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Interferometric detection of continuous-variable entanglement using two states
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The efficient witnessing and certification of entanglement is necessitated by its ubiquitous use in various
aspects of quantum technologies. In the case of continuous-variable bipartite systems, the Shchukin-Vogel
hierarchy gives necessary conditions for separability in terms of moments of the mode operators. In this
work we derive mode-operator-based witnesses for continuous-variable bipartite entanglement relying on the
interference of two states. Specifically, we show how one can access higher moments of the mode operators,
crucial for detecting entanglement of non-Gaussian states, using a single beamsplitter with variable phase and
photon-number-resolving detectors. We demonstrate that the use of an entangled state paired with a suitable
reference state is sufficient to detect entanglement in, e.g., two-mode squeezed vacuum, NOON states, and
mixed entangled cat states. We also take into account experimental noise, including photon loss and detection

inefficiency, as well as finite measurement statistics.

DOI: 10.1103/4wzg-fc7b

I. INTRODUCTION

Entanglement is a genuine quantum phenomenon, whereby
states share correlations that are stronger than what is possible
in the classical realm [1]. The rise in quantum technologies,
which rely on entanglement as a critical operational resource
[2-5], has sustained a strong interest in characterizing and
efficiently certifying entanglement [6-8]. A wide range of
different entanglement criteria have been proposed. These
are presented as criteria that all separable states must ad-
here to and the violation of which implies the presence of
entanglement. A common theme underpinning many of the
aforementioned criteria is the violation of the positivity of the
partially transposed state, or positive partial transpose (PPT)
criterion [9,10].

The advance of continuous-variable quantum systems as
a viable platform for quantum technologies [11-15] has ne-
cessitated the understanding of entanglement in the context
of infinite-dimensional Hilbert spaces. This has led to the
development of, e.g., moments-based [16-21] and entropic
[22-28] entanglement criteria, as well as entanglement wit-
nesses based on continuous majorization theory [29,30]. The
Shchukin-Vogel hierarchy [31], which is what we will be
considering in this work, was proposed as a way to extend the
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characterization of single-mode nonclassicality using an infi-
nite hierarchy of conditions based on observable moments of
the bosonic mode operators [32,33] to bipartite entanglement.
It is a reformulation of the PPT criterion, with the hierarchy
providing necessary and sufficient conditions for this to hold.

Although various formulations of entanglement criteria
have been proposed, their practical efficiency is not obvious
from an experimental point of view. In the case of small-
dimensional Hilbert spaces, reconstruction of the state by
means of tomography is the optimal method for certification
[34,35]. However, this has been proven to be extremely inef-
ficient for continuous-variable systems, except for Gaussian
states due to their simple structure [36]. Instead, the use of
multiple copies of the state has been proposed as a more
feasible way of flagging entanglement. The use of state repli-
cas was first introduced as a way of estimating functionals
of the density matrix [37-39]. This has then been further
developed to constrain phase-space uncertainty [40], opti-
cal nonclassicality [41,42] and entanglement [42,43], and
has been experimentally demonstrated in, for example, cold-
atom setups [44-46]. However, the requirement of multiple
identical copies poses experimental challenges. Entanglement
generation in optical states is typically probabilistic, such as
in the case of linear optical networks [47—49] and spontaneous
parametric down-conversion [50], or limited by difficulties in
perfect realization [51,52]. Therefore, scaling the number of
concurrently produced identical states translates to very low
success probabilities.

In this work, we address this obstacle by proposing a
measurement scheme to detect entanglement using only two
interfering states: the entangled state and an auxiliary state,
which does not need to be a replica of the former. By mea-
suring the photon-number distribution after interference, we
estimate moments of the mode operators which demonstrate
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violation of separability criteria belonging to the Shchukin-
Vogel hierarchy. We demonstrate that our two-state scheme
is sufficient for the certification of entanglement in Gaussian,
two-mode Schrodinger cat, Hermite-Gaussian, and NOON
states, even when using a (separable) product coherent state
as the auxiliary.

The paper is organized as follows. In Sec. Il A we provide
the reader with a brief introduction to the Shchukin-Vogel
hierarchy. Next, in Sec. IIB we describe the two-state
measurement scheme and show how this can be used to ex-
perimentally demonstrate the violation of a certain class of
separability criteria. This is followed by an extension of the
criteria to the general case of nonidentical state copies. In
Sec. III we benchmark the performance of our scheme, as-
suming a coherent state as the reference, for a range of classes
of entangled states, and in Sec. IV we discuss the impact of
experimental noise and finite measurement statistics. Finally,
we provide a summary of our work and discuss potential
future directions in Sec. V.

II. SEPARABILITY CRITERIA

In this section we will start by introducing the Shchukin-
Vogel hierarchy. Following this, we will present the scheme
for experimentally accessing the relevant moments using an
arbitrary auxiliary state.

A. Shchukin-Vogel hierarchy

We consider bipartite continuous-variable quantum sys-
tems that can be described by means of bosonic field operators
a and b, which satisfy the bosonic commutation relations
[a,a’] = [b, '] = 1. The Peres-Horodecki, or positive partial
transpose (PPT), criterion states that all separable states have a
nonnegative partial transpose, i.e., ,opT > 019,10]. Hence, the
violation of this inequality is a sufficient (but not necessary)
condition for entanglement.

In an attempt to characterize PPT in continuous-variable
systems in terms of observable quantities, the Shchukin-Vogel
hierarchy was derived [31], with further developments in
[53,54]. It consists of a hierarchy of conditions expressed
in terms of observable moments of the mode operators,
which collectively is necessary and sufficient for PPT. Specif-
ically, for any normal-ordered operator f of the form f =

— Comir@ @™ B!, where i € C, a separable state
p must satisfy the condition

PT ¥ PT
L =D ot (@a’a™a"b bbb} > 0,

n,m,k,l
p.q.rs

D

where (-)PT denotes the expectation value with respect
to the partially-transposed state. By Sylvester’s criterion,
Eq. (1) holds if and only if all its principal minors are
nonnegative. Note that in the case of continuous-variable
systems, the partial transpose operation corresponds to
b — b [17], which implies that (a™a’a™a"b"b'b™p")"" =
(@ ara’a™b"b* b b’).

FIG. 1. A schematic of the measurement setup consisting of two
balanced beamsplitters with variable phase shifts ¢ and ¢’, and
photon-number-resolving detectors D, and D, at the upper output
arms. The input state is given by p = p; ® p,, and we interfere mode
a; with @, and mode b, with b,, respectively.

B. Measurement scheme

Next, we discuss the measurement scheme that can be im-
plemented in order to detect potential violation of separability
conditions derived from the Shchukin-Vogel hierarchy. We
consider the setup depicted schematically in Fig. 1, compris-
ing two balanced beamsplitters, with variable phase shifts, and
photon-number-resolving (PNR) detectors. The input state is
a separable product state p = p; ® p,, where p; describes a
bipartite state made up of modes a; and b;, for i = 1,2. We
consider the general case where p; # p,. The transformation
resulting from the interference between the modes a; and a5,
and modes b; and b, is given by

a C| al€i¢ +a
1 i¢/
b, . d _ b1€i¢ + by ’ )
a Co ﬁ ae’” —a
b, d, b —b,

and the PNR detectors measure the output at modes ¢; and d ;.

This allows us to measure correlation functions of the form
((cTcl Y (d Td 1)"), which can be expressed in terms of the
input modes:

((clen)™ @dld,)")

— T i T o—i® T gy
= W((“lal +a,a; +ajaze”? + aya,€'?)

x (b1by +blby + bibre™ + blbie?)"). (3)

The photon-number correlator defined here is therefore a
Fourier series where all the coefficients are linear combina-
tions of moments of order m’ 4+ n’. The coefficients of the
largest frequency terms (i.e., coefficients of ¢ ("'¢+7¢) and
e P=1'¢Dy can then be extracted by performing a Fourier
analysis of the photon-number correlation as a function of the
phase shifts ¢ and ¢’ in the interferometric setup. Therefore,

we are able to access the following set of moments:
{{a"B]"), (a.’;{b;{/)j’ (" B), (a} B} >j bzt @)

i#]
where (-); denotes the expectation value with respect to
the state p;. Furthermore, we have used the fact that the
two initial states, p; and p,, are uncorrelated, and hence

(f(a1,b1)glaz, by)) = (f(ay,b1)), (gaz, b2)),.

Next, we move on to the entanglement witnesses. We con-
sider separability criteria derived from second-order minors in
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the Shchukin-Vogel hierarchy of the form
0 < dunpg = (@™a"b™b") (a'Pa’b™b)
— [@™a’b"b") |, )

where only one element in the sets {m, p} and {n, g} is
nonzero. In the case of interference of two replica states,
i.e., when p; = p,, we have that a; = a, and we can, hence,
drop the indices i, j such that the second summand in Eq. (5)
corresponds to one of the terms in Eq. (4).

We note that the first summand is a product of moments,
each of which has an equal number of creation and annihi-
lation operators for the two modes. This can be reordered
into a linear combination of moments of the photon number
operators:

@"a"b"y) = G (@ @'pY).  (©)
k.l

where the coefficients C}}" may be expressed in terms of
Stirling numbers of the second kind.! The right-hand side
of Eq. (6) is composed of moments of the photon-number
distribution of the original state p;, with i = 1, 2. Hence, the
minor d,,,,; can be estimated by measuring photon-number
correlations of the state with and without interference.”

To overcome the assumption of copies, we introduce a new
separability condition d,, .., which is based on the second-
order minofr, dyu,p¢, in Eq. (5) and makes use of the measurable
moments. Without loss of generality, suppose n = p = 0 and
let p. = p; — p,. Note that p, is traceless and Hermitian by
definition. Then we obtain the separability condition

/ 1 m,_m T my T m
By =5 2 ({al"a?) (61782), — a8} a7]) )

i#]
1 mpT m
- E(dg;pﬁdff;pq + (@) (a"b?)) >0, (7)

where the last term is real and nonnegative by Hermiticity of
p. and d\) »q 18 the value of the minor with respect to state p;.
The condition that exactly one element in the sets {m, p} and
{n, q} is zero applies here as well. This inequality is satisfied
when both p, and p, are separable, and hence its violation is a
sufficient condition to flag entanglement in at least one of the
two states.

It is clear to see that when using two replicas of a state, i.e.,
when p; = p,, we recover the original condition d,,p, = 0.
On the other hand, one may choose to pair the entangled state
with some suitable reference state. Throughout this work,
we choose the reference to be the product coherent state
|y, 8), with complex-valued coherent state amplitudes y and
8. This state saturates all inequalities given by Eq. (9), i.e.,

The photon-number operator raised to the nth power in normally
ordered form is given by (a'a)* = ", S(n, k)a™a*, where S(n, k) =
Zf:o % are Stirling numbers of the second kind [55].

2We remark that full photon-number resolution is not strictly
necessary for sufficiently low-ordered moments. In such cases,
photon-detection capabilities that allow for an accurate estimation
of the relevant moments of the photon-number distribution are
sufficient.

d,',}’,,’,f; =0 for all y, §. Furthermore, there exists an optimal
coherent state, which depends on the entangled state and the

criterion of choice, that minimizes d,,,,, and recovers the

original minor. This occurs when the moment (a'"a’b'?b")
with respect to the entangled and the product coherent state
are equal. For example, setting n = p =0 as was done in
Eq. (7), we would then obtain

(@"b') = (@™b'), — (a™b'?), =0, ®)

and therefore d,,,,. = %dmnpq. We outline to experimental
procedure to estimate the minor d,,, . in Eq. (7) in the fol-
lowing step-by-step procedure:

(1) Estimate the moments (a™a™) and (b'7b%) with re-
spect to states p; and p, from the photon count distribution
observed without any state interference. These terms corre-
spond to the first summand of Eq. (7).

(2) Using the interferometric setup, estimate the photon-

number correlators ((c’lkcl)m (de 1)?) as a function of the
phase shifts ¢, ¢’. The moment (ajmqu)l. (a’]’fb?)i, where
i, j = 1,2 can be extracted by Fourier analysis, as outlined
in Eq. (3). This constitutes the second summand of Eq. (7).

(3) Calculate the value of d,,,,, from the previous steps,
whereby a negative value certifies the presence of entangle-
ment.

We remark that all separability conditions considered here
are phase-insensitive, i.e., invariant under local rotations. This
is evident upon noting that the summands of the minor
have the same number of creation and annihilation operators.
Therefore, any rotation transformation, which is described
by a — ae'’ and a” — a’e™ and similarly for mode b,
leaves the minor unchanged. Physically, this means that en-
tanglement can be detected regardless of the state’s rotational
orientation in phase space.

Although the criterion in Eq. (7) is weaker than Eq. (5),
we will show that it is sufficient to detect several classes
of entangled states. Moreover, this allows us to relax the
requirement of multiple replicas of the entangled state to just
a product of the entangled state and some suitable auxiliary, or
reference, state which can be chosen to be separable. Finally,
the scheme has the advantage that the physical setup is the
same for all orders of moments, requiring only modifications
in the statistical analysis postmeasurement and adjustments in
the number of shots to account for the sampling complexity of
the underlying distribution.

III. EXAMPLE STATES

Next, we will benchmark the performance of the two-state
measurement scheme by considering several relevant families
of entangled states. For each class of entangled states, we will
derive an appropriate entanglement witness d,;mpq and show
that entanglement can be flagged when employing a suitable
reference state. Throughout this section, we will consider
implementation of the scheme with the product coherent state
|y, 8), with coherent state amplitudes y and §, as the reference
state.
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FIG. 2. Witnessed region of dj,,, for two-mode squeezed vac-
uum, where A is the squeezing parameter, and y§ is the product of
coherent amplitudes of the auxiliary state, which we take to be real.

A. Two-mode squeezed vacuum

We start with the Gaussian state of two-mode squeezed
vacuum. This is described in the Fock basis by

[Wrmsv) = V1 =22y A" |n, ), ©)
n=0

where A € (—1, 1) and the state is entangled for all 1 # 0. We
choose as a suitable separability criterion the following:

1
digor = E(dIOOI + (@'b"), (ab),)

1 —A2+ A 5
N1 i

2
) =0, (10)

where
)\2
1=

Note that djgp; is strictly negative for all A # 0. The witness
digo; is not invariant under local displacements, even in the
case of state replicas, which are represented by the operator
transformations @ - a+« and b — b+ B8 with @ and S
denoting the amount of displacement of the respective modes.
Indeed, the authors in Ref. [42] show that a third-order minor
and three state replicas are required to ensure that the witness
is invariant under displacements. Nonetheless, the separability
criterion is violated for a suitable auxiliary state when the
following constraint is satisfied:

Alal + B = 1) < (@B +a*B). (12)

We show how the witness d,, performs for the two-mode
squeezed vacuum in Fig. 2. Here entanglement is witnessed
for all values of A # 0 when paired with a suitable reference
state with coherent amplitude satisfying y8 &~ A/(1 — A?).
The margin of violation also increases with increasing

dyoo1 = (a'a) (b'b) — (a'D") (ab) = an

|A|, reflecting the entanglement monotone behavior of the
negativity.

B. Two-mode Schrodinger cat states

Another important class of bipartite-entangled states is
two-mode Schrodinger cat states. These are superpositions of
coherent states, and their general form is given by

|Wear(ar, B)) = N(a, B)(la, B) + € |—a, =), (13)

where |+a,£8) are the two-mode coherent states
and  the normalization constant is N, B)=[2+
2cos Qe 2l +IBID]=1/2 " The state is entangled for all
complex-valued «, 8 # 0 and violates separability criteria in
the form of

drpg = 3(dunpg + 1 @™a”b™b") 1) 2 0. (14)
The terms in the minor d,,,,, are given by the following
expressions:

1 form ~ n,
(@ma"p™p"y = Ialzmlﬁlzn{ 1—cospe™®

I+cosfe=2

else (152)

and
(@™a’b™ ") (a'Pa"b"b?)
1 form ~ gandn ~ p,

2m+2p| g|2n+2q [M]z form % g and n # p,

14cosfe=2

sinfe=® 12
[ 14cos Ge*A] else.

= |of

(15b)

Here we have set A = 2(|a|? + |B|?) for ease of notation,
and we define x ~ y as signifying equivalence mod 2, i.e., x =
y mod 2. Note again that we require either m or p, and n or
g, to be zero. We see that the minor in Eq. (14) can detect the
presence of entanglement for 8 ~ +m (where 6 = 7 for odd
cat states) when the conditions m 7 g and n % p are satisfied.

In Fig. 3 we plot d,, for an input state comprising
|Wea(or, )) with & = 7 and a coherent reference state |y, y).
This results in the witness:

1
;nnoo — §|:|0(|2m+2n + |y|2m+2n
A
— 2Re[(ay*)"(a*y)"] coth (3>] >0. (16)

The region of the parameter space that violates the criterion
depends on the order of the evaluated moments: in order
to witness entanglement in states with larger amplitudes «,
one has to estimate moments of increasing order. However,
this becomes more difficult as coth A /2 approaches unity for
large values of «, thereby reducing the margin of violation,
while the choice of reference state needs to be increasingly
fine-tuned.
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FIG. 3. Witnessed regions of d,,, for various values of m and n, where « parametrizes the odd two-mode Schrodinger cat state, and y is

the amplitude of the reference state, |y, y).

C. Hermite-Gaussian wave function

We will now consider states described by a first-order
Hermite-Gaussian wave function of the form

xR E)] g

3
7TO'_O'+

W(xlv-xZ) =

where x; and x, are the canonical position coordinates and the
state is entangled for all o, o_ > 0. Such states may be gen-
erated by squeezing vacuum and a single-photon Fock state
by amounts o_ and o, respectively, followed by interference
on a balanced beam splitter [21].

We restrict ourselves to minors comprised of moments that
are second order in the two mode operators and that take into
account correlations between the modes a and b. More specif-
ically, the state is able to violate the following separability
criteria:

dioo1 = (a'a) (b'b) — (a’b") (ab) > 0,
diio0 = (a'ab’b) — (a'b) (ab") > 0. (18)

The first inequality coincides with the criteria by Duan,
Giedke, Cirac, and Zoller [16] if the state is centered, and
hence, also for Eq. (17). In the second inequality, we introduce
an incremental addition in statistical analysis by introducing
a fourth-order moment. The two field operators are related
to the self-adjoint canonical position and momentum op-
erators by a = (x| + ipl)/\/z and b = (x, + ipz)/\/z. For
further details on the analytic evaluation of the minors, see
Appendix A.

We compare the performance of these minors as entan-
glement witnesses to second-moment criteria: the separabil-
ity criterion by Mancini, Giovannetti, Vitali, and Tombesi
(MGVT) [18,19] and the second-moment criterion derived
in Ref. [28]. First, we introduce the locally rotated phase
space coordinates r; and s;, with i = 1,2, are defined as
r; = x;cos¢ + p;sing and s; = —x; sin ¢ + p; cos ¢ for some
¢ € [0,2m). Choosingtosetry =r; £r,andsy = 51 £ 5 as
the nonlocal position and momentum variables, we obtain the

generalized MGVT criterion

2 2
Oy, Us;

21, (19)
and the second moment criterion

(o) + 1)(0@ +1) -0}

TSy

= 4, (20)

where o2 and o,, are the variance of the variable x and the
covariance of variables x and y, respectively, with respect to
the Wigner distribution.

In Fig. 4 we show how the different separability conditions
compare for different values of o, and o_. Here we have
considered the use of an auxiliary state |y, §) optimized over
the coherent state amplitudes y and §. We also generalize
the state in Eq. (17) by applying rotations and squeezing
to the (r4, s¢) variables, as was done in Refs. [29,30]. Our
minor-based witnesses and the second-order criterion (20)
are invariant under rotations but not under squeezing, while
the opposite applies to the MGVT criterion. We see that our
witnesses are able to detect regions of the parameter space that
are not flagged by the other criteria.

D. NOON states

Lastly, we consider the class of general pure NOON states,
given by

|¥noon) = |N,0) + B10,N), 2y

where |a|? 4 |B|?> = 1, and the state is entangled for all in-
tegers N > 1 and all complex-valued «, 8 # 0. Witnessing
entanglement in NOON states is highly demanding, and in-
creasingly so for larger values of N. Entropic criteria valid
only for pure states flag entanglement for a restricted range
of excitation numbers [22,24], while all second-order and
entropic criteria for mixed states fail. The Wehrl mutual infor-
mation is a perfect witness for bipartite entanglement in pure
states [27], but its estimation is highly resource-intensive and
does not apply for mixed states. Separability criteria based on
partial transpose moments can witness entanglement for all N,
but require three copies to access experimentally [43].
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FIG. 4. Comparing the regions of the parameter space witnessed by the two criteria in Eq. (18), djo; (green) and dy0 (purple), with the
MGVT criterion (19) (blue) and the second-order criterion (20) (orange). We consider the original state as given in Eq. (17) in (a), with rotation

set to ¢ = /4 in (b) and the squeezing parameter set to & = 2 in (c).

A suitable separability criterion for NOON states is
given by

ooy = 3(doown + [ (@™b") 1?) >0, (22)
where
doxy =| | @) | s, @
@™oy (@™Na"b™Np")

In the replica case, i.e., when (a™ Y )e = 0, the criterion is
violated for all complex-valued «, 8 # 0 and for all posi-
tive integers N, and therefore detects entanglement perfectly.
We see that the witness leverages the fact that one of
the two modes is always in the vacuum state, such that
@™ a"b™b") = 0 and the minor is therefore negative.

Once again, we consider an auxiliary state of the form
|y, 8). The criterion then transforms to

Aoy = H(—laBPNY? + |afr(NY) — (v6*)V|*) > 0.
(24)

In Fig. 5 we show how strongly the criterion dy,, is violated
for different values of N and coherent amplitude y§. Here we
emphasize that we can witness entanglement for all N, with
the margin of violation growing larger for increasing values
of N. Once again, this simply requires the extraction of the
relevant moments without any modification to the interfer-
ometric setup. Furthermore, this is possible with the use of
a separable coherent state as the auxiliary, with the scheme
showing robustness in terms of the amplitudes y and é. This
is contrast to preexisting schemes which pose limitations in
terms of, e.g., the range of valid excitation numbers N.

IV. EXPERIMENTAL CONSIDERATIONS

We continue our discussion on the performance of the
proposed measurement scheme to flag entanglement by ac-
counting for experimental noise and losses, as well as the
sampling complexity. In practice, the dominant mechanisms
are photon losses, detector inefficiencies (where efficien-
cies of > 95% have been demonstrated in superconducting

nanowire detectors [15,56]) and noise due to dephasing
[57,58].

In order to describe photon losses and detector inefficien-
cies, we introduce beamsplitters before the photon detectors
with transmissivity n € [0, 1], such that 1 —»n quantifies
the amount of losses that occur. The input modes of the
beamsplitters are ¢ and r., and d and r;, and the modes
transform as

(@)~

We assume the absence of detector dark counts, i.e., modes
r., ry have the vacuum as the input state. Under the influence
of these losses, and considering the proposed measurement
scheme, the evaluated minor (5) becomes

(c/l): Jner++/1—=nr. 25)
d Vidi+ T —nry '

dunpg(n) = 177 (@™a"b™'b") (a"Pa”b b7

( 2 >m+n+p+q

5 | @™a’b"b") | > 0,

(26)

—10%1

—10°
0.0

FIG. 5. Minor dj,,, for the balanced NOON state (|N,O) +
|0, N))/+/2. N is the excitation number and 8 is the product of
coherent amplitudes of the auxiliary state, which we take to be real.
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(a) (b)

()

FIG. 6. Witnessed regions of the separability criteria in the lossy regime for NOON states with N = 2 (a), and two-mode Schrddinger
cat states with losses (b) and dephasing (c), where n and p are the loss and dephasing parameters, respectively, and m, n denote the order of
the moments of the minor. We set & = 8 = 1/+/2 for the NOON state and « = 8 € R for the two-mode cat state. Changing the number of
excitations N for the former state and evaluating higher order moments for the latter state has no qualitative bearing on the performance of the

measurement protocol.

where 717 and 1, characterize the losses occurring in either of
the two measurement setups. We see that as long as n; > /2
(where both are nonnegative by definition), the violation of
the inequality still holds as a sufficient condition for entan-
glement. However, the criterion becomes weaker as losses
increase.

In the case of dephasing, we introduce the dephasing pa-
rameter p, which takes on values in the range [0,1]. This
determines the amount by which we reduce the coherence
terms of the entangled state, effectively reducing its purity.
For NOON states (21), we get

Poox = laf* IN. 0) (N. 0] + |BI*10.N) (0. N|
+ (1= p)(@B* N, 0) (0. N| + e |0, N) (N, O]),
@7

while the two-mode Schrddinger cat states (13) become

P = N (a, B, Plle, B) (@, Bl + |—at, —B) (—at, — B
+ (1= p)e o, B) (—a, =B
+ e |—a, —B) (o, ] (28)

In Fig. 6 we show the effects of this noise on the entan-
glement detection scheme when using two replicas of the
entangled state as the input. We assume |o| = |8] = 1/4/2
in the case of NOON states, and take |o| = |B] with 8 =&
in the case of two-mode Schrodinger cat states. We see that
entanglement is still flagged for some amounts of loss and
dephasing, with the margin of violation strictly monotonically
decreasing in n and p.

Next, we motivate the use of our proposed two-state
scheme as a practically feasible method for witnessing en-
tanglement by discussing the sampling complexity [59].
Specifically, we consider the scaling of the number of shots
required to estimate the relevant moments. The critical num-
ber of measurements m required to achieve an estimate of
some mode-operator-moment with e-level accuracy and confi-
dence (1 — ) will depend on the photon-number distribution

and the moments of interest.® While entanglement in Gaus-
sian and Hermite-Gaussian states can be detected using low
moments, the estimation of which is sample-efficient, high
moments may be required for certain parameters of strongly
non-Gaussian states. This includes the family of entangled cat
states as well as NOON states, which we consider in this work.
For further details, refer to Appendix B.

The two-mode Schrodinger cat state has an unbounded
photon-number distribution, and hence we make use of
Chebyshev’s inequality in order to establish the critical num-
ber of measurements, mg. This is given by

Var(0)

(29)

where O is the operator for which we wish to estimate the
expectation value. The measurement of the minor dy,,p, for
such cat state, given in Eq. (14), reduces to the estimation of
a sum of expectation values when p, g = 0. Given that the
measurement shots are carried out on uncorrelated copies of
the state, we may add the variances of the individual operators
to establish the variance for the estimate of the minor.

In the case of NOON states, we seek to estimate the mi-
nor doony, given in Eq. (23). Here the number distribution
is bounded from above: the only measurement outcome of
a™a"p™p" (and all operators in its photon-number opera-
tor decomposition) acting on the NOON state is zero, while
(c'ed’d)N, which is used to evaluate the second summand of
the minor, is bounded from above by N*V. We may therefore
apply Hoeffding’s inequality, from which we obtain

(N + 1)2N4N1 2

my 2e2 n 3 30)

3Here, € is the imposed upper-bound on the difference between the
estimated value and the true value, and (1 — §) is the confidence level
with which this level of accuracy is achieved.

033704-7



CALLUS, GARTTNER, AND HAAS

PHYSICAL REVIEW A 112, 033704 (2025)

(2)

dyig0 L €

0.0 05 1.0 1.5

(07

—o— ¢=0.50
107__’_6710
= < 10°
103_
101_
1 2 3 4 5 6 7 8
N

FIG. 7. (a) The critical number of measurements m, needed to estimate the minor d;o (left axis) and the value of the minor together with
a margin of error € = min(0.025, |d;00|) (right axis) for two-mode Schrodinger cat states |W., (o, «v)). The dotted line at dj,op = O establishes
the region below which the separability criterion is violated. Note that at « > 1.2 we reduce the error margin to keep the 90% interval within
the region of dy100 < 0, leading to a kink in m. (b) The critical number of measurements n, needed to estimate the minor dyoyy to within an
accuracy level of 0.50 and 1o for various values of N. In both plots, we set the confidence (1 — §) to 90%.

Note that the factor of (2N + 1)? here is due to the minimum
number of evenly spaced points from the parameter space of
¢, ¢’ that need to be sampled in order to prevent aliasing [60].

In Fig. 7 we show how m scales with « in the case of two-
mode Schrodinger cat state, |Wey (o, o)), as well for NOON
states with relatively large excitation numbers, together with
their respective margin of errors. In all cases, we consider a
confidence level of 90%. Although, as may be expected, we
see near-exponential scaling, we still can establish violation of
the PPT criterion to a high level of accuracy for an extensive
range of parameters under realistic shot numbers. Using up to
mg ~ 10° samples, one can witness entanglement in cat states
for @ < 1.25, and in NOON states with N < 5.

Finally, we address the limitation due to the current un-
availability of ideal PNR detectors. Here finite-resolution and
multiplexed PNR detectors are sufficient for experimental im-
plementation. The entanglement witness becomes weaker as
the order of the estimated minors increases and the photon
number distribution broadens. However, for states with a suf-
ficiently low photon number, the strength of the witness does
not decrease significantly. Note that in order to preserve the
strength of the witness, the largest photon number that can
be reliably detected needs to be equal to the largest photon
number contribution to the state arriving at the detector.

V. CONCLUSIONS

We have presented a measurement scheme requiring only
two interfering states and photon-number-resolving detection
in order to detect bipartite entanglement in continuous-
variable systems. The photon-number correlations that are
measured at the output of the interferometer contain informa-
tion about moments of the states’ field operators, which in
turn can be extracted by simple Fourier analysis. Hence, we
can use the scheme to show violation of certain separability
criteria derived from the Shchukin-Vogel hierarchy, which
consists of separability conditions comprising such moments.

Moreover, we have shown that the states do not have to
be two copies of the entangled state; instead, one can employ

an easier-to-source auxiliary state, such as a product coherent
state. To do so, we construct a modified criterion in terms
of the observables that can be evaluated with the measure-
ment protocol and show that it is a necessary separability
condition. The scheme is shown to be able to flag entangle-
ment, even when using a coherent state as a reference, of
two-mode squeezed vacuum, states with a Hermite-Gaussian
wave function, two-mode Schrodinger cat states, and NOON
states with arbitrary excitation number N. Finally, we also
addressed some possible limitations in the form of experimen-
tal noise and sampling complexity. In terms of experimental
feasibility, states which require the estimation of higher-order
moments generally become harder to detect. Nonetheless, we
have shown that entanglement detection in, for example, two-
mode Schrodinger cat states and NOON states is possible for
a wide range of state parameters. Optical losses, as expected,
reduce the violation of the entanglement criteria. However, in
the regime of moderate amounts of loss, the scheme is still
robust and does not flag entanglement falsely.

In this work we have focused on one class of components
(4) making up the photon-number correlation functions, as the
mapping of these elements to the Shchukin-Vogel hierarchy
is quite straightforward. However, it would be interesting to
see whether photon-number measurements could reveal the
presence of entanglement of some broader class of states by
considering separability criteria formulated in terms of other
components. On a similar note, we have tried to extend the
protocol to capture higher-order minors. This has proved to be
not straightforward, as we rely on the use of two uncorrelated
input states to factorize expectation values into a product of
two terms. Future work could explore alternative ways of
extending this work to a broader class of moments and with
potentially more interfering states.
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APPENDIX A: HERMITE-GAUSSIAN WAVE FUNCTION

Analytic expressions for the minors are obtained by con-
sideration ofa = (x| + ipl)/ﬁ andb = (x; + ipz)/\/i, and
using the definition

(fG ) = f GAPWE P FE P (AD

where W (X, p) is the Wigner distribution of the state and
F(®, p) is the Wigner-Weyl transform of the operator f (¥, p).
For the wave function in Eq. (17), we obtain the following
nonvanishing moments:

(f) = (¥3) = % (x1x2) = o 2301 . (A2a)
)=l = 5 e = 75T
(x7x3) = 13—6(501 — 20207 + o), (A2¢)
(ip3) = (pix3) = 13—6(0%7;—022)2 (A2d)
(pip3) = 136 Got + 1:‘?5;3 —o3) (A2e)

APPENDIX B: SAMPLING COMPLEXITY

For a detailed review on quantum state certification, we
refer the reader to Ref. [59]. Let the empirical mean estimator
Y of the moment (OQ) be

| I
Y™ =—%"09, Bl
D3 2
i=1
where O® is the ith measurement outcome of operator O.
Here we assume sampling from independent and identically
distributed states.

In general, we may consider Chebyshev’s inequality:

1
Pr{|Y ™ — E[Y™]| > kE[|Y"™ — E[Y™]1"]"/"] < o

(B2)

where k > 0 and n > 2. Setting n = 2, § to be an upper bound
of therh.s. (i.e., 1/k* < 8)and € = kE[|Y ™ — E[Y ™11/,
one obtains

S Var(0)

m>——.
€28

(B3)

Hence, we obtain a lower bound on the number of measure-
ments m required to ensure the specified level of accuracy
according to Eq. (B2), with the inequality saturated at the
critical number of measurements m.

For bounded eigenspectra, spec(0) < [a, b], one may ap-
ply Hoeffding’s inequality for improved bounds:

2¢2m
Gboap) B

Again, setting § to be an upper bound for the inequality, one
obtains an improved lower bound for the number of measure-
ments m required for a given level of accuracy:

b—a)P. 2
=——"—In

—. B5
2¢e2 ) (BS)

Pr[|Y" —E[Y"]] > €] < 2exp (—

m = my

[1] J.S. Bell, On the Einstein Podolsky Rosen paradox, Phys. Phys.
Fiz. 1, 195 (1964).

[2] A. K. Ekert, Quantum cryptography based on Bell’s theorem,
Phys. Rev. Lett. 67, 661 (1991).

[3] T. B. Pittman, Y. H. Shih, D. V. Strekalov, and A. V. Sergienko,
Optical imaging by means of two-photon quantum entangle-
ment, Phys. Rev. A 52, R3429(R) (1995).

[4] W. K. Wootters, Quantum entanglement as a quantifiable re-
source, Philos. Trans. R. Soc. A 356, 1717 (1998).

[5] R. Jozsa and N. Linden, On the role of entanglement in
quantum-computational speed-up, Proc. R. Soc. London A 459,
2011 (2003).

[6] M. B. Plenio and S. Virmani, An introduction to entanglement
measures, Quantum Inf. Comput. 7, 1 (2007).

[7] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Quantum entanglement, Rev. Mod. Phys. 81, 865 (2009).

[8] O. Giihne and G. Té6th, Entanglement detection, Phys. Rep. 474,
1 (2009).

[9] A. Peres, Separability criterion for density matrices, Phys. Rev.
Lett. 77, 1413 (1996).

[10] M. Horodecki, P. Horodecki, and R. Horodecki, Separability of
mixed states: necessary and sufficient conditions, Phys. Lett. A
223, 1 (1996).

[11] S. L. Braunstein and P. van Loock, Quantum information with
continuous variables, Rev. Mod. Phys. 77, 513 (2005).

[12] P. Kok, W.J. Munro, K. Nemoto, T. C. Ralph, J. P. Dowling, and
G. J. Milburn, Linear optical quantum computing with photonic
qubits, Rev. Mod. Phys. 79, 135 (2007).

[13] C. Weedbrook, S. Pirandola, R. Garcia-Patrén, N. J. Cerf, T. C.
Ralph, J. H. Shapiro, and S. Lloyd, Gaussian quantum informa-
tion, Rev. Mod. Phys. 84, 621 (2012).

[14] A. Serafini, Quantum Continuous Variables (CRC Press, Boca
Raton, FL, 2017).

[15] S. Slussarenko and G. J. Pryde, Photonic quantum informa-
tion processing: A concise review, App. Phys. Rev. 6, 041303
(2019).

033704-9


https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/PhysRevLett.67.661
https://doi.org/10.1103/PhysRevA.52.R3429
https://doi.org/10.1098/rsta.1998.0244
https://doi.org/10.1098/rspa.2002.1097
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1016/j.physrep.2009.02.004
https://doi.org/10.1103/PhysRevLett.77.1413
https://doi.org/10.1016/S0375-9601(96)00706-2
https://doi.org/10.1103/RevModPhys.77.513
https://doi.org/10.1103/RevModPhys.79.135
https://doi.org/10.1103/RevModPhys.84.621
https://doi.org/10.1063/1.5115814

CALLUS, GARTTNER, AND HAAS

PHYSICAL REVIEW A 112, 033704 (2025)

[16] L.-M. Duan, G. Giedke, J. I. Cirac, and P. Zoller, Inseparability
criterion for continuous variable systems, Phys. Rev. Lett. 84,
2722 (2000).

[17] R. Simon, Peres—Horodecki separability criterion for continu-
ous variable systems, Phys. Rev. Lett. 84, 2726 (2000).

[18] S. Mancini, V. Giovannetti, D. Vitali, and P. Tombesi, En-
tangling macroscopic oscillators exploiting radiation pressure,
Phys. Rev. Lett. 88, 120401 (2002).

[19] V. Giovannetti, S. Mancini, D. Vitali, and P. Tombesi, Charac-
terizing the entanglement of bipartite quantum systems, Phys.
Rev. A 67, 022320 (2003).

[20] G. S. Agarwal and A. Biswas, Inseparability inequalities for
higher order moments for bipartite systems, New J. Phys. 7,
211 (2005).

[21] A. Hertz, E. Karpov, A. Mandilara, and N. J. Cerf, Detection
of non-Gaussian entangled states with an improved continuous-
variable separability criterion, Phys. Rev. A 93, 032330 (2016).

[22] S. P. Walborn, B. G. Taketani, A. Salles, F. Toscano, and R. L.
de Matos Filho, Entropic entanglement criteria for continuous
variables, Phys. Rev. Lett. 103, 160505 (2009).

[23] S. P. Walborn, A. Salles, R. M. Gomes, F. Toscano, and
P. H. Souto Ribeiro, Revealing hidden Einstein—Podolsky—
Rosen nonlocality, Phys. Rev. Lett. 106, 130402 (2011).

[24] A. Saboia, F. Toscano, and S. P. Walborn, Family of continuous-
variable entanglement criteria using general entropy functions,
Phys. Rev. A 83, 032307 (2011).

[25] D. S. Tasca, £.. Rudnicki, R. M. Gomes, F. Toscano, and S. P.
Walborn, Reliable entanglement detection under coarse-grained
measurements, Phys. Rev. Lett. 110, 210502 (2013).

[26] J. Schneeloch and G. A. Howland, Quantifying high-
dimensional entanglement with Einstein—Podolsky—Rosen cor-
relations, Phys. Rev. A 97, 042338 (2018).

[27] S. Floerchinger, T. Haas, and H. Miiller-Groeling, Wehrl en-
tropy, entropic uncertainty relations, and entanglement, Phys.
Rev. A 103, 062222 (2021).

[28] S. Floerchinger, M. Girttner, T. Haas, and O. R. Stockdale,
Entropic entanglement criteria in phase space, Phys. Rev. A
105, 012409 (2022).

[29] M. Girttner, T. Haas, and J. Noll, Detecting continuous-variable
entanglement in phase space with the Q distribution, Phys. Rev.
A 108, 042410 (2023).

[30] M. Girttner, T. Haas, and J. Noll, General class of continuous
variable entanglement criteria, Phys. Rev. Lett. 131, 150201
(2023).

[31] E. Shchukin and W. Vogel, Inseparability criteria for contin-
uous bipartite quantum states, Phys. Rev. Lett. 95, 230502
(2005).

[32] E. Shchukin, T. Richter, and W. Vogel, Nonclassicality criteria
in terms of moments, Phys. Rev. A 71, 011802(R) (2005).

[33] E. V. Shchukin and W. Vogel, Nonclassical moments and their
measurement, Phys. Rev. A 72, 043808 (2005).

[34] D. FE. V. James, P. G. Kwiat, W. J. Munro, and A. G. White,
Measurement of qubits, Phys. Rev. A 64, 052312 (2001).

[35] M. Cramer, M. B. Plenio, S. T. Flammia, R. Somma, D. Gross,
S. D. Bartlett, O. Landon-Cardinal, D. Poulin, and Y.-K. Liu,
Efficient quantum state tomography, Nat. Commun. 1, 149
(2010).

[36] F. A. Mele, A. A. Mele, L. Bittel, J. Eisert, V. Giovannetti, L.
Lami, L. Leone, and S. F. E. Oliviero, Learning quantum states
of continuous-variable systems, arXiv:2405.01431.

[37] A. K. Ekert, C. M. Alves, D. K. L. Oi, M. Horodecki, P.
Horodecki, and L. C. Kwek, Direct estimations of linear and
nonlinear functionals of a quantum state, Phys. Rev. Lett. 88,
217901 (2002).

[38] C. M. Alves, P. Horodecki, D. K. L. Oi, L. C. Kwek, and A. K.
Ekert, Direct estimation of functionals of density operators by
local operations and classical communication, Phys. Rev. A 68,
032306 (2003).

[39] T. A. Brun, Measuring polynomial functions of states, Quant.
Inf. Comp. 4, 401 (2004).

[40] A. Hertz, O. Oreshkov, and N. J. Cerf, Multicopy uncertainty
observable inducing a symplectic-invariant uncertainty relation
in position and momentum phase space, Phys. Rev. A 100,
052112 (2019).

[41] M. Arnhem, C. Griffet, and N. J. Cerf, Multicopy observables
for the detection of optically nonclassical states, Phys. Rev. A
106, 043705 (2022).

[42] C. Griffet, T. Haas, and N. J. Cerf, Accessing continuous-
variable entanglement witnesses with multimode spin observ-
ables, Phys. Rev. A 108, 022421 (2023).

[43] S. Deside, T. Haas, and N. J. Cerf, Detecting genuine non-
Gaussian entanglement, arXiv:2504.15831.

[44] A.J. Daley, H. Pichler, J. Schachenmayer, and P. Zoller, Mea-
suring entanglement growth in quench dynamics of bosons in
an optical lattice, Phys. Rev. Lett. 109, 020505 (2012).

[45] R. Islam, R. Ma, P. M. Preiss, M. E. Tai, A. Lukinand, M.
Rispoli, and M. Greiner, Measuring entanglement entropy in a
quantum many-body system, Nature (London) 528, 77 (2015).

[46] A. M. Kaufman, M. E. Tai, A. Lukin, M. Rispoli, R. Schittko,
P. M. Preiss, and M. Greiner, Quantum thermalization through
entanglement in an isolated many-body system, Science 353,
794 (2016).

[47] E. Knill, R. Laflamme, and G. J. Milburn, A scheme for efficient
quantum computation with linear optics, Nature (London) 409,
46 (2001).

[48] L.Zhang and K. W. C. Chan, Scalable generation of multi-mode
NOON states for quantum multiple-phase estimation, Sci. Rep.
8, 11440 (2018).

[49] B. Pankovich, A. Neville, A. Kan, S. Omkar, K. H. Wan, and
K. Brédler, Flexible entangled-state generation in linear optics,
Phys. Rev. A 110, 032402 (2024).

[50] C. Couteau, Spontaneous parametric
Contemp. Phys. 59, 291 (2018).

[51] J. P. Lee, B. Villa, A. J. Bennett, R. M. Stevenson, D. J. P. Ellis,
I. Farrer, D. A. Ritchie, and A. J. Shields, A quantum dot as a
source of time-bin entangled multi-photon states, Quantum Sci.
Technol. 4, 025011 (2019).

[52] A. Vezvaee, P. Hilaire, M. F. Doty, and S. E. Economou,
Deterministic generation of entangled photonic cluster states
from quantum dot molecules, Phys. Rev. Appl. 18, L061003
(2022).

[53] A. Miranowicz and M. Piani, Comment on “Inseparability cri-
teria for continuous bipartite quantum states”, Phys. Rev. Lett.
97, 058901 (2006).

[54] A. Miranowicz, M. Piani, P. Horodecki, and R. Horodecki,
Inseparability criteria based on matrices of moments, Phys. Rev.
A 80, 052303 (2009).

[55] J. Katriel and M. Kibler, Normal ordering for deformed bo-
son operators and operator-valued deformed Stirling numbers,
J. Phys. A: Math. Gen. 25, 2683 (1992).

down-conversion,

033704-10


https://doi.org/10.1103/PhysRevLett.84.2722
https://doi.org/10.1103/PhysRevLett.84.2726
https://doi.org/10.1103/PhysRevLett.88.120401
https://doi.org/10.1103/PhysRevA.67.022320
https://doi.org/10.1088/1367-2630/7/1/211
https://doi.org/10.1103/PhysRevA.93.032330
https://doi.org/10.1103/PhysRevLett.103.160505
https://doi.org/10.1103/PhysRevLett.106.130402
https://doi.org/10.1103/PhysRevA.83.032307
https://doi.org/10.1103/PhysRevLett.110.210502
https://doi.org/10.1103/PhysRevA.97.042338
https://doi.org/10.1103/PhysRevA.103.062222
https://doi.org/10.1103/PhysRevA.105.012409
https://doi.org/10.1103/PhysRevA.108.042410
https://doi.org/10.1103/PhysRevLett.131.150201
https://doi.org/10.1103/PhysRevLett.95.230502
https://doi.org/10.1103/PhysRevA.71.011802
https://doi.org/10.1103/PhysRevA.72.043808
https://doi.org/10.1103/PhysRevA.64.052312
https://doi.org/10.1038/ncomms1147
https://arxiv.org/abs/2405.01431
https://doi.org/10.1103/PhysRevLett.88.217901
https://doi.org/10.1103/PhysRevA.68.032306
https://doi.org/10.26421/QIC4.5-6
https://doi.org/10.1103/PhysRevA.100.052112
https://doi.org/10.1103/PhysRevA.106.043705
https://doi.org/10.1103/PhysRevA.108.022421
https://arxiv.org/abs/2504.15831
https://doi.org/10.1103/PhysRevLett.109.020505
https://doi.org/10.1038/nature15750
https://doi.org/10.1126/science.aaf6725
https://doi.org/10.1038/35051009
https://doi.org/10.1038/s41598-018-29828-2
https://doi.org/10.1103/PhysRevA.110.032402
https://doi.org/10.1080/00107514.2018.1488463
https://doi.org/10.1088/2058-9565/ab0a9b
https://doi.org/10.1103/PhysRevApplied.18.L061003
https://doi.org/10.1103/PhysRevLett.97.058901
https://doi.org/10.1103/PhysRevA.80.052303
https://doi.org/10.1088/0305-4470/25/9/036

INTERFEROMETRIC DETECTION OF ...

PHYSICAL REVIEW A 112, 033704 (2025)

[56] D. V. Reddy, R. R. Nerem, A. E. Lita, S. W. Nam, R. P.
Mirin, and V. B. Verma, Exceeding 95% system efficiency
within the telecom C-band in superconducting nanowire single
photon detectors, in Conference on Lasers and Electro-Optics,
OSA Technical Digest (Optica Publishing Group, 2019),
p. FF1A 3.

[57] M. Bohmann, J. Sperling, and W. Vogel, Entanglement and
phase properties of noisy NOON states, Phys. Rev. A 91,
042332 (2015).

[58] R. Y. Teh, P. D. Drummond, and M. D. Reid, Overcom-
ing decoherence of Schrodinger cat states formed in a cavity
using squeezed-state inputs, Phys. Rev. Res. 2, 043387 (2020).

[59] M. Kliesch and I. Roth, Theory of quantum system certification,
PRX Quantum 2, 010201 (2021).

[60] C. E. Shannon, Communication in the presence of noise, Proc.
IRE 37, 10 (1949).

[61] https://github.com/elenacallus/interferometric-entanglement-
detection.

033704-11


https://doi.org/10.1103/PhysRevA.91.042332
https://doi.org/10.1103/PhysRevResearch.2.043387
https://doi.org/10.1103/PRXQuantum.2.010201
https://doi.org/10.1109/JRPROC.1949.232969
https://github.com/elenacallus/interferometric-entanglement-detection

