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Entanglement is a cornerstone in quantum information science, yet detecting it efficiently remains a challeng-
ing task. Focusing on states with nonpositive partial transpose, we establish a hierarchy among entropy-based,
majorization, realignment, and reduction criteria for Haar uniformly generated random states in finite dimen-
sions, analyzing their performance based on rank and subsystem dimension. We prove lower bounds on the
rank of mixed quantum states beyond which the realignment and entropic criteria fail to detect entanglement.
We evaluate the relative effectiveness of the considered detection methods using three key indicators—fraction
of detected states, mean detectable entanglement, and minimum required entanglement. Our results provide
insights into the entanglement thresholds needed for reliable detection, showing that, beyond a certain level of
entanglement, all criteria become equally powerful for low-rank states, while a hierarchy emerges among the
various criteria for moderate to high ranks. Intriguingly, the proposed ordering among the considered criteria
in qubit-qudit systems is different from that in higher dimensions. Additionally, we establish that the detection
efficiency is influenced by the asymmetry in the subsystem dimensions by illustrating how the realignment
criterion behaves more efficiently than other detection methods when the difference between the subsystem

dimensions is small.
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I. INTRODUCTION

Quantum correlations [1-5], particularly entanglement [6],
having no classical counterpart, are fundamental to the on-
going second revolution in quantum technologies. Entangled
states serve as essential resources for achieving quantum
advantage in various protocols, including quantum commu-
nication [7-9], quantum cryptography [10-12], and one-way
quantum computation [13,14]. In these applications, entan-
glement must often be distributed between two [15-17] or
more parties [18-21] to create bipartite or multiparty re-
source states. Moreover, higher-dimensional systems have
been shown to exhibit stronger quantum correlations [22-26],
which can significantly enhance the performance of quantum
information processing tasks [27-39]. This makes the reliable
certification of entanglement in arbitrary dimensions a critical
task.

Since the mid-1990s, numerous entanglement detection
techniques have been developed [40—47]. Some are theoret-
ically elegant, some experimentally accessible, and others
possess direct operational significance. These include Bell in-
equalities [48—50], partial transposition (PT) [51,52], entropic
[53], reduction [54,55], majorization [56,57], and realignment
[58-61] criteria, entanglement witnesses [62—64], covariance
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matrix approaches [65,66], and semidefinite programming-
based methods [67-69]. Among these, PT provides a neces-
sary and sufficient condition for qubit-qubit and qubit-qutrit
systems; in higher dimensions, it offers a sufficient condition
and fails to detect bound entangled states with positive partial
transpose (PPT). The reduction, realignment, majorization,
and entropic criteria provide only sufficient conditions for de-
tecting entanglement, with the realignment criterion notably
capable of identifying certain bound entangled states. While
pure-state entanglement can be characterized by the von-
Neumann entropy of reduced density matrices, mixed-state
quantification relies on computable measures like logarithmic
negativity [70,71] in arbitrary dimensions, and entanglement
of formation for two-qubits [16]. Given the difficulty of
preparing pure states and their limited utility in noisy en-
vironments, it, therefore, becomes imperative to determine
the efficacy of existing detection criteria in successfully pre-
dicting states to be entangled in finite dimensions, especially
beyond two-qubit and qubit-qutrit systems.

Random quantum states generated according to the Haar
measure (the unique unitarily invariant measure over the uni-
tary group) provide a statistically unbiased way to explore
the vast landscape of quantum characteristics in quantum
states [72—-80]. Studying random states can be important for
benchmarking quantum algorithms [81-84], understanding
typical properties of entanglement [85—-89], analyzing random
quantum circuits [90,91], and evaluating the performance of
quantum protocols on average [92,93]. Additionally, these
random states naturally arise in scenarios involving quan-
tum chaos and decoherence [94], making them valuable for
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probing the statistical nature of entanglement, coherence, and
other quantum correlations. Moreover, most existing studies
focus primarily on multiqubit random states, with limited at-
tention given to multiqudit systems, although studies in higher
local dimensions are essential to exhibit richer entanglement
structures and enhanced quantum advantage.

In this work, we systematically analyze four widely used
entanglement detection criteria, namely majorization, reduc-
tion, realignment, and entropic, for random bipartite quantum
states by varying dimensions as well as ranks, and compare
their performances relative to the PT criterion. We analytically
prove lower bounds on the rank of two-qudit states, ex-
pressed in terms of their local dimensions, above which both
the entropy and realignment criteria fail to detect entangle-
ment, thereby highlighting their limitations, particularly for
high-rank mixed states. By generating nonpositive partially
transposed (NPT) states, we show how detection efficiency
decreases with increasing rank, indicating that these criteria
are generally less capable of identifying weakly entangled
states. Interestingly, we observe a rank-dependent reversal in
performance between majorization and realignment—while
majorization is more effective in qubit-qudit systems, re-
alignment overtakes it in higher dimensions with low ranks.
Additionally, we present an independent proof of the equiva-
lence between the PT and the reduction criteria for qubit-qudit
systems.

We further explore two key questions for randomly gen-
erated higher-dimensional states: (1) Is there a threshold
entanglement content necessary for a criterion to operate ef-
fectively? and (2) What role does the local dimension play
in the performance of detection methods? To address the first
question, we introduce the mean and minimum entanglement
detectable by a given criterion among simulated NPT entan-
gled states. While the former sheds light on the average value
of entanglement required for a certain criterion to be effective
for a given rank and dimension, the latter can be used to judge
how powerful it is. Specifically, a lower minimum detectable
entanglement hints at a superior criterion, implying that it
can detect states even with meager entanglement content.
Furthermore, the mean and minimum entanglement provide
bounds on the resource necessary for states to be successfully
detected. While all criteria are equally adept at detecting states
of rank two, for full-rank states, most become extremely weak.
The hierarchy established through the fraction of detected
states remains intact with respect to the other two figures of
merit. To address the second question, we uncover a nontrivial
relationship between detection efficacy and asymmetry in sub-
system dimensions. Specifically, we find that the realignment
criterion remains surprisingly effective at high ranks when the
two subsystems have nearly equal dimensions, highlighting
the crucial role played not only by total dimension and rank
but also by the internal structure of the bipartite system.

The remainder of the paper is organized as follows. In
Sec. II, we recall the definitions of the entanglement measures
and elaborate on their existing inter-relations. In Sec. III, the
lower bounds on the ranks of quantum states for entropic and
realignment criteria to function are proven, and the fraction
of detected states is calculated to establish a preliminary hier-
archy among the criteria. Bounds on the mean and minimum
entanglement necessary for successful detection are presented

in Sec. IV, where the hierarchy is further reestablished. In
Sec. IVB, we demonstrate that asymmetry in the local di-
mension can play a role in the effectiveness of the detection
criteria. We end our work with discussions and open questions
in Sec. V.

II. DEFINITION AND RELATIONS BETWEEN
ENTANGLEMENT DETECTION CRITERIA

An arbitrary bipartite density matrix, pj», acting on a
composite complex Hilbert space, C% ® C%, hereafter abbre-
viated as d| ® d,, can be represented as

pa= Y > adlUdin @b (D)

1<, j<dy 1<p,v<d>

where {|i(j))} and {|u(v))} are the sets of orthonormal vec-
tors in C?% and C%, respectively, with d; = dim C% and
dy = dim C*%. Dating back to the early 20th century [95],
a plethora of criteria have been developed for detecting and
quantifying the entanglement inherent in quantum states [46].
While some of these criteria can accurately separate between
entangled and separable states, especially in low dimensions,
others perform exceptionally well in specific scenarios but
are less effective depending on the nature of the quantum
system under consideration. We are interested in assessing
the effectiveness of these entanglement criteria for typical
states in arbitrary dimensions. Towards this aim, we focus on
a selection of the most widely recognized and frequently used
entanglement detection criteria in the literature. These include
the partial transposition, P [51,52], reduction, Rp [54,55],
majorization, M [56], realignment, Ry [58,60], and entropy,
E [53], criteria. For convenience, we denote the set of these
criteria as

S={P, Rp, M, E, R.}. 2

Let us briefly elucidate the considered detection criteria.

Partial transposition criterion (P). The partial transposi-
tion, ,olTé, of a density matrix p;, with respect to the subsystem
1, is defined as

ph= 3 Y aUii @ wwh. )

1<, j<dy 1<p,v<d,

If a state pj, is separable, then ,012 > 0 and similarly for the
partial transposition with respect to the subsystem 2. Here
o > 0 means that o has non-negative eigenvalues (i.e., it is
positive semidefinite). States with NPT possess entanglement
which is distillable (convertible via local operations and clas-
sical communications on a large number of copies to a smaller
number of maximally entangled states [96]) in 2 ® d while the
same is not guaranteed in higher dimensions [97].
Reduction criterion (Rp). If py, is separable, then

P ®hL—p1220 and 1 ® o2 —p12 20, “4)

otherwise the state is entangled [54,55]. I;(2) denotes the d;2)-

dimensional identity matrix, whereas pj) = Trax1)012 is the

reduced density matrix corresponding to subsystem 1(2).
Entropy criterion (E). If a state p); is separable, then

S(p12) =2 S(p1),  S(p12) = S(p2), )

042461-2



HIERARCHY OF ENTANGLEMENT DETECTION CRITERIA ...

PHYSICAL REVIEW A 114, 042461 (2026)

otherwise it is entangled [53]. The von Neumann entropy,
S(o) is defined as S(o) = —Tro log, o for a quantum state,
o [98-101].

Majorization criterion (M). For a separable state, p1,, the
following inequalities hold:

Alp12) < A(p1),  A(p12) < A(p2), (6)

where A(o) is the set of eigenvalues of the denisty matrix,
o, arranged in descending order, and x <y = Zlex,- <
Zle yviVk=1,2,...,1(m),for two lists x, and y, containing
I and m elements respectively arranged in descending order.
For [ < m, the former list is appended with m — [ zeros at the
end, and vice versa [56,57].

Realignment criterion (Ry). For a state, py», its realignment
matrix, G, is defined as

P = GuG, ® Gl (7)
k,l

with 1 < k(1) < d?,) and G,¥ = {|i(w)) (j(v)|} are complete
sets of Hilbert-Schmidt orthonormal operators acting on the
min[d?,d?

respective Hilbert spaces. Let {g;},_, I'be the set of singu-
lar values of G. If py; is separable, then D, g; < 1 [58,59].

Existing relations between the criteria

Our aim is to investigate the interconnections among the
elements of the set S defined in Eq. (2) is guided by prior
foundational results on the relationships between these criteria
[40]. For the 2® 2 and 2 ® 3 systems, the PPT criterion,
P, is a necessary and sufficient condition for separability
[52]. However, beyond these low-dimensional cases, P re-
mains only a necessary condition for the same [102], there
existing entangled states, known as bound entangled states,
which satisfy P [102-104]. Since the reduction criterion, Rp,
is equivalent to P in 2 ® d [105], it is also necessary and
sufficient for separability in 2 ® 2 and 2 ® 3. Violation of
the reduction criterion, Rp, implies distillability of entangle-
ment [54,55], i.e., states violating Rp definitely violate P, but
not the other way around. In other words, Rp is generally
weaker than P in detecting entanglement beyond 2 ® d, for
example, in the case of 3 ® d systems, states that satisfy the
reduction criterion are significantly more prevalent than those
that meet the PPT criterion [105]. In the bipartite setting, the
majorization criterion, M, is weaker than Rp in detecting
entanglement, but together they impose a necessary condition
for the distillability of a quantum state [106]. The correspon-
dence between the M and P criterion becomes progressively
weaker as the subsystem dimension d increases [105].

In contrast, the entropy criterion, E, ranks as the weakest in
S due to its reliance on global state properties rather than oper-
ational separability tests [6,107]. There exist some numerical
relations among P, Rp, and E, suggesting that they behave
similarly in 2 ® d and 3 ® d [105]. For dimensions higher
than 3 ® d, M and «-entropic criteria E, yield nearly iden-
tical results, indicating a strong agreement between the two in
this setting [105]. Note that, due to the Schur-concavity of the
von Neumann entropy [108], states detected as entangled by £
are also detected by M [109,110]. The interrelation between
positive maps, weak majorization, and entropic inequalities

plays a significant role in the detection of entanglement in
bipartite quantum systems [111].

Finally, the realignment criterion Ry, while slightly weaker
than P in low-dimensional systems [58,60], exhibits unique
advantages in higher dimensions. Notably, R; can detect cer-
tain bound entangled states that evade P [61,97]. It has been
related to the Schmidt coefficients of a bipartite density matrix
[112], which on their own form a criterion for entanglement
detection in pure states [98—101,113]. Inequalities have been
conjectured as necessary conditions for bipartite separability
based on it, but independent of the parent criterion, and nu-
merically verified for 2 ® 3 systems [112]. We will also show
that R, behaves weakly for high rank states compared to Rp.

III. EFFECTIVENESS OF VARIOUS DETECTION
CRITERIA: ROLE OF RANK

While all qualitative criteria for bipartite entanglement de-
tection are equivalent for pure states, their ability to detect
mixed state entanglement is widely different. Our main ob-
jective is to analyze how well a considered detection criterion
is able to conclude that a state with distillable entanglement
is actually entangled. For this purpose, we resort to the PPT
criterion as a benchmark to first determine whether a state
possesses distillable entanglement. If so, we then apply the
set of chosen criteria, given in Eq. (2), to the state and check
which of them can detect the state as entangled. This depends,
to a large extent, on the subsystem dimensions and the rank of
the mixed state; generally, entanglement detection becomes
more robust as the total dimension increases but more chal-
lenging as the rank grows. While previous studies were often
restricted to low-dimensional systems or specific classes of
states, we systematically analyze the variation in detection
ability across the full range of dimensions and ranks by simu-
lating bipartite density matrices belonging to d; ® d, of rank
ke{2,3,...,d1d,}. We study the variation in the ability of
a chosen criterion to detect entanglement with respect to the
two parameters:

(1) Dependence on rank: For a fixed total system of di-
mension djd,, how does the performance of the different
entanglement criteria vary with the rank, k, of the states?

(2) Effect of subsystem dimensions: What effect do the
dimensions of the individual subsystems have on the efficacy
of a criterion for a given rank?

Objectives. We analyze the performance of individual
criteria, with respect to variation in the aforementioned pa-
rameters, and provide a comparative assessment among them.
The performance of a criterion refers to whether or not it
can successfully detect an NPT entangled state. Its efficacy
is gauged through two principal factors: (1) the fraction of
randomly generated NPT states that the criterion can conclude
as entangled, i.e., the ratio of the number of states identified
as entangled by the given criterion to the total number of
sampled NPT states, and (2) the entanglement content of the
state, investigated through the mean and minimum value of
the logarithmic negativity [71,114] (as defined in Sec. 1V),
over all simulated NPT states. A higher fraction of successful
detections and a low entanglement content for the same means
that the criterion is effective. Furthermore, if a criterion ad-
mits a higher fraction of successful detections and/or a lower
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necessary entanglement content than another, then the former
is said to be relatively more effective.
To quantify entanglement, we define the normalized
log, [l.3 I,
log, (min(d),d>))
where |A|l; = trv/ATA represents the trace norm. The
normalization factor is so chosen because LN is upper
bounded by the determinant of the density matrix of the
smaller subsystem, which is further upper bounded by
the logarithm of its dimension, i.e., LN < det(omin(d,.d,)) <
min(d;, d,)~ ™42 < Jog,(min(d, d)). This ensures 0 <
LN(p12) < I.

logarithmic negativity (LN) as LN(ppz) =

A. Connection between rank and dimension
in entanglement detection

Before answering the questions for randomly generated
states, we first provide bounds on the rank of bipartite mixed
states in arbitrary dimensions. This determines whether their
entanglement can be successfully detected by using two of
the considered measures—the entropy and the realignment
criteria. Specifically, we establish how the entropy criterion
is grossly unsuitable for evaluating whether a high-rank state
is entangled or separable while the realignment criterion fares
better when the dimensions of the subsystems grow.

1. The entropy criterion is weak in detecting high-rank states

Given its operational significance as conditional entropy,
whose negativity has been proven to be a resource in sev-
eral quantum information processing tasks [7,115-118], it is
worthwhile to analyze when the entropy criterion is successful
in predicting the entanglement of arbitrary finite-dimensional
random bipartite states on average. Our following proposition
attempts to quantify its efficacy.

Proposition 1. For any bipartite system in d; ® d», the en-
tropic criterion, E, fails to detect the entanglement of Haar
uniformly generated states, when the rank, k > max(dy, d>).

Proof. Without loss of generality, consider d, > d;. Re-
call also that the entropy criterion concludes that a state,
P12, acting on d; ® d,, is separable if both S, — S; > 0 and
S12 — 82 2 0 and hence the violation implies entanglement in
a given state.

For the average entropies (where the averaging is per-
formed over the Haar measure), it is known that [72,119-121]

dl d2
S1) ~logd] — ——, (S)) ~logd), — ——, d
(S1) ~ logd, 2k (82) = logd, 2k an
S12) ~ logk — , 8
(S12) ~ log Yavds ®)

with k being the rank of the density matrix, pj,. Let us first
concentrate on (Sjp) — (S2). It vanishes at k = d,, and in
general, its derivative reads

d ( 2d,drk — k2 —d22
dk 2d,drk?

Note that the denominator in Eq. (9) is always posi-
tive. Further, the numerator is also positive definite for
ke{2,3,...,did} and its derivative satisfies 2(dd, —
k) >0 V k < ddy. Therefore, (S12) — (S2) has a strictly

(S12) = (S2)) = €))

increasing derivative for all ranks k € {d,,d> + 1, ..., d\d»},
which implies that it is monotonically increasing. Therefore,
with ({S12) — (S2))lk=a, = 0, we have (S12) — (S2) = 0 when
k € {dy, d, + 1, ...,dd,}. This completes the first part of our
proof.

Our job now is to prove that (S;) < (S2) when d) < k <
dyd,. This would allow us to show that (S;,) — (S;) > 0 =
(S12) — (S1) = 0, and thus the entropy criterion fails to con-
clude the state to be entangled. Let d = d; + x with x €
[0, d1d>» — d,]. We note that

dy +x 1 d;

d 24y 2(dy +x)?
(10

and  ((S2) — (S1))lk=d,=a, =0 by substituting x =0 in
Eq. (10). Moreover, the derivative with respect to x, ((d; +
x)> —dy)/(dy +x)* > 0V x and thus (S,) — (S;) is a mono-
tonically increasing function of x and is hence always positive
semidefinite for all k € (d>, d1d>). Taking its derivative, this
time with respect to k, it is evident that
d _d-di
dk 2d\dok® ~
Thus ({(S2) — (S1)) >0 at k=d, and is monotonically
increasing, which  suggests (S]) < ($2)Vk € {dh, d> +
1,...,did,}. This completes the proof. |

Remark 1. The expressions for (S;), (S2), and (S12), i.e.,
the average von Neumann entropies of the d;-dimensional
subsystem, the d,-dimensional subsystem, and the whole
did,-dimensional system, respectively, are approximated for
did, > 0. We observe from our simulations that the fraction
of states detected as entangled by the entropy criterion is
merely 0.055 for d; = 2 and vanishes beyond d; = 4 when
we fixd, =8 and k = 9.

The aforementioned proposition establishes that the en-
tropy criterion is very weak in terms of detecting entangle-
ment of mixed states, especially if both d;, d, > 1, where it
fails to detect states in a wide range of rank k € (d>, d d>).
This can again be confirmed from the numerical simulations
performed for random states in the succeeding sections.

(S2) = (S1)lk=d, +» = log

($2) = (S1) Vd, > d,. (a1

2. The efficacy of the realignment criterion

Apart from the realignment criterion’s capability of detect-
ing PPT-bound entangled states, it also provides necessary
criteria to characterize entanglement-breaking channels [112].
Compared to the entropy criterion, it manages to identify a
relatively higher fraction of states, as will be verified later with
the numerical simulations. In the following, we establish exact
bounds on the rank of a state such that realignment is effective
in concluding its separability.

Proposition 2. The realignment criterion, R;, becomes in-
effective for detecting entanglement in a bipartite state, pj»
acting on d; ® d,, when its rank satisfies k > dfl(iliz:;]).

Proof. To check the realignment criterion, we need to
consider the realignment matrix, ,onL, of the given density
matrix, pjz. The state py, is separable when [58,60] Zi gi =
||p}¥||1 < 1, where g;s are the singular values of the re-
alignment matrix, and the violation of the bound indicates
entanglement. Since the matrix psz has dimension d12d22, its
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rank, ¢ < min(d?, d22) = dlz, assuming d, > d; without loss
of generality. Using the relation between the Frobenius norm,
Il - Il [98,101], and the trace norm, we can write ||,o1 I, <

d1||,olL||F, where || - || = /Zij |aij| for a matrix with ele-

ments a;;. Since ,o1 - has the same elements as pj,, we obtain

o], < dillpially = diyTe(p}). (12)

from Zi’j |a,-‘,-|2 =
T1r(,olT2 P12) = Trplz, which is nothing but the state’s purity,

given as Tr(p7,) = d‘dzkikl, [72] for py» acting on a d; ® d»
system of rank k. This ieads to

where the last equality follows

did, + k

ol <) g st =

fr.(k, dy, dy), (13)
with fi, (k, dy, dy) = di( ;’lﬁiﬁ) > 0,Vk € (2,dd>). Tak-
ing its derivative, we find that dﬁ’ —d2(1 —dlzdzz)/(l +
didrk)* < 0,Vd,dr > 2 and k € (2, dd>). Since the deriva-

tive of a function and its square root have the same sign in

regions where it is positive definite, \/ fr, (k, d1, d2) is a mono-
tonically decreasing function of k. Let \/ fr (k =ko,d1,dr) =
1 whence its monotonicity implies \/fr, (k = ko, dy, d») < 1.

and the proof follows. |

d3dr—1

It is easy to derive ky = ddr—d))

B. Equivalence of P and Ry, criterionin2 ® d

Before proceeding to our numerical results, let us focus
on two more entanglement detection criteria, viz., P and Rp.
While it has already been established that the two criteria
are equivalent for 2 ® d systems [105], in this subsection, we
provide an independent proof of the same.

Proposition 3. P and Rp are equivalent in 2 ® d.

Proof. Let pjp be a bipartite density matrix acting on
d) ® d,, which, in the computational basis, using the spectral
decomposition [98—101], can be represented as

di—1 dr—1 dr—1
pr= Y Y aijwlin) (vl =" (aoou 01) (Ov)|
i,j=0 p,v=0 n,v=0
+ aot 101) (10| + @10 (1) (OV] + @y [ 1) (10]),

(14)

where, in the second equation, we set d; =2. The
partial transpose, ,01Tz, with respect to subsystem 1 is
,4 V= () (aOO/LU |0/,L> <0V| + aA10uy |OM> <11)| +
aoipw 1) (Ov| 4+ apiue 1) (1v]). A necessary condition for
separability of pj, is pg 2 0. On the other hand, according
to Rp, the separability conditions read p; ® I, — p1» = 0 and

given by pg =

I ® p» — p12 = 0. Letus consider the operatorr = I} ® p, —
P12 In 2 ® d,, written as
dr—1
r=" (aooun |11t} (1v] = agiuw 10p) (10|
n,v=0
— aiouy [1p) OV + @y [0) (OV]). (15)

We note that r and pg are related by a unitary transformation,
r=U"plU, where U = I; ® o} with o” being the Pauli-y
matrix. Thus, they have the same eigenvalues. Consequently,
if one of them is positive semidefinite, then so is the other,
while if one has at least one negative eigenvalue, then the other
also exhibits the same property. From the above argument, we
can conclude that in 2 ® d,, P and Ry are equivalent. [ |

C. Capability of entanglement criteria for typical states

We now move on to numerically evaluating and comparing
the ability of the various criteria in identifying entanglement
across a large number of Haar uniformly generated states.

1. Benchmarking via partial transposition

The comparison between the entanglement detection meth-
ods will be carried out with respect to partial transposition P.
We focus exclusively on states that are entangled under the
partial transposition criterion, i.e., only NPT states are consid-
ered. An immediate question arises regarding this choice since
‘P is not a necessary condition for arbitrary finite-dimensional
bipartite systems [52]. One main reason is that, for all practi-
cal purposes, such as information-theoretic protocols [7,8,11],
quantum computation [122], and even physical realization
through many-body systems [123], distillable NPT states' are
found to be useful. It is therefore natural to focus on NPT
entangled states. While PPT-bound entangled states have been
shown to offer operational benefits in secret key generation
[126], steering [127], and metrology [128], none of the criteria
considered in our work, except realignment, are capable of
detecting them. Therefore, incorporating the detection ability
of bound entangled states would not allow us to compare the
criteria on a balanced footing. In particular, it would create a
clear distinction between realignment and the other criteria,
since a trivial superiority of the realignment criterion would
emerge from its ability to detect such states, which we will
show to be not true for NPT states. Thus, we constrain our-
selves to NPT entangled states in this work, and using the
Peres-Horodecki separability criterion [51,52] as a benchmark
and the logarithmic negativity for quantification, we establish
a hierarchy among different qualitative entanglement detec-
tion criteria. As a second justification of our choice, let us
argue how an overwhelming majority of states in d; ® d»,
of rank k, exhibit nonpositivity under partial transposition,
when obtained from a global pure state in d; ® d» ® k through
partial tracing. The probability that a two-qudit mixed state is
NPT is extremely high if N < 3m — 2 [72], where N is the
size of the global pure state, i.e., N = 3 in our case, and m = 2
represents the number of qudits in the state under consider-
ation. Thus, the condition N < 4 is always satisfied for the
simulated states in our work, thereby ensuring a high proba-
bility of NPT states. Moreover, a sufficient condition for such
a state to have PPT is k > didy(d1dy — 1) — 1 ~ d?d3 [72],
which is never satisfied for large d;d, since 2 < k < d1d2 Let
us now briefly discuss how the random dens1ty matrices, pi2,
are generated in d; ® ds.

'Note that NPT bound entangled states have been conjectured and
some evidence for them also exists [124,125].
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2. Generation of bipartite mixed states

We simulate 10° random states, sampled uniformly accord-
ing to the Haar measure [129]. Each mixed state is obtained
by tracing out the third subsystem from a random pure state,
V) 123 = D) i (@imk + ibimi) 1)1 ® [m)2 @ k)3, defined on
d ® d, ® k. The coefficients, a;,,x and by, are sampled
independently from a Gaussian distribution, G(0, 1), with
vanishing mean and unit standard deviation. The resulting
reduced state, p;» = Tr3[(|¥)(¥|)123], is a bipartite mixed
state of rank, k [130-132] (see also Ref. [79]). Apart from
2®2 and 2 ® 3 dimensions, among the generated states,
a fraction of states are also PPT [133], which we discard
and consider only NPT states for calculating other entangle-
ment detection methods. Although all the results presented
hereafter are for 5 x 10° states, we also numerically simu-
late 10%, 5 x 10*, 10°, and 5 x 10° Haar random states and
check whether all the results reported converge up to three
decimal places. Indeed, we find that the results obtained with
10° and 5 x 103 converge up to three decimal places (see
Sec. IV A).

3. Hierarchy among entanglement identification conditions

To establish the hierarchy among criteria belonging to
S, we now introduce the notion of fraction of successfully
detected randomly generated states with respect to the non-
vanishing LN. For a quantitative comparison, we define a
normalized fraction of a given entanglement criterion, £, as

F¢ = L’ (16)

2l
LN()>0

where we denote the states successfully detected by a criterion
& by ig and the randomly generated states which are NPT
entangled, i.e., have nonzero LN are denoted as i n¢;)~o- By
definition, 0 < F¢ < 1. Trivially, for the partial transposition
rule, F¥ = 1 and the equivalence of reduction and P criteria
in 2 ®d [58,105] implies FR> = 1, too. Given a dimension
and rank, if F& > F& then we can surely infer that the
criterion &) is more effective in identifying typical entangled
states than &,.

The results obtained through numerical simulations are
presented in two sectors: (1) random states in 2 ® d with
d > 3 and (2) states in d; ® d, with dy, d» > 3 Vk. The rea-
son for such division is to better understand the behavior of
the entanglement detection method in 2 ® d as compared to
the states in 3 ® d onwards. For example, the question of
the existence of bipartite NPT-bound entangled states is still
unresolved above qubit-qudit systems [124,125]. We will now
show that our study can reveal some unknown characteristics
of the set of criteria S| = {M, E, R} for random states.

Ability to determine entanglement in 2 @ d. We observe
and compare some distinct features for M, E and Ry. As
expected, E is the weakest criterion among all. In particu-
lar, we find that when k 2> d> 4+ 2 (d; > d; = 2), almost no
randomly generated states can be detected by entropic crite-
rion (see Table I for 2 ® 5 states), an observation which also
vindicates Proposition 1. On the other hand, it was shown
that both separable and PPT-bound entangled states satisfy
the majorization criterion, while the realignment condition

TABLE I. Normalized fraction, F¢, of entangled states detected
by a criterion, £, belonging to the set S in Eq. (2). Here we consider
a 2 ® 5-dimensional system, with rank 2 < k£ < 10. A dash (—) in-
dicates that the respective criterion fails to detect any entangled state.
Since FP = FR» = 1, we skip them. It is evident that majorization
performs better than the realignment for qubit-qudit systems for all
ranks, while entropy and realignment fail to identify entangled states
when the rank of the states is high, as proven in Propositions 1
and 2.

k FM FE FRL
2 1 0.999 1

3 1 0.998 0.999
4 1 0.946 0.968
5 0.799 0.494 0.563
6 0.510 0.054 0.145
7 0.333 0.001 0.021
8 0.223 — 0.002
9 0.150 — —
10 0.099 — —

can detect PPT-bound entangled states. Therefore, one can
be tempted to infer that majorization will be weaker than
realignment for the identification of entangled states. We show
that this is not true in the qubit-qudit case. Specifically, we find
that although the fraction of NPT states detectable by M and
R, decreases with increasing rank for a fixed 2 ® d system,
majorization is more effective in determining entangled states
than realignment, as shown in Table I. Precisely, for high-rank
states, the realignment criterion fails to detect any distillable
states and FR — 0 with k ~ 2d. This allows us to establish
a clear hierarchy of the effectiveness in entanglement detec-
tion methods, from most to least powerful in 2 ® d typical
systems, as

F'P EFRI) > FM - FRL > FE’ (17)

where the symbol “>" denotes a greater entanglement detec-
tion power. Hence, the set of states detectable by different
criteria follows the ordering P =Rp D M DR, D E for
generic states, where the notations for the criteria are also
used to denote the corresponding set of identifiable states.
Note that low-rank states can be detected by all the criteria,
whereas entangled states with very high rank (close to the total
dimension, 2 x d) are only successfully detected by P and
Rp. To have an intuitive representation of the detection power
of the different criteria, we present a pictorial illustration for
states of intermediate rank, (2 x d/2), in 2®d in Fig. 1. It
is noticeable that while some states are detected by all the
considered criteria, others are identified only by some. Impor-
tantly, this ordering reflects a typical inclusion of detectable
states rather than a strict set-theoretic containment for every
individual state.

Ordering among entanglement detection criteriaind; ® d
with dy, d» > 3. The common observation between states in
di ®d, with (di > 2 and d, > 3) and 2 ® d» is that F¢
decreases with the rank for a fixed total dimension. The dif-
ferences between two qudits and qubit-qudit systems are as
follows: (1) The PT and the reduction criteria are no longer
equivalent, and the performance of the latter gets worse with
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FIG. 1. Pictorial hierarchy of entanglement detection criteria for
random rank-6 states in a 2 ® 6 bipartite system. Colored regions in-
dicate sets of states detected as entangled by different criteria: PPT P
and Reduction criteria, R (blue with solid boundary), Majorization,
M (red with dotted boundary), the entropy-based criterion, E (yel-
low with dashed boundary), and the realignment criterion, R, (purple
with dash-dotted boundary). Each point in the figure represents a
randomly generated density matrix which is detected as entangled
by P and R, (stars), R, (triangles), M (rectangles), and E (circles).
The relative sizes and the nested structure of the colored regions
illustrate a clear hierarchy in entanglement detection power, with P
and R, detecting the largest fraction of entangled states, followed by
M, then R;, and finally E. The partial overlap between the colored
regions indicates that the same entangled state can be detected by
multiple criteria simultaneously. These overlaps reflect common de-
tection capability rather than any strict set-theoretic inclusion among
the criteria, and the hierarchy is therefore understood purely in terms
of comparative entanglement detection power.

the increase of the rank. (2) For a fixed d;, with increasing
d,, all the criteria become equally effective and, in this case,
FRe > FRo > FM > FE for low k (see Table II). (3) The
significant contrasting behavior emerges for moderate rank
states—realignment performs better than majorization which
is not true in 2 ®@ d. Surprisingly, we observe that even for
a fixed d; > 3, there exists k for which FR: > FR> | thereby
confirming a stronger performance by the realignment crite-
rion compared to the others in S\P (see Table II). We will
also observe in the next subsection that the local dimension

TABLE II. Normalized fraction, F€, of random NPT entangled
states for various detection criteria £ applied to states in 3 ® d,
systems, with two different ranks, k = d,d, and k > d;d,/2 (mod-
erate rank). All other specifications are the same as in Table 1. For
moderate rank, realignment clearly performs better than reduction.
This is a contrasting behavior compared to the qubit-qudit systems.

d®d, k FM FE FRe FRo
3®3 9 0.004 — 0.743 0.352
3®4 9 0.014 — 0.968 0.902
12 0.001 — 0.330 0.424
3®5 9 0.049 — 0.995 0.999
15 — — 0.005 0.423
3®6 9 0.124 — 1 1
18 — — — 0.701

can also be responsible for the hierarchy among the criteria,
apart from dimension and rank. (4) For full rank states, only
reduction criteria can identify some NPT entangled states
while entropy, majorization, and realignment fail, i.e., FR> >
FRe > pM > FE,

IV. BOUNDS ON ENTANGLEMENT NECESSARY
FOR SUCCESSFUL DETECTION

While the normalized fraction of detected entanglement,
F¢, sheds light on whether the criterion could successfully
detect entanglement or not, we are now interested in address-
ing the question: “Does the efficiency of the entanglement
detection method depend on the amount of entanglement pos-
sessed by random quantum states?”” We answer it affirmatively
by introducing two figures of merit, the mean entanglement,
Mg, and the minimum entanglement, m¢, where the entangle-
ment is quantified by LN. In particular, they are defined for a
given criterion, &, as

1 ¢ n
Mg = - ZLN(i), and mg = min[LN(@)], (18)
e &
E(i)

where the summation and minimum are performed only when
the entanglement detection method can identify the state, i, as
entangled, and we calculate the entanglement content solely
for these states with n being the total number of states for
which the criteria, &, is successful. The mean and minimum
detectable entanglement can provide bounds on the resource
content of the state necessary for successful entanglement
detection. The smaller the minimum entanglement, mg, the
lower is the entanglement that can be detected by the criterion,
&, and, therefore, the more adept it is. There is a subtlety
to note, however. Since the entanglement content decreases
with the rank, k [87,88], a lower minimum entanglement at
lower ranks proves that the criterion is more powerful than
one with a higher minimum entanglement. On the other hand,
the mean entanglement not only depends on the entanglement
content of the states detected but also on the number of states
that are detected, i.e., on F€. A higher mean entanglement
can be due to two factors: greater entanglement due to lower
rank and higher total dimensions [88] and a lower fraction
of detected states. In this case, a higher mean entanglement at
higher ranks necessarily means that a smaller number of states
are detected, and thus the criterion is less effective.

A. Detection strength of various measures through mean
and minimum entanglement

Let us now analyze the behaviors of Mg and mg to un-
derstand whether the effectiveness of the criteria relies upon
the average or minimum entanglement possessed by random
states. Our investigation shows that indeed it is the case. Let us
first elaborate it from the trends of M¢: (1) Among Haar uni-
formly generated states, average entanglement (LN) decreases
with the increase of the rank, k, irrespective of the individual
dimension (as shown in Fig. 2 for 2 ® 5 and 3 ® 5 systems).
This may be attributed to the fact that as the rank increases,
states with lower values of LN become predominant [87,88].
(2) In 2 ® d systems, the average My, takes the same path as
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FIG. 2. The mean detectable entanglement, Mg (vertical axis),
vs the rank & (horizontal axis) of bipartite mixed states in two dif-
ferent local dimensions: (a) 2 ® 5 and (b) 3 ® 5. The entanglement
detection criteria discussed in Eq. (2) are compared: P (red circles),
M (blue stars), E (green squares), R; (magenta diamonds), and Rp
(cyan triangles). Similar features are observed for low rank states
although for moderate k values, the efficiency of R, and Rp gets
interchanged with the increase of d;. Both axes are dimensionless.

Mp since LN is based on the partial transposition criteria, P,
to which Rp is equivalent in this regime [105], as we have also
independently demonstrated in Proposition 3. (3) For small
ranks, i.e., when k < min[d,, d>] + 2, all entanglement detec-
tion methods behave similarly, i.e., the mean entanglement of
typical states and mean entanglement detected by any criteria
belonging to S coincide. (4) On the other hand, for a fixed,
k and d;, when the other subsystem dimension, d,, increases,
Mg increases for all identification methods [see Figs. 3(a) and
3(b) for states in 2 ® d with k =4 and in 3 ® d with k =5
respectively], eluding to the fact that the entanglement of
states increases with the dimension for fixed ranks. Further, by
fixing d; and k < d; (d, > d,), the performance of all criteria
becomes the same (see also Table III). (5) Interestingly, the
values of Mg associated with the entropic criterion, E, and
the realignment criterion, Ry, exhibit a nonmonotonic trend

0.8 0.7
(a) (b)

0.7 0.6

0.6 0.5

0.5

Y —- P | 0.4

0.4 —_ M

0.3 . — 0.3 /

0'2( == B | 0,2
—k: Rp

L4 6 8 1053245678910
dy dy

FIG. 3. Mean detectable entanglement, M¢ (vertical axis), with
the subsystem dimension, d, (horizontal axis), for states of rank (a)
k=4in2 ® d,, and (b) k = 5in 3 ® d,. All other specifications are
the same as in Fig. 2. Nonmonotonic behavior for entropic criterion
is observed. Both axes are dimensionless.

TABLE III. The mean value of each criterion, &, for states
of rank k=8 in 3®d,. A dash (—) denotes no detection of
entanglement.

diQdy Mp M Mg Mg, My,
3®3 0.138 0.237 — 0.145 0.163
34 0.211 0.275 — 0.211 0.212
3®5 0.274 0.315 — 0.274 0.274
3®6 0.329 0.355 — 0.329 0.329
37 0.377 0.394 0.448 0.377 0.377
3®8 0.420 0.425 0.435 0.420 0.420
3®9 0.458 0.458 0.458 0.458 0.458
3® 10 0.493 0.493 0.493 0.493 0.493

with respect to k, which may be attributed to the fact that with
increasing rank, these two criteria become grossly ineffective
in detecting low entangled states, i.e., n/lO5 « 1, near full
rank, i.e., k =9, 10 (see Table I). In contrast, other criteria
are successful in doing so. (6) The mean entanglement, M x4
corresponding to the majorization criterion, M, is higher than
that of the PT, P, and the reduction, Rp, beyond low rank
states although My, turns out to be almost same with moderate
rank (see Fig. 2). This suggests that M is unable to detect low
entangled states as efficiently as the other two. Since increas-
ing the rank also increases the likelihood of generating states
with small entanglement content, the greater effectiveness of
‘P and Rp becomes prominent at higher ranks.

The behavior of minimum entanglement, mg, is similar to
the mean, which again decreases with increasing rank, &, for
P, M, and Rp. A nonmonotonic behavior emerges for mg
and mg, (see Tables IV and V), thereby showing that E and R;,
decrease in efficiency with increasing rank, because they can-
not detect low entangled states. Both the nature of Mg and mg
establish that when the entanglement content of a typical state
is high, which surely occurs for low rank states, all the existing
entanglement detection methods are equally effective. Since,

TABLEIV. The minimum entanglement, m¢, detected by various
criteria in the set S, is presented for a fixed total system dimension
of 3 ® 5 by varying rank 2 < k < 15. All other specifications are the
same as in Table III.

k P M E R, Rp

2 0.404 0.404 0.404 0.404 0.404
3 0.386 0.386 0.386 0.386 0.386
4 0.320 0.320 0.340 0.320 0.320
5 0.252 0.298 0.334 0.252 0.252
6 0.220 0.272 0.379 0.220 0.220
7 0.172 0.229 0.488 0.172 0.172
8 0.149 0.205 — 0.149 0.149
9 0.117 0.187 — 0.133 0.117
10 0.086 0.178 — 0.121 0.089
11 0.080 0.168 — 0.129 0.087
12 0.058 0.160 — 0.127 0.072
13 0.046 0.145 - 0.123 0.069
14 0.038 0.145 — 0.137 0.055
15 0.025 0.156 — 0.143 0.053
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TABLE V. The minimum entanglement, m¢, detected by various
criteria is presented for a fixed rank k = 5 for varying subsystem
dimension, d;, of states in 3 ® d,. All other specifications are the
same as in Table II1.

dl ® d2 P M E RL RD

3®3 0.036 0.104 0.261 0.036 0.042
34 0.168 0.241 0.371 0.168 0.168
3®5 0.252 0.298 0.333 0.252 0.252
3®6 0.311 0.311 0.355 0.311 0.311
3®7 0.381 0.381 0.403 0.381 0.381
3®8 0.460 0.460 0.460 0.460 0.460
3®9 0.501 0.501 0.501 0.501 0.501
3®10 0.544 0.544 0.544 0.544 0.544

after a certain rank, mg is higher for the reduction criterion
as compared to the PPT criterion, it implies that the reduction
criterion is unable to detect low entangled states in d; ® d
when d;, d, > 2. Thus, we can conclude that according to
the efficacy in detecting entangled states, Rp is a strict subset
of P. The realignment criterion follows PPT and reduction,
while the majorization and the entropy criteria fare the worst.
This is vindicated by the fact that maq > mgr, > mgr, > mp,
while the entropy criterion is unable to detect entangled states
beyond rank k > 7in 3 ® 5 (see Table IV, and also supported
by Proposition 1) and also has the highest minimum detectable
entanglement for k = 5 states in 3 ® d, as elucidated in Ta-
ble V. Finally, the realignment criterion is effective for low
rank d| ® d, states (d; > 2, d, > 3). These results are in good
agreement with the ones obtained by studying the fraction of
states.

Remark 2. The nonmonotonicity exhibited in Mg by the
entropy criterion can be explained through its inherent in-
efficiency in detecting entanglement of high-rank states. As
shown in Proposition 1, it cannot detect entangled states with
rank k > max(d;, d,). Therefore, for such states, both the
mean and minimum reduce to zero abruptly as soon as the crit-
ical rank is reached. Furthermore, Table I elucidates how the
fraction of detected states decreases sharply with increasing
rank, as a result of which, for ranks close to max(d,, d»), the
mean and minimum detected entanglement shoot up for the
entropy criterion because the denominator in the definition of
Mg and mg [Eq. (18)] assumes very low values. This results
in the nonmonotonic behavior of the figures of merit for the
entropy criterion.

Numerical convergence of the figures of merit

The entire analysis in this paper is presented on a sample
of 10° randomly generated states. To ensure the convergence
of the numerical results, we perform additional simulations
with samples of different sizes. Specifically, we compute all
the figures of merit, viz., the normalized fraction F € the
mean detected entanglement Mg, and the minimum detected
mg for samples comprising 104, 5 x 10%, 10°,3 x 10°, 5 x
10°, 8 x 10°, and 10° Haar random states, and observe that
the last three sets provide the same values of the afore-
mentioned quantities up to the third decimal place, thereby
confirming the convergence of the data . As an instance, we

TABLE VI. Mean value Mg, minimum value mg, and normal-
ized fraction F€ for £ = Ry (reduction criterion), computed over
different sample sizes and ranks k. To argue convergence up to the
third decimal place, the numbers in parentheses indicate the value
of the corresponding quantity at the fourth decimal place, showing
that any change in the numerical results occurs beyond the third
decimal place for the sample sizes considered in the manuscript.
The above table is for system 3 ® 5. The results demonstrate the
stability and convergence of the normalized fraction and mean with
increasing sample size up to the third decimal place. Since minimum
values correspond to extreme events in the distribution, observing
the same minimum value repeatedly is unlikely, i.e., generating the
state with the same minimum entanglement across all sample sizes is
statistically not possible, and thus we do not expect any convergence
in mg beyond the first decimal place.

Sample size k F¢ Mg mg
1 x 10* 2 1 0.702(5) 0.499(9)
15 0.566(1) 0.133(7) 0.069(3)
5 % 10* 2 1 0.701(5) 0.493(9)
15 0.575(1) 0.133(8) 0.064(6)
1x10° 2 1 0.701(7) 0.455(7)
15 0.572(4) 0.133(7) 0.058(1)
3 x 10° 2 1 0.701(5) 0.438(5)
15 0.572(9) 0.133(7) 0.058(8)
5% 10° 2 1 0.701(5) 0.452(0)
15 0.573(7) 0.133(6) 0.053(3)
8 x 10° 2 1 0.701(5) 0.428(9)
15 0.573(1) 0.133(6) 0.060(1)
1 x 10° 2 1 0.701(6) 0.427(2)
15 0.573(1) 0.133(7) 0.055(5)

enlist the three figures of merit corresponding to the reduction
criterion for states in 3 ® 5 of ranks 2 and 15 in Table VI. A
similar observation is ensured for all other detection criteria
by our numerical simulations.

B. Crucial role of asymmetry in subsystem’s dimension
on detection efficiency

For pure states in d; ® d», the entanglement content is
upper bounded by the von Neumann entropy of the smaller
subsystem dimension [6], say, di, due to the Schmidt de-
composition. As a result, if, keeping the smaller subsystem
dimension fixed, the total dimension of the system increases,
then the entanglement content, and thereby the mean and
minimum detectable entanglement, are expected to remain
the same with an increase in the asymmetry, |d; — d|, in
the two subsystem dimensions. However, the situation is not
straightforward in the case of mixed states. Our goal in this
section is to understand how the effectiveness of the different
entanglement detection criteria changes with |d, — d| for
bipartite mixed states. While the entanglement content of
states is known to increase with the total dimension [88],
its dependence on the asymmetry, independent of the total
dimension, has not been studied in the literature. Moreover,
since we quantify entanglement using LN, which is only
known to upper-bound distillable entanglement and does not
have a simple relation with local subsystem entropy, intuition
from pure states does not directly apply. We will show how the
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TABLE VII. The mean (minimum) detectable entanglement, M¢ (m¢ ), for various entanglement criterion (columns), considered in Eq. (2)
is evaluated for fixed total system dimensions dy, = 12, 16, 18, 24, 36, where the subsystem dimensions d, d, are varied such that the product
did, = dj;. We consider two extreme cases of ranks, k = 2 and k = d,d,. The <> denotes that the values in that row are the same as those
of P. All other specifications are the same as in Table III. Interestingly, the results display that the performance of the entanglement criteria

depends on the difference between local dimensions, |d; — d3]|.

di> di®d, k P M E R, Rp

12 2®6 2 0.803(0.363) < DN < PN
12 0.174(0.003) 0.236(0.095) — — 0.174(0.003)

34 2 0.625(0.329) < < PN DA
12 0.120(0.005) 0.207(0.138) — 0.149(0.073) 0.141(0.052)

16 2®8 0.855(0.495) < DN < PN
16 0.176(0.028) 0.221(0.108) — — 0.176(0.028)

44 2 0.597(0.392) < PR < PR
16 0.098(0.026) — — 0.106(0.054) 0.148(0.099)

18 2®9 2 0.873(0.528) < < PN DA
18 0.176(0.055) 0.216(0.133) — — 0.176(0.055)

3®6 2 0.763(0.513) < <~ < <
18 0.123(0.039) 0.185(0.145) — — 0.130(0.059)

24 212 2 0.906(0.652) RS AN PEY AN
24 0.177(0.081) 0.206(0.132) — — 0.177(0.081)

3®8 2 0.830(0.640) < pas < <
24 0.124(0.050) 0.171(0.152) — — 0.127(0.070)

4®6 2 0.720(0.547) < DN < PN
24 0.101(0.040) 0.145(0.121) — — 0.132(0.056)

36 2®18 2 0.938(0.735) < pRs < PN
36 0.177(0.109) 0.196(0.139) — — 0.177(0.109)

3®12 2 0.891(0.751) <~ DN < PN
36 0.125(0.063) — — — 0.127(0.066)

409 2 0.827(0.695) < < < PR
36 0.102(0.068) — — — 0.121(0.103)

66 2 0.674(0.576) < pRs < PN

36 0.080(0.052) — — 0.090(0.184) —

variation of entanglement with subsystem asymmetry directly
affects the performance of different detection criteria, partic-
ularly the realignment criterion when moving beyond qubit
systems. To the best of our knowledge, such a study on the de-
pendence of a criterion’s detection efficiency (beyond its role
of quantifying the entanglement) has not been reported earlier.
Thus, while we have so far concentrated on the performance
of the various criteria under the conditions of varying rank and
system dimension, it is worthwhile to investigate whether the
difference in the subsystem dimensions also plays a role in
a criterion’s efficacy. Specifically, fixing the total dimension
to dip = did,, we wish to analyze how the mean detected
entanglement behaves with |d; — d»|. While it is apparent that
an increase in dj, leads to states with greater entanglement
content, and hence the criteria retain their effectiveness even
at higher ranks, the dependence on |d; — d»| is not clearly
studied for typical states in the literature. In particular, for a
given dj, and rank, especially the lowest and highest ranks,
we study the variation of M¢, and m¢ for Haar uniform states.

Let us consider the smallest total dimension expressible
as different products of two distinct integers, i.e., 12. It can
be considered as 2 ® 6 and 3 ® 4. We observe that the mean
entanglement, Mg, and the minimum, mg, for all the mea-
sures contained in the set S are higher when the difference
between subsystem dimensions is greater, for a fixed rank,

k = 2 (lowest rank beyond pure states) or maximum rank, 12.
This may indicate that more entangled states are generated on
average as |d; — d»| grows for a fixed dj, and k, and hence
average entanglement required to determine the entanglement
via a criterion is also high. This trend persists in higher dimen-
sions; for example, from dj, = 18, which can be considered
as2®9%9and 3®6,todp =36as2® 18, 3®12, 4®9,
and 6 ® 6, a greater imbalance in the subsystem sizes again
leads to stronger mean and minimum entanglement (see Ta-
ble VII). For rank-2 states across systems with varying local
dimensions, all the entanglement detection criteria exhibit
equivalent strength. In contrast, for full-rank states, the hi-
erarchy follows the structure as discussed before, i.e., only
Rp, M, and sometimes R; become effective. Interestingly,
we notice that the realignment criterion R; becomes adequate,
only when the absolute difference in subsystem dimensions
|dy — d»| is small—case in point, whend; —d, < 1, Mg, > 0
for di; = 12,16, and 36 in Table VII—otherwise, its de-
tection capability vanishes. This was also vindicated in the
analysis on the normalized fraction of detected states, specif-
ically Table II . An intuition into this rise in detection ability
for R, can be obtained from Proposition 2. For d, > d; > 2,
and d, — d, = 1, we must have the rank satisfy k > dlzdz for
realignment to be unsuccessful. However, since k € (2, d\d»),
the condition does not hold for small dimensional asymmetry.
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We can conclude that the entanglement content of a state and
the detection efficiency of a given criterion not only depend on
the rank and dimension but also on the difference in subsystem
dimensions, i.e., on how the state is constituted.

We can try to explain the increase in mean (minimum)
entanglement, Mg (mg), with higher differences in subsystem
dimension, |d; — d,|, for rank k = 2 as follows. Note that the
total subsystem dimension, di, > k, for rank-2 states under
consideration. As a result the entropy of the total state, in
d) ® d,, relative to the maximal achievable average entropy
is given as, (log2 — 1/djy)/logd;, — 0 as d;, increases
[72]. Thus, with increasing dj,, the bipartite state moves
further and further away from the maximally mixed state of
its corresponding dimension. Furthermore, the purity of the
rank-2 state, (djp +2)/(1 + 2dp) — 1/2 for dip > 2 [72].
This again shows that the dj>-dimensional state has purity
equal to the maximally mixed state of a dimension much lower
than its own. Therefore, effectively, we can consider the state
to be a pure state for a large total dimension, d;,. In that case,
its entanglement content is given by the von Neumann entropy
of its reduced density matrices, logd; — d,/2d, [72], assum-
ing d > d; without loss of generality. In the two extreme
cases, d; = dror(d, —dy) =0 and d| K dror(dy —dy) > 1,
we have the entanglement approximately logd; — 1/2 and
log d, respectively. Thus, this serves as an intuitive argument
for the increase in mean detected entanglement of the rank-2
state with higher differences in subsystem dimensions.

V. CONCLUSION

Entanglement, the earliest and most extensively studied
form of quantum correlation, continues to play a central
role in the development of quantum information theory. Al-
though the benefits of entangled states are well established
across a range of quantum technologies, the rich structure of
entangled states in arbitrary dimensions, both bipartite and
multipartite, is yet to be fully understood. One of the central
questions in the theory of entanglement is how to definitively
classify states as entangled or separable, thereby identifying
their usefulness for information-theoretic applications. While
several detection methods have been developed, their compu-
tation and experimental implementation remain a significant
challenge. On the other hand, criteria that can be efficiently
calculated and realized are not always necessary and sufficient
for detecting usable entanglement. Thus, there is a strong
need for a systematic classification of entanglement detection
criteria, alongside a rigorous evaluation of their effectiveness,
especially for randomly generated quantum states. While the
entanglement properties of generic multiqubit states have
been explored to some extent, the question of whether random
quantum states in higher dimensions exhibit any form of uni-
versal entanglement behavior remains unresolved. Addressing
this issue could not only deepen our theoretical understanding
but also guide the development of more scalable and experi-
mentally viable entanglement detection techniques.

We analyzed the performance of four widely used entan-
glement detection criteria—majorization, reduction, realign-
ment, and entropy-based methods—by benchmarking them
against the PT criterion and the PT-based logarithmic negativ-
ity measure. Focusing on bipartite quantum states with NPT,

we examined the detection efficacy of the various criteria in
terms of three factors—the dependence on the total dimension
of the states, the effect of rank, and the difference of local
dimensions—in ascertaining entanglement of random mixed
states in arbitrary dimensions. This comprehensive approach
enabled us to construct a mathematically robust framework
for assessing the universality and reliability of these detection
methods in arbitrary finite dimensions. In particular, we pro-
vided analytical lower bounds on the rank of quantum states
beyond which the realignment and entropy-based criteria fail
to detect entanglement, thus highlighting intrinsic limitations
of these approaches in identifying high-rank entangled states
in high-dimensional systems.

For studying features of random states, we defined three
figures of merit—the fraction of detected states, the mean
detectable entanglement, and the minimum entanglement re-
quired for detection. The fraction of detected states offered
a straightforward metric, reflecting how effectively a given
criterion can identify entangled states among Haar-randomly
simulated samples—the higher this fraction the more pow-
erful the criterion. In contrast, the mean and minimum
detectable entanglement provided deeper insight into the en-
tanglement “threshold” required for a criterion to function.
These metrics helped to quantify the entanglement necessary
for detection and established practical bounds on the resources
each criterion needed to reliably identify entangled states
across various dimensions and ranks.

We revealed a distinct hierarchy of entanglement detection
criteria in qudit-qudit systems, which differs notably from
the behavior observed in qubit-qudit systems. In particular,
we found that the realignment criterion consistently outper-
forms the majorization criterion in systems beyond 2 ® d.
During the course of our study, we provided an independent
proof of the equivalence of the PT and reduction criteria
in qubit-qudit systems. Our results showed that the frac-
tion of detected entangled states decreases with increasing
rank but improves with the overall system dimension. The
hierarchy based on the fraction of detected states remains
consistent when the strength of the criteria is judged through
the quantitative lens of the mean and minimum entanglement.
While the entropic criterion has clear operational relevance
in quantum communication, it was the least effective across
all systems studied. Conversely, although the realignment
criterion can detect positive partially transposed bound en-
tangled states, it loses effectiveness significantly as the rank
of NPT states increases, revealing its limitations in high-rank
scenarios.

The observed hierarchies among entanglement detection
methods for generic states open up intriguing avenues for
exploring similar structures in other resource theories, such
as nonlocality and nonstabilizerness. Additionally, assess-
ing these criteria based on their ability to predict quantum
advantage in computational and information-theoretic tasks is
a promising direction.
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