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We study the resonance-enhanced multiphoton ionization (REMPI) of atoms by intense, short, XUV radiation
fields. To characterize Rabi oscillations and the resulting Autler-Townes doublet in the photoelectron spectrum,
a minimal-state effective description is utilized, incorporating energy-level shifts, multiphoton couplings, and
irreversible losses. Extending the semiclassical Rabi model with such higher-order terms, the complex population
amplitudes of the Rabi cycling atom are found in simple analytic forms. This allows for the exact analytic
evaluation of the photoelectron spectrum under various simultaneous physical effects. The origins of the spectral
characteristics, such as the splitting, shifting, asymmetry, and multipeak pattern, are identified through the found
spectrum formula. Furthermore, the dependence of these features on the field intensity, frequency detuning, and
interaction time are analyzed in detail. Finally, as the simplicity of the spectrum formula is preserved when
further higher-order light-matter interaction terms are added, the presented general framework is suitable for

studying arbitrary (n+ m) photon REMPI phenomena.
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I. INTRODUCTION

Rabi oscillations (ROs) [1,2]—the time-periodic oscilla-
tions of the populations of quantum two-level systems (TLS)
under external driving—have been receiving great research in-
terest ever since their discovery in the 1930’s. Being one of the
most fundamental light-matter interaction phenomena, ROs
take place in numerous physical systems, including, e.g., su-
perconducting circuits, cold atoms, Rydberg atoms, quantum
dots, and cavity polaritons [3]. From the theoretical point of
view, the semiclassical Rabi model (SRM) that describes the
time evolution of quantum TLSs under time-periodic classical
radiation field driving [1] is among the very few analytically
exactly solvable two-state models. This renders the SRM and
its various extensions crucially important in describing ROs
and related phenomena. In the traditional SRM, the complex
population amplitudes of the coupled levels are expressed in
terms of the frequency detuning and field amplitude param-
eters in lowest order. Despite its simplicity, the SRM could
provide a powerful testbed for rather involved phenomena,
allowing for the transparent illustration of various physical
processes.

When particle emission happens during the ROs, the
wave-packet amplitudes liberated at different times interfere,
leading to the appearance of the Autler-Townes (AT) dou-
blet [2] in the kinetic energy spectrum. The AT doublet and the
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underlying ROs have been widely studied in the resonance-
enhanced multiphoton ionization (REMPI) of atoms and
molecules since the 1980’s [4-9]. In recent years, thanks to
the availability of intense, short XUV laser pulses [10-14], the
investigation of ROs is experiencing its renaissance [15-19],
including various aspects such as the generation of electron-
ion entanglement [20-24]. The spectral features of the AT
doublet—such as the shifting, splitting, asymmetry, and mul-
tipeak pattern—are mostly shaped by the resonant Stark
effect and contain relevant information on the underlying
bound-state electron dynamics. The physical origins and con-
trollability of these spectral characteristics have been the
subject of numerous current researches [25-33].

The multipeak pattern of the AT doublet, observed for
intense (large-area) laser pulses, was found to be closely in-
tertwined with ROs and dynamic interference, two prominent
competing phenomena under the strong dynamical dressing of
atomic scale systems [34—40]. It has been demonstrated that
under asymmetric envelope functions, for which the electrons
are ionized with completely different energies at the distinct
Rabi cycles, the multipeak pattern of the AT doublet is pre-
served [40].

The asymmetry of the AT doublet has been attributed
to various reasons, including, e.g., the dynamic Stark shifts
(DSS) of the coupled levels [41,42], the photon energy detun-
ing [43], the energy-dependence of the bound-to-continuum
couplings [44], the loss of the excited state [45], the phase
of the driving field [46], or the interplay between different
ionization routes [12,43]. The underlying physical mechanism
of the ultrafast-pulse-shaping control of ROs in the XUV,
initiated in Ref. [47] and demonstrated experimentally in
Ref. [13], could be transparently described within the frame-
work of the selective population of dressed states [48-50].
Another prominent effect that can be identified through the
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asymmetry of the AT doublet using parameter values acces-
sible at seeded free-electron lasers is the stabilization of Rabi
cycling dressed atoms in a circularly polarized intense XUV
field [51,52]. Furthermore, we mention that counter-rotating
circularly polarized pulses have the potential of manipulating
the photoemission anisotropy through the competition of dif-
ferent partial waves generated by delayed pulses [53].

Tracing of the ultrafast buildup of ROs in 1 4 1 photon
REMPI allowed for the characterization of the two-photon
transition phase in the high-intensity region [54] and the
identification of the contributions of different partial waves
employing spectrally and angularly resolved electron inter-
ferometry [55]. Utilizing an w — 2w XUV pulse pair, the
ultrafast emergence of ROs in the time domain was found to
be accompanied by the phase jump between the one- and two-
photon transition amplitudes [18]. The energy separation of
the two prominent peaks of the AT doublet, which is primarily
determined by the Rabi frequency and frequency detuning,
could be drastically enhanced with the help of two time-
delayed XUV pulses. This dynamically enhanced AT splitting
was attributed to the interference of attosecond electron wave
packets liberated around the zero value of the ground-state
population amplitude of Rabi cycling atoms [56,57].

Since the exact analytic evaluation of the AT doublet for
laser pulses with smoothly varying envelope functions is ex-
tremely rare and limited [45], considering rectangular shape
(flat-top) classical radiation fields, and hence the SRM, is
highly relevant. Utilizing flat-top models for studying REMPI
has become widely accepted [18,36-38,51], and was found
useful for elucidating the observations made by realistic laser
pulses [12]. Usually, flat-top models with substantial simpli-
fications are applied upon neglecting small and seemingly
unimportant terms. Thus, there is a need for inspecting the
spectrum within the extended SRM as accurately as possible.
Furthermore, as the spectral features generated by the sine-
shape laser pulse can be regarded as resulting from different
rectangular-pulse-shape excitations [45], flat-top models can
also be useful for studying pulse shape effects despite their
constant envelope function.

In this paper, we study REMPI and the resulting AT dou-
blet exactly analytically under rectangular envelope driving,
via the SRM. To that end, a minimal-level effective descrip-
tion is utilized, incorporating various physical terms such as
multiphoton couplings, energy-level shifts, and irreversible
losses. Extending the SRM with such higher-order terms, the
complex population amplitudes of the bound and continuum
levels are found in simple analytic forms, utilizing elementary
functions. The found spectrum formula provides additional
insight into the structural buildup of the AT doublet, unfolding
the physical origins and controllability of the main spectral
features, such as the shifting, splitting, asymmetry, and multi-
peak pattern. A great merit of the framework to be presented
here is its simplicity and flexibility despite the large number
of included parameters of different orders in the electric field
amplitude. As the parameters of the extended SRM all have
a common (rectangular) temporal profile irrespective of their
order, the analytic expressions found here for 1 + 1 photon
REMPI are straightforwardly extended with arbitrary higher-
order terms, allowing for the study of n+ m photon REMPI
processes.

W
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FIG. 1. Energy-level scheme of hydrogen, showing the 1 + 1
photon resonance-enhanced multiphoton ionization process studied
in this work. The dynamics of the (near-)resonantly coupled (1s, 2p)
two-level system is probed upon absorption of additional photons
from the same field that promote the electron to the s and d continua.
The horizontal dashed line indicates the ionization threshold, while
the electron continuum is shown by the shaded area.

II. 1+ 1 PHOTON IONIZATION

To demonstrate the extension of the Rabi model on a
concrete example, below we will consider the 1 + 1 photon
REMPI of the hydrogen atom driven by a rectangular laser
pulse (see Fig. 1). Working in the essential state formalism,
we will derive an effective model that goes beyond the usual
minimal description, and is thus able to capture several phys-
ical effects in the strong coupling regime. This model will
serve as an important basis for the analytic studies in Secs. III
and IV. Concretely, we will retain terms up to fourth order in
the electric field amplitude. Generalization to higher orders is
straightforward and does not affect the considerations regard-
ing the extension of the SRM to be presented in Sec. III.

The hydrogen atom is assumed initially at # =0 in its
Is ground state and the photon energy is set to near res-
onance with the 2p excited state. Upon absorption of an
additional photon, ionization occurs predominantly to the s
and d continua labeled here as es and ed, respectively. This
ls — 2p — continuum pathway of H was considered by sev-
eral groups recently [34,36—40,43,44,54,55]. Throughout this
work, linearly polarized electric field is considered along the
z direction, in the ¢t € [0, T] time interval

E@) = Egcos(wt), (D)

where & is the electric field amplitude (related to the field
intensity as Iy = 8(2) /8matys, where oy is the fine-structure
constant), w is the photon energy, and T is the duration param-
eter of the rectangular pulse. Atomic units are utilized unless
stated otherwise.
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The time-dependent wave function of the sole electron is
expanded in the basis of the populated (1s, 2p, ¢/) and non-
populated (m) eigenstates of the Hy Hamiltonian of the free
atom, utilizing the wy eigenenergies in the phase factors

W(t) = c15(t)|1s)e ™" + c,(t)|2p)e "

4 e

+ 3 [ eatlene e, @)

I=s,d

In the above expansion, the bound and continuum m states
are dipole coupled to 1s or 2p or to el. These states are,
however, hardly populated because they lie energetically out
of one-photon resonance with the populated (essential) states.
Nevertheless, it is important to explicitly keep the m states
in Eq. (2), since they are responsible for higher-order terms
like energy-level shifts and multiphoton couplings (see be-
low). Here, we adopt the length gauge form of the interaction
in line with other related studies [4,28,34-36,38,44,50], as
it allows a fast convergence of the higher-order interaction
terms in REMPI [58,59], to be detailed below. Utilizing the
velocity gauge involves similar steps and provides identical
observables, but the proper convergence of the higher-order
interaction terms would require substantially more high-lying
states in that case.

Inserting Eq. (2) into the time-dependent Schrddinger
equation (TDSE) iV = [Hy + zE(¢)]¥, one finds a set of
first-order coupled differential equations for the population
amplitudes. As the nonpopulated (m) states are far from reso-
nance, they rapidly oscillate during the interaction, and their
time evolution can be obtained by adiabatic elimination [60].
Integrating the equation of the nonpopulated states by parts
and omitting small terms, one finds an explicit expression
for ¢,,(¢), which is valid as long as the detuning of the m
states is large compared to the pulse bandwidth and the re-
lated Stark shifts. Substituting the obtained expression into
the equations of cis, ¢2p, and ¢, applying the rotating wave-,
the dipole-, and the local approximations [61], one obtains the
three-state minimal effective model [39]

. { . _
icis(t) = |:Sls - %J/i|6‘1s(l) + I:EQ - %Li|€_lmc2p(f) (3a)

. [P N i
iCop(t) = EQ _EL e () + Szp—zr cap(t)

(3b)
.. 1 i 1 i
icg(t) = EQsle Lr+atle, (1) + ZMeze 241, (1)

+Saca) (I=s,d), (30

where the notations for the transition energies wy; = wp — @;
and for the dipole moments wy; = (k|z|/) have been intro-
duced. In Eqgs. (3a)-(3c), 2 = Eou1sp is the Rabi frequency
for the bound-bound 1s — 2p transition, and A = wy,1; — @
is the corresponding detuning. Furthermore, Q¢ = Eolterzp
is the one-photon Rabi frequency for the transition from the
resonant state |2p) to the continuum state |e/) (the transition
amplitude for ionization from the excited state), and & =
wgp2p — wo is the corresponding detuning with wy = wyp1s

being the resonance frequency. The S; quantities are the
Stark shifts of the involved levels in the oscillating field (k =

1s,2p, el)
|Mkm|28% Wk
Sy = — . 4
3 Im 2 W - 4

We note that the Stark shift of the continuum is well approxi-
mated with the ponderomotive energy Se; = €2/(4w?).

In Eq. (3¢c), the two-photon Rabi frequency that describes
the nonresonant ionization pathway from the ground state (the
transition amplitude for ionization from the ground state) is

given as
My = — 2
m

The so-called leakage-induced complex coupling (LIC
coupling) in Eqgs. (3a) and (3b) that is an indirect coupling
between the resonant 2p state and the 1s ground state is found
as [61]

2
:u'mlsﬂ'alma()
Wpls — W

(&)

L= Zﬂ[%M;Yst + %M;dgzgd]' ©)

It can be interpreted as follows: the photoelectron emitted
from the ls ground state is recaptured by the residual core
to produce the resonant 2p state; and reversely, the electron
emitted from the resonant state can be captured by the residual
core, which then becomes the neutral atom in its ground state.
The LIC coupling can thus describe the stabilization of the
atom that emerges at very strong couplings.

Finally, in Egs. (3a) and (3b), the ionization rates of the
ground (y) and excited (I") states are found in the local ap-
proximation [61]

2

1 1 :

Y = 2 ZMS(]S + ZMsod , @)
1P 2

I'=2n [‘EQSU‘V + ‘Eggod ] (8)

The ionization rates in Eqs. (7) and (8) are calculated at the
expected energy of the spectrum (w., = w15 + 2wp), which is
indicated by the gy in the indexes.

Equations (3a)—(3c) can be transformed into an alternative
yet more instructive form upon redefining the amplitudes as
c15(t) = cr(t)e STSuTAN o) (1) — ¢y (1) 21 FS= AN
and ¢, (t) = co(t)e™ 2S5+ =20=3A1 - Applying these trans-
formations, one finds

1 | ‘ 1 j
ié1s(t) = [—555 —5A- %y:|c15(t) + |:§Q - %Li|czp(t)
(9a)

B VR 1 1
iCop(t) = EQ — EL cis(t) + 585 + EA — EF cp(t)
(9b)

1 1
_QEZCZp(t) + ZMslcls(t)

iésl(t) = )

3 1
+[5+§A—§2+581]c51(t) (I =s,d), (%)
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where the sum of Stark shifts ¥ = Sy, + S5, and the rela-
tive Stark shift 8S = S,, — S, parameters have been defined.
Since the validity of the applied approximations is well
justified, Egs. (9a)—(9c)—widely utilized in the commu-
nity [4,34,36,38-40,42,43,61]—can accurately describe the
1 4 1 photon REMPI process under consideration for various
laser parameter values. This has also been verified previously
by comparison with the full solution of the TDSE [39]. To
calculate the c.; () continuum amplitudes at a later section, we
write the formal solution of Eq. (9c) with the initial condition
c¢1(0) = 0 as (for more details, see Sec. 1.5 of Ref. [62])

. ]l 3Aa—1L
co(t) = —ie i[84+5 A5 S+Se 1t

t 1 !
X/O {Egglczp(t/)_i_ZMgzcm(t/)}
« BT A=F TSl gyt 1o

Having the explicit expressions for the ci,(t) and c¢;,(¢)
amplitudes, it is possible to evaluate the above integral ex-
actly analytically, as will be demonstrated in Sec. I'V. Finally,
one can find the exact spectrum formula at the end of the
interaction (att = T') as 0 (wy = w,, +6) = lce1(T)|?, where
e, = W15 + 2wy is the nominal spectrum position expected in
the weak-field limit in the case of resonant driving (w = wy).

III. EXTENSION OF THE RABI MODEL

In this section, we will treat the two-level problem in
general to arrive at the most comprehensive solution for the
population amplitudes under rectangular pulse driving. The
below general treatment involves as specific cases (1) the tra-
ditional SRM and (2) the more advanced perturbative model
of Egs. (9a) and (9b). The connections to these two particular
cases, which are useful for practical applications, will be also
pointed out.

The general form of the time-dependent Schrédinger equa-
tion for two-level systems under rectangular pulse driving
[such as given by Eq. (1)] can be written as [51,63—65]

i|:él1s(l)] _ [hn h12:| [als(t):| an
azp(t) hyr  hx || azp(®) |

Here, the hy;(k,l = 1,2) generally complex-valued con-
stant parameters of the system are related to Rabi frequencies,
energy level shifts, or loss (ionization) rates, as discussed
around Eqgs. (92)—(9c) on a concrete example. For example, in
the case of the traditional SRM, these parameters are simply
given as hjy = —hy = —A/2 and hy; = hj; = /2, and the
solutions are [65]

bis(t) = cos(Wt/2) + i% sin(Wt/2), (12a)

byp(t) = —i% sin(Wt/2), (12b)
where W = 4/Q2 4+ A? is the Rabi splitting. It is of great
interest for practical applications how the solutions of Eq. (11)
can be given in the general case when the hy; parameters
contain arbitrary higher-order terms in the field amplitude
&y, describing various physical effects. To extend Egs. (12a)
and (12b) to such a general situation, we make use of the

picture of decoupled resonances [34], which is an illustra-
tive way of elucidating REMPI phenomena. Owing to the
(near-)resonant coupling with the field, two decaying dressed
states are formed, the (complex-valued) quasienergies of
which are found upon diagonalizing the Hamiltonian matrix
on the right side of Eq. (11):

_hi 4
2

The real parts of E that are shifted in opposite directions
[see the £ sign in Eq. (13)] cover the energy regions of the
upper (“+”) and lower (“—") dressed states. The energy sepa-
ration £, — E_ obtained from Eq. (13) is the generalization of
the usual W Rabi splitting, discussed after Eq. (12b). Finally,
the imaginary parts of E are related to the decay rates of the
emerging dressed states.

As the solutions of the traditional SRM in Egs. (12a)
and (12b) are superpositions of the complex exponentials
e+ (note that Ex. = +W/2 holds in that case), we also write
the general a;,(¢) and ay,(¢) solutions of Eq. (11) as superpo-
sitions of such complex exponentials, but now using Eq. (13).
Imposing the initial conditions ai,(t =0) = 1, az,(t =0) =
0, the population amplitudes in the general case are written as
(see Sec. 3.4 of Ref. [63] or Sec. 3.10 of Ref. [64] for details)

ays(t) = Pe™iE+! 4 Re - (14a)
ay(t) = Qle ™+ — e7E-1], (14b)
The expressions for P, R=1— P, and Q can be found

upon substituting Eqs. (14a) and (14b) into Eq. (11), after
which one finds

1
Ey + 5\/(}111 — h2)? + 4haihy,. (13)

) = T Ee i BT e g5,
E. —E_ E. —E_
h . .
a2p([) — 3 21E [e—lE+t _ e—lEff]. (15b)
+ - —

Equations (15a) and (15b) with Eqgs. (11) and (13) are
the generalizations of the traditional SRM to the case when
the Hamiltonian contains arbitrary higher-order terms. In the
concrete example of 1 + 1 photon REMPI discussed in Sec. 11,
terms up to fourth order in &, are included. Specifically, the
hy; parameters of the Hamiltonian in Egs. (9a) and (9b) read
as (note that Q7 = Q)

hy = —%as - %A - éy, (16a)
hy = +265 4+ La—ir (16b)
2 272
hyy = la_ iL"', (16¢)
272
hy = - Lp. (16d)
272

Furthermore, the quasienergies are found upon substituting
Egs. (16a)—(16d) into Eq. (13) and doing some algebra,

Ei:{il a+\/a2+ﬁ2}

2 2

| _a+¢m} )

. '+y
4 —
+l{ 2 Sgn[ﬂ]2 >
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(a) =0~ Re(cy (0} (num) = = Re{c; ()} (analytic)
=== m{c((t)} (num) * * * Im{c(t)} (analytic)

—_
o
1

¢14(t) population amplitude
<
o
s §
) )

o
W
T

-

o
W
T

—
o

(b) =0~ Re{cyy(t)} (num) Re{c,,(t)} (analytic)

=== Im{c,,()} (num) * * * Im{c,,(t)} (analytic)

-
S

o
W

I
o

o
W

=
=)

Cyp(t) population amplitude

(C) ol |cls(t)|2 = jonization (X5)
------- Jeap(0l”

1.0 E

probability

yield (arb. units)

== numerical [eqs. (9a)—(9c)f
= = = exact analytic [eq.(25)]

6 1 1 P L
5.5 6.0 6.5 7.0 7.5 8.0

electron energy, w4 (V)

10

FIG. 2. Time-dependent population amplitudes of the 1s ground
(a) and 2p excited (b) states of hydrogen, obtained numerically via
Egs. (92)—(9¢) and analytically from Eqs. (15a) and (15b). (c) Time-
dependent populations of the 1s and 2p levels, and total ionization
probability obtained as 1 — |¢i5()|* — |c2,(t)|* (note that for better
visibility the latter is multiplied by five). (d) Photoelectron spec-
tra of H in the d channel, after 1 + 1 photon resonance-enhanced
ionization, obtained numerically via Eqgs. (9a)—(9c) and analytically
from Eq. (25). The photon energy is set to resonance with the
Is-2p transition (w = 0.375 au), and the remaining laser parame-
ters are chosen such that five Rabi oscillations are generated: [y =

In Eq. (17), a = Q>+ S+ A — |[L|> — (I — y)?/4,
B =—(S+ A)T — y)—2QRe{L}, while sgn[B] = +1 for
B > 0andsgn[B] = —1for 8 <O.

To demonstrate the applicability of Egs. (15a) and (15b),
we consider the extended SRM with the Hamiltonian param-
eters given in Egs. (16a)—(16d) (see also Table I) and the
quasienergies given in Eq. (17). As seen in Figs. 2(a)-2(c),
the population amplitudes and populations obtained numer-
ically via Eqgs. (9a)—(9c) perfectly agree with their exact
analytic counterparts given by Eqgs. (15a) and (15b). There
the field parameter values are chosen to remain consistent
with related studies [18,28,34,36,37,43,44,54,55] such that
five Rabi oscillations are generated between the ls and 2p
levels, = 0.375 au, Iy = 3.96 x 103 W/cm?, and T =
30 fs. As the photon energy is set to exact resonance (A = 0)
and the relative DSS of the coupled levels is rather small,
the contrast of these ROs is high [see Fig. 2(c)]. For the
considered laser intensity, the strength of the ionization rate
from the excited state is substantially larger than that from
the ground state (I' = 2.95 x 10™* au, y = 3.36 x 1076 au).
Therefore, ionization predominantly occurs when the atom is
in the excited state. This is demonstrated in Fig. 2(c), where
the ionization curve features five ramp-ups around the times
when |c¢; p(t)|2 is maximal. We notice here that the ionization
curve in Fig. 2(c) is not completely flat around the times when
the atom is in the ground state. Although the small amount
of ionization occurring when |ci,(¢)|? is maximal is hardly
visible in Fig. 2(c), it will have a clear fingerprint in the
photoelectron spectrum, to be discussed in the next section.

Although we considered here single photon transitions and
1 4 1 photon REMPI as a concrete example, the application of
the found generalizations in Eqgs. (15a), (15b), (11), and (13)
to multiphoton transitions is simple (keeping in mind the
appropriate selection rules). For example, to study two-photon
transitions and 2 4 1 photon REMPI within the extended
SRM, one just replaces the f;; Hamiltonian matrix elements
with the corresponding appropriate expressions [42,66].

Finally, we notice that the simplicity of the found solutions
in Egs. (15a) and (15b) is identical to that of the traditional
SRM in Egs. (12a) and (12b). This will allow us to calculate
the c;(¢) amplitudes [Eq. (10)], and hence the spectrum, ex-
actly analytically in the next section.

IV. ANALYTIC SPECTRUM RESULTS

Utilizing the explicit integral expression obtained for the
¢/ (t) continuum amplitudes [Eq. (10)], the energy spectrum
of photoelectrons at the end of the interaction (at t =T)
can be calculated according to o (wy; = w,, + ) = lcer (T
The temporal integral inside c;(¢) can be evaluated exactly
only in a very few cases [45]. Usually, some approximate
methods are employed to arrive at simple final spectrum for-
mulas that provide a pictorial explanation for the origin of the
spectral patterns [40]. As the spectrum shape varies sensitively

3.96 x 10" W/cm?, T = 30 fs. The vertical dashed line indicates
the nominal spectrum position expected in the weak-field limit w,, =
wis + 20)().
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with the system parameters, different approximations—e.g.,
neglecting certain terms—might lead to improper interpre-
tations. The simple analytic forms of the ci4(t) and c,(¢)
amplitudes found in Sec. III [denoted there generally as a;,(t)
and ay,(t)] allow one to evaluate Eq. (10) exactly analytically,
providing additional insight into the buildup of the Autler-
Townes doublet under various simultaneous physical effects.
Below, we will carry out such an analysis making use of the
results of Secs. II and III.

A. Derivation of the spectrum formula

To start the discussion, in Eq. (10) we introduce the nota-
tion

K=38+3A-1%+5,. (18)

Physically, the energy factor K describes how the contin-
uum states are shifted due to the frequency detuning of the
laser as well as the Stark shifts of the bound and continuum
levels.

To proceed further, we write the P, R=1— P, and Q
factors of the ci,(t) and ¢, () amplitudes [explicitly given in
Egs. (14a), (14b), (15a), and (15b)] in Euler form:

_hll—E

=5 5 =Pl (19)
+ - —
E h .
R= " = |Rle™, (19b)
+ - p—
ha ito
0= 21— =10l (19¢)

where the 7, = arg{z}(z = P, R, Q) phases have been intro-
duced. Furthermore, we also write the bound-to-continuum
couplings in Euler form Q,; = |Qq|e% and M, = |M,;|e%,
denoting the corresponding phases as ¢, = arg{€2,;} and
¢ = arg{M,;}, respectively. Incorporating the above nota-
tions in Eq. (10), the ¢, (¢) continuum amplitude is written
as

t
i 1 .
cer(t) = —ie™™! / H§|szgl||Q|e'<<ﬂw+w>
0

+ 1|Mgl||P|ei(¢sl+Tp)}ei(K_E+)t/
4
! i(pe1+70)
- §|5281||Q|e e tTo

1 . . ’
+ 5 1M |R|e/ @t }e’(’(“’ }dr’. (20)

For the sake of brevity and generality, we introduce the
notation for the complex quantities inside the braces:

by = 31Qul1QIe™ T 4 1My [|Pl T, (21a)
b = = 51921101 7T 4 F M ||R|" 9. (21b)

These A factors—which are related to the spectral contri-
butions of the upper (+) and lower (—) dressed states—will
also be written in Euler form at a later stage A+ = |Ay|e™=,
denoting the corresponding phases as ny = arg{A,}. As will
be demonstrated below, the spectrum heights at the lower (w_)
and upper (w4 ) dressed-state energies in the AT doublet are

related to the |A_|> and |A,|?> quantities, respectively. Since
the Ay factors are given as the coherent sums of the one- and
two-photon contributions [see Egs. (21a) and (21b)], not only
the magnitudes but also the tp, 7z, Tp phases of the bound
terms, and the ¢, ¢,; phases of the bound-to-continuum
terms are expected to play an important role in the actual
values of |)Li|2, and hence in the electron yields at the two
prominent peaks of the AT doublet. This allows one to capture
the fingerprint of the competition of resonant and nonresonant
ionization pathways via the asymmetry of the AT doublet, as
will be clarified below.
Evaluating the simple integrals in Eq. (20), one finds

G K—E ) _ ]
A — .
i(K—E_) }

G K—Et _ |

UK —Ey)

cel(t) = —ie 'K [x
(22)

Next, we introduce the notations for the real R+ = Re{E+}
and imaginary J4 = Im{E.} parts of the complex quasiener-
gies Ex = Ry 4 iJy and write the K — E, energy terms in
the denominators of Eq. (22) in Euler forms

K —Ey =A%, (23a)
Ar = (K — R + (=012, (23b)
O+ = atan2(—J4+, K — R4). (23¢)

Here, the atan2(y,x) function returns the phase of the
complex number z = x + iy in the interval [—m,+m]. As
the real parts of Eq. (23a) K — R, change sign at the §1 =
Ry — %A + %Z — S, energy positions [see Eq. (18) for the
definition of K], or alternatively, at the wy dressed-state ener-
gies in the continuum

Wi =y +0r =w, +Re —3A+1IT -8, (24

the ®1 phases in Eq. (23c) steeply drop down from ~m
to ~0 when the increasing § passes through 61 (see also
Appendix B). This renders the atan2(y, x) function more ap-
propriate than the usual atan(y/x), which returns phases inside
[—m /2, 4+ /2].

Finally, taking the absolute square of Eq. (22) at the end
of the interaction ¢t = T and doing some simple algebra, the
spectrum in the / angular momentum channel o (wy = w,, +
8) = |c.(T))? is found to be the sum of three contributions
according to the three braces

o (we) = 0y (wer) + 0_(we1) + 04— (wer)

A 2
_ 1A (2T — 2™7T cos[(K — Ry)T] + 1)

A%
2
n |A | (-1 — 2T cos[(K — R)T] + 1}
2|AL||AZ
+ w{e@”—” cos[An — A® — ART]
A A_

— &+ cos[An — A® + (K — R)T]
— e’ T cos[An — AO — (K — R_)T
+ cos[An — A®]}. (25)
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TABLE 1. Parameter values of the two-level model of hydrogen,
presented in Egs. (9a)—(9¢) (without the &, dependence). The pa-
rameter values were obtained with the transition energies and dipoles
taken from Ref. [39], setting the laser frequency to exact resonance
for the 1s — 2p transition (w = 0.375 au 10.204eV). ', y,and L
were evaluated within the local approximation.

Parameter Value (au)

Q/SO = Mis2p
985/80 = Mes2p
Qsd/SO = Hedazp

0.74494
0.14703 - i x 0.02960
—0.07482 -1 x 0.37199

M, /€2 —1.04442 + i x 0.21029
M.4/€2 0.46567 + 1 x 231511
L/&} —0.82925 - i x5.96 x 1078
Sis/E2 —0.85488

$2p/ €} 2.73562

.1/ €2 1.77778

y/& 2.63564

r/el 0.26149

Here, the phase differences A® = ©®, — ©®_ and An =
ny —n— as well as the real part of the generalized Rabi
splitting AR = R, — R_ have been introduced. In Eq. (25),
the first (second) term [0 (0—)] describes the spectral contri-
bution of the upper (lower) dressed state. Furthermore, the last
term o, _ can be interpreted as the interference of the upper
and lower dressed-state contributions. As seen in Fig. 2(d), the
exact analytic spectrum formula Eq. (25) perfectly reproduces
the electron yield through several orders of magnitude in a
wide energy region, provided by the numerical solution of
Egs. (9a)—(9c¢). Throughout the paper, spectra in the d channel
are calculated. The shapes of the spectra in the s channel are
very similar (not shown here) but their intensities are much
lower due to the much weaker coupling to the s continua
than to the d continua (see Table I). Furthermore, for the
sake of clarity, the energy dependence of the 2. and M,
bound-to-continuum couplings inside the Ay factors will be
neglected, and the values of these quantities at the nominal
spectrum position w,, = wis + 2w will be taken, as indicated
in Table 1. The energy dependence of these quantities in the
continuum leads to further asymmetry of the AT doublet, as
demonstrated in Appendix A.

B. Analysis of the buildup of the spectrum

To gain deeper insight into the buildup of the spectrum,
we analyze the impact of the different spectral components
04, o_, and o4_ in Fig. 3, where the same laser parame-
ter values are utilized as in Fig. 2. We notice here that in
Eq. (25) the K, AL, and A® factors explicitly depend on §,
while the implicit § dependence of the A, and An factors
is neglected as mentioned above (see Appendix A for their
impact on the spectral shape). All three spectral components
04, 0_, and o, _ contain the product of a §-dependent oscilla-
tory term (the brace terms) and a corresponding §-dependent
prefactor. Let us start with the analysis of the prefactors that
primarily determine the weights of the o; components. As

IS

A’ and A, A_(eV?)
= =

|
(=

—_
=]

W

10

prefactors in eq.(25)

cos[(K - R.)T]

[ # -t
Z AR : fl
=R R A A R U R AL
= AT A VAT HE IR TR
- 1 R
ER T AR A I ATARY
PR T A RN 72 AR TR "" 1] $ HO ™ ‘:,,‘1,\|
= 107 [oe S % b ] 'y iy P I I R
U TR
A IEEERERERERR
=BT KRR R ' U
g LI R |
a 5 L L : L L
e , /\/V\/\/\ —
S I
E 0 : va
N I
8 -1F | n
I

% _2 L L L L L

6.0 6.5 7.0 7.5

electron energy, w_.4 (€V)

FIG. 3. Analysis of the energy dependence of the three spectral
components o, o_ (d) and o, _ (e) of the exact spectrum formula
in the d channel [Eq. (25)]. (b) Prefactors of these spectral com-
ponents, and their denominators (a), exhibiting sharp peaks around
the dressed-state energies w, indicated by the vertical solid lines.
(c) Oscillatory cos terms of the o and o_ components. The vertical
arrows indicate the energy positions where the cos terms are maximal
and the o, and o_ components are minimal (the two main peaks of
the AT doublet at w,. are exceptions, see text for details). The applied
laser parameter values are the same as in Fig. 2. The vertical dashed
lines indicate the nominal spectrum position w,, = w;; + 2wy. AR
is the Rabi splitting.
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TABLE II. Relevant parameter values appearing—either explic-
itly or implicitly—in the exact spectrum formula Eq. (25). The
presented values along with those in Table I are useful supplements
for the spectrum analysis presented in Fig. 3. The applied laser
parameter values are w = 0.375 au ~10.204eV, and I, = 3.96 x
10" W /cm?. The presented values of |A| and 7. are calculated for
the d channel.

Parameter Value Parameter Value

|P| 0.420 Wy, 6.803 eV
IR| 0.580 o 7.122 eV
|0] 0.494 w_ 6.432 eV

Tp 0.006 90 rad Ry +0.345 eV

T® —0.005 00 rad J. —0.00193 eV
70 0.00095 rad J_ —0.002 14 eV
Des —0.199 rad [Ay] 0.07798 eV
Ped —1.769 rad x| 0.09611eV
bes 2.943 rad Ny —1.769 rad
Gea 1.372 rad N 1.373 rad

seen in Fig. 3(b), these prefactors exhibit sharp peaks at the
dressed-state energies w4, which is a consequence of the fact
that their denominators possess sharp negative peaks at those
energies [see Fig. 3(a)]. The values of these denominators at
w4 are related to the ionization rates of the dressed states
A4 (8+) = |J4|, which are usually small (see Table II). As
a result, the prefactor of o, (0_) becomes dominant at the
w4 (w_) position; furthermore, that of o, _ remains more than
two orders of magnitude smaller at w. [Fig. 3(b)]. Thus, o _
is expected to have the largest impact in between and outside
the two prominent peaks of the AT doublet, but not at the exact
peak positions. Inserting the concrete system parameter values
from Table II, one finds that the prefactor of o_(w_) is larger
than that of o (w4.), [A_|*/J2 > |A|?/J2. This suggests that
the left peak of the AT doublet is higher than the right one,
which is indeed the case as seen in Fig. 3(d) (better seen on a
linear vertical scale in Fig. 6 of Appendix A).

The height of the spectrum is further modified by the oscil-
latory brace terms inside o, o_, and oy _. The values of these
spectral contributions at the prominent AT peak positions w
can be found from Eq. (25) upon invoking the definition of
AR and considering that K — R, = 0 holds at w.; further-
more, ART =5 x 2, as an integer number of Rabi cycles is
completed. With these, one finds the spectral contributions at
the main AT peaks

_ A4 9.Ty2
op(wy) = ——f{l—e"}, (26a)
it
_ | *|2 J_Ty2
o(w)=—5—{l-e}, (26b)
_ 2lA4f|A-]
oy (ws) = AT cos[An(ws) — AB(w4)]
+ —
x {eTHHIT — T — T 1), (260)

where A®(w+) &~ /2, and An(ws) & —r as demonstrated
in Appendix B. With these phase difference values, the con-
tributions o _(wy) are practically zero [see also Fig. 3(e)],
showing that the AT peak heights are solely determined by
At and Jg, via the o4 (w4 ) and o_(w_) factors in Egs. (26a)
and (26b). This is also apparent from Fig. 3(d), where the o
and o_ contributions almost perfectly overlap with the total
spectrum o (solid line with open squares) around w; and w_,
respectively.

We notice here that the small o, _ contribution oscillates
with a phase difference Ay — A® compared to o and o_.
Due to the sudden jumps of An — A® around w. (see Ap-
pendix B), o,_ changes sign at the dressed-state energies,
increasing the electron yield in between the main AT peaks,
and decreasing it outside [see Fig. 3(e)]. In the case of non-
integer completed Rabi cycles, Eq. (26¢) is not applicable,
suggesting that the o,_ term has some nonzero contribution
to the main AT peaks at wy. As will be clear from Figs. 4
and 5 below, this causes some very slight modification in the

(@) (b) (©

03 | {03 {03F | {A"
< | = resonant + nonresonant . ’ ; o
& resonant only /\/\/WN\
B |
é N A
S 0 o= ] ) Sy e 0 ot ]

Lo auul raauul Lo auul 1 |=|||||l 111 L 1 1 Ll L l Ll L aanul BRI EETIT
10° 10" 10”% 10% 10" -1.0 -0.5 0.0 0.5 L0 10 107 10° 10*

field intensity, I, (W/cmz) photon energy detuning, A (eV) interaction time, T (fs)

FIG. 4. Asymmetry of the Autler-Townes doublet calculated according to Eq. (28) for different field intensities (a), photon energies (b),
and interaction times (c). The solid blue lines are obtained from Eq. (25) as it stands, incorporating the interference of resonant and nonresonant
pathways. The solid orange lines with open circles are obtained from Eq. (25) upon omitting the nonresonant pathway (y = M,; = L = 0).
The oscillations of the curves are caused by the o, _ interference term of Eq. (25). The vertical dashed lines indicate the parameter values
applied in Figs. 2 and 3. The vertical arrows in (a) and (c) indicate the parameter values where two Rabi oscillations are completed, while the
vertical bars in (b) show the detunings at which J, = J_ (the red one for the resonant case and the green one for the resonant 4+ nonresonant
case). The horizontal solid lines in (c) show the asymptotic (T — oo) asymmetry values predicted by Eqgs. (26a) and (26b). In each panel, the
remaining fixed laser parameter values are the same as in Figs. 2 and 3.
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(a) = exact [eq.(25)]
""" exact [eq.(25)] with const. PR,Q

asymmetry, A

Yt 4
ST L A

approx. [eq.(30)]
approx. [eq.(30)] with const. PR,Q

0 “““““““““ STttt T -
1 i 1
ot =R O]
E o5} ~ i
A
00 1 1 1
-1.0 -0.5 0.0 0.5 1.0

photon energy detuning, A (eV)

FIG. 5. (a) Photon energy dependence of the asymmetry
[Eq. (28)] of the Autler-Townes doublet, considering the interference
of the resonant and nonresonant pathways. Values obtained with
the exact spectrum formula [Eq. (25)] are shown by blue. Values
obtained with the approximate spectrum formula [Eq. (30)]—that
neglects J; and J_—are shown by orange. The broken curves show
asymmetry values that are obtained with constant P, R, and Q bound
terms inside Ay, taking their values at A = 0. The oscillations of
the curves are caused by the o,_ interference term of the upper
and lower dressed-state contributions. (b) Photon energy dependence
of the |P|, |R|, and |Q| bound term magnitudes inside Ay of the
spectrum formulas (the corresponding phases are very small and
almost independent of A). The laser intensity and duration values
are the same as in Figs. 2 and 3.

asymmetry of the AT doublet when the number of completed
ROs is noninteger.

C. The multipeak pattern of the AT doublet

Now, let us inspect the multipeak pattern of the spectrum,
seen in Fig. 3(d). As is clear from Eq. (25), the oscillations of
the spectrum intensity are governed by the cos[(K — Ry )T]
functions inside the brace terms of o, and o_ (note that o, _ is
small). For the actual values of the laser parameters, the phase
difference between these cos[(K — R4 )T] functions is an in-
teger multiple of 2 [ART = 5 x 27]. Thus, these functions
completely overlap [see also Fig. 3(c)], and the corresponding
o4 and o_ contributions oscillate in sync with each other
[see Fig. 3(d)]. The minimal-intensity energy positions in
the spectrum are expected when the cos[(K — R1)T] terms
are maximal, making the braces of o and o_ minimal [67]
(see the vertical arrows in Fig. 3). Here, the dressed-state
energies are exceptions, as the prefactors of o and o_ exhibit
sharp peaks around w, and w_, respectively [see above and
Fig. 3(b)]. These large prefactor values |A.|?/J% turn the
minima of the brace terms into maxima at w4. As a result,
the width of the two prominent AT peaks (4%) becomes two

times larger than that of the other spectral peaks (27”).

As the arguments of the cos[(K — R4)T] functions accu-
mulate a total phase of (§;+ —3_)T = ART =5 x 2x in the
interval § € [6_, 8], the AT doublet is expected to possess
five oscillations of its intensity between w_ and w, . Because
of the above-mentioned modifying effect of the spiky pref-
actors of o, and o_ around wy and w_, the five intensity
oscillations of the AT doublet occur in the slightly modified
interval [§_ — 2%, 8, + 21, see Fig. 3(d).

The number of Rabi oscillations completed by the electron
can be found from the 2p population via Eq. (14b), keeping
only the oscillatory part and omitting the small damping part
|cap()? & 4]Q|? sin*(AX). During the interaction with the
field ¢t € [0, T'], the argument of the sinz(AT%) function accu-

mulates a phase of ATRT =5 x m, revealing that the electron
executes five Rabi floppings. This number happens to be equal
to the number of spectral peaks in the doublet found above.
Therefore, as a general rule, the number of peaks within the
AT doublet equals the number of completed Rabi oscillations
under the resonant or near-resonant field.

Finally, we notice that for continuous wave (or monochro-
matic) driving (T — 00), in Eq. (25) the exponential decay
terms vanish. As a result, the energy-dependent oscillatory
functions (the cos functions containing K) are eliminated and
Eq. (25) is simplified to

_ P P

" (n) 2 AqllA-|
o) =
A2 A2

ALA_

cos[An — AB],
(27)

which is a simple doublet without any additional multipeak
pattern. It is thus obvious that the multipeak spectral pattern
of the AT doublet, a clear manifestation of the completed
ROs, is a direct consequence of the finite nature of the driving
radiation field.

D. Shifting and splitting of the AT doublet

The energy positions of the main AT peaks in the electron
continuum are given by Eq. (24), which allows one to quantify
the energy splitting and shifting of the AT doublet. In view of
the real parts of Ey in Eq. (17), the AR = Ry — R_ energy
splitting is primarily determined by the 2 Rabi frequency
and the A detuning, which is slightly modified by the §S
relative Stark shift (note that y, I', and L are rather small).
Furthermore, the shifting of the AT doublet relative to the
nominal spectrum position w,, is determined by A, as well
as by the bound and continuum Stark shifts via the ¥ and
Se; terms, respectively, as seen in Eq. (24). For the actual
values of the field parameters applied in Fig. 3, AR ~ 0.69 eV
splitting and —3A + 1% — S,; ~ —0.026 eV shifting values
are found. This latter explains why the center of the doublet
Weenter = (w4 + w—_)/2 (not indicated explicitly here) is posi-
tioned slightly below w,, ~ 6.803eV (see the vertical lines
in Fig. 3). According to the above discussion, the shifting
and splitting of the AT doublet are efficiently controlled by
the field intensity and detuning parameters. Furthermore, the
intensity and detuning dependence of these spectral features
allows for the determination of the bound and continuum level
shifts, as suggested by the explicit simple formulas Eqgs. (24)
and (17).
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E. Asymmetry of the AT doublet

Numerous recent studies have demonstrated that various
physical effects can give rise to the asymmetry of the AT
doublet [12,42-46,51]. The exact formula Eq. (25) can pro-
vide a simple and unified explanation for the spectrum
asymmetry, unfolding its physical origins and controllability.
To quantify the asymmetry of the AT doublet, we introduce
the asymmetry parameter using Eq. (25):

_ 0@ )=o)

S o) o) (28)

Positive (negative) values of the A parameter imply that the
electron yield at w_ (w4 ) is larger than at w; (w-). Further-
more, A = 0 indicates a completely symmetric AT doublet.

According to the discussion in Sec. IV B, the spectral in-
tensities at the main AT peak positions w_ and w, can be
excellently approximated as o(w_) ~ o_(w-) and o (w4) =
o4 (wy), respectively [see Egs. (26a) and (26b) and their
discussion]. We emphasize here that (a) the o, _(w4) inter-
ference contributions are rather small and even vanish when
the number of completed ROs is integer, and (b) the cross
contributions o_(w4) and o4 (w-) are also negligible (see
Fig. 3). Therefore, as suggested by Egs. (26a) and (26b), the
main AT peak heights are predominantly determined by the
A4 interference- and Jy decay rate factors. Let us start by
inspecting the role of A played in the spectrum asymmetry.

As seen in Egs. (21a) and (21b), the Ay factors contain
the coherent sums of the one- and two-photon bound-to-
continuum Rabi frequencies, multiplied by the P, R, and
Q complex quantities of the bound state population am-
plitudes [Eqgs. (19a)—(19¢)]. Thus, physically, Ay describe
the quantum interference of the electron amplitudes emitted
resonantly from the 2p excited state and those ejected non-
resonantly from the 1s ground state. Such interference was
often neglected in earlier investigations [4,34,36,38,40,44,45].
As demonstrated in Fig. 4, the interference of the resonant
and nonresonant ionization pathways plays a crucial role in
the asymmetry of the AT doublet, which is consistent with
recent findings [12,43]. Except for long interaction times
when the depletion becomes substantial, the asymmetry of
the AT doublet calculated exclusively from the resonant path-
way contribution upon setting y = M, = L = 0 in Eq. (25)
remains below the exact asymmetry given by the interplay
of the resonant and nonresonant contributions (see Fig. 4).
This is explained as follows. Since the phases of the
and M,; ionization amplitudes differ by = (see Appendix A),
and the 7p, 7, and Ty phases of the bound terms are practi-
cally zero (see Table II), the one- and two-photon ionization
pathways interfere constructively inside A_, and they inter-
fere destructively inside A,. As a result, the electron yield
is greatly enhanced at w_ and suppressed at w.. This leads
to an increased value of A, compared to the case when only
the resonant contribution is considered inside A4 and thus no
interference is happening. Despite the small value of |M,;|/4
as compared to |24|/2 [see Fig. 6(a) in Appendix A] and
the corresponding small ionization probability from 1s [see
Fig. 2(c)], the impact of the nonresonant pathway on the
spectrum asymmetry is significant. The above enhancement of
the spectrum asymmetry is expected to be more pronounced at

stronger light intensities, as the value of |M,,|/4 gets compara-
ble to that of |€2;|/2, allowing one to capture the fingerprint of
the competition between different ionization pathways. This
kind of competition is more favorable to observe, e.g., for he-
lium, as the critical field intensity to satisfy |[M,;|/4 = |Q.]/2
is lower than for hydrogen and does not violate the two-level
approximation [51].

The total asymmetry is also influenced by the depletion
of the atom, as demonstrated in Fig. 4(c) for different T
interaction times. As the Ay interference terms and the J.
decay rates do not depend on T, the asymmetry change seen
in Fig. 4(c) (apart from the small wiggles) is purely caused by
the depletion that is described by the exponential decay factors
inside the braces of Egs. (26a) and (26b). For long interaction
times (I' — 00), the exponential decay terms vanish, and
Egs. (26a) and (26b) predict the asymmetry value

2 2 2 2
Ag‘ér _ j+|k_| - j_|)‘+|

= , 29
T2IA_? + T2 [hy 2 29)

where “f” refers to the full solution, namely, when both the
resonant and nonresonant routes are considered, while “r”
refers to the case when only the resonant pathway is accounted
for in A1. The estimates A{Zr are reached by the exact spectra
already for T =~ 2 ps [Fig. 4(c)]. Obviously, the competition
between the depletion and interference contributions to the to-
tal asymmetry, shown in Fig. 4(c) by the solid blue line, cannot
be captured considering only the resonant route (orange line
with symbols), often done in related studies.

We notice that the magnitudes and phases of the P, R, and
QO quantities do not depend on 7 and have a weak depen-
dence on Iy in Fig. 4(a). However, the magnitudes |P|, |R|,
and |Q| (but not the corresponding phases) exhibit substantial
dependence on the photon energy, as shown in Fig. 5(b). Thus,
these bound-state quantities also affect the above-discussed
interference induced asymmetry of the AT doublet (via A1),
as presented in Fig. 4(b). Furthermore, as J. also depend
on A, it is possible to find from Eq. (17) an optimal value
Ay = —2QRe{L}/(I" — y) — &S, for which the decay rates
of the upper and lower dressed states become equal (J,. = J_).
For such detuning value, the asymmetry is exclusively caused
by the interference contribution [see the red and green vertical
bars in Fig. 4(b)]. This explains why the spectrum becomes
symmetric at A,,, when only the resonant path is accounted
for [see the red vertical bar in Fig. 4(b)].

Finally, we mention that the small wiggles of the asym-
metry curves in Fig. 4 (also in Fig. 5 below) are caused by
the small oy _ terms. These oscillations are the clear mani-
festations of the variation of the number of completed ROs.
Whenever an additional RO is completed by the electron, a
new subpeak is developed in the AT doublet, leading to the
slight reshuffling of the electron yields at the main AT peaks.
This gives rise to the small fluctuations of the asymmetry of
the AT doublet, reflected by the oscillations of the asymmetry
curves.

Although the impact of the o _(wy) interference contri-
butions and the o_(wy), o, (w_) cross contributions were
found to be small here, these factors are expected to have
a larger effect on the spectrum shape at weaker couplings,
below the onset of ROs. In such a case, the spectrum contains

033121-10



EXACT ANALYTIC CHARACTERIZATION OF THE ...

PHYSICAL REVIEW A 113, 033121 (2026)

a single peak, and AR is small. As a result, the contrast of the
spiky prefactors seen in Fig. 3(b) is suppressed in the interval
[w—, wy]. Thus, the above contributions may be necessary
for an accurate characterization of, e.g., the birth of the AT
doublet.

F. Approximate spectrum formula

In many physical situations, e.g., in that considered
here, the ionization rates and the LIC coupling are small
(T, v, L] < |€2], see Table 1.), and hence the magnitudes of
the J. imaginary parts of the quasienergies are also small.
This allows for great simplifications in the spectrum for-
mula, which was often exploited in related studies on the
analytical treatment of the AT doublet. In fact, these ion-
ization rates were often considered equal, or completely
omitted [34,36-38,40]. Upon omitting the I', y, L terms in
the two-level model Egs. (9a) and (9b), the imaginary parts of
the dressed-state energies are eliminated (J1. = 0), and E. be-
come real-valued. Repeating the derivation steps of Sec. IV A,
but now using E+ = R, the sinc(x) = sin(x)/x sine cardinal
functions are identified in each spectral contribution, leading
to the approximate spectrum formula

o (wer) = 0 (@er) + 02 (wer) + 03 (0i1)

T
= |)»+|2Tzsincz<|:K - fR{| E)
202 2 T
+ |[A_|“T*sinc <|:K - R_}E)

+ 2|A+||A_|Tzsinc<|:K — 9%+:|

|
con((r=2 ]2

X COS (An - Ang). 30)

NN

The definitions of the quantities appearing in Eq. (30)
are identical to those provided in Sec. IV A, with the only
exception that now the P, R, and Q quantities inside Ay are
real-valued (tp = tg = 79 = 0). The approximate formula
Eq. (30) can reasonably well capture most of the spec-
tral features of the AT double—shifting, splitting, multipeak
pattern—provided by the exact expression Eq. (25). However,
it is unable to accurately describe the spectrum asymmetry
when the ionization is driven off-resonantly due to either the
emerging Stark shifts (§S # 0) or the detuned photon fre-
quency (A # 0). This is demonstrated in Fig. 5(a), where the
difference of the solid curves reveals the important role of the
J+ and J_ imaginary parts played in the asymmetry of the AT
doublet.

As seen in Eq. (17), the magnitudes of J. sensitively
depend on the actual value of A via the B term. Further-
more, as the sgn[B] factor changes sign at A, (*0.036eV,
see above), the impacts of J. on the spectrum asymme-
try are opposite below and beyond A,,. This explains why
in Fig. 5(a) the exact asymmetry is underestimated on one
side of A., and overestimated on the other side by the ap-
proximate spectrum Eq. (30) that neglects J.. This kind of
behavior is also observed when the detuning dependence

of the P, R, and Q bound terms inside Ay is neglected
[see the broken curves in Fig. 5(a)]. Another main drawback
of the approximate spectrum formula Eq. (30) when it as-
sumes constant (parameter-independent) P, R, and Q bound
terms—often considered in the literature [34,36,38,40]—is
that it is completely unable to describe any asymmetry when
the radiation is not resonant [dashed orange line with symbols
in Fig. 5(a)].

Finally, we emphasize that the asymmetry effect attributed
to the J terms here is not fully equivalent with the depletion
effect discussed in Sec. IV E. Seeing, e.g., Egs. (26a)—(26¢),
it is evident that the effects of J. are twofold: they modify
the spectrum height (1) via the exponential decay factors
(depletion) and also (2) directly, through the denominators of
the prefactors of the spectral contributions o, o_, and o _.
Thus, despite the factors |J4 | being rather small, they have to
be accounted for in order to obtain an accurate quantitative
description of the spectrum asymmetry, and Eq. (30) should
be treated with caution.

V. SUMMARY AND CONCLUSIONS

Extending the traditional semiclassical Rabi model with
higher-order terms, atomic resonance-enhanced multiphoton
ionization has been investigated theoretically. The simple
analytic forms found for the population amplitudes of the
(off-)resonantly coupled bound states allowed us to calculate
the photoelectron spectrum exactly analytically [Eq. (25)].
Analyzing the contributions of the emerging dressed states
in the continuum, a complete characterization of the Autler-
Townes doublet has been provided, unfolding the physical
origins of its shifting, splitting, multipeak pattern, and asym-
metry.

It has been demonstrated that the asymmetry—which re-
ceived wide interest recently—is caused by three main factors.
Besides the energy dependence of the bound-to-continuum
Rabi frequencies (see Appendixes), these are the decay rates
of the dressed states and the interference of the different com-
peting ionization pathways that primarily govern the spectrum
asymmetry (Sec. [V E).

Dependence of the found spectral features on the field
intensity, photon frequency, and interaction time, as well as
their controllability, has been demonstrated. These findings
contribute to our understanding of how bound-state electron
dynamics can be manipulated and probed via the energy spec-
trum of free electrons ionized by intense, short, (off-)resonant
XUV radiation fields.

Finally, we notice that as the parameters of the Rabi
model all have the same (rectangular shape) temporal profile
irrespective of their order, the presented framework is straight-
forwardly extended with further higher-order terms, without
introducing additional complexity to the found spectrum for-
mula. This allows for the characterization of arbitrary (n + m)
photon REMPI processes, provided that the minimal-state
description is justified.
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APPENDIX A: ENERGY DEPENDENCE OF THE
BOUND-TO-CONTINUUM COUPLINGS OF HYDROGEN

In this Appendix, we discuss the energy dependence of
the one- and two-photon bound-to-continuum couplings of
hydrogen and their impact on the spectrum shape. As seen in
Figs. 6(a) and 6(b), the €2,;/2 and M; /4 complex couplings
that appear in the continuum amplitudes [Eq. (22)] and in the
spectrum formula [Eq. (25)] via the Ay factors [Eqgs. (21a)
and (21b)] exhibit a smooth energy dependence in the region
of the photoelectron spectra considered in this work. In partic-
ular, the strength of these couplings monotonically decreases
with increasing electron energy, and in general, the couplings
to the d channel are substantially stronger than their s-channel
counterparts [see Fig. 6(a)]. Furthermore, |€2.4/2| exhibits the
strongest dependence on the electron energy. For the laser
intensity Iy = 3.96 x 10'3 W/cm? that is utilized throughout
the paper, the magnitudes of the one-photon couplings domi-
nate over those of the two-photon couplings. This dominance
gradually vanishes for stronger laser intensities, allowing for
the competition of resonant and nonresonant ionization path-
ways.

As seen in Fig. 6(b), the phases of the one- and two-
phOtOIl Couplings [@er = arg{Qsl/z} and Qe = arg{Msl/4},
respectively] differ by m for any energy. Owing to this
sign difference of the 2,; and M, couplings, the one- and
two-photon contributions inside A, add up destructively,
while inside A_ they interfere constructively [see Eqgs. (21a)
and (21b) and note that the magnitudes of the tp, tg, and
7o phases are very small (<0.007rad), as indicated in Ta-
ble II]. As a result, the |A_|?> factor becomes greater than
|A4|?, already for energy-independent couplings, as discussed
in Sec. IV [see also the horizontal dashed lines with symbols
in Fig. 6(c)]. In the case of energy-dependent couplings, |A_|?
is further enhanced for w, < w;,, while |A|? gets further sup-
pressed for w, > w;,, as shown by the solid lines in Fig. 6(c).
This leads to an increased (decreased) electron yield on the
lower (higher) energy side of the spectrum, further modifying
the asymmetry, as demonstrated in Fig. 6(d). We notice here
that the spectrum asymmetry is hardly modified by the small
cross term o,_ in Eq. (25) [see Fig. 3(e)]. Consequently,
the energy dependence of the |A,||A_| term inside o, _ also
hardly modifies the spectrum asymmetry.
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FIG. 6. Energy dependence of the magnitudes (a) and phases
(b) of the one- and two-photon bound-to-continuum couplings of
hydrogen in the s and d channels. (c) Energy dependence of the [ |?
factors in the d channel [see Egs. (21a) and (21b)], shown in the
energy regions, where they become dominant upon division by the
A2 factors in the spectrum formula Eq. (25). (d) Photoelectron spec-
tra of H in the d channel, either considering or omitting the energy
dependence of the bound-to-continuum couplings. The applied laser
parameter values are the same as in Figs. 2 and 3. The vertical dashed
lines indicate the nominal spectrum position w,, = wi, + 2wy. The
vertical solid lines denote the dressed-state energies in the continuum
w4 .
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Finally, we mention that the spectrum shown by the dashed
line in Fig. 6(d) on a linear scale is identical to the spectra
shown in Figs. 2(d) or 3(d) (there the one shown by solid line
with open squares) on logarithmic scales.

APPENDIX B: ENERGY DEPENDENCE OF THE Ajp
AND A© PHASE DIFFERENCES

In this Appendix, we discuss the energy dependence of the
An=mn4 —n- and A® = O, — O_ phase differences that
appear in the o, _ component of the exact spectrum formula in
Eq. (25). As the contribution o _ is small, the impact of these
phase differences on the spectrum shape is also expected to be
rather small. We notice that the ®_ phases explicitly depend
on § [see Eq. (23¢)], while 4 have an implicit §— dependence
via the €2,; and M,; couplings inside A ..

As seen in Fig. 7(a), the ® phases suddenly drop down
from ~m to ~0 at the dressed-state energies w. (or alterna-
tively at §1). This is a direct consequence of the fact that the
real parts of K — E, change sign at §1 [see the discussion
around Eq. (24) and note that J1 < 0]. On the other hand,
the energy dependence of 5. [shown in Fig. 7(a) for the
d channel] is rather weak. To explain this, we notice that
the Ay factors in Eqgs. (21a) and (21b) are practically built
up as the coherent sums of the 2.,/2 and M,,;/4 coupling
terms (note that p &~ 74 & 9o ~ 0and |P| = |R| =~ |Q| ~ 0.5
hold approximately). Since 5|€24||Q| > %|M5d||P| holds in
Egs. (21a) and (21b) and the relative phase of these terms
remains 7 at any energy [see Fig. 6(b)], A inherits the phase
of Q¢q/2 [N+ & @eq], while A_ inherits the phase of M., /4
[n— & ¢.q]. These phase relations are slightly modified by the
very small 7p, 7z, and 7o phases of the P, R, and Q bound
terms. We notice that for stronger couplings when M, /4
dominates over €2.,/2, the above phase inheritances can be
modified.

According to the above discussions, An = —m holds at any
energy [see Fig. 7(b)]. Furthermore, as A® jumps between 0
and 7 around w4, the An — A® term changes between —m
and —2m, as shown in Fig. 7(c). Thus, the An — A® term
does not influence the o, component in between the main
AT peaks, while it changes its sign outside those peaks. Since
at wy the value of An — A® is & —3m /2, this term does not
influence the electron yield at the main AT peaks when an
integer number of ROs are completed, as discussed around
Eq. (26c).
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FIG. 7. Energy dependence of the ®. and n. phases (a), the
An=mny —n- and A® = ®, — O_ phase differences (b), and the
An — A® phase term (c) appearing in the spectral contribution o _
in Eq. (25). The applied laser parameter values are the same as in
Figs. 2 and 3. The ny and An terms are shown for the d channel.
The vertical dashed lines indicate the nominal spectrum position
w,, = wis + 2wy. The vertical solid lines denote the dressed-state
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