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The physical content of a theory is not intrinsically tied to any single mathematical formalism. Both classical
and quantum mechanics admit equivalent representations, notably in phase space and in Hilbert space, related
by the Wigner-Weyl correspondence. While this correspondence has long been studied in mathematical physics,
its foundational and operational implications are often left implicit. Here we give a systematic account of
what changes—and what does not—when classical and quantum theories are expressed in each other’s native
language. This representational viewpoint separates artifacts (such as the appearance of nonpositivity or neg-
ativity under certain maps) from robust structural distinctions that persist across representations, in particular
noncommutativity and its h̄-dependent �-deformation of the classical algebra. We develop the comparison at the
level of states, kinematics, and dynamics, and extend it to measurement by formulating both outcome statistics
and state-update rules within the same framework.
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I. INTRODUCTION

A recurrent lesson in theoretical physics is that the same
physical theory can be expressed in different mathemati-
cal languages. Yet, in textbook presentations, classical and
quantum mechanics are often implicitly identified with their
most familiar representations: classical mechanics with phase
space (PS), and quantum mechanics with Hilbert space
(HS). This association encourages the impression that the
classical–quantum divide is, at least in part, a divide between
formalisms. A formalism does not change what a theory
predicts, but it does shape how the theory is understood,
including which of its features appear fundamental. Already
in the early development of quantum theory, Moyal articulated
this discomfort: “One is led to wonder whether this formalism
does not disguise what is an essentially statistical theory, and
whether a reformulation of the principles of quantum me-
chanics in purely statistical terms would not be worth while
in affording us a deeper insight into the meaning of the the-
ory” [1]. In fact, Wigner, Weyl, and others [2–6] established
early on that quantum mechanics admits a phase-space rep-
resentation and that phase-space structures can, conversely,
be encoded in Hilbert-space terms. This converse direction
has historically drawn far less attention than the quantum
to phase-space map, the principal exception being the al-
gebraic phase-space program of Bohm and Hiley [7], even
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though it is essential for a symmetric comparison. The broader
consequences of treating these representations on an equal
footing, however, have often been explored mainly from the
perspective of mathematical physics, with less emphasis on
the operational and foundational reading of what the transla-
tions do (and do not) change [8].

In parallel, a sustained effort in recent years has aimed
at sharpening the classical–quantum boundary by pushing
“classical” models to emulate hallmark quantum features.
Examples include epistemic restrictions designed to mimic
uncertainty [9,10], proposals of fundamental indeterminacy
in otherwise classical settings [11,12], or limitations of op-
erational access imposed on observers [13]. These programs
underscore an important point: many striking “quantumlike”
features depend on what is operationally accessible and on
how a theory is represented rather than on a simple ontological
split between “classical” and “quantum.”

The goal of the present work is to push this representa-
tional comparison further by systematically translating each
theory into the language of the other and tracking which
distinctions survive the change of representation. We use the
Wigner-Weyl (WW) correspondence [14–16] to map classical
PS distributions to HS operators (not necessarily positive)
and, conversely, quantum density operators to their PS rep-
resentatives (Wigner functions). While other Hilbert-space
embeddings of classical mechanics exist (e.g., Koopman–von
Neumann [17]), these proceed from a commutative algebra of
observables embedded in Hilbert space, building in commuta-
tivity from the beginning. Related approaches, however, show
that operator and Hilbert-space methods, and even certain
noncommutative structures [18], along with hallmark fea-
tures such as complementarity [19], can emerge in otherwise
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classical settings so that none of these is by itself uniquely
quantum. The WW framework is instead particularly well
suited for a two-way comparison precisely because the non-
commutative composition law is retained at the level of
symbols, so the principal distinction is relocated to the ad-
missible states and the dynamics rather than assumed away in
the kinematics.

In essence the formalism provides a two-way translation
between phase-space and Hilbert-space descriptions: quantum
states can be represented in phase-space form and classical
phase-space descriptions can be represented in Hilbert-space
form. These transitions are exact on the level of representa-
tion, but they do not, in general, preserve all the admissibility
constraints in the same way. As a result some familiar indi-
cators, such as negativity appearing in one representation, can
reflect the representational choice rather than a representation-
independent physical boundary.

The aim of this work is to use this two-way translation as an
operational comparison tool and to separate representational
artifacts from structural differences between classical and
quantum theories. Our main claim is that the robust boundary
is not tied to a preferred language (phase-space vs Hilbert-
space) but to noncommutative structure and its operational
consequences. Put differently, we ask, After translating both
theories into each other’s native language, which differences
remain genuinely physical?

The goal of this paper is twofold. On the one hand, we
review the main features of the WW formalism, originally
developed in the context of mathematical physics, and rein-
terpret them from an operational perspective. This viewpoint
brings to light a number of conceptual and foundational as-
pects of the WW correspondence that, in our opinion, have
received comparatively little attention in the literature. On the
other hand, we extend the WW framework with several orig-
inal contributions. We provide a systematic analysis of which
differences between the classical and quantum descriptions
are merely artifacts of representation and which instead reflect
genuine structural distinctions, carrying out this comparison
uniformly at the level of states, dynamics, and measurements.
We formulate outcome probabilities and conditional state-
update rules within a common operational framework, thereby
allowing a direct comparison between classical and quantum
theories. This unified perspective clarifies which apparent sig-
natures of nonclassicality are representation dependent and
which instead originate from the underlying noncommutative
algebraic structure, making them representation independent.
Finally, we show how recent results on entanglement naturally
fit within this same operational hierarchy.

While some of the ideas of this work were introduced
in Ref. [13], that paper is a focused study of bipartite
continuous-variable correlations and establishes the entangle-
ment hierarchy that we review in Sec. VI. The present work
is instead concerned with a systematic comparison of the two
formalisms. Its contribution is to carry the same operational
reading uniformly through states, kinematics, dynamics, mea-
surement, and entanglement such that the question of what
is representational and what is structural can be asked and
answered in the same terms. This is also what allows the
comparison to be extended to measurement, which is usually
left out of such treatments, by expressing outcome statistics

and conditional state updates for both theories in a common
language and locating the difference in the update rule rather
than in the outcome probabilities.

After formally introducing the WW maps, we will discuss
the admissibility constraints on phase-space functions, in-
cluding known necessary-and-sufficient criteria (the Kastler–
Loupias–Miracle-Sole (KLM)/quantum Bochner-type condi-
tions [20–23]) and practically useful special cases (e.g.,
Gaussian states) [20,24]. We will find that the classical state
space C and the quantum state space Q form distinct par-
tially overlapping sets, with an intersection that admits both
a classical and a quantum description. To further find real
physical differences between the two theories, however, we
will also have to look beyond the state space and consider the
underlying differences in the kinematics and the dynamics,
in both PS and HS. In doing so, we immediately obtain the
generators for time evolution in the form of the Poisson and
the Moyal bracket, which can then be translated into an HS
language, revealing subtle structural differences between the
two evolutions. Furthermore, the quantum measurement pro-
cess, including both the calculation of probabilities, as well
as the state update, will be compared against its classical
counterpart. Once translated into the same language, we will
find great similarities in the calculation of outcome proba-
bilities, with the only exception being emerging negativity
inherently tied to this correspondence. If one were to restrict
the states and the measurements an observer can perform (e.g.,
to jointly measurable phase-space observables), these issues
can be avoided. Nevertheless, there will be a difference in the
state-update rule in PS that can be used to distinguish both
processes. Finally, we will also briefly review the emerging
entanglement structure of Ref. [13] to complete the compari-
son in Table I.

II. REPRESENTATIONAL TRANSLATIONS

The Wigner-Weyl correspondence provides an explicit
change of representational language between HS and PS. At
the level of symbols or operators, the translation is invertible,
so no information is lost. However, as we make precise below,
once the transforms are defined, the map does not preserve
the positivity constraints that define the physical state spaces,
and this mismatch is the first place where representational
artifacts such as negativity can appear. Yet we will find that
both HS and PS representations are not intrinsically tied to
either theory. This section fixes notation and makes precise the
distinction between formal translations and admissible state
sets, which will be crucial for the kinematic, dynamical, and
measurement comparisons below.

Quantum states are customarily represented in complex
Hilbert space H, where pure states are represented by complex
vectors |ψ〉 and mixed states are represented by positive trace
1 operators ρ̂ = ∑

i ωi |ψi〉 〈ψi|. With the knowledge of the
state, expectation values of an operator Ô can be computed
via 〈Ô〉 = Tr[ρ̂Ô]. To then transform a quantum state to its
corresponding quasiprobability distribution in PS, we make
use of the Wigner transform

W (q, p) = 1

2π h̄

∫ ∞

−∞
dy e− i

h̄ py
〈
q + y

2

∣∣∣ ρ̂ ∣∣∣q − y

2

〉
, (1)
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TABLE I. Comparison of states, evolution, kinematics, measurement, and entanglement in classical and quantum mechanics across Hilbert
and phase-space formalisms.

Phase space Hilbert space

Classical Quantum Classical Quantum

State f (q, p) � 0 W (q, p) may be negative ρ̂ f need not be positive ρ̂ � 0
Kinematics {q, p}PB = 1 {·, ·}MB = {·, ·}PB + O(h̄2) [q̂, p̂] = ih̄ [q̂, p̂] = ih̄
Evolution ∂t f = {H, f }PB ∂tW = {H,W }MB BH von Neumann
Measurement Bayes conditioning

(likelihood
reweighting)

Overlap rule �-deformed
update

Formal trace rule
(positivity not

preserved)

Born rule:
projective/POVM

Entanglement [13] Probabilistic
correlations only

Genuine entanglement Representational
“entanglement”

Operational quantum
entanglement

where the resulting Wigner function W is real valued but can
take negative values [15]. The transformation admits an in-
verse at the level of operators and symbols, which can be used
to represent classical phase-space functions as Hilbert-space
operators.

These classical states with n degrees of freedom are
typically represented by a probability distribution f (q, p)
on phase space � ∼= R2n, where deterministic (pure) states
correspond to Dirac δ functions f (q, p) = δ(q − q0)δ(p −
p0), while statistical ensembles are described by smooth
probability densities (mixed states). Observables can then
be represented by real-valued functions O(q, p) on �, for
which the expectation values can be computed via 〈O〉 =∫

dqd p f (q, p)O(q, p). To obtain the Hilbert-space counter-
part of these well-behaved PS distributions, we require the
Weyl quantization map 
 [3], which is defined by

ρ̂ f = 
[ f ] =
∫
R2n

dq d p f (q, p)�̂(q, p), (2)

where the Stratonovich–Weyl kernel [25] is given by

�̂(q, p) =
∫
R

ds e
i
h̄ ps

∣∣∣q + s

2

〉 〈
q − s

2

∣∣∣ . (3)

Using this Weyl quantization allows us to associate any well-
behaved PS distribution f with its HS operator counterpart
ρ̂ f . Like for the Wigner transform, this mapping does not
preserve positivity, i.e., a positive classical PS distribution can
potentially be mapped to a nonpositive semidefinite (pseudo–
)density operator. Consequently, the translation is formally
exact while the admissible sets differ, and positivity fails in
both directions: a positive classical density f � 0 can map
to an operator ρ̂ f �� 0, while a positive operator ρ̂ � 0 can
map to a Wigner function that is pointwise negative. Quantum
states are thus positive operators whose Wigner functions
need not be pointwise positive, whereas classical phase-space
densities are positive functions whose Hilbert-space images
ρ̂ f need not be positive operators. Much of what is often
advertised as “nonclassicality” (e.g., negativity) therefore de-
pends on which representation one insists on.

In what follows we assign states the normalization of
Eq. (1) and observables the bare Weyl symbol. With this con-
vention the trace relation below holds as written whenever one
argument is a (pseudo-)density and the other an observable,
which is the only case we use. Thus one can translate the
calculation of expectation values from one formalism to the

other, via the trace relation [16]

Tr(ÂB̂) =
∫

dq d p AW (q, p)BW (q, p), (4)

where the subscript W denotes the corresponding symbol.
Just this mapping of states already reveals a rich set-

theoretic structure. The physically admissible classical and
quantum state spaces become distinct, partially overlapping
sets when viewed through the WW translations [13]. Impor-
tantly, (non)positivity is not preserved by the correspondence,
so negativity should be read as a representation-relative wit-
ness rather than an intrinsic label. For example, a Wigner
function that takes negative values rules out an interpretation
as an ordinary classical phase-space probability density within
this representation and is therefore often used as a witness of
nonclassicality [26,27]. Conversely, the Hilbert-space image
ρ̂ f of a perfectly classical density f need not be positive,
which means it cannot be regarded as a quantum state even
though it is a valid WW representative of a classical distri-
bution. More formally, we can define the admissible set of
quantum states Q as

Q = {ρ̂ | ρ̂ � 0, Tr[ρ̂] = 1}, (5)

and the set of classical states via

C = {ρ̂ f | Tr[ρ̂ f ] = 1, f (q, p) � 0 ∀ (q, p)}. (6)

This structure is summarized schematically in Fig. 1 and in
the first row of Table I. To make the nature of the classical
and quantum state sets more concrete, consider the following
examples. The classical pure state f = δ(q − q0)δ(p − p0)
has Weyl image ρ̂ f = �̂(q0, p0), i.e., the Stratonovich–Weyl
kernel itself, which is proportional to the parity operator about
the point (q0, p0) and therefore carries eigenvalues of both
signs. A perfectly ordinary classical state is therefore mapped
outside Q. On the quantum side, the Fock state |1〉 is a legiti-
mate density operator whose Wigner function takes the value
W (0, 0) = −1/(π h̄) at the origin, so it admits no reading as
a classical phase-space density. At the same time, negativ-
ity is not inevitable, as we can see for Gaussian quantum
states (G in Fig. 1), for instance, which have everywhere non-
negative Wigner functions [28], yielding a nontrivial overlap
region in which the two descriptions agree on positivity. Thus,
the WW maps provide a formally invertible translation be-
tween descriptions, while the admissible state sets are singled
out by different positivity constraints; in this sense, neither
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FIG. 1. Classical and quantum state spaces are partially overlap-
ping sets when considered under the WW correspondence. The left
region contains classical densities f � 0 whose Hilbert-space im-
ages ρ̂ f are not positive operators, the right region contains positive
density operators ρ̂ whose Wigner functions take negative values
somewhere, and the intersection contains the states that meet both
positivity requirements at once. Gaussian quantum states G can be
found within the intersection by Hudson’s theorem [28].

phase-space nor Hilbert-space descriptions are intrinsically
“classical” or “quantum.”

Since the WW maps are invertible but do not always pre-
serve positivity, one may ask for criteria that decide whether
a given phase-space distribution W (q, p) corresponds to the
Wigner function of some positive density operator ρ̂ � 0. A
complete answer is given by the KLM conditions [20,29,30],
using the characteristic function W̃ (ξ ). Here W̃ (ξ ) is the
(symplectic) Fourier transform of W , the PS analog of the
characteristic function of a probability distribution. Classi-
cally, Bochner’s theorem states that a continuous function
normalized to 1 at the origin is the characteristic function of
a genuine probability density if and only if it is of positive
type, i.e., the kernel W̃ (ξ j − ξk ) is positive semidefinite on
every finite set {ξ j}. The KLM conditions are the quantum
deformation of this criterion. Positive definiteness is replaced
by h̄-positive type, in which each entry carries an additional
phase exp( i

2h̄σ (ξ j, ξk )). More concretely, W is the Wigner
function of a legitimate state ρ̂ � 0 if and only if W̃ (0) = 1,
W̃ is continuous, and the matrix

Mjk = W̃ (ξ j − ξk ) exp

(
i

2h̄
σ (ξ j, ξk )

)
(7)

is positive semidefinite, where σ denotes the symplectic form.
This is a quantum analog of Bochner’s theorem, which is
recovered when h̄ → 0. While these conditions are not always
convenient computationally, they make the admissible subset
in Fig. 1 mathematically sharp, and they admit certain special
cases. Most notably for Gaussian states, admissibility reduces
to the Robertson–Schrödinger uncertainty constraint on the
covariance matrix [31,32].

It is useful to fix the terminology at this point. By a
classical phase-space description we mean a non-negative
probability density on � together with the machinery that
comes with it, i.e., Liouville evolution, response functions as
measurements and Bayes’s rule as the state update. By Wigner
positivity we mean pointwise non-negativity of W (q, p). By
classicality we always mean the operational property of being
reproducible by a classical phase-space description under a

stated set of accessible measurements, and not an ontologi-
cal attribution. Wigner positivity is necessary for a classical
phase-space account of the quadrature statistics of a quantum
state, but it is not sufficient for classicality in the above sense,
because the two theories can still be told apart by the dynamics
under nonquadratic Hamiltonians, as in Sec. IV, and by the
state update, as in Sec. V. Conversely, a state can be classical
in origin and still fail to be a quantum state at all.

So far the WW correspondence has given us an invertible
translation that allows us to map from one representation
to the other, while positivity constraints pick out different
physical subsets. To now locate a representation-independent
distinction, we shall look at what the WW correspondence
does not preserve structurally. We will find that multiplication
in one language is different in the other, and that mismatch is
where noncommutativity enters.

III. KINEMATICS

Before comparing algebras, it is worth separating two
notions that the translation tends to conflate: variables and
observables. Classically, the canonical pair (q, p) are ordinary
commuting phase-space coordinates; under Weyl quantization
their images (q̂, p̂) obey [q̂, p̂] = ih̄. One might read this
acquired noncommutativity as evidence that the embedded
classical system is somehow “intrinsically quantum.” It is not.
The commutator here is a property of the representation map
applied to the kinematic variables, not of the classical state of
affairs being described. Concretely, the embedding changes
no classical prediction, because the operator image ρ̂ f =

[ f ] of a classical density has Wigner function equal to f
itself, so every quadrature statistic is exactly the classical one,
even though the coordinate images q̂, p̂ no longer commute.
The commutator acquires operational meaning only when
something is sensitive to it, i.e., when positivity forbids ar-
bitrarily sharp joint localization [the uncertainty bound below,
Eq. (15)] or when the �-product enters a measurement update
(a sharp position readout disturbing momentum, Sec. V). Un-
til then, [q̂, p̂] = ih̄ merely records how one chose to write
classical functions as operators. Thus what distinguishes the
theories is not whether one can write noncommuting sym-
bols but whether the admissible states (through positivity)
and the operationally accessible measurements (through the
�-deformed composition) are sensitive to that structure (see
Sec. V). We introduce the Poisson and Moyal brackets here
as the algebraic objects induced by the two composition laws,
while their role as generators of motion is taken up in the next
section.

With transformations and state spaces in hand, we can
now ask what algebraic structure needs to be changed under
this mapping to make a theory consistent in both representa-
tions. The key point is not whether we can translate symbols
back and forth but whether the translation respects the prod-
uct structure that underlies kinematics and dynamics. In the
following we will motivate the emergence of the Moyal �-
product via the Groenewold–Van Hove obstruction and find
how the mapping can be made to satisfy certain quantization
properties. This will lead us to find the structural differences
in the kinematic relations in PS.
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Notice that the Weyl transform in Eq. (2) ensures that
the constant function 1 is mapped to the identity operator I,
and polynomials are mapped to their symmetrized counter-
parts, e.g., 
[qp] = (q̂ p̂ + p̂q̂)/2 [33,34]. Despite that, this
quantization procedure cannot yet serve as a fully consistent
quantization map [35] due to the Groenewold–Van Hove the-
orem [4,5], which shows that a quantization map Q needs
to satisfy (i) normalization Q(1) = I, (ii) canonical vari-
ables Q(qi ) = q̂i and Q(pi ) = p̂i, and (iii) the Dirac condition
Q({ f , g}) = 1

ih̄ [Q( f ), Q(g)], which maps the Poisson brack-
ets to a commutator structure. This theorem states that there
exists no quantization map that satisfies these properties, i.e.,
preserves the Poisson algebra exactly. Particularly, problems
arise when considering polynomials of third order,

ih̄Q({q2 p, qp2}) �= [Q(q2 p), Q(qp2)], (8)

which will have a reoccurrence when we consider time evo-
lution in a later section, where third-order potentials lead to
a divergence between classical and quantum evolution. Note
that up to quadratic order, there is no need to deform the PS
algebra, as all of the above properties are satisfied. Since an
exact correspondence is not possible to all orders, we have
to relax condition (iii) and introduce a deformation of the
Poisson structure in the form of the Moyal bracket [1,36,37]

{ f , g}MB = 1

ih̄
( f � g − g � f ) = { f , g} + O(h̄2), (9)

where the Moyal �-product is defined as

f � g = f (q, p) exp

[
ih̄

2
(
←−
∂q

−→
∂p − ←−

∂p
−→
∂q ))

]
g(q, p), (10)

and
←−
∂ /

−→
∂ acts to the left or right, respectively. Operationally,

the �-product is just the phase-space encoding of operator
multiplication and tells us how to multiply Weyl symbols so
that the result matches multiplying the corresponding Hilbert-
space operators. This new product is also used to encapsulate
products in Eq. (4), if, for instance, two-point correlators like
〈ÂB̂〉 ∼ ∫

(AW � BW )W are considered, and it generally helps
with computing arbitrary products of Wigner-transformed op-
erators. It is now also instructive to look at how the Moyal
product compares to the regular pointwise product in phase
space. Expanding the exponential makes the deformation
explicit,

f � g = f g + ih̄

2
{ f , g} + O(h̄2), (11)

so the antisymmetric part reproduces the Poisson bracket
at leading order, while higher even powers in h̄ generate
genuinely quantum corrections. The Moyal bracket is then
precisely the bracket induced by this deformed product, i.e.,
the phase-space representative of the commutator. An im-
portant consequence of this construction is that classical
mechanics can be recovered by taking the limit h̄ → 0, for
which the Moyal bracket reduces to its Poisson counterpart
and the Moyal product reduces to the regular phase-space
product. Most importantly, the Moyal bracket is precisely the
phase-space symbol of a Hilbert-space commutator, a point
we make explicit for the canonical pair once the product
rule (12) is in hand.

This observation can be sharpened into a clean kinematic
comparison. In the WW correspondence, one should not com-
pare pointwise multiplication of phase-space functions with
operator multiplication; rather, operator multiplication corre-
sponds to the �-product of symbols

(ÂB̂)W = AW � BW . (12)

Applied to the canonical pair, this rule reproduces the com-
mutator directly: q � p − p � q = ih̄, i.e., {q, p}MB = 1, whose
Hilbert-space image is [q̂, p̂] = ih̄ I. The canonical commuta-
tor is therefore a consequence of the deformed product, not an
independent input. As a further consequence, commutators in
Hilbert space correspond exactly to Moyal brackets in phase
space,

1

ih̄
[Â, B̂]W

WW←→ {AW , BW }MB, (13)

while the classical Poisson bracket governs the unde-
formed (commutative) phase-space algebra. In this sense the
representation-independent kinematic distinction is the un-
derlying algebraic structure. Classical mechanics is governed
by a commutative product and the Poisson bracket, whereas
quantum mechanics is governed by a noncommutative product
whose phase-space representative is the �-product and whose
bracket is the Moyal bracket. Furthermore, the canonical rela-
tions agree at leading order in h̄, as seen in Eq. (9), so the
classical kinematics is recovered as the h̄ → 0 limit of the
quantum phase-space algebra. Conversely, the Groenewold–
Van Hove obstruction is precisely the statement that one
cannot keep the classical Poisson algebra and the classical
pointwise product while mapping exactly into operators; the
deformation encoded in � is what makes the correspondence
consistent. The representation-independent distinction is the
noncommutative composition law. In phase space this ap-
pears as the �-product and Moyal bracket, whereas classical
mechanics keeps pointwise multiplication and the Poisson
bracket.

This vantage point also clarifies the status of the un-
certainty relations. Kinematics fixes only the commutator
[q̂, p̂] = ih̄ (equivalently, {q, p}MB = 1), and by itself this is
an algebraic identity and carries no bound on variances. To see
what supplies the bound, let δr̂i = r̂i − 〈r̂i〉 with r̂ = (q̂, p̂),
and consider X̂ = u · δr̂ for an arbitrary complex vector u.
Positivity of the state guarantees

〈X̂ †X̂ 〉 = Tr[ρ̂ X̂ †X̂ ] � 0 ∀ u. (14)

Splitting the second moments into symmetric and antisym-
metric parts, 〈δr̂i δr̂ j〉 = Vi j + ih̄

2 �i j , with covariance matrix

Vi j = 1
2 〈{δr̂i, δr̂ j}〉 and symplectic form � = (

0 1
−1 0), the

condition for all u becomes the matrix inequality

V + ih̄

2
� � 0, (15)

which is precisely the Robertson–Schrödinger rela-
tion [31,32], denoting the same bona-fide constraint
that, for Gaussian states, makes the KLM conditions
tractable. Taking the determinant gives det V � h̄2/4, i.e.,
�q2 �p2 − cov(q, p)2 � h̄2/4, and hence �q �p � h̄/2.
The commutator enters only through �, while the inequality
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itself is enforced entirely by positivity of ρ̂. Incompatibility
is kinematic, but the uncertainty bound is a property of
the admissible state space. This cleanly separates what the
noncommutative product supplies (the bracket) from what
positivity supplies (the bound), and it is also why a classical
density embedded via 
 can formally saturate or violate
covariance-based bounds without thereby being a quantum
state, a point we return to for entanglement criteria below.

Having fixed the kinematics in both languages, as seen
in Table I, we can now compare how this algebraic struc-
ture drives time evolution: Liouville’s equation versus von
Neumann evolution and their phase-space forms in terms of
Poisson versus Moyal brackets.

IV. TIME EVOLUTION

Once the multiplication rule is fixed, i.e., pointwise for
classical symbols, �-product for quantum symbols, the cor-
responding brackets and hence the dynamical generators are
fixed as well. In other words, the representational translation
does not create a new dynamical principle, but it relocates
the same structural difference into the bracket that generates
time evolution. We have Poisson flow versus Moyal flow in
phase space and their Hilbert-space counterparts under the
inverse map. This product structure allows us to immediately
write down the Liouville-type equations for a Hamiltonian
H [38]:

∂t f (q, p, t ) = {H, f (q, p, t )}, (16)

where the quantum counterpart simply replaces the Poisson
bracket with a Moyal bracket:

∂tW (q, p, t ) = {H,W (q, p, t )}MB. (17)

For Hamiltonians at most quadratic in (q, p), the Moyal
bracket equals the Poisson bracket exactly and hence the
Liouville and Wigner evolution coincide. This quantum PS
evolution is also central to a broad class of practical semi-
classical and mixed quantum-classical schemes, because it
provides a controlled route to approximations obtained by
expanding the h̄-dependent quantum corrections around the
classical Poisson bracket and then keeping only the leading
terms (e.g., linearized/classical-Wigner or truncated-Wigner-
type dynamics). In particular, such truncations underpin
widely used semiclassical PS methods and their systematic
analyses [39], and they form the conceptual and computa-
tional basis of several approaches in chemical physics for
time-correlation functions, spectroscopy, and molecular dy-
namics in high-dimensional systems [40–42]. This is a prime
application of a controlled truncation of the �-deformation.

Apart from various applications of these equations, it can
be instructive to transform them to their HS form to find both
similarities and differences in the language of quantum theory.
Naturally, from Eq. (13) it is immediately clear that Eq. (17)
will give the well-known von Neumann (vN) equation:

ih̄
∂ρ̂

∂t
= [H, ρ̂]. (18)

More interestingly, however, is the classical counterpart of this
equation, which dates back to Bohm and Hiley [7] (BH in

Table I), where the Weyl transform of Eq. (16) gives

ih̄∂tρ f (x, y, t ) = − h̄2

2m

(
∂2

∂x2
− ∂2

∂y2

)
ρ f

+ (x − y)V ′
(

x + y

2

)
ρ f , (19)

in matrix elements ρ f (x, y, t ) = 〈x| ρ̂ |y〉. Note that if one
were to also express the vN equation (18) in matrix elements,
the potential term would be V (x) − V (y). An important con-
sequence of this is that up to quadratic order in the potential,
both classical and quantum time evolution in HS coincide ex-
actly. To see this more clearly, take, for instance, the example
of a harmonic oscillator:

H (q, p) = p2

2m
+ 1

2
mω2q2. (20)

Because H is at most quadratic in (q, p), the Moyal bracket
reduces exactly to the Poisson bracket,

{H,W }MB = {H,W }PB, (21)

so Eqs. (16) and (17) generate the same phase-space flow for
both f and W . Concretely, the solution is just rigid rotation in
phase space:

W (q, p, t )

= W0

(
q cos ωt − p

mω
sin ωt, p cos ωt + mωq sin ωt

)
,

(22)

f (q, p, t )

= f0

(
q cos ωt − p

mω
sin ωt, p cos ωt + mωq sin ωt

)
.

(23)

In particular, a non-negative Gaussian Wigner function re-
mains non-negative and Gaussian, simply rotated, illustrating
in the most transparent setting that the WW translation does
not introduce a new dynamical principle, as for quadratic
generators the �-deformation does not contribute, and clas-
sical and quantum predictions coincide. This coincidence is
not a representational artifact but a structural statement: up
to quadratic order, the �-deformation does not contribute
and classical and quantum flows agree. Beyond that order,
the deformation becomes operationally relevant and the two
evolutions diverge. One should not overemphasize this coin-
cidence, however. Although the state and its evolution agree
for quadratic H , the difference can resurface at the level
of measurement, where the discrete spectrum and zero-point
energy of the oscillator only appear upon measuring en-
ergy, an observable whose spectrum is discrete, unlike its
classical counterpart. As discussed in Sec. V, even phase-
space measurements distinguish the two theories through the
postmeasurement disturbance dictated by the uncertainty prin-
ciple, whereby a sharp position readout leaves the momentum
uniform [cf. Eq. (37)].

To see where the deformation becomes operationally rele-
vant, take a standard nonquadratic Hamiltonian

H (q, p) = p2

2m
+ V (q) (24)

052208-6



CLASSICAL AND QUANTUM MECHANICS ACROSS … PHYSICAL REVIEW A 114, 052208 (2026)

and expand the Moyal bracket in h̄. Using the �-product ex-
pansion in Eq. (11), the quantum evolution can be written
as a classical Liouville term plus h̄-dependent correc-
tions [8,16,39]:

∂tW = − p

m
∂qW + V ′(q) ∂pW

− h̄2

24
V (3)(q) ∂3

pW + O(h̄4). (25)

The key point is that the first genuinely quantum term is pro-
portional to V (3)(q), which vanishes for quadratic V , while for
cubic and higher potentials it does not. This directly matches
(in dynamical form) the earlier Groenewold–Van Hove mes-
sage that obstructions first arise beyond quadratic order.

As a concrete illustration, for the quartic oscillator V (q) =
λq4 one has V ′(q) = 4λq3 and V (3)(q) = 24λq, so Eq. (25)
becomes

∂tW = − p

m
∂qW + 4λq3 ∂pW − h̄2λq ∂3

pW + O(h̄4),

(26)
making explicit how quantum evolution deviates from clas-
sical phase-space flow once the Hamiltonian probes beyond
quadratic structure.

This could, for instance, be used to figure out how fast and
how much classical and quantum states diverge with respect
to time for potentials of cubic order and beyond. A critical
example of this would be current proposals for witnessing
gravity-mediated entanglement [43–45], where a clear dis-
tinction between classical and quantum evolution is of utmost
importance.

V. MEASUREMENT

Additionally, the measurement to which we will now refer
reveals a substantial disparity between classical and quan-
tum mechanics. Operationally, a measurement produces a
classical outcome m (a record that can be copied, stored,
and broadcast). In both classical and quantum theories, the
minimal specification of this is an outcome probability rule,
implemented in classical mechanics via response functions
ξ (m|q, p) and in quantum mechanics via the Born rule for
a positive operator-valued measure (POVM) {Em}m. In many
physical implementations, the same measurement interaction
also induces a conditional transformation of the system state.
This additional information is captured by a (classical or
quantum) instrument, denoting a family of outcome-labeled
maps, which is not fixed by the probability rule alone. In
what follows we therefore separate (i) outcome statistics from
(ii) conditional state updates [46–48], and we use the WW
correspondence to express both layers in a common language.
Throughout, we treat outcome statistics as the defining con-
tent of a measurement and postmeasurement states as part
of the instrument. While this is definitional, keeping the two
layers separate is what lets us localize the classical–quantum
difference in the update rule rather than the probabilities. The
key diagnostic is that outcome probabilities can be made to
look overlaplike in both languages, whereas the conditioned
update exposes the noncommutative structure. The WW cor-
respondence allows us to express both classical and quantum
measurement statistics in either PS or HS language. This

reveals which differences are merely representational (e.g.,
negativity appearing under a map) and which reflect a genuine
structural distinction, i.e., noncommutativity or the �-product.

A. Outcome statistics: Response functions and POVMs

In classical mechanics, a state is a probability density
f (q, p) � 0 on phase space �, and a measurement is most
naturally described by a response function ξ (m|q, p) giving
the probability density of obtaining an outcome m when the
system is at (q, p). Outcome probabilities are then obtained
via

p(m) =
∫

�

dq d p f (q, p) ξ (m|q, p). (27)

Idealized sharp readouts correspond to distributions such as
ξ (q0|q, p) ∝ δ(q − q0) for a perfect position readout.

In quantum mechanics, the analog of ξ (m|q, p) is a POVM
{Em}m, Em � 0,

∑
m Em = I, yielding the Born rule [49]

p(m) = Tr(ρ̂ Em). (28)

The WW correspondence makes the probability rule look
formally similar in phase space for both theories. Let Wρ (q, p)
be the Wigner function of ρ̂, and let EW

m (q, p) denote the Weyl
symbol of the POVM Em. Using the trace relation, we obtain
the quantum probability in phase space:

p(m) = Tr(ρ̂ Em) =
∫

�

dq d p Wρ (q, p) EW
m (q, p). (29)

Thus, quantum outcome probabilities appear as an overlap
integral between the state symbol and the effect symbol,
similarly to Eq. (27).

For classical states embedded into Hilbert space via Weyl
quantization, ρ̂ f = 
[ f ], the same trace formula yields

Tr(ρ̂ f Em) =
∫

dq d p f (q, p) EW
m (q, p), (30)

which is not guaranteed to be non-negative for arbitrary
Em, because ρ̂ f need not be positive, and equivalently, EW

m
need not be a genuine classical response function. This is the
precise sense in which a naive “Born rule on ρ̂ f ” is only a
formal measurement rule for embedded classical states, as
it can output negative “probabilities” unless one restricts to
an operationally admissible subset of effects. Operationally
admissible effects are those that yield Tr[ρ̂ f Em] � 0 for all
f . In phase space this would correspond to effects whose
Weyl symbols behave like genuine response functions, i.e.,
sufficient conditions would be that they are non-negative and
normalized.

B. Conditional updates: Instruments and �-deformation

In classical mechanics, the conditioned state is obtained by
Bayes’s rule [50]:

fm(q, p) = f (q, p) ξ (m|q, p)

p(m)
. (31)

Crucially, classical conditioning does not require any notion
of projection in Hilbert space, because it is a purely proba-
bilistic update. Any physical disturbance of the system can
be included by upgrading the description to an instrument,
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i.e., a family of transition kernels Tm(q′, p′|q, p) (one for each
outcome) such that the un-normalized posterior becomes [46]

fm(q′, p′) =
∫

dq d p Tm(q′, p′|q, p) f (q, p), (32)

with p(m) = ∫
dq′ d p′ fm(q′, p′).

In quantum mechanics, the postmeasurement state is not
determined by the POVM alone but by a measurement instru-
ment. In Kraus form [47],

ρm =
∑

α Km,α ρ̂ K†
m,α

p(m)
, Em =

∑
α

K†
m,αKm,α. (33)

Projective measurements are recovered as the special
case Km = �m (orthogonal projectors), for which ρ̂m =
�mρ̂�m/p(m) [48].

The deeper distinction is that quantum kinematics ties mea-
surement updates to the noncommutative product structure.
In the WW language, operator multiplication is represented
by the Moyal �-product. Consequently, while the outcome
probabilities take the simple overlap form in Eq. (29), the con-
ditioned quantum state generally involves �-products when
expressed in phase space. For an instrument with Kraus
operators Km,α and symbols KW

m,α , the un-normalized postmea-
surement Wigner function is schematically

W̃m ∝
∑

α

(
KW

m,α � Wρ �
(
KW

m,α

)∗)
,

Wm = W̃m/p(m), (34)

highlighting that quantum conditioning is not a purely point-
wise reweighting (Bayes rule) but a deformation driven by the
�-product and hence by noncommutativity. Only in special
cases (e.g., coarse-grained measurements [51]) does the �-
update reduce to a Bayes-like reweighting. An example for
this can be seen in Appendix A.

Another example that makes the two update rules explicit
is the simple example of a sharp readout, i.e., a measurement
of position with the outcome q = x0. We compare the classical
and quantum instruments and find that although the outcome
statistics are identical in form, the postmeasurement states
differ. Classically the sharp position readout is the response
function ξ (x0|q, p), and Bayes’s rule (31) gives

fx0 (q, p) = δ(q − x0)
f (x0, p)

fQ(x0)
, fQ(x0) =

∫
d p f (x0, p).

(35)
This pointwise reweighting sharpens q to x0 but acts as
the identity on the momentum sector. The conditioned mo-
mentum distribution is the slice f (x0, p)/ fQ(x0), and for an
uncorrelated state f = fQ(q) fP(p) it is simply fP(p), i.e., the
momentum is left untouched. Quantum mechanically, on the
other hand, the same outcome is the projector �̂x0 = |x0〉 〈x0|.
Its Weyl symbol is �W

x0
(q, p) = δ(q − x0), identical to the

classical response function, so by Eq. (29) the outcome prob-
ability

p(x0) =
∫

d pWρ (x0, p) (36)

is the position marginal of the Wigner function, mirroring the
classical fQ(x0) exactly. At the level of outcome statistics,

the two theories are indistinguishable in this representation.
However, in the postmeasurement state is where they part, as
the projected state ρ̂x0 = |x0〉 〈x0| has a Wigner function

Wx0 (q, p) = 1

2π h̄
δ(q − x0), (37)

which is sharp in q but uniform in p, delocalizing the mo-
mentum maximally. In PS this behavior is produced by the
�-products of Eq. (34), whose p derivatives act on Wρ and
inject momentum spread. The mechanism is quantified by reg-
ularizing the projector as the Gaussian effect Eσ ∝ exp[−(q̂ −
x0)2/2σ 2] of Appendix A. Here we can see that a position
measurement of resolution σ imprints a momentum distur-
bance of order h̄/2σ . For a sharp readout σ → 0 it diverges,
recovering the uniform in p Wigner function (37). Classi-
cally, the same Gaussian response ξ ∝ exp[−(q − x0)2/2σ 2]
multiplies only the q dependence of f for every σ and no
momentum disturbance is ever generated.

The WW correspondence therefore separates two concep-
tually distinct issues. First, negativity can arise on either side
of the translation (Wigner negativity for quantum states [52]
or nonpositivity of ρ f for embedded classical states), and this
feature by itself is representational, as it depends on how
states are embedded and which effects are deemed admissi-
ble. Second, the structural difference appears at the level of
conditioning: classical conditioning is pointwise reweighting
(Bayes), whereas quantum conditioning is implemented by
an instrument and is constrained by noncommutative operator
multiplication. In the WW language, this constraint becomes
explicit because the conditional update generically involves
�-products of Eq. (34). Thus, rather than viewing “collapse”
as an additional postulate beyond the probability rule, one
may view it more precisely as the theory’s rule for state up-
date conditioned on a recorded outcome; the WW formalism
highlights that its non-Bayesian character is directly tied to
the underlying noncommutative algebra. This is not to deny
disturbance, but rather, it isolates the structural reason the
update cannot be purely Bayesian in general.

VI. ENTANGLEMENT

Since this article focuses on the Wigner-Weyl (WW)
framework as a common language for classical and quantum
physics, it is useful to briefly summarize how entanglement
fits into this representational perspective. In Ref. [13] we have
studied bipartite correlations when classical PS distributions
are mapped into HS via the Weyl transform (and, conversely,
quantum states are represented in PS via the Wigner trans-
form). This comparison separates features that are merely
representational from those that mark genuine physical dif-
ferences. See also Ref. [53] for a related classical analog of
entanglement, defined through the phase-space mutual infor-
mation of subsystems in the kicked top.

Recall from a previous section [in particular, Eqs. (5)
and (6)] that we can define two sets of states: (i) classical
operators C, i.e., trace-one operators whose Wigner represen-
tation is everywhere non-negative, and (ii) quantum states Q,
i.e., positive-semidefinite density operators, as seen in Fig. 1.
Neither set contains the other; instead, they overlap in C ∩ Q,
which includes all Wigner-positive quantum states (Gaussian
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FIG. 2. The entanglement hierarchy of Ref. [13] located on the
classical–quantum state spaces of Fig. 1. Representational entan-
glement (RE): a classical density f � 0 whose Hilbert-space image
ρ̂ f is not positive, so covariance witnesses are applied outside their
domain. Hybrid entanglement (HE): states that are positive and en-
tangled yet Wigner positive, reproducible by a classical phase-space
model at the quadrature level (C ∩ Q). Genuine entanglement (GE):
positive, entangled, and Wigner negative, admitting no classical
phase-space description.

states and, more generally, Wigner-positive mixed states [54]).
Within this overlap, quadrature statistics alone do not de-
termine whether the underlying preparation is classical or
quantum, because the same non-negative PS function can be
interpreted as a classical probability density or as a quantum
Wigner function.

One can then introduce an operational hierarchy of en-
tanglementlike behavior that arises when the observer has
restricted access (Fig. 2):

(1) Representational entanglement (RE). Under limited
data (e.g., only second moments), classical mixtures can vi-
olate standard covariance-based entanglement criteria, such
as the positive-partial-transpose (PPT) and Duan-Simon cri-
teria [31,55–57], even though the associated Hilbert-space
operator is not positive. The apparent entanglement is then a
representational artifact because it arises from applying quan-
tum separability diagnostics outside their domain of validity
when positivity is not guaranteed. Note that the correla-
tions themselves are physically real, being ordinary statistical
correlations of a classical joint distribution. What is represen-
tational is its diagnosis as entanglement, since criteria of this
type are derived under the assumption ρ̂ � 0 and are applied
here to states in C \ Q, where that assumption does not hold.

(2) Hybrid entanglement (HE). If the restriction is lifted
enough to test positivity (e.g., via local homodyne tomog-
raphy), one can identify states that are both positive and
entangled while still admitting an everywhere non-negative
Wigner representation. These states inhabit the overlap C ∩ Q:
they are entangled in Hilbert space, yet remain reproducible
by a classical phase-space model under the same quadrature-
level operational access.

(3) Genuine entanglement (GE). Finally, states that are
positive and entangled but exhibit Wigner-function negativ-
ity (or, equivalently, permit operational tests that go beyond
jointly measurable phase-space observables) are not repro-
ducible by any classical phase-space description. This regime
corresponds to entanglement accompanied by a nonclassical-
ity signature.

This hierarchy was made explicit by considering examples
within these different regimes. A tunable non-Gaussian clas-
sical mixture (negative Hilbert space operator) of displaced
Gaussians was used to violate the PPT criterion while satisfy-
ing covariance-based uncertainty relations, giving an example
of RE. To visualize the HE regime and the crossing over into
GE, we mixed |0〉 〈0| and |1〉 〈1| while inserting vacuum in
the other mode. After applying a balanced beamsplitter, one
obtains an entangled state that remains Wigner positive for
a finite parameter range while being non-Gaussian and only
crossing over into the GE regime once the mixing weight for
|1〉 〈1| was sufficiently large. We refer to Ref. [13] for the
full analysis. Note that Bell inequalities cannot be violated
by these classical systems. Every classical measurement is a
response function ξ (m|q, p) on phase space, so any collection
of them is jointly measurable by a single readout of (q, p),
while the density f (q, p) gives a global joint probability dis-
tribution for the outcomes of all of them at the same time. By
Fine’s theorem [58], the existence of such a joint distribution
is equivalent to the satisfaction of all the Bell inequalities of
the corresponding scenario. Thus a violation would require
observables that are not jointly measurable [59], which a
classical phase-space model does not possess. This should not
be read as saying that Wigner-positive entangled states are
Bell local. The two-mode squeezed vacuum is Gaussian and
hence lies in C ∩ Q, yet it violates a Bell inequality under dis-
placed parity measurements [60]. There is no tension because
the Weyl symbols of the parity effects are not non-negative
response functions, so such measurements fall outside the
jointly measurable phase-space observables to which the clas-
sical model is restricted.

From the WW standpoint, “entanglement” is not a single-
layer diagnostic, as under restricted operational access,
classical correlations may appear entangled (RE), while even
genuine entangled quantum states may remain classically re-
producible at the level of phase-space statistics (HE). Only
when entanglement is accompanied by a nonclassicality wit-
ness such as Wigner negativity (or equivalent operational tests
beyond compatible PS observables) does it enter the genuine
quantum regime (GE).

VII. CONCLUSION

The central message of this work is that the physical con-
tent of a theory, meaning its outcome statistics, state updates,
and dynamics, is not tied to a preferred mathematical formal-
ism. The Wigner-Weyl correspondence makes this concrete
by providing an explicit and invertible two-way translation
between Hilbert-space and phase-space descriptions for both
classical and quantum mechanics, under which every predic-
tion is preserved. This is not to say that all representations
are equally convenient—different representations can make
different structural features of a theory more or less trans-
parent. In this pragmatic sense, a representation may appear
natural when its defining constraints take a particularly sim-
ple form, like pointwise positivity of f in phase space for
classical mechanics, and operator positivity of ρ̂ in Hilbert
space for quantum mechanics. Yet this simplicity is a prop-
erty of representation and not one of the physical content
itself. A constraint that is transparent in one language, such
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as ρ̂ � 0, may become an unwieldy family of conditions in
another, such as the KLM conditions on its Wigner function
W . Conversely, moving to a less familiar representation can
expose structural features that are obscured in the conven-
tional formalism. The resulting mismatch under translation
is the origin of the representational artifacts discussed above.
While the mathematical language used to formulate a theory
can be relevant, the representation-dependent simplicity or
complexity should not be mistaken for the physical boundary
between the theories.

Viewed through this lens, several familiar “quantum sig-
natures” are best understood as representational artifacts tied
to positivity constraints rather than as intrinsic diagnostics.
Because the WW maps are invertible on symbols and op-
erators but do not preserve positivity, negativity can appear
either as Wigner-function negativity for quantum states or as
nonpositivity of Hilbert-space images of classical distribu-
tions. Read operationally, such features signal incompatibility
with a chosen admissible set of states and effects under a
chosen representation and not a representation-independent
boundary.

What does survive a change of language is the structural
distinction: noncommutativity. In phase space this appears as
the h̄-dependent �-product and the associated Moyal bracket,
and it is this deformation that underwrites incompatibility
and constrains both dynamics and measurement beyond what
classical Poisson–Bayes structure can reproduce. The same
perspective clarifies when classical and quantum predictions
coincide (e.g., quadratic Hamiltonians, where the deformation
does not contribute) and where they must diverge (beyond
quadratic order, where �-corrections become dynamically
relevant).

Extending the comparison to measurement sharpens the
operational payoff of the representational viewpoint. While
outcome probabilities can be written as overlap-type inte-
grals in either language, the conditioned update rule exposes
the genuine difference: classical conditioning is pointwise
Bayesian reweighting, whereas quantum conditioning is
generically �-deformed due to noncommutative multiplica-
tion. In this sense what appears as “collapse” in Hilbert space
is, in the WW language, the manifestation of the same al-
gebraic structure that distinguishes quantum from classical
mechanics across representations.

Finally, when considering entanglement within this formal-
ism, a rich hierarchy of nonseparability is revealed, separated
by positivity constraints. Purely classical distributions (nega-
tive HS operators) can violate certain entanglement criteria for
a restricted observer, and even when explicit state tomography
is allowed, a hybrid regime remains. In this hybrid regime, it
is unclear whether correlations are sourced by a classical or
a quantum system, unless explicit checks of incompatibility
or Wigner negativity are supplemented, which would certify
genuine entanglement.

We can conclude that many features, like the states them-
selves, evolution, and entanglement, have closely related
classical counterparts once representational biases are re-
moved and the theories are compared on equal footing.
Finding the representation-independent differences between
the two theories, either for the state update or the kinematics,
requires the noncommutative structure of quantum mechanics,

exemplified in phase space by the Moyal �-product. It is
important to note here that differences in the kinematic re-
lations, as well as in the time evolution, only emerge when
quadrature variables of cubic or higher order are considered.
This common theme is emerging throughout this comparison
and has important implications for any claim of nonclassi-
cality. Both in theory and in experiment, one needs to make
sure that the system of interest exhibits either some form of
incompatibility or a negative Wigner function. More gener-
ally, we can see that just the use of a Hilbert-space language
to describe our system must not be confused with a genuine
signature of “quantumness.”
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APPENDIX: RECOVERING BAYES REWEIGHTING

To see how the Lüders rule in phase space,

Wm = 1

p(m)

∑
α

(
KW

m,α � Wρ �
(
KW

m,α

)∗)
, (A1)

recovers the Bayes reweighting of Eq. (31), consider, for in-
stance, a Gaussian POVM element of the form

Em ∝ exp

[
− (q̂ − qm)2

2σ 2

]
, (A2)

whose corresponding PS symbol EW
m is also a positive Gaus-

sian in q and its Kraus operator is given by KW = (EW
m )1/2.

Recall that, more generally, the Moyal product of a Weyl
symbol A that only carries q dependence and a symbol B that
carries both q and p dependence is given by

A � B =
∞∑

n=0

1

n!

(
ih̄

2

)n

A(n)(q)∂n
pB(q, p), (A3)

which will in general not reduce to a pointwise product, be-
cause higher p derivatives appear on B, which are weighted
by A(n)(q). However, if we consider now, for instance, the
Gaussian POVM of Eq. (A2), we find that A varies on the
length scale σ and we know that A(n)/A ∼ σ−n. In a similar
vein, our Wigner function varies on the scale �p, giving
(∂n

pB)/B ∼ (�p)−n. This allows us to make the scaling iden-
tification ∣∣∣∣∣A(n)∂n

pB

AB

∣∣∣∣∣ ∼
(

h̄

2σ�p

)n

, (A4)
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yielding a handy condition: if σ�p � h̄, then A � B ≈ AB.
This same suppression factor can also be found in the
�-commutator

A � B − B � A = ih̄{A, B}+ O(h̄3)

= ih̄A′(q)∂pB(q, p) + O(h̄3), (A5)

giving the same coarse-graining condition σ�p � h̄. Now
assume that this condition holds true. Plugging into Lüders

rule (A1) gives

Wm ∝ Am � W � Am = A2W + h̄2

4
((A′)2− AA′′)∂2

pW + O(h̄4),

(A6)
where we see that due to this coarse graining, the leading term
dominates, and plugging in A = KW yields

A � W � A ≈ A2W = (KW )2W = EW W. (A7)

After renormalization we can therefore recover Bayes
reweighting,

Wm ≈ EW
m W∫

dq d pW (q, p) EW (q, p)
, (A8)

akin to Eq. (31).
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