positive map, therefore mapping positive operators to positive operators.

APPENDIX B: SECURITY PROOF OF THE AME(3, d)-QUANTUM BIT COMMITMENT PROTOCOL
1. The honest case

We first provide detailed calculations showing that the protocol indeed allows for bit commitment if both parties are honest.
We need to show that the states when Alice commits to O or 1 are indistinguishable to Bob. We show that Bob’s reduced state is
always the maximally mixed state. We first properly derive the postcommitment states. When Alice commits to b = 1, we have

d-1 -1
1 RS 1
(Im) (7 (m)| @ D|E) = (Im) (7 (m)| @ 11)(— Z |l)|c1>,)> = [m)8xomu|Pr) = —=1m)a|Pxm) B
Vd = Nz Vd
(Im){m (m)|@1)| E)
Therefore, 7z G e (G = Ima| @)
If she commits to b = 0, we have
s - d— = -
(Im) (7 (m)| @ D|E) = (Im) {7 (m)| @ 1)<T Z N Pr) ) =—= ) _ Im){mm)|l)|®;)
=0 di3
= d—1 | 4!
=7 ;( Zw”(m)k|m)<k|l)>|¢z) i ( 7 Zw”(m)"akl|m>>|<l>z>
d—1
aZ ™" | @) 4
I=
Since w is a dth root of unity, it holds that Z 0 @' = 0, which in turn implies that, for all j, k € {0, . — 1}, we have
1! 1 d—1 |
<E Z 77'[(m)k (Dk|>< an(m)llq) ) Z wn(m)(lfk)(skl — E
k=0 1,k=0
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and therefore

o = d—1
() 7)) 8 DIEx) =|m>a( L Zwmm@lm)'
Y (El7Gm) ® D m| @ DIE.) =

Since the state of the ancilla register |m), is fixed after the commitment and therefore contains classical information, it can be

dropped for the remainder of the analysis. We will therefore consider the states |22 ) f S0 @Dy and |E]

| Do (m))-
We also want Bob’s reduced states to be indistinguishable and maximally mixed. Bob’s reduced state when Alice commits 1

T, m) -
is

1 d—1 d—1
Tra(|Er ) B ml) = Tra(®ain)(Prom)) = TrA(ﬁ Yo"+ ”(’"))) Jil Z ™I+ 7 (m)]

=0
d—1 d—1 d—1
=— Zw”(’")“ D811+ 7 (m))(j + 7 (m)| = Z|]+7T(m))(1+77(m)| = Zu Wil ==
]l 0 j =0 =0

Similarly, when she commits 0, Bob’s reduced state is

d—1 d- d—
1 —m(m T (m)(k—j
Tra(|€ (8% .m]) = Tra (ﬁ an(m)k@k T Z G 2 Z mE=DTr 4[| D) (D]
k=0 j= =0
1 d—1 d— 1 d—1
— 7 (m)(k—j) —jt
= - Za) TrA|:< Z ¥|sss) |s+k))(— 1) ttt|t+j|):|
vt N
d—1 d-1 d—1
d2 Z @™ =1 Zwka its, s+ K+ j) = Z W™ k= I)Zws(k ])|s+k)(s_;’_]|
J.k=0 5,t=0 J.k=0 s=0

We relabel the sum with j/ = s + j and k' = s + k and note that k¢’ — j = k — j. Summing over roots of unity again yields

d—1 d—1
Z ™MD S K D5 k(s + jl = Z wn(m)(k’—/><zws(k—/>>|k 7
k=0 5=0 Jk=
=
— 7 (m)(k'—j") " "
42 Z w d5 K 1K) ZU
J/7k/:0
The states are therefore indistinguishable to Bob 1n the honest case.
We also want to prove that the sets {|E uO }) and {|E )}‘;;é are orthonormal sets. The definition (IV) of ®; implies that
{|1& )}j o 18 an orthonormal set. For {| 2 u )‘Jl:(; we have
d d— d—1 d-1
1 . 1 )
- —m(1k —(1k —r(1k
(22,]22,) = (72 ey |) z i) | = 1S e kigyay) = LS orominon
k=0 j= k,j=0 k,j=0
d—1
- Zw(n(m) Tk 5,
k =0

2. Honest binding
When Alice commits to 1, the shared state is
d—1

1 d—
|E}Tm> = |Drm) = ﬁ Za)]ﬂ(m)U]]H] + w(m)) = 7 Z Lj— rr(m)]ﬂ(m)|[j —a(mIlj — 7 mIj — 7 m)]) |j)
=0 =

n1v>

1y
d—1

= oD
=0

where | y’f’”) are product qudit states that form an orthonormal set.
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The postcommitment state after Alice commits to O is

1 d—1 1 d—1 d— w 1 d—1d-1
B0, = —= Y ooy = —= Y W Z N+ = W™ i)+ D)
m.m
Jd = Vd = 20 Vd ]=0 1=0
-1 d—1 d-1
1 1 : !
— N WG G DG =DG =) 1) = —= Y T
JVd ; Vd Z:;: Vd ; !
)

One can easily show that states of the form f Z e 0 w*i|jjj) are AMEs, and therefore, |x;” Ty are AME(3, d) states that form
an orthonormal set.

3. Hiding

We will now prove that for any p, it holds that M(p) = M;(p) and therefore the commitment does not reveal any
information to Bob. To do this we will use the following fact: If S, is the group of all permutations over d elements, for all

Jkell,...,

1 d—1 o o
Mo(p)y == 3 3 lim)(w(m)] @ Lglpllz (m)) m] @ 1] =

' ﬂESd m=0

d}, we have |[{o € S; : 0(j) = k}| = (d — 1)!. It then follows that

| 4! -1
a2

@™ ™ D) (k] ® 11p(|1) (m] ® 1p)
" m=0 weSy k,1=0

d—1 d-1
1
=2 2 2 @ Um K @ 1)l ml @ 1s)
m=0k,|=0meS,
1 d—1 d—1 d—1
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= (d =Dy ™D (m) k| @ 1)p(I1) (m| @ 1)
m=0 k,[=0 q=0
d—1 d— d—1d-1
ZZ dsu(Im) (k| ® 1)p(|l)(m| ® 1) = (Im) (k| ® 1)p(lk) (m| ® 1p).
m=0 k,[=0 m=0 k=0
Similarly, we compute
1 d—1 d—1
Mi(p) == Y Y lim)(x(m)| @ Lsloll (m)) (m] © 15] = ZZ |m) {7t (m)| ® L1l (m)) (m] @ 151
! meS; m=0 ! m=0meS,
d—1 d—1 d—1d-1

1
Z(d = DU (m) (k] @ 1e)p(k)oml @ 1) = = 3 1 3 (Im) (k| @ 1) (k) ] © ).

" m=0 k=0

m=0 k=0
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