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Unified theory of attractive and repulsive polarons in a one-dimensional Bose gas
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We present a unified description of attractive and repulsive polarons, formed in a one-dimensional Bose gas
hosting an impurity particle, by obtaining all ground- and excited-state solutions to the Gross-Pitaevskii equation.
Modeling the impurity with an attractive square-well potential, we characterize the excited-state energy branches
as a function of interaction strength. As the impurity-bath coupling increases, the excited states change from
distinct soliton configurations to hybridized soliton-polaron states, eventually crossing over from repulsive to
attractive polarons at unitarity. We identify a universal regime near this crossover where the polaron properties
are accurately characterized by the zero-energy scattering length.

DOI: 10.1103/4tcn-t6y2

Introduction. The study of quantum impurities immersed
in a complex environment has attracted significant attention
in the atomic physics community in recent years [1-3] due
to the tunability of impurity-bath interactions and the high
level of control provided by ultracold atoms, which allow
one to study new physical phenomena that are beyond the
reach of standard solid-state materials. One particular direc-
tion of current research is to understand the effects of the
environment on the impurity within the Landau quasiparti-
cle picture—the so-called polaron problem [4]—across both
weak and strong bath-impurity coupling regimes. This is mo-
tivated by the attempt to develop new tools for understanding
strongly correlated phenomena in real materials. Moreover,
recent studies showed that impurities immersed in a complex
environment can inherit its topological properties [5-11] or
exert significant influence on it [12-14], suggesting that they
could, in principle, serve as novel tools for measurement and
control.

An impurity in a one-dimensional (1D) Bose gas presents
a good example of both the polaronic and topological as-
pects of this problem, as its description requires theoretical
approaches beyond the conventional polaron theories in the
strong-coupling regime [15-22] while its coupling to the envi-
ronment provides a means to manipulate solitons via external
control over the impurity [23-30]. Although much effort has
been put into understanding polarons in the dilute bath limit,
where the bath-impurity interaction can be faithfully modeled
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by a contact potential, with the recent development in the
trapping of ions and Rydberg atoms inside the Bose conden-
sate or degenerate Fermi gases [31-35], the effects of a finite
bath-impurity potential range can come into play and lead to
novel physical effects [36—41].

In this Letter, we consider an infinitely heavy impurity im-
mersed in a one-dimensional Bose gas and interacting with it
via a short-ranged potential of finite extent r.. Our theoretical
formalism is based on the Gross-Pitaevskii equation (GPe),
well known as the appropriate tool to study 1D Bose gas at
sufficiently weak interactions among bosons [12,19,42,43].
Moreover, Ref. [19] showed that the description of the 1D
Bose polaron within the GPe framework is in excellent agree-
ment with the quantum Monte Carlo simulations, which we
take as a motivation for our analytical study. The impurity
is treated as an external potential acting on the weakly in-
teracting Bose particles. The GPe approach accounts for the
substantial condensate distortions induced by the impurity and
is necessary for an accurate description of polarons in the
strong-coupling regime [12,44,45].

We show that finite-range effects are essential for under-
standing the spectrum of excited states. Because of the high
compressibility of the Bose bath, the effect of a single impu-
rity is significant: the impurity becomes strongly coupled to
single- or multisoliton configurations, supported by the gas in
the absence of the impurity—and near unitary points of the
boson-impurity potential, the energy of these configurations
has a universal polaronlike description. Although we present
our findings using an attractive square-well potential to make
the problem analytically tractable and simplify the numerical
analysis, our results apply to arbitrary short-ranged potentials,
provided that 7, is much smaller than the healing length of
the condensate £. The interaction of an impurity with soli-
tons has been partially addressed in Refs. [15,16,23,24,30,46—
50]; however, a comprehensive investigation of all possible
excited-state solutions, their relation to the polaronic states,
and their universality has been missing until now.
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In this Letter, we focus only on real solutions to the GPe
that are regular. Our main result is presented in Fig. 2, where
we show all physically admissible solutions to the GPe as a
function of the strength of the impurity potential and show that
the energy of such solutions in polaronic and solitonic regimes
can be described by universal expansions given in Egs. (7)
and (8) involving zero-energy scattering length corresponding
to the parity of a given state. Our results for infinitely heavy
impurity should be of relevance to the bosonic mixtures with
the large mass imbalance [51].

Theory. The 1D GPe for an infinitely heavy impurity reads
(h=1)
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where ¥ (x) is the boson field, m is the mass of the bosons,
A is the strength of the boson-boson repulsion, and the chem-
ical potential u = Any is set to ensure a uniform density ng
far away from the impurity. We consider a symmetric short-
ranged impurity-bath interaction U (x) that vanishes beyond
some characteristic distance r., which we set as the unit of
distance. Symmetry of the potential allows us to characterize
all solutions to the GPe as either even or odd, so everywhere
below we focus on x > 0. Introducing the dimensionless pa-
rameter € = r./&, where & = 1/4/2mAny is the coherence
length, leads to the GPe

—}p+UYIP =€ (P —¢), )
where y = x/r, ¢ = ¥/ /o, andU(y) = 2mr2U (y). The en-
ergy of the state ¢, relative to the uniform gas, is [13,52]
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We set limy_, yo ¢(y) =1 without loss of generality. The
solution of Eq. (2) for U(y) = 0 is given by
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Here, the parameter c specifies the density profile outside the
impurity potential range. Specifically, Eq. (4) yields the dark
soliton profile tanh [x/(+/2&)] when ¢ = —2, and corresponds
to a flat density at ¢ = 0. Note that Eq. (4) can develop a sin-
gularity, that results in an unphysical solution, so we restrict
¢ < 2eV2relk,

Contact impurity potential. To motivate our study of finite-
range boson-impurity potentials, let us briefly consider a
contact impurity potential,

U(x) = G8(x), (5)

to illustrate its limitations. Prior studies have focused exclu-
sively on ground-state solutions, addressing both G < 0 and
G > 0 scenarios [12,16,20]; here, we focus on G < 0, which
supports only one bound state regardless of the magnitude
|G|. In this regime, we find three distinct solutions to Eq. (1).
At G = 0, the first excited-state solution corresponds to the
dark soliton (gray curve in Fig. 1). Because of the odd parity,
this solution remains unaffected by the presence of the contact
impurity as |G| increases, and its energy remains constant
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FIG. 1. Energy branches for an attractive contact impurity, given
as a function of the coupling strength mGE and obtained for the
ground-state (red) and excited-state (gray and blue) solutions of the
Gross-Pitaevskii equation (1).

The remaining two solutions exhibit even parity and are
obtained for

_ 2[V2 £ /2 + (mGE )]

mGé&

cx (6)
Here, the c_ branch describes the ground-state solution—the
attractive polaron—characterized by an increased density of
atoms in the vicinity of the impurity. Since G < 0, the expres-
sion for c4 results in a regular behavior of Eq. (4). The energy
of this branch (Red curve in Fig. 1) can be computed from
Eq. (6); by expanding the result around G =0 or G = —c0
and expressing the result in terms of the scattering length
a = —1/(mG), we obtain

g | RE+FO o <t
“mBE 20w t<t

From this, we see that the small parameter of the theory
is given by &/a in the weak-coupling regime or a/£ in the
strong-coupling regime; this connection to scattering length
allows us to use this expansion for finite-range potentials
in the remainder of this Letter. Equation (7) shows that the
ground-state energy is adiabatically connected to that of the
uniform condensate in the limit G — 0.

The other excited-state solution (with c,) describes a
soliton-antisoliton pair spaced infinitely far apart as G — 0.
As |G| increases, the centers of both soliton and antisoliton
move toward the origin, and in the limiting case |G| — oo
they merge, resulting in a configuration ¢ = tanh [|x|/ (V28)]
(Blue curve in Fig. 1). This has the same density profile as
a single dark soliton. Note that although the impurity can
significantly affect the solution of the c; branch, the energy
scale always remains in the solitonic regime and does not
transition into the polaronic regime described by Eq. (7). The
energy expansion for this branch is

no 2
g |20 - mlf - 5E) +oiE/’), f <,
Eq + 2[4 + Ol(a/8)*1], L,
(8)
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FIG. 2. Energy branches for an attractive square-well potential as a function of coupling constant g. The insets display the density profiles
|¢(x > 0)|? for the evolution of the ground-state (red solid), first odd-parity excited-state (gray solid), and first even-parity excited-state (blue
solid) solutions to the GPe (9). The dashed lines indicate the regimes where the energy of the solution can be described by the universal
expansions for polaronic [Eq. (7)] or solitonic [Eq. (8)] configurations with the correct choice of a, and a, in Eq. (12) for the even or odd

states.

from which we see the adiabatic transition from an antisoliton-
soliton to a single solitonlike configuration as the interaction
strength increases.

Square-well impurity potential. The above analysis shows
that the contact impurity potential has several key limitations.
First, the presence of the contact impurity does not affect
the odd-parity states. Second, the contact impurity potential
can support at most a single bound state, so the number of
possible solutions to the GPe satisfying Eq. (4) outside of
the impurity potential was limited to three. A similar problem
has been studied in 3D, where it was shown that the GPe can
yield up to 2v, 4 1 spherically symmetric solutions when the
impurity-bath interaction potential supports v, bound states
[44]. Although Ref. [53] recently studied the existence of
other excited states in 3D, a complete characterization of
all excited-state branches and the possibility of a universal
description has not yet been carried out. While this remains an
outstanding problem in 3D, here we show that it can be com-
pletely resolved in 1D. We focus our analysis on the case of
an attractive square well U(y) = —g?®(1 — y), which yields
analytical solutions to Eq. (2). The GPe inside the impurity
range becomes

—0yp — P =€(p—¢). ©9)

The even- and odd-parity solutions are given, respectively, by
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where cd(y, ¢;) and sn(y, c,) are Jacobi elliptic functions
[54,55], with elliptic parameters cs, ¢, € [0, 1]. Outside the

impurity region, the solution is still given by Eq. (4). The
unknowns c [recall Eq. (4)], ¢;, and ¢,, are determined by the
boundary conditions at y = 1 [56].

We are interested in the regime r, < &, where the polaron’s
properties depend primarily on the scattering length. For the
attractive square-well potential in 1D we have two scattering
lengths a and a,, corresponding to even- and odd-parity
states

(12)

The scattering length diverges whenever a new bound state
appears in the spectrum. This occurs at g = nmr for even states
and g = (n 4 1/2)x for the odd states, with integer n > 0.
Results. Having established the necessary theoretical
framework, we now present the numerical analysis of the
admissible solutions (energy branches) to the GPe. We fix
€ = 0.1 to model a short-range impurity potential and vary
g from 0 to 27. In general, we find v + v, + 2 number of
distinct solutions, where v; and v, are the number of even
and odd bound states supported by U (x), respectively. Each
of these energy branches is depicted using a distinct color in
Fig. 2. In the vicinity of g = 0 these branches behave similarly
as in the case of the contact potential; however, new effects
emerge as we start increasing g. Near unitarity in the relevant
parity channel, the excited-state branches curve rapidly away
from the contact potential’s asymptotic values, and indeed
even become negative. New excited-state branches appear
near the unitary points, where one of the roots of the matching
equation produces ¢ < 2V that results in a regular behavior
of the tail in Eq. (4). Physically, these new branches around
g = nim /2 can be regarded as originating from a configuration
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of n + 2 solitons that are infinitely separated at g = 0. This
correspondence is further reflected in the equivalence between
the number of nodes in the emerging bound state and the
number of solitons in the zero-coupling limit. As the impurity
potential deepens, the solitons gradually approach each other
and eventually become resolvable within our method, which
relies on the form of the tail in Eq. (4).

We observe that near the unitary points, the solution pro-
files of the GPe inside the impurity potential can be well
approximated by the solution to the zero-energy Schrédinger
equation. This suggests that, provided that € << 1 when we
match the interior and exterior solutions at y = 1, we can
simply impose a Bethe-Peierls boundary condition at the edge
of the potential. This calculation is analogous to the one done
in Refs. [13,52] in 3D, so we will not reproduce it here. We
just note that, unlike in 3D, where the potential’s finite range
was essential for deriving a new universal expansion around
a unitary point, in 1D the resulting calculation reproduces the
contact potential result given in Egs. (7) and (8). Even- and
odd-parity state energies are obtained by substituting a; or a,,
respectively, for the scattering length [57].

To further illustrate the qualitative evolution of the solu-
tions along each branch, representative wave functions for the
ground state (red curve) and the first two excited states (gray
and blue curves) are shown in Fig. 2 as insets. These insets
are selected to highlight the hybridization between the soliton
configurations and polaronic states, and the repulsive-to-
attractive polaron crossover. Universal expansions in Egs. (7)
and (8) together with the analytic expressions for a,; and
a, in Eq. (12) allow us to interpret the structure of these
energy branches. First, we comment on the evolution of the
ground-state branch. It is described by Eq. (7) in the regime
of weak- and strong-coupling expansion. When a, ~ r., we
observe numerically the solution starts to scale as g/€ and is
no longer universal. Physically, this corresponds to the regime
where the bound state in the potential is sufficiently deep, so
one would expect the effective range r.¢ to enter the descrip-
tion of the polaron. However, this coincides with the regime
where the nonlinear term in the GPe is no longer perturbative,
so the standard analysis based on the quantum mechanical
scattering theory does not apply. We do not investigate this
regime further.

When a new excited-state energy branch (apart from the
first odd branch for which a, < r. from the beginning) ap-
pears near a corresponding unitary point, it is described by
Eq. (8). Then, as the scattering length decreases in magnitude
and becomes comparable to r., we expect the universal de-
scription to break down. Eventually, as we approach a new
unitary point of the same parity sector, this solution that had
a solitonlike structure continuously evolves into the pola-
ronic solution described by Eq. (7). Interestingly, since the
energy of such a configuration is positive, the resultant po-
laron configuration is the repulsive polaron until the impurity
potential crosses a unitary point. As it crosses the unitarity,
the energy of the configuration becomes negative, and we
call this transition a repulsive-to-attractive polaron crossover.
Once the energy of such a polaron becomes sufficiently neg-
ative, the microscopic details of the potential start to come
into play, similar to the case of the ground-state branch. The
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FIG. 3. Repulsive-to-attractive polaron crossover near the first
unitary point of the odd-parity excited state for an impurity potential
of (a) a square well and of (b) an exponential potential. Solid lines
show the exact solutions of the GPe in Eq. (9), while dashed lines
correspond to solutions of the zero-energy Schrodinger equation.

corresponding energy expansions, shown as dashed lines in
Fig. 2, are in agreement with the exact numerical results.

To further investigate the structure of the repulsive to at-
tractive polaron crossover, in Fig. 3 we plot the exact GPe
solution profile together with the corresponding zero-energy
Schrodinger equation in the vicinity of the first unitary point
of the odd solution. To demonstrate the generality of our
approach, we present results for both the square-well poten-
tial and an exponential potential U (y) = —g2e™. We observe
excellent agreement between the exact numerical solution to
the GPe and the zero-energy Schrodinger solution within the
spatial extent of the impurity potential. We note that exactly
at unitarity, the tail of the polaronic solution is flat, so it does
not give any contribution to the energy in Eq. (3), while the
interior of the impurity gives a small nonuniversal contri-
bution. The criterion of applicability of the weak-coupling
regime in Eq. (7) is & < |a| < &2/r,, and away from the
unitarity, the contribution from the tail dominates the energy
of the state, determining whether the polaron is repulsive or
attractive.

Conclusion and outlook. In this Letter, we studied both
ground- and excited-state solutions to the 1D GPe for a static
impurity interacting with a Bose gas via a finite-range poten-
tial. We showed the appearance of new excited-state energy
branches as new bound states appear in the potential, and
characterized the evolution of such solutions from solitonic to
polaronic configurations, and found the analytical expressions
for their energies in the universal regimes. We expect that a
similar soliton-polaron hybridization can appear in higher di-
mensions, and the inclusion of the finite-range boson-impurity
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potential is important for its description. It would also be
interesting to investigate how impurities can couple to other
topological configurations, such as vortices. Since our anal-
ysis was based on the mean-field GPe equation for a static
impurity, we also aim to investigate how this framework gets
modified by the inclusion of quadratic fluctuations on top, and
by accounting for a finite impurity mass.
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