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Any proposed solution to the screen problem in quantum mechanics—the challenge of predicting the joint
distribution of particle arrival times and impact positions—must align with the extensive data obtained from
scattering experiments. In this paper, we conduct a direct consistency check of the absorbing boundary condition
(ABC) proposal, a prominent approach to address the screen problem, against the predictions derived from
scattering theory (ST). Through a series of exactly solvable one- and two-dimensional examples, we demonstrate
that the ABC proposal’s predictions are in tension with the well-established results of ST. Specifically, it predicts
sharp momentum- and screen-orientation-dependent detection probabilities, along with secondary reflections
that contradict existing experimental data. We conclude that while it remains possible that physical detectors
described by the ABC proposal could be found in the future, the proposal is empirically inadequate as a general
solution to the screen problem, as it is inconsistent with the behavior of detectors in standard experimental

settings.
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I. INTRODUCTION

The study of quantum scattering began with Born at the
dawn of quantum mechanics [1] and has since developed into
a core component of modern physics, backed by substantial
experimental evidence. Scattering experiments inform our un-
derstanding across a wide range of fields, from subatomic
particles to solid-state physics. The fundamentals of scattering
theory (ST) [2—-5] therefore serve as a cornerstone of quantum
mechanics. Reproducing the established predictions of ST is
a prerequisite for any new theoretical proposal.

In the setting of single-particle potential scattering, the
scattering-into-cones formula

Pst(D, ¥o) = / d*k |(k|Q" o) ey
Corp)
is a central result in ST. It gives the probability Psr of de-
tecting a particle in some detector segment D, as a function
of the initial state |y) and the solid angle w(D) subtended
by D relative to the scattering center. Here, C, is the cone
spanned by w, |k) represents the momentum eigenstate of
momentum £k, and Q2_ is the (Mgller) wave operator [6,7].
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The derivation of the differential scattering cross section from
(1) is a standard result presented in texts such as Refs. [3]
and [8].

Without scattering potentials, the integrand simplifies to
|(k|0)|?, and the detection probability directly corresponds
to the likelihood of finding the particle’s momentum within
Cu(p)- Such results enable the determination of momentum
distributions from scattering data: e.g., those corresponding
to the hydrogen ground state [9,10].

The primary focus of ST is on detection probabilities and
scattering cross sections, which provide insights into a wide
range of physical processes. However, ST offers an incom-
plete description of the scattering process by failing to account
for the statistics of the arrival (detection, impact, flight, or
transit) times of the scattered particles.'

Our inability to make quantitative predictions about ex-
perimental data that we can and do collect in the laboratory
constitutes an empirical shortcoming of quantum theory. In-
deed, many experiments involving screens report both the
timing and location of individual detection events; see, e.g.,
Refs. [13—15]. However, unlike in textbook measurement the-
ory, the timing of the “measurements” involved is not chosen
by the experimenter, and unlike in ST, the detection time
is not “t = 00”. It is therefore an urgent problem—what

!Certain characteristic time scales, such as the Eisenbud-Wigner
delay and phase times, have been discussed within the ST framework
[11,12], but their relationship with measured arrival or flight times
remains unclear.
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Mielnik called the screen problem [16]—to develop an ex-
tension of the standard quantum formalism that can predict
all observed data. To fully account for such data, one must
be able to describe the joint statistical distribution of impact
positions and arrival times of the particle: A(r, ¢; 1), where
A(r, t;v90)dsdt gives the probability of detecting a particle
in a surface element ds at position r during the time interval
dt at time ¢, for some specified initial state |[1g).

Such a joint distribution would solve two crucial problems.
First, integrating A with respect to r over some detector seg-
ment D produces the arrival-time distribution as a marginal,
thereby solving the notorious arrival-time problem [17]. Sec-
ond, integrating out the detection-time variable from the
result, one obtains the probability of detection within D, viz.,

P(D, yp) = /Oilt/ ds A(r, t;v0). 2)
0 D

To be physically viable as a general solution to the screen
problem, any proposed A must have the property that (2)
reproduces Pst in the regime where ST is applicable and has
been experimentally well confirmed, i.e., when the scattering
potentials are short range and the distance between the detec-
tion surface and the scattering center approaches infinity.

One prominent proposal to solve the screen problem, de-
veloped by Werner and Tumulka [18-20], is based on the
idea that the physical detector should influence the particle’s
dynamics before detection [in contrast to the assumptions
underlying Eq. (1), where such influences are assumed to
be negligible]. Their approach incorporates this influence
phenomenologically by imposing an absorbing boundary con-
dition (ABC) on the solutions v, to the Schrédinger equation:

-V, = B, 3)

where 71 is the outward unit normal vector to the detection sur-
face S, and S is a complex parameter with Im8 > 0. The joint
distribution of detected positions and times is then defined as
follows:

h
Anpc(r, 15 0) = —Imf VA )

Due to the nature of the imposed boundary condition, the
evolution of i, is nonunitary. Specifically, the norm ||| de-
creases monotonically over time. The loss of norm is a central
feature: |, ||> represents the probability of nonarrival until
time 7, making 1 — ||, ||> the cumulative arrival-time proba-
bility. This characteristic is common to many approaches to
the arrival-time problem that involve explicit detector models,
such as Refs. [21-25], and nonunitarity is generally regarded
as a consequence of the particle not being isolated when
interacting with a physical detector.

Various generalizations of the ABC have been proposed to
accommodate particles with nonzero spin [26,27], as well as
for multiparticle scenarios [28]. References [18,29] address
the mathematical well-posedness of Schrodinger evolution
subject to ABCs, while Refs. [30-33] derive (3) from sev-
eral different theoretical starting points. (Arrival-)time-energy
uncertainty relations implied by A apc have been explored in
Ref. [34] (see also Ref. [35]).

However, except for Refs. [36,37], relatively little re-
search has focused on the quantitative predictions of the ABC

proposal, especially regarding the detection probabilities im-
plied by (4). This paper takes initial steps to address this gap
by comparing these probabilities with Pst in the appropriate
regime, thus evaluating their consistency with existing exper-
imental results.

In the following section, we present such comparisons
through various one- and two-dimensional scattering prob-
lems. Our conclusions are summarized in Sec. III, which also
includes a broader discussion.

II. ABC-ST CONTRAST IN THE SCATTERING LIMIT
A. One-dimensional scattering: General considerations

To begin, consider a simple scattering problem in which a
spin-0 particle of mass m, described by the quantum state |p)
at time zero, moves freely toward a detector located at x = L.
What is the probability of detection?

As L approaches infinity, the answer provided by ST [cf.
Eq. (1)]is®

oo

Psr (o) = /0 dk o0, )

where /o (k) is the momentum-space wave function (k|v).
Note that this prediction disregards any specific details related
to the detector.

On the other hand, if the detector at x = L behaves ac-
cording to the ABC proposal [18,19,33], and assuming that
the initial position-space wave function ¥o(x) = (x|g) is
supported on (—oo, L], we arrive at the following answer:

Pasc (Yo, L) =Imﬁ/(; dr |y (L), (6)

where i, solves Schrodinger’s equation
2i0, 0, (x) = — 32y (x) for (x,1) € (—o0, L] x R,
)

with initial condition yy(x) and boundary conditions
XEIPOO Yi(x)=0, and oY (L)=BY:(L). (8)

In Ref. [19], the parameter § is primarily assumed to be
purely imaginary, while Refs. [18] and [33] allow Re 8 # 0.
However, in all cases, it is required that Im8 > O to prevent
the growth of |y, (L)|?> over time, and ensure that (6) is non-
negative—both conditions are essential for maintaining the
intended probabilistic interpretation of Pagc.

To compare these two predictions, we introduce the con-
trast

C1(Yo) := Pst(¥o) — Pac (Yo, L), 9

which is well defined for all wave functions supported on
(—o00, L]. In the scattering limit, as L — oo, the contrast ex-
tends to a function %, defined on L*(R) that can be expressed

2From here on, we adopt units where masses, lengths, and times
are expressed in units of m, o, and mo?/h, respectively, where o
is a characteristic length scale of the problem, e.g., the width of

Yo(x) = (x| o).
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directly in terms of the momentum-space wave function v,
as follows (see Appendix for details):

Gro0) = / dk 105 (P10 (10)
0
where
k+iB
nh) = (11

It follows that 6, is non-negative and can only vanish for
initial states comprised exclusively of negative momentum
components. However, for a generic |¢), ABC detection
proba3bilities are lower than those predicted by ST, irrespective
of B.

In order for the ABC proposal to recover the predictions of
ST, G~ (Vo) must be negligible for all experimentally accessi-
ble states |) € L>(R). Equation (10) clearly shows that this
does not happen in general, even for a fixed |).

The B dependence of %o () warrants a detailed exami-
nation. Since

~ 4kImB
(Re B)? + (k +Imp)?

4kimp [k —Imp)\’
_(k+1mﬁy"<k+dmﬁ>’

lps())* =1

=

we have

for any fixed |yy). That is, purely imaginary fs, as Tumulka
[19] primarily considers, lower the contrast, making them the
best candidates for agreement with ST.

Another aspect of the B dependence of the ABC that is
evident from Eq. (10) is that a significant contrast is achieved
whenever |B| approaches zero or infinity. This is because
in these limits pg(k) — 1, consequently G (¥o) = Pst(¥0),
and Papc(¥o, o0) = 0. This result can be understood as a
consequence of the ABC, Eq. (8), which simplifies to the
Neumann boundary condition (9, (L) = 0) and the Dirichlet
boundary condition (y,(L) = 0), when |B| approaches zero
and infinity, respectively. In both scenarios, the evolution is
unitary,4 and Pagc (o, L) [Eq. (6)] vanishes for any |1) and
L. As aresult, the values of § that are promising for recovering
ST predictions should be neither too large nor too small.

B. Scattering of one dimensional wave packets

As a concrete example, consider the Gaussian wave packet
Yo(x) = " G(), (13)
Gx)=n V4 ¥/2, (14)

In momentum space, it is concentrated around k = kg, with

Vok) = G(k — ko). (15)

3See, however, Sec. IIC for two-dimensional examples where
Papc > Pst.
“In general, whenever ImB = 0; see Ref. [38, p. 173].

1.0 /////,
0.8 4
— ReB =0
3}90'6 — RefB =20
R = 50
0.4 i
—— ReB =100
0.2
0.0
1 10 102 10°

Im g

FIG. 1. ABC-ST contrast (%) curves for the Gaussian wave
packet (13) with ky =20 and a fixed Re 8 (denoted in the leg-
end). The plot markers indicate %; values for L = 2, calculated
from Egs. (9) and (6) using the time-dependent wave packet
¥ S (xiko, B, L), Eq. (17).

For ko = 2, ST predicts a nearly 100% chance of detection,
given

—ké

2ko/’
with erfc being the complementary error function.

The value of %4 (o) can be determined using Eq. (10). It
is plotted in Fig. 1 as a function of Img for select values of
Re B. The plot reveals several key features of the proposal’s
B dependence: the contrast exhibits symmetry with respect to
the sign of Re § (so it suffices to consider only Re 8 > 0); it
reaches its minimum when the value of § is tuned to the cen-
tral momentum of the wave packet, specifically when 8 ~ iky;
and the contrast approaches Pst =~ 1 for very small and large
values of ||, as noted earlier.

The initial boundary value problem (IBVP) defined by
Egs. (7)-(8) and (13) is analytically solvable (see Appendix
for details) for any L. The solution, denoted as w,G for future
reference, takes the form:

W (x; ko, B, L) = 9C(x; ko) + 9P (2L — x;ko) + (24/7)"28
X exp <—%(k0 ~ipP+ 5 F —ﬁ(2L—x)>

Xﬂﬁ(ﬂL—x—Mo—ﬂU44ﬂ> an
V21 +it ’

1
Pst(Yo) =1 — Eerfc(ko) ~1 - (16)

where

G, . e~ ki/2 (x—iko>
ook = A\ v (18)
solves the free-particle Schrodinger equation for the same ini-
tial condition and usual boundary conditions, viz., gotG x) =0,
as |x| — oo.

By substituting this result into Eq. (6), we can numerically
evaluate Pagc(¥o, L) for any finite L. This provides a direct
way to assess how rapidly %, approaches its far-field limit,
Eq. (10). As shown by the plot markers in Fig. 1, even L =
2 yields near-perfect agreement between %47 and %... This
demonstrates that the ABC detection probabilities quickly
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converge as L increases, and even in the near-field regime,
they align perfectly with the asymptotic predictions.

The current example suggests that the parameter 8 charac-
terizing an ABC detector could be tuned to match the specified
|Y0) in order to recover ST predictions. This suggests that
may be interpreted as the wave number of sensitivity of the de-
tector [19]. In other words, an ABC detector could be effective
in detecting only specific wave functions and no others, in a
manner consistent with ST and experiment. Although this idea
may seem reasonable at first glance, it raises several questions
if taken as the intended interpretation of the ABC proposal.
We discuss these one by one in what follows.

(i) High-energy scattering. The ABC proposal leads to
a surprising prediction: particles with sufficiently high mo-
menta (> ImpB) are likely to be back scattered by the detector
without leaving any detectable trace. This prediction poses
a significant challenge to the ABC proposal in light of the
demonstrated success of ST in high-energy experiments.

(ii) POVM structure. Introducing a |y)-dependent B, i.e.,
allowing B = B(¥y), would compromise the bilinearity of
Aapc, Eq. (4), with respect to |p). For theorists who consider
the positive operator valued measure (POVM) framework
[39,20] to be foundational, such a modification would be
unacceptable.’ On this view, the parameter 8 must be the same
for all admissible wave functions.

(iii) Coherent superpositions and statistical mixtures. Even
if B were allowed to vary according to the wave function,
there exist numerous wave functions for which no selection of
B——purely imaginary or otherwise—would result in alignment
with ST. Consider, for instance, the superposition of Gaussian
wave packets

Vo) = % ("0 + ™), (19)

where
N = 1+ exp(— (ko — k1)*/4)

is the required normalization constant. When exposed to an
ABC detector at L, it evolves into
Ui = —= (WS (xiko, B. L)+ Y Cxiki B.1)). (20)
t m ' »RO> P, ' s K1, Py ,
since the ABC evolution is linear.

In this case, it turns out that neither S & iky nor ik;
provides close agreement between ST and ABC detection
probabilities once k; exceeds ky by even a modest margin.
This is evident even in the optimal situation when Re 8 = 0,
illustrated in Fig. 2. In particular, the contrast becomes uni-
formly bounded from below; therefore, it cannot be lowered
arbitrarily by fine tuning 8.

This uniform lower bound can be explained by a simple
approximation of Eq. (10) by the Laplace method, which
produces

lppko)I* + | op (ki)

<goo(l/fo) ~ N

21

5Tt is worth noting that Psr, Eq. (1), corresponds to a POVM, which
significantly differs from those resulting from the ABC proposal.

1.0
0.8
0.6
3
0.4 — k=10
— k; =50
0.2 ki =100
— k; = 1000
0.0
1 10 102 10°

Im g

FIG. 2. ABC-ST contrast (%) curves for the superposition of
Gaussian wave packets Eq. (19), with Re 8 = 0, ky = 5, and a fixed
ki (denoted in the legend). Plot markers indicate %; values for
L = 10, calculated using Eqgs. (9), (6), and (20). Thick curves depict
contrasts calculated from Eq. (21).

The right-hand side attains a global minimum value of
(1 — 4kok1 / (ko — k1)*)/2N),

which approaches 0.5 in the limit |k; — ko] — oo; this is also
indicated by the k; = 1000 curve in Fig. 2. In summary, it is
not always possible, even in theory, to have a value of 8 that
guarantees agreement between ST and the ABC proposal for
a given generic wave function; contrary to what the earlier
Gaussian wave packet example may have led us to expect.

A similar argument applies to statistical mixtures (as
opposed to coherent superpositions) of wave packets with dif-
ferent momenta. In any experimental scenario that involves a
broad range of incoming momenta—such as in the double-slit
experiment [13,40], where metastable He atoms were sourced
from a gas-discharge tube over a broad range of velocities
[40]—the ABC proposal imposes stringent upper bounds on
the overall detection efficiency, regardless of the spatial sepa-
ration or timing of the incoming components.

(iv) Real-world detectors. Do real-world detectors actually
exhibit the peculiar momentum sensitivity implied by the
ABC proposal? While detector design details can vary, many
scattering experiments report nearly constant efficiency over a
wide range of energies. For example, Lohmann and Wiegold
[9] demonstrate excellent agreement between measured data
and the theoretical momentum distribution over a wide range
of incoming momenta, indicating that the detector sensitivity
is essentially momentum independent within the experimental
precision.

The experimental data from Shah et al. [42] further rein-
force this point. They report total cross-section measurements
for the same electron-hydrogen-atom collision experiment,
with incoming electron energies ranging between 14 eV and
4000 eV. This data was plotted by Bray er al. [41] to
demonstrate the close agreement between the convergent
close-coupling (CCC) method for computing scattering cross
sections and Shah et al.’s measurements (see Fig. 3). It should
be emphasized that the CCC method is an ab initio numerical
method for calculating the predictions of ST for many-
body Coulomb Hamiltonians with no adjustable parameters.

062217-4
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exp, JPB (1987) o
CCC, PRL (1993)

cross section (1 0‘17cm2)

1 10 100 1000
total energy E (eV)

FIG. 3. Total scattering cross section for ionization of hydrogen
atoms by electron impact. Excess energy® above 13.6 eV versus scat-
tering cross-section (adapted from Bray er al. [41] with permission
from the publisher), showing excellent agreement between ST and
experiment (see text for additional details).

Therefore, the close agreement exhibited in Fig. 3 is evidence
for the empirical success of ST.

Importantly, Shah et al. reported that the overall effi-
ciency of ion detection in their setup “was found to remain
constant over our full energy range” [42]. This experi-
mental result is therefore in direct conflict with the sharp
momentum-dependent detection efficiency predicted by the
ABC proposal.

C. Scattering of two-dimensional wave packets

While this momentum-dependent efficiency is observed in
any number of spatial dimensions, higher-dimensional scenar-
ios reveal further conflicts between ST and the ABC proposal.
As we will see in this section, these conflicts arise from the
dependence of detection probabilities on the overall geometry
and orientation of the detection surface.

To illustrate these conflicts, we examine two scattering
scenarios shown in Fig. 4, which differ only in the shape of
the detection surface. In one scenario, we have a flat screen
S, inclined at an angle o with respect to to the x axis. In the
second scenario, we take an L-shaped screen S. In both cases,
the particle is represented by the two-dimensional Gaussian
wave packet

Yo(r) = Gx)G(y)e™™, (22)

at t+ = 0. As time progresses, the wave function propagates
toward the detection surface. Our goal is to determine the

6 Although the horizontal axis is labeled “total energy” in Ref. [41],
the plotted values actually correspond to the total energy data from
Ref. [42] with 13.6 eV subtracted.

FIG. 4. A wave packet ¥, with mean momentum k, approaches
either an L-shaped screen S or a flat screen S, tilted at angle «
relative to the x axis. The infinitesimal detector segments D(0) C S
and D, (0) C S, both span the same convex cone of apex angle d6
(shaded area).

probability of detecting the particle in the infinitesimal detec-
tor segment D, () or D() depicted in Fig. 4.7
First, for the inclined screen

Sy={reR*:i(@) r=L}, (23)
with outward unit normal vector
fi(a) =sina &, — cosa 8y, 24)

the (differential) detection probability predicted by ST in the
limit as L — 00, is

dPST(e)QdQ/ dkk|(k|¢o>|2=d9G2(ko)/ dkk
0 0

X Gz(k) exp(2kko cos(60 — 6y)), (25)

where 6y = Arg(ko, + ikoy). Applying Laplace’s method, we
conclude that the integral is concentrated around 6 = 6, (see
Fig. 7 below).

Note that (25) does not depend on «. This highlights a key
characteristic of Psr: it is determined solely by the convex
cone formed by the detector segment in question. The overall
shape or orientation of the detection surface to which the
segment belongs does not affect this probability. Specifically,
segments from different detection surfaces that cover the same
angle relative to the scattering center [e.g., D,(6) C S, and
D) c S] will have an equal likelihood of detecting the
particle in the scattering limit.

However, the ABC detection probability does not exhibit
this property. To illustrate this, note that the differential prob-
ability for detection in D, according to the ABC proposal,

"For these segments to exist, the angle § must be restricted to
the intervals (¢ — 7, o) and (—m /2, ) for the planar and L-shaped
screens, respectively.
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is
dPppc(0) = dt Imﬂ/ dt [y (Re)I*, (26)
0

where
Ry = Lesc(a — 0)(cos 6 &, + sin6 &),

and d¢ = Lcsc*(a — 6)d6 is the line element or the length
of the segment D, (0). The wave function y; satisfies the free
Schrddinger equation

2id Y =~V (27)

in the half-spaces bounded by S, containing the support of g,
and the ABC (3), with 71 = 7i(«), and initial condition (22).

Using the results from the previous section and standard
separation of variables techniques, we can determine the wave
function that solves this IBVP, obtaining

Y (0) = Y (rys ko, B, L) @C(riskoL), (28)
where

r = ﬁ(oc) - I,

rp =il +m/2)-r, 29)

and koj and ko, are defined analogously. In these coordinates,
the wave equation (27), the initial wave function (22), and the
relevant ABC all separate. The evolution parallel to the screen
is free, while the evolution perpendicular to the screen follows
the one-dimensional IBVP solved in Sec. II B.

Finally, incorporating (28) into (26) and letting L — oo,
we arrive at the exact result:

dl;’*;c = 4G (ko)ImB /O wﬁ K G2(k)
X exp(2kky cos(8 — 6))). 30)
Here,
B = Bescla —0), (31)

through which the result explicitly depends on «, unlike (25).
This o dependence is illustrated in Fig. 5. As our formulas
show and the figure confirms, the ABC prediction disagrees
with ST for any choice of the screen inclination angle «.

This « dependence has implications that extend beyond
the simplified scenario of a single freely moving particle.
For instance, in the context of elastic scattering of mul-
tiple quantum particles interacting via a central potential,
the Hamiltonian’s rotational symmetry implies, according to
ST, that the scattering cross sections depend solely on the
relative scattering angle between the incoming and outgo-
ing particles [4]. An ideal detection model must respect
this symmetry. However, the ABC model—particularly its
generalization suitable for multiparticle problems [28]—does
not. Specifically, it predicts unexpected orientation-dependent
cross sections, suggesting that the scattering pattern should
vary depending on the alignment of the colliding particle
beams relative to the laboratory, contradicting both ST and
experimental observations.

We will now discuss the case of the L-shaped screen

S = {r € R? : max(x, y) = L}. (32)

The ST prediction for the probability of detection along its
segment D(0), shown in Fig. 4, is the same as (25).

1.0 r T T T T r
— ST
— ABC (&x = 1)
08l 10
“l — ABC (&x = %)
ABC (&x = Z)
6
0.6' ___ ABC (80{ = Z)
> 4
=
~
N
=
0.2f |
0.0

160 165 170 175 180 1.85
0 (rad)

FIG. 5. Angular variation of the differential detection probability
for a two-dimensional Gaussian wave packet of central momen-
tum ko = /3 é, — &, approaching the inclined screen S,. The black
curve shows the a-independent ST prediction, while colored curves
represent predictions of the ABC proposal for g = 2i and different
tilt angles @ = 7 /2 4 S« (see legend). Plot markers indicate numer-
ical values derived from Eq. (26) for a finite detector distance of
L=15.

To determine the corresponding ABC prediction, we need
the solution ; of Eq. (27) defined on {r € R? : max(x, y) <
L} x Ry and subject to the ABCs [cf. Eq. (3)]

8x"ﬂt(Lv)’) = ﬂwt(Lvy)v y < La
oY (x, L) = By (x, L), x < L. (33)

For the Gaussian initial condition (22), the IBVP is separable
as before, allowing us to express the exact solution in the form

Y (1) = ¥ (s kow, B L) ¥ (3 koys B, L), (34)

where w,G is defined by (17). We illustrate the evolution of the
wave packet as it approaches the L-shaped screen in Fig. 6.
Initially, the wave packet interacts with the vertical seg-
ment of the screen, where a portion of it is absorbed. This
results in a peak in the detection probability distribution along
the vertical segment of S. Meanwhile, a component of the
wave packet that is reflected upon impact subsequently con-
tacts the horizontal segment of S, leading to the formation of
a distinct second detection peak—a distinctive prediction of
the ABC proposal expected for a wide range of parameters.
However, it would be entirely anomalous from the point of
view of ST, which predicts only a single peak, as per Eq. (25).
The second peak is not an artifact of near-field scat-
tering, as it remains clearly visible even in the scattering
limit L — oco. To further support this claim, we evalu-
ate the ABC prediction for the probability of detection in
D) using Eq. (26) with ¢; from (34). We set Ry =
L/ max(cos6,sinf)(cosf e, +sin6 é,) and df = LRe_sz.
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y Ko

L. 4

FIG. 6. A selection of contour plots illustrating the development
of (34) over time. A wave packet approaching an L-shaped ABC
screen generates screen-position probability distribution functions
with two distinct peaks: the first peak, which would also be present
for a flat screen, and the second peak, resulting from the portion of
the wave packet that is reflected.

Figure 7 presents numerical results for increasing L values,
which confirms the convergence of d Pagc/d6 and the persis-
tence of the second peak in the scattering limit.

Note that in this limit, the ABC proposal predicts a
66% (33%) chance of detection in the vertical (horizontal)

6-' T T T T T T T T
st ]
4 ST ]
I ABC (L = 500)
< |
|
Z 5l 1 — — ABC(L =50) .
S I
< L
I ABC (L = 10)
2r ABC (L = 5) 1
1 ]

-05 00 05 10 15 20 25 3.0
0 (rad)

FIG. 7. Angular variation of the differential detection probability
for a two-dimensional Gaussian wave packet of central momentum
ko =9.66 ¢, +2.59¢, approaching the L-shaped surface S. The
colored curves represent the results from the ABC proposal for
B =2.59i at various finite detector distances (indicated in the leg-
end). The ABC curves show minimal variation beyond L = 50, and
each one presents two distinct peaks, unlike the single peak predicted
by ST (orange curve).

section of S. In contrast, ST predicts nearly a 100% chance
of detection only in the vertical section. The L-shaped screen
example thus compellingly illustrates why the predictions
of the ABC proposal can differ dramatically from those
of ST.

III. DISCUSSION

Developing a predictive theory of particle arrival times and
impact positions—the screen problem—remains a pressing
challenge for both theorists and experimentalists. The ABC
proposal offers a mathematically compelling contribution to
this discussion. However, any widely applicable solution must
meet the constraints imposed by more than a century of suc-
cessful scattering experiments. As we have demonstrated, the
ABC proposal is incompatible with scattering data obtained
from real-world detectors. While it is conceivable that detec-
tors described by the ABC proposal might be found in the
future (see below), existing experimental data seem to rule
out the ABC proposal as a general solution to the screen
problem.

We found that the proposal leads to momentum-dependent
detection probabilities that differ from the predictions of
ST. This momentum dependence introduces a bias in the
measured cross sections and sets upper limits on detector
efficiency, which conflicts with experimental observations.
Additionally, the proposal predicts significant secondary
peaks due to wave packet components reflecting off the sur-
faces of the detector. While we are not aware of any dedicated
studies involving L-shaped screens, it seems highly improb-
able that such reflections are a common occurrence. If they
were, it would require a reevaluation of the interpretation of
countless experiments.

Take, for instance, Rutherford’s gold-foil experiment,
where the infrequent back scattering of alpha particles—about
1 in 20000—was a vital clue that led to the discovery of the
atomic nucleus. If the detectors themselves were responsible
for reflections, it would call into question the interpretation
of this and countless subsequent scattering experiments. The
remarkable success of modern angle-resolved photoemission
spectroscopy (ARPES), which is commonly used to deter-
mine the band structure of materials, also presents a direct
challenge to the ABC proposal. Note that ARPES relies on
the core assumption that photoelectrons, when liberated from
a sample, travel in a straight line to the detector. However,
the secondary reflections predicted by the ABC proposal
would scramble the measured angles, rendering the data
uninterpretable.

An intriguing body of work cited in Sec. I suggests
that the ABC can be derived from more fundamental
principles, including the dynamics of the measurement pro-
cess [32] and from variants of spontaneous or objective
collapse models [30] or from chop-and-evolve schemes
encountered in discussions of the quantum Zeno effect
[33]. To the extent that these derivations are robust con-
sequences of those foundational assumptions, the empirical
shortcomings pointed out in this paper call into ques-
tion not just the ABC proposal, but also the assumptions
themselves.
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Despite the conflict with existing experimental data, it is
still possible that the ABC proposal gives a good description
of physically realizable detectors in certain situations. The key
question, then, is what sorts of detectors those might be. The
answer is far from obvious. Tumulka’s ideal detector hypoth-
esis [19] posits that the ABC proposal parameterizes ideal
detector models. Such models, he suggests, should “disregard
physical details that may vary from one detector to another
and would represent the ‘best possible’ detector, to which
real detectors should be designed to approximate.” However,
ABC detector models do not seem ideal in the intended sense.
Conventional ST already disregards detector details that vary
from one detector to another, and also matches observed
data from real (nonideal) detectors. As we have shown, ABC
detector models distort the data to a greater extent than the
experimental data suggests is necessary.

In several papers: [19], [31], and [34], Tumulka indicates
that the proposal should apply to hard detectors. He explains
that a hard detector bounding a region 2 C R3 “detects the
particle as soon as it reaches 92, as opposed to a soft detector
that may take a while to notice a particle moving through
the detector volume” [34]. However, at present, hardness and
softness are heuristic notions, lacking the precision needed
to determine whether the proposal applies to any physical
detector. Therefore, operationalizing the distinction between
hard and soft detectors is an essential next step for ABC
proponents who share this view.

Far from discouraging further study, our critique
emphasizes the importance of continuing to investigate
the ABC proposal and its various generalizations. Identifying
real-world detectors described by an ABC would be a
significant discovery, yielding empirical signatures that
differ markedly from the predictions of standard ST. If
proponents of ABC view these differences as more than
mere theoretical artifacts, they should actively encourage
experiments designed to detect them.

The shortcomings of the ABC proposal we have pointed
out should not overshadow the urgency of the issue it was
intended to address. The screen problem remains a central and
unresolved challenge in quantum theory. While ST has been
remarkably successful within its specific domain, it does not
provide a complete account of detection events—specifically,
when and where physical detectors register particles. The
ABC proposal presents a mathematically elegant approach,
but its conflict with experimental data only underscores the
need for a model that can handle general detector configu-
rations while also recovering the established predictions of
scattering theory.

Crucially, we recommend that further developments in this
field be guided by empirical data, including both reexami-
nations of existing results and the design of new, targeted
experiments. Such input is essential if we hope to extend the
empirical success of ST into regimes where its underlying
assumptions begin to break down.
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APPENDIX

In this section, we will:

(i) Express the contrast 67(1) (Sec. IIB) in terms of
the momentum-space wave function Yo(k) in the limit as
L — oo.

(i1) Derive an analytic expression for ¥, (x) corresponding
to an initial Gaussian wave packet, Eq. (13).

To achieve this, we need a suitable representation of the
function ;, which solves the initial boundary value problem
(IBVP) defined by Egs. (7) and (8).

To that end, following Ref. [43].% we express the solution
implicitly as follows:

WY — BY: = X,

introducing the function y,(x) that solves Eq. (7) for (x,t) €
(—00, L] x Ry, subject to the boundary conditions:

(AL)

im0 = 0= x(L), (A2)
and initial condition
Al
%0 = do — . (A3)

It follows that v, defined by (A1) meets the ABC at L.

Assuming Re 8 < 0 for mathematical convenience,’ the
general solution of Eq. (Al)—a first-order inhomogeneous
ODE—takes the form

X
Vi) = AP 4 / dX ()P, (Ad)

—00
where A is an arbitrary constant. In view of (A3), the right-
hand side reproduces ¥ at time zero if and only if A =0,
as can be verified through partial integration. When A =0
holds, (A4) immediately implies that 1, satisfies the boundary
condition lim,_, _o, ¥;(x) = 0 in Eq. (8) as well.

It remains to demonstrate that the obtained 1, satisfies
Schrodinger’s equation for (x, t) € (—o0o, L] x Rx. For this,
it is helpful to reformulate (A4) as

[e.¢]
w0 = [ = x)e, (A5)
0
using a simple substitution. Now, applying 2i0, + 8)% to the
right-hand side and noting that y, itself solves Eq. (7), one
finds that 2i9,v, + 92, = 0.

8Note that Ref. [43] treated the real case but here we need 8 € C.
9The case where Re 8 = 0 will be addressed shortly. However, the
result of Appendix 2 remains valid even when Re 8 > 0.
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Next, we evaluate y;. For 1 [and consequently, xo, by
Eq. (A3)] compactly supported on (—oo, L], which we as-
sume for convenience,'” X: 1s determined by the so-called
method of images [44]. We express the solution in the form

* dk ik ik(QL—x)\ — itk?/2
X (x) = — Fo(k) (™ — ") 2 (A6)

oo\/27'[

where

7000 ) ik — Bygoth). (A7)

Evidently, x,;(L) = 0 and the right-hand side satisfies Eq. (7),
correctly reproducing the initial condition (A3) on (—o0, L],
atr = 0.

Substituting (A6) into (AS), we obtain:

Yix) = / T Gk + pp(k)eM L=y k)2

oo 2
(A8)
where
k+ip
PO = 5
Note that the expression within parentheses satisfies the ABC
at L—a linear boundary condition—clarifying why Eq. (A8)
solves the BVP under consideration.

The case Re § = 0 (say, § = ik with k > 0) is particularly
relevant for Sec. II, but we have not yet addressed it in our
derivation. Equation (AR) is typically invalid in this scenario
because pg is singular at k = — «. It turns out that v, in this
case is obtained as the limit of Eqs. (A8)—(A9) for § = € + ik,
as € approaches zero from below. For brevity, we will skip
the proof that this prescription indeed solves the IBVP in
question.

This concludes our analysis of the IBVP concerning ;. We
will now proceed to complete tasks (i) and (ii) in the following
sections.

(A9)

1. Task (i)

Note that the function ¥, (x) given by Eq. (A8) is well
defined for any (x,#) € R x R0, even though its physical
interpretation is based on its restriction to x < L. Furthermore,
¥, € L2(R), i.e., it is square integrable over all of R, for any
t > 0. It is important to distinguish the initial momentum-
space wave packet lﬁo from the Fourier transform F[y] of
the full initial solution vy, which also contains a reflected
component. With that in mind, we will now address (i).

We begin by expressing the detection probability (6) as a
spatial integral, using [19], Eq. (8) viz.,

L L
Paac(y) = [ dx WP = fim [ dx [ oP. (A10

For 1/9(x) compactly supported in (—oo, L] and normalized to
unity—

L o0
fdx|wo(x>|2=1=f dk [Yro(k)I%, (A11)

10As we’ll see in Appendix 2 below, the compactness restriction is
not essential.

(A10) can be reformulated as follows:

o0
Papc(¥o) = 1 — lim / dx [p(L -0 (A12)
—oJo
Since ¥, (x), and consequently v, (L — x), satisfies Eq. (7)
on the full real line, the limit on the right-hand side can be
easily evaluated with the help of Dollard’s lemma [6]. This
lemma states that

o o0

lim/ dx |, (x)[? =/ dk |To(k)|?, (A13)
1—00 0 0
given any solution ¥, € L>(R) of Schrddinger’s equation (7)
with initial condition Wy (x) [or Wo (k) = (k|¥) in momentum
space].

Since the momentum-space representation of yo(L — x) is
e Fro1(—k), it follows from applying (A13) to (A12) that

Panc(fo) = 1 — /0 A FW-RP. (Al
To proceed further, note that
FIvolt) ‘B Fok) + pp(—ko(—e™ - (ALS)
Also, incorporating (A11), we have
Pasc = /0 a1 = oD TP —Res  (AI6)
where
Ri =2Re /0 dk pp (5 (=k)yo(k)e*™ ™. (A7)

But this remainder term vanishes in the limit L — oo, thanks
to the Riemann-Lebesgue lemma. Consequently, in this limit,
the contrast, Eq. (9), reduces to the expression presented in
(10).

This concludes the derivation of (10) for Re § < 0. How-
ever, the same result also obtains for Re 8 = 0 applying the €
prescription outlined below Eq. (A9), the details of which we
will omit for brevity.

2. Task (ii)
By expressing pg(k) = 14 2if/(k — iB) in (A8), we have
Vi(x) = ¢ (x) + ¢, 2L —x) + 2iBn, (2L —x), (AlY)
defining
* dk - ikx—itk? /2
ACIRES / —=Vok)e ; (A19a)
—00 ZT[
and
> dk &O(k) ikx—itk? /2
X) = —— T A19b
e /_oomk_iﬁ (A19b)

For the Gaussian initial condition, Eq. (13), these integrals
can be easily evaluated. Incorporating the momentum-space
wave function (15), ¢, simplifies to (18) [45], Prob. 2.22,
while 7, can be recognized as a representation of the comple-
mentary error function [46], Sec. 19.2. By combining these
elements, we arrive at the final result for v,, which is pre-
sented in Eq. (17) and referred to as th.

It can be verified—either through manual calculations with
some effort or more conveniently using software equipped
for symbolic calculations—that ¥ indeed satisfies both the
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Schrodinger equation (7) and the ABC (8); in fact, for any
B € C. However, setting t = 0, we reproduce the correct ini-
tial condition (13), along with some small additional terms.
These additional terms arise because we derived ¥ using
Eq. (A8), which only solves the IBVP for initial conditions
that are compactly supported in (—oo, L]. In contrast, the
Gaussian is supported on all of R.

But since the L values we are considering are > 1, it
becomes evident that these additional terms are extremely
small. In particular, for Re 8 < L, we can utilize a well-known
bound for the complementary error function [47] to show that
for any x € (—o0, L],

[ (x: ko, B, L) — €"*G(x))|

2181 ko 4+ ImpB \>
”m/”(m) » (A20)

< G(L)

which is exponentially small in L due to the G(L) prefactor.

Additionally, for any two solutions of the BVP, v, and ¢,
we have

d 2 2
77 Ve = &7 = —1ImpB [y (L) = $(L)I". (A21)

It follows that the squared norm of the difference be-
tween any two solutions is a nonincreasing function of
time (given ImgB > 0). This means that the evolution is
contractive.

Now, let v, be the solution given by our derivation
(th), and let ¢, be the solution for the exact Gaussian ini-
tial condition restricted to (—oo, L]. We have just shown
that the initial difference between them at r =0 is ex-
ponentially small. Since this difference cannot grow over
time, ¥ remains an excellent approximation to the true
solution for all # > 0, and so these exponentially small de-
viations from the intended initial conditions can typically be
neglected.
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