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Exceptional-point-controlled mode interaction in three-dimensional microcavities
represented by generalized Husimi functions
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Non-Hermitian photonics has attracted significant interest and influences several key areas such as optical
metamaterials, laser physics, and nonlinear optics. While non-Hermitian effects have been widely addressed
in two-dimensional (2D) systems, we focus on realistic three-dimensional devices. To this end we generalize
established phase-space methods from mesoscopic optics and introduce Husimi functions for three-dimensional
systems that deepen the insight and access to the mode morphology and their dynamics. We illustrate that four-
dimensional Husimi functions can be represented using a specific projection on two dimensions and illustrate
it for (conical) cylindrical cavities. The non-Hermitian character of the intrinsically open photonic systems is
in particular revealed when examining the transverse electric and transverse magnetic polarization character of
the resonance modes. Unlike the 2D case, polarization is not conserved in three-dimensional cavities, and we
use generalized Husimi function to represent the interaction of polarization modes. We find their dynamics to be
ruled by a network of exceptional points in the parameter space spanned by the refractive index and the cavity
geometry tilt angle. This approach not only enhances our understanding of cavity modes but also aids in the
design of more efficient photonic devices and systems.

DOI: 10.1103/2wrn-z5fg

I. INTRODUCTION

Optical microcavities [1–3] have proven to be a fascinating
and application-relevant model system for several decades.
Their intrinsic openness—light can enter and leave the cav-
ity by refraction or evanescent coupling—is the source of
fascinating properties and devices ranging from microlasers
to sensors. These open optical microcavities of various ge-
ometries have considerably enriched the field of quantum
chaos beyond the hard-wall billiard systems typically stud-
ied in nonlinear dynamics [4]. Their description in both
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real and phase space has contributed significantly to their
understanding in terms of ray-wave correspondence [5–7],
leading to the development and application of deformed
microcavity lasers with directional emission [8–12]. Other
notable applications of photonic microsystems include cavity
QED studies [13–15] and single-particle detection [16–18].

Often optical cavities can be modeled successfully as two-
dimensional (2D) systems, such as very long waveguides or
flat, disklike cavities. However, experimental systems often
have nontrivial geometry in all three dimensions. In this paper
we aim to expand the Husimi function concept to those three-
dimensional (3D) optical systems.

Moreover, the openness of such mesoscopic optical cavi-
ties yields the remarkable feature of non-Hermitian physics
since all resonances are characterized by a complex frequency
ω [with the quality Q factor being related to its imaginary
part by Q = −Re (ω)/2Im (ω)] [19–21]. The resulting non-
Hermitian effects have been studied in depth in the past years
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in a variety of systems such as microlasers [22–27], sensors
[28–34], encryption [35], topological devices [36–40], and
optical gyroscopes [41,42]. In addition to optical systems,
non-Hermitian properties can also arise in acoustic [43,44],
optomechanical [45], magnetic [46], and plasmonic devices
[47], as well as integrated electrical circuits [48].

The clear distinction between transverse magnetic (TM)
and transverse electric (TE) polarization is exploited in the
description of 2D systems, where the polarization is fixed.
This changes in 3D microcavities, as becomes immedi-
ately clear when considering a cube resonator: when the
polarization-dependent continuity conditions are fulfilled at
one pair of sidewall interfaces, they cannot be fulfilled for
the same polarization for sidewalls perpendicular to it. Con-
sequently, there will be an interaction of polarization states,
though a differentiation of modes according to their (dom-
inant) polarization remains useful. We will illustrate this
polarization interaction using generalized Husimi functions
and reveal its intimate relation to the non-Hermitian system
character.

Phase-space methods have a long history in the description
of quantum systems [49,50]. Here we focus on the Husimi
function that maps resonance modes in real space into a prob-
ability distribution in phase space by computing their overlap
with a coherent state (localized at a certain point in phase
space) [51,52]. In contrast to traditional hard-walled billiard
systems [51–54], optical microcavities are inherently open
and both the wave function and its derivative remain nonzero
at the system boundary. At the same time, incident and emerg-
ing waves (or rays) inside and outside the cavity have to
be distinguished. Both issues are connected, and generalized
(2D) Husimi functions associated with incoming and outgoing
light can be defined when using both the wave function and its
derivative at the boundary [55]. Apart from establishing ray-
wave correspondence in phase space, Husimi functions have
been used effectively to investigate for example semiclassical
effects such as the Goos-Hänchen shift [56–58], asymmetric
backscattering in cavities [59–61], radiative properties [62],
and for tailoring the internal dynamics [63–65] of optical
microcavities.

In this paper we first introduce the concept of mode mor-
phology in a cylindrical waveguide in Sec. II and recall 2D
Husimi functions. Next, we develop 3D Husimi functions
in Sec. III, and in Sec. III C we discuss the interaction of
polarization modes using the 3D Husimi functions. We illus-
trate non-Hermitian effects in the mode dynamics in detail in
Sec. IV and end with a conclusion in Sec. V. The data is ob-
tained by performing simulations using COMSOL’s frequency
domain electromagnetics module.

II. CYLINDRICAL WAVEGUIDES AND
CROSS-SECTIONAL HUSIMI FUNCTIONS

Solving Maxwell’s equations for 2D systems, we find that
two polarizations can be distinguished. For TM (TE) modes,
only the out-of plane field component (defining the z direc-
tion) Ez (Bz) is nonzero, while B (E) possesses in-plane (x, y)
components only. The out-of-plane component suffices to
characterize the resonance. It is described by the scalar wave
function ψ (x, y, t ) = ψ (x, y)e−iωt , which needs to satisfy the

Helmholtz equation,
[
∂2

x + ∂2
y + ñ2(r)k2

]
ψ (x, y) = 0, (1)

with ψ = Ez(Hz ) for TM (TE) polarized modes and k =
Re (ω)/c0, where c0 is the speed of light in vacuum. ñ(r)
is the refractive index function with ñ(r) = n inside and
ñ(r) = 1 outside the cavity. For cavities with rotational sym-
metry around the z axis and radius R0, we can define the
normalized frequency � = ωR0/c0. The wave function must
satisfy

ψ |r=R0
= const ξ

∂ψ

∂r

∣∣∣∣
r=R0

= const, (2)

with ξ = 1 (1/ñ2(r)) for TM (TE) modes at either side of the
cavity boundary. The solution to Eq. (1) reads

ψ (r, ϕ) = e±imϕ

{
c1Jm(nkr), r < R0

c2H (1)
m (kr), r > R0

, (3)

with angular momentum quantum number m ∈ Z and the
Bessel (Hankel) function Jm(x) (H (1)

m (x)) of the first kind.
Note that resonances with ±m are doubly degenerate. The
values for c1,2 are obtained by considering the appropriate
boundary conditions. This introduces a quantization in r,
which is described by the quantum number ρ ∈ N0.

Two example solutions are shown in Figs. 1(a) and 1(b).
Figure 1(a) shows the electric field intensity |ψ |2 from Eq. (3)
for a TM mode with (ρ, m) = (0, 5). Figure 1(b) shows |ψ |2
for the corresponding TE mode. These morphologies are also
called whispering-gallery modes, as they travel along the cav-
ity surface where they are confined by total internal reflection.
Note that the wave function in Fig. 1 is calculated using a 3D
cavity; however the solutions for the out-of-plane component
are equivalent to the 2D case [66,67].

Phase-space methods are a well-developed tool to charac-
terize optical systems with ray and wave dynamics. The state
of a particle in a two-dimensional billiard system can be de-
scribed by four generalized coordinates (q, p) with q, p ∈ R2

in a four-dimensional phase space. In Hamiltonian systems,
conservation of energy confines a particle to a 3D manifold.
In addition, a particle trajectory is completely described by
considering its reflection points at the interface boundary, with
location s and angle of incidence χ . Consequently, a 2D phase
space is sufficient to describe the dynamics of a 2D system.
An example for such a projection is the well-known Poincaré
surface of section for billiards and ray optics [6,53,54,68]. The
Husimi function is the counterpart of the trajectory trace for
wave dynamical systems and can be computed based on the
wave function and its derivative [7,55,56,59,69], see Eq. (10)
below.

The 2D Husimi function is based on ψ (s) and ψ ′(s), where
s is the coordinate along the system boundary and ′ indicates
the normal derivative. The other phase-space coordinate is
sin χ , the sine of the (classical) angle of incidence that is
related to angular momentum m by sin χ = m/nRe (�) with
Re (�) = kR0. The Husimi functions H (s, sin χ ) for the wave
function in Figs. 1(a) and 1(b) are shown in Figs. 1(c) and
1(d). The mode is a radially symmetric whispering-gallery
mode, and the angular momentum is thus conserved. Note
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FIG. 1. [(a), (b), (e), (f)] Electric (red) and magnetic (blue) field
intensities of cylinder modes with quantum numbers (ρ, m, η) =
(0, 5, 0) and refractive index n = 2.5. The mode in (a), (e) is a
TM-polarized mode with �TM = 3.361 − i 0.010. The mode in (b),
(f) is a TE-polarized mode with �TE = 3.578 − i 0.014. (e), (f) In-
cident Husimi functions for the cross-sectional (x, y) plane with (c)
�2D

TM = 2.951 − i 0.010 and (d) �2D
TE = 3.342 − i 0.017. The dashed

lines mark minimum angles for total internal reflection.

that this is the simplest case, as for deformed cavities a more
intricate wave function (and thus phase space) emerges.

III. GENERALIZED HUSIMI FUNCTIONS
FOR THREE-DIMENSIONAL CAVITIES

A. Cylindrical cavities of finite height

In dielectric cylinders with height h, the mode is also con-
fined in the z direction. Thus the E and B fields can couple
and the 3D Helmholtz equation [66]

[� + ñ2(r)k2]
{E(r)

B(r)

}
= 0 (4)

needs to be solved. Maxwell’s equations also impose the
boundary conditions

E1,‖ = E2,‖ n2
1E1,⊥ = n2

2E2,⊥
B1,‖ = B2,‖ B1,⊥ = B2,⊥, (5)

with parallel (‖) and perpendicular (⊥) field components rel-
ative to the cavity interface and subscripts 1 (2) referring to
points inside (outside) the cavity.

Applying the appropriate boundary conditions leads to a
quantization in the z direction, described by the quantum
number η ∈ N0. So, in general, modes are identified by their
polarization and the three quantum numbers (ρ, m, η). Ex-
amples for confinement in the z direction for TM and TE
modes are shown in Figs. 1(e) and 1(f). The TM mode is more
confined in z direction due to the discontinuity in Ez described
in Eq. (5).

To examine the interaction between electric and magnetic
field components we use the ansatz E(r, t ) = E(x, y)eikzz−iωt

for Eq. (4) and separate the transversal component E t with

Et = (ez × E ) × ez . (6)

The expression for B is similar. Applying Maxwell’s
equations gives

E t = i

k2
xy

(kz∇tEz − kc0 ez × ∇t Bz ) and

Bt = i

k2
xy

(
kz∇tBz + n2k

c0
ez × ∇tEz

)
(7)

for the coupling between the in- and out-of-plane field com-
ponents, with n2k2 = k2

xy + k2
z and transversal nabla operator

∇t = ∇ − ez∂z.

B. Extension of the Husimi formalism
to three-dimensional cavities

For realistic 3D systems that we now describe, the new
generalized coordinates (q, p) with q, p ∈ R3 result in a six-
dimensional (6D) phase space. It reduces to four dimensions
after considering conservation of energy and projection to a
surface of section that we choose to be the cylinder mantle
here. We map the wave function onto the cylinder mantle
using ψ (ϕ, z) → ψ (s, z), where s = ϕR0 is the arc length
along the cavity surface. The resulting boundary conditions
are periodic in s with ψ (s, z) = ψ (s ± 2πR0, z). Here, we
focus on the mantle as the main surface contribution, although
top and bottom surfaces could be included straightforwardly
when needed, e.g., for flat cavities.

In the following we will focus on the inner incident Husimi
function, as we are interested in the dynamics inside the
cavity. We consider the overlap of the wave function on the
boundary with a two-dimensional coherent state,

ξ (q′; q, p) = 1√
πσ 2

exp[−L2(q′; q)/2σ 2 − iP (q′; q, p)],

(8)

with position q, momentum |p| � nk on the cavity surface,
and a Gaussian spatial profile characterized by σ 2. L is the
geodetic distance between q and q′ along g� (see Fig. 2). The
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FIG. 2. Coherent state ξ (q′; q, p) on the mantle of a slanted,
cylindrical cavity. It is measured at q′, where the value is determined
by the geodesics g�, gp, go and the point q̃.

second term is related to the coherent state’s angular momen-
tum that is encoded in the phase P of the coherent state. The
phase at q′ is obtained by projection on gp via a geodesic go
orthogonal to gp. We call the projected point q̃, where the
phase is given as P (q̃; q, p) = |p|L(q̃; q) = P (q′; q, p) that
reduces to the well-known scalar product form of the phase
term, p rq,q′ (with rq,q′ the vector from q to q′) in Euclidean
geometries.

We then define the overlap of the coherent state with the
wave function ψ at the boundary as

h(q, p) =
∫

ψ (q′) ξ (q′; q, p) d2q′ and (9a)

h′(q, p) =
∫

ψ ′(q′) ξ (q′; q, p) d2q′, (9b)

where ψ ′ is the radial derivative inside the cavity. Finally, we
arrive at the expression for the Husimi function,

H (q, p) = nk

2π

∣∣∣∣−F (p) h(q, p) + i

kF (p)
h′(q, p)

∣∣∣∣
2

, (10)

with angular momentum weight F (p) = √
n(1 − sin2 χ0)1/4.

For cylindrical (or conic) cavities the geodesics can
be obtained trivially, as all straight lines on the unrolled
surface are geodesics. Then, L and P can be evaluated as if the
cavity mantle were a flat surface using scalar products. For the
phase-space coordinates we follow the conventional notation
of the Husimi function formalism [55]. For cylindrical 3D
cavities the Husimi function H = H (q, p) depends on the
spatial coordinates q = (s, z) and on the momentum coordi-
nates p = (nk sin χxy, nk sin χz ), see Fig. 3(a), distinguishing
between components orthogonal and parallel to the z axis.
The momentum coordinates can also be written in polar repre-
sentation (nk sin χ0, φxy) with total momentum in the surface
(mantle) plane n2k2 sin2 χ0 = |p|2 = n2k2(sin2 χxy + sin2 χz )
and angle φxy to the xy plane where tan φxy = sin χz/ sin χxy.

To illustrate this generalized Husimi function in the new
phase space spanned by sin χxy and sin χz, it is helpful to
consider a simple test system: A wave function ψ is given by
a linear combination of plane waves that propagate along a 2D
surface as shown in Figs. 3(b) and 3(c). The Husimi function

FIG. 3. (a) Coherent-state coordinates, (b), (c) example wave
patterns on the cavity surface and (d), (e) their Husimi function
signatures taken at q.

is calculated for a representative, fixed position q while the
momentum p is varied. A single plane wave can be identified
trivially in real space and gives a single peak in phase space
in Fig. 3(d). For two (or more) overlapping plane waves in
Fig. 3(c) the field function can become arbitrarily complex,
making it impossible to distinguish components in real space.
The phase space recovers the constituent plane waves and
their parameters as shown in Fig. 3(e).

In 2D systems the mode is captured by the out-of-plane
(or z-) component, resulting in the natural choice of ψ =
Ez(Hz ) for TM (TE) polarization as discussed above. In 3D
systems all six field components are nonzero, resulting in a
degree of freedom concerning the choice of ψ . In cylindrical
systems, the field components are related via Eq. (7), resulting
in qualitatively similar field distributions for all components.
The quantitative difference between field components lies in
the number of oscillations in z for a mode with a given η.
The Ez component of a TM mode has η + 1 intensity maxima
in the z direction, while all other components have η + 2
intensity maxima.

In the following we utilize the field components parallel to
the cavity mantle surface for phase-space calculations. This
is the most natural choice, as Ez and Bz are continuous on the
cylinder mantle, and they are also the components of choice in
the 2D case. The conventional Husimi function for 2D cavities
is recovered for h/R0 → ∞ (or kz → 0) when the values are
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taken along sin χz = 0 and q is moving along a line in the
symmetry plane.

C. Husimi functions for cylindrical cavities

The Husimi function for the (ρ, m, η) = (0, 5, 0)-TM and
TE modes with h/R = 0.75 are shown in Figs. 1(e) and 1(f).
The phase-space figures are calculated by using a constant
coherent-state position q = const and varying the momentum
coordinates p. This gives a circular border for the parameter
space from the constraint sin2 χxy + sin2 χz < 1. Due to the
rotational symmetry, only coherent-state positions with angles
ϕ ∈ [0, π/2m] need to be considered. Given the mirror sym-
metry at z = 0, we focus on coherent states with z ∈ [0,−h/2]
without loss of generality.

A sharp peak is present at sin χxy = ±m/n Re � for all
values of sin χz. This is analogous to the result of the 2D
cavity in Figs. 1(c) and 1(f). The phase space is mirrored along
sin χxy = 0 because the standing wave considered here is a
superposition of two traveling waves with ±m. In addition,
the existence of the geometry symmetry plane, z = 0, results
in a phase-space mirror symmetry with axis sin χz = 0. For
the TE mode, the intensity maximum is closer to the origin,
which reflects its shorter lifetime since a larger part of the
phase-space intensity is located in the leaky region.

Another degree of freedom we need to take into account
is the localization of the coherent state, given by its standard
deviation σ in Eq. (8). Figure 4 compares the phase spaces for
two values of σ for various points qi on the cylinder surface.
Figures 4(b), 4(d), 4(f), and 4(h) show the results for strong
localization with σ/R0 = 0.32, corresponding to a FWHM of
λ/n, where λ is the vacuum wavelength. The intensity distri-
bution is different between q1 and q2 in Figs. 4(b) and 4(d).
q1 is located on an intensity maximum, leading to H (q = q1,

p = 0) > 0. The nodal line at q2 results in H (q = q2, p =
0) = 0, since the fields of two neighboring intensity maxima
average to zero due to their different signs. The Husimi func-
tions in Figs. 4(f) and 4(h) are taken at points closer to the
cavity boundary. The intensity at q = q3, q4 is significantly
lower than at q = q1, q2, which is due to the lower overall
field intensity at the cylinder end faces. Spatial dependence is
very pronounced for localized coherent states and is lost for
the weakly localized state with σ = 0.95, see Figs. 4(c), 4(e),
4(g), and 4(i).

Figure 5 explores the dependence of the Husimi function
on the quantization in z for a cylinder with h/R = 5. It shows
the behavior of the Husimi function with σ/R0 = 0.95 for
η = 0, 3, 5 for TM modes with (ρ, m) = (0, 6). The wave
functions are now described by sharply localized intensity
maxima, in contrast to the previously spread out maxima in
Fig. 4. When η is increased in Figs. 5(b) and 5(c) the angle ϕxy

of the maximum increases. This is related to the distribution
of wave-number components in the in- and out-of-plane com-
ponents. The mode performs whispering-gallery-type motion
in xy and a “bouncing ball”-type motion in z. The rays
can be thought of as angled at tan φxy = kz/kxy [compare
Fig. 3(a)]. Increasing η results in more energy being stored
in the bouncing-ball motion, thereby increasing sin χz of the
intensity maximum. The symmetry in the xy plane results
in two symmetry-related signatures at ± sin χz. The wave

FIG. 4. Husimi functions for the TM mode with (ρ, m, η) =
(0, 5, 0) in a dielectric cylinder with H/R0 = 0.75 for various po-
sitions on the mantle. (a) The chosen coherent-state positions, qi.
The components of qi can assume values of qs/R0 = 0.00, 0.31
and qz/R0 = 0.00, −0.25. The results are shown with coherent-state
sizes of [(b), (d), (f), (h)] σ/R0 = 0.32 (or FWHM = λ/n) and [(c),
(e), (g), (i)] σ/R0 = 0.95 (or FWHM = 3λ/n).

function on the cylinder mantle displays a “checkerboard”
pattern that can be recovered by the superposition of two
plane waves at angles ±ϕxy [compare Figs. 3(c) and 3(e)]. For
TE modes the behavior is similar, which is demonstrated in
Appendix A.
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FIG. 5. Field intensity (left) and Husimi functions (right) for TM modes, with (ρ, m) = (0, 6) and various η. The η and frequencies are (a)
(η,�) = (0, 3.4402 − i0.0049), (b) (η,�) = (3, 3.5578 − i0.0014) and (c) (η, �) = (5, 3.7182 − i0.0006). The phase-space functions are
shown for sin χxy > 0, the rest is given by symmetry.

D. Wave and Husimi function morphology
evolution in conical cylinders

For dielectric cylinders the E and B fields are coupled [see
Eq. (7)]. To control the coupling strength we now introduce a
slight deformation to the cylinder. The radius of the cylinder
end face is increased by a perturbation, �R. We assume a
linear dependence of the radius along z such that

R(z)/R0 = 1 + δ(1 − z/h), (11)

with deformation strength δ = �R/R0 and z ∈ [0, h]. In the
following we focus on systems with h/R0 = 5 and modes with
azimuthal quantum number m = 6. This geometry can also
be described as a cone stump with opening angle α where
tan α = �R/h = δ/5, see Fig. 6(a). This geometry is relevant
for experimental setups, as microcavity sidewalls are usually
slightly slanted due to fabrication methods. Figure 6(b) shows
the resulting effective optical potential,

V (r) = [1 − ñ2(r)]k2 + m2

r2
, (12)

of a slanted cone. The potential has its minimum at the
cylinder bottom, suggesting that fundamental modes will be
located at z ≈ 0.

To explore the influence of the deformation, δ, on any
given mode, we investigate the evolution of the resonance
morphology. To this end we focus on the field components
which are parallel to the sidewalls E‖ (B‖) for TM (TE) po-
larized modes, as they are continuous at the interface. The
electric field is defined as

E‖(r) = Ez(r) cos α − Er (r) sin α, (13)

with a similar expression for B‖.
The left panels in Figs. 6(c)–6(h) show the field functions

of three different TM modes with varying excitations in the
z direction. The real parts of the eigenfrequencies decrease
for all modes. This is due to nRe (�)Reff/R0 ≈ const for
any given mode. The deformation δ increases the effective
radius, with R0(1 + δ) ∝ Reff , which, in turn, implies 1 + δ ∝
Re (�)−1. The field intensity shifts to the bottom of the cavity
for low η [see Figs. 6(c), 6(d) and 6(e), 6(f)] due to the lower
optical potential according to Eq. (12). For modes with high
η, i.e., Figs. 6(g) and 6(h), the morphological adaptability
is constrained by the necessity to remain orthogonal to the
modes with lower η. The energetically lower states already

occupy the space at the bottom where of the radius is largest,
making it less accessible for the higher states.

In Figs. 6(f) and 6(h), we see that the field concentrates in
the top intensity maximum when δ is increased; this is also a
byproduct of the orthogonality requirement. Hence, less field
intensity leaks out of the cavity top face for modes with low
η, as the field intensity is very low in that area. The imaginary
component of � increases accordingly. In contrast, modes
with high η exhibit decreasing imaginary components. The
proximity of the uppermost intensity maximum to the cylinder
top face results in increased losses, induced by the sharp
corner. Similar behavior is also prevalent in 2D cavities, where
sharp edges are major sources of refractive escape [70,71].
With this mechanism, the deformation δ can increase or
decrease the resonance lifetime, depending on the excitation
η in z.

Husimi functions at z = h/2 are shown in the right-hand
panels of Figs. 6(c)–6(h). Here, the wave function on the cav-
ity surface was projected onto a Euclidean plane, as discussed
in Sec. III B. Similarly to the cylinder, the cone surface can
be unrolled using an appropriate transformation, ψ (ϕ, z) →
ψ (s, z̃), where z̃ is the coordinate in the unrolled plane. The
details can be found in Appendix B.

For δ = 0 in Figs. 6(c), 6(e), and 6(g), the behavior corre-
sponds to η as discussed above. Due to the mirror symmetry
at z = h/2, the phase space is symmetric with respect to
sin χz = 0. Generally, this changes for nonzero δ. The broken
symmetry is visible in Figs. 6(d), 6(f), and 6(h), where the
Husimi functions for δ = 0.1 are shown. The signature of
the mode with η = 0 in Fig. 6(d) is only slightly distorted in
comparison to Fig. 6(c). Even with the change in morphology,
the predominant motion is still along the cavity boundary,
resulting in only the signature at sin χz = 0. In Fig. 6(f) the
asymmetry is more pronounced for the mode with η = 2. The
uppermost field-intensity maximum is dominant in size and
intensity due to the deformation. Due to this spatial expansion,
the two Husimi maxima merge into one, which is shifted into
the area of sin χz < 0. The overall intensity inside the cavity
at z > h/2 is drastically lower than for z < h/2 due to the
mode shift into areas of higher radius. For high η, e.g., η = 7
in Fig. 6(h), the phase-space distribution is more balanced,
which is a result of the more evenly distributed field function.
However, a distortion of the phase space in comparison to
Fig. 6(g) is visible, emphasizing that the mode structure is
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FIG. 6. (a) System geometry and (b) optical potential of the
slanted cone. (c)–(h) E‖ field intensity (left) and Husimi functions
at z = 0 (right) of TM modes with (c), (d) η = 0, (e), (f) η = 2 and
(g), (h) η = 7 for deformation parameters (c), (e), (g) δ = 0 and (d),
(f), (h) δ = 0.1.

more complex for the deformed cavity. It is evident that the
Husimi function encodes the quantum numbers and the local
morphology of a mode.

Note that the Husimi function depends on the posi-
tion q of the coherent state. This is further explored in
Appendix C.

FIG. 7. Real parts of eigenvalues for the slanted cone. All modes
with Re � ∈ [4.5, 5.5] are shown. Color denotes polarization P ∈
[−1, 1] according to Eq. (14), with red (blue) corresponding to
TM (TE) polarized modes. Gray dots show unpolarized modes with
P ≈ 0. The spectrum at δ = 0 reflects the undeformed cylinder. The
dark gray area marks the location of the avoided resonance crossing
in Fig. 8.

IV. NON-HERMITIAN MODE DYNAMICS

A. TE-TM mode coupling and formation of exceptional points

For small deformations δ the TM and TE polarizations
are, in principle, still distinguishable by comparing the
in- and out-of-plane components of the electric and magnetic
fields. Due to the slanted sidewalls, more intricate mode pat-
terns emerge that do not clearly belong to either category. To
characterize the polarization of these hybrid states, we intro-
duce the polarization parameter P, with P ∈ [−1, 1], which
describes the alignment of the two fields,

P = Ẽ − B̃

Ẽ + B̃
, (14)

with relative field strengths

Ẽ = max
r

(|Ez(r)|2)/ max
j,r

(|Ej (r)|2), (15a)

B̃ = max
r

(|Bz(r)|2)/ max
j,r

(|Bj (r)|2), (15b)

where the subscript i corresponds to the three field compo-
nents with j ∈ {r, ϕ, z}. The expression maxr takes the spatial
maximum, while max j,r additionally takes the maximum over
all three field components. It follows that TM (TE) modes
yield values of P ≈ 1(−1). In the TM case, the Ez component
is the strongest, resulting in Ẽ ≈ 1. The in-plane components
of the magnetic field are dominating intensitywise, leading to
B̃ ≈ 0 and thus P ≈ 1. The opposite is true for TE modes.

The eigenvalue spectrum of the weakly deformed cylinder
is shown in Fig. 7. For each deformation, δ, the eigenmodes
are assigned a color according to their polarization, P, cal-
culated from Eq. (14). Red (blue) dots correspond to TM
(TE) modes. All quasibound states with Re � ∈ [4.5, 5.5] are
shown. Not surprisingly, a wealth of modes is present in
the parameter space. In general, the resonance frequencies
decrease when deformation is increased, as discussed above.

We are interested in the coupling of TM- and TE-polarized
modes. Coupling can only occur if the complex eigenvalues,
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�, if two modes are similar for certain δ. This can be un-
derstood using an effective Hamiltonian H to describe the
system, where

Hψ = �ψ . (16)

In the case of two coupled modes, the Hamiltonian is a 2 × 2
matrix

H =
(

�(1) V
W �(2)

)
, (17)

where �(1,2) are the frequencies of the uncoupled modes and
V,W are the coupling coefficients. The two modes can only
interact meaningfully if

√|VW | ≈ |�(1) − �(2)|. If this condi-
tion is satisfied, an avoided resonance crossing (ARC) occurs
in either the real or imaginary component of �, implying a
level crossing in the other component. An exceptional point
(EP) is present when V = 0 or W = 0, which is accompa-
nied by a coalescence of the two resulting eigenvalues and
vectors [72,73].

Numerous ARCs are visible in Fig. 7. ARCs between
TM and TE modes are the most abundant. They are easily
identified by level repulsion and polarization switching of
two (or more) resonance branches. Examples can be found at
(δ, Re �) ≈ (0.25, 4.7) or (0.27, 4.75). TM-TM and TE-TE
ARCs also exist, but they are much less prevalent. A TM-TM
avoided crossing occurs at (δ, Re �) ≈ (0.05, 5.1). TE-TE
ARCs are even less common. One emerges at (δ, Re �) ≈
(0.15, 5.15). A third mode with TM polarization is involved
in the ARC, which implies an underlying exceptional point
of order 3, as three modes participate in mode coupling. At
an EP of third order, three modes (and their eigenvalues)
are collinear. Higher-order EPs are more sensitive to small
perturbations, as the energy-level splitting near an nth-order
EP scales with the nth root [30,74,75].

One question to explore is why TM-TE ARCs are the most
common type. First, let us consider the factors that exclude
ARCs from occurring between two modes. Initially, we focus
on TM-TM and TE-TE modes with identical radial quantum
number, ρ. Modes with lower η tend to concentrate more of
the mode in the region of larger radius (see Fig. 6). This leads
to monotonically increasing Re �(η) for a fixed δ in Fig. 7.
This is the case for any δ; hence no crossings can occur.
As a consequence, only modes with different ρ can exhibit
crossings in the first place. Thus, different η are required in
order for two resonances to have similar values of Re �. This
affects the mode lifetimes Im �, which must also be similar
in order to minimize |�(1) − �(2)|. Due to these two aspects,
TM-TM and TE-TE ARCs are very rare in comparison to
TM-TE ARCs. The boundary conditions in Eqs. (5) lead to
δ affecting the frequencies of TM and TE modes differently,
thereby creating the possibility for mode interaction.

In the following, we concentrate on a specific ARC be-
tween a (1, 6)-TM mode and a (1, 2)-TE mode, as it is the
most common ARC type. Another ARC, where one TM and
two TE modes are involved, is shown in Appendix D. The
eigenvalue evolution of the two modes close to the ARC is
shown in Figs. 8(a) and 8(b). First consider Re � in Fig. 8(a).
The two frequency branches approach each other with increas-
ing δ. They are closest at δ ≈ 0.23, where both modes exhibit
TE polarization. For δ < 0.23 the upper (lower) branch is TE

FIG. 8. Eigenvalue evolution of (2, 6)-TM and (2, 2)-TE modes.
The (a) real and (b) imaginary components of the eigenfrequency,
�. The annotated letters relate to Figs. 9 (10) for the field (Husimi)
functions at the respective parameters. (c), (d) Riemann surface
around the EP, which governs the coupling between the two modes
for (c) Re � and (d) Im �. The gray dots correspond to data used to
calculate the energy landscape. The black dots denote the positions
of the EP, which is located at δ ≈ 0.2217 and n ≈ 2.4335. The black
solid lines surrounding the data points illustrate the nontrivial shapes
of the surfaces. The black dashed lines denote the branch cuts with
Re � (Im �) = 0.

(TM) polarized. They switch polarization for δ > 0.23. The
imaginary component in Fig. 9(b) shows a level crossing. This
is expected according to the effective Hamiltonian in Eq. (17).
When an (anti-)crossing in (real) imaginary components is
present, the coupling is called strong coupling. A second
crossing also occurs in the imaginary part at δ ≈ 0.255 that
is not related to the ARC being considered but another ARC
that is adjacent.

ARCs indicate the proximity to an EP, where eigenval-
ues and eigenfunctions coalesce. To access the EP a second
parameter needs to be varied. We choose the refractive in-
dex, n, due to the different influence it has on TM and TE
modes because of their varying boundary conditions. Note
that an EP, despite having a measure zero, can nevertheless be
identified due to the nontrivial topology of the energy land-
scape surrounding it.

The landscape, i.e., the Riemann surface, close to the EP
of the (1, 6)-TM and (1, 2)-TE modes is shown in Figs. 8(c)
and 8(d). The solid black outlines show that the EP needs to
be encircled twice in order to return to the starting position.
The dashed lines show where Re (Im )�� = 0, indicating
the switch from strong (�Im � = 0) to weak coupling
(�Re � = 0) when decreasing the refractive index [72,76].
In the strong-coupling regime the parameters in Eq. (17) are
such that 2

√|VW | > |Im (�(1) − �(2) )|, which results in the
level crossing occurring in Re � [72,76]. This is the case for
n > 2.4335 [see Figs. 8(a) and 8(c)] for the considered
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FIG. 9. Field functions of (2,6)-TM and (2,2)-TE modes for (a),
(b) δ = 0 and (c)–(h) at the ARC [see Figs. 8(a) and 8(b)]. The fields
are normalized so that max |Ej |2 = 1 and max |Bj |2 = 1, where the
subscript j denotes the three field components.

TM-TE mode pair. The weak-coupling regime with
2
√|VW | < |Im (�(1) − �(2) )| is present for n < 2.4335

[see Fig. 8(d)].
The polarization changes are visible in the wave functions

in Fig. 9. The upper branch for δ = 0 in Fig. 9(a) is distinctly
TE polarized, as the out-of-plane component of the magnetic
field dominates the mode structure. The lower branch is TM
polarized, see Fig. 9(b). When δ is increased, the change in
mode morphology takes place as discussed in Sec. III D. The
intensity distribution of the TE mode shifts to lower z where
the radius increases due to its low η [see Fig. 9(c)]. The TM
mode has an intensity maximum close to the top due to its
high η [see Fig. 9(d)]. Near the ARC in Figs. 9(e) and 9(f)
both E‖ and B‖ are of significant intensity. The TM and TE

FIG. 10. Husimi functions of modes corresponding to ARC [see
Figs. 8(a) and 8(b)]. The red (blue) figures correspond to the E‖ (B‖)
field component used for calculation. The field functions are shown
in Fig. 9, where the numerals in curly brackets refer to the respective
parameter.

modes hybridize, which causes both TM and TE components
to be present. For larger deformations [see Figs. 9(g) and 9(h)]
the polarization of the two branches switches.

It is evident that EPs govern the coupling between TM and
TE modes. The mode pairs whose crossings do not show ARC
behavior in Fig. 7 could perhaps be coupled if an appropriate
deformation were chosen. Their coupling is also governed by
EPs, even though their signatures are not visible here. Note
that the ARC shown here is just one example. Numerous other
avoided crossings are occurring in the examined parameter
space. This includes triplet-mode interaction, an example of
which is shown in Appendix D. The underlying EP of third
order could be accessed by varying a third parameter, such
as the cavity height, which has proven a useful parameter to
control mode coupling in acoustic cavities [77].

B. 3D Husimi functions for interacting TE-TM modes

The Husimi function signatures of the coupled modes
are shown in Fig. 10. We choose the Husimi function at
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q/R0 = (0, 2.5), as nearly all wave functions have a nonzero
intensity in the vicinity. The red (blue) colors show the Husimi
functions calculated using E‖ (B‖). The signatures for the
dominant field component of the uncoupled modes at δ = 0
are as expected from Fig. 6.

The dominant out-of-plane component of the TE mode in
Fig. 9(a) is the B‖ field. Its Husimi function signature [see
Fig. 10(a)] consists of two intensity maxima, which merge to
form one broad intensity maximum. This corresponds to the
behavior observed in Fig. 6(c) due to the low η value. The
low-intensity E‖ field component consists of small fluctua-
tions due to the TE polarization of the mode, which results
in a Husimi function structure resembling a resonance with
high η [compare to Fig. 5(c)].

The uneven spacing of the intensity maxima in E‖ leads to
broader peaks in the Husimi function. The phase space of the
TM-polarized mode in Fig. 9(b) (left panel) shows the typical
behavior of η = 6 in E‖, as it corresponds to the behavior
in Fig. 5(c). Due to the small intensity fluctuations in the
B‖ component (right panel), the Husimi function yields four
intensity maxima.

In Figs. 10(c) and 10(d), the phase-space signatures and the
mode morphologies change according to Fig. 6. Furthermore,
both the E‖ and B‖ components become significant near the
ARC. This is seen, for example, in Figs. 9(e), 9(f) and Figs.
10(e), 10(f): The electric fields and phase-space representa-
tions of both eigenmodes display TM mode characteristics,
while the magnetic field (and its Husimi function) show TE
behavior. The mode hybridization caused by the coupling is
thus expressed in real and in phase space. When the system
moves away from the ARC, the polarization of the modes
increases. The Husimi function signatures in Figs. 10(g) and
10(h) reflect the behavior in Figs. 10(c) and 10(d). Now the
polarization is switched, which is reflected in phase space. For
fields and Husimi functions at the EP we refer to Appendix E.

V. CONCLUSION

We have extended the Husimi function formalism to 3D
cavities. For cylindrical cavities, we found robust signatures
that meaningfully reflect mode properties such as quan-
tum numbers and mode morphology. These signatures are
preserved when perturbations are introduced and intricate res-
onance structures are present, making the Husimi functions a
useful tool and feasible to characterize realistic 3D cavities.

Secondly, we used the this formalism to investigate, in
detail, the interaction between TM and TE modes crucial
in 3D systems. In particular, we studied their coupling in
slightly conical cavities (slanted cylinders). We found that
the smooth change of the mode character between TE and
TM is governed by a network of EPs, structuring the pa-
rameter space defined by the deformation δ and refractive
index n. A wealth of mode interactions was found in the
examined parameter space. We found that ARCs are most
common for mode pairs involving one TM and one TE mode,
as a result of the polarization-dependent response of the
deformation.

The 3D-Husimi function proved to be a useful tool to
analyze the exceptional points and the evolution of mode mor-
phology across an ARC. In the future it can play a significant

FIG. 11. Field intensity (left) and Husimi functions (right) for TE
modes, with (ρ, m) = (0, 6) and various η. The frequencies are (a,
η = 0) � = 3.8377 − i 0.0070, (b, η = 3) � = 3.9945 − i 0.0015,
and (c, η = 5) � = 4.1901 − i 0.0006. The phase-space functions
are shown for sin χxy > 0; the rest is given by symmetry.

role in understanding and illustrating the mode morphology
in generic 3D cavities, allowing for improved access in ex-
periments. The Husimi functions reveal the most important
phase-space components and, equally important, the polar-
ization contributions of the resonances. Generalized Husimi
functions complete the description of 3D optical cavities and
can reveal information about the incoming and outgoing elec-
tromagnetic waves and reveal information on the far-field
emission of 3D cavities. This will be the subject of further
studies.

Experimentally, our findings could be accessed via a host
of platforms, as ARCs between TM- and TE-polarized modes
are very common in 3D cavities. For any given refractive
index and wavelength, a suitable ARC can be chosen to which
the system geometry can be tailored. The only crucial aspect
is that the contributing resonances should have a high η,
and hence the system needs to have dimensions h/R0 > 1.
The presence of the ARC (or the EP) could be confirmed
by measuring Stokes’ parameters, as the resonances are only
unpolarized in the vicinity of the ARC. We note that the
formalism can also be applied to cavities with nonlinearities,
such as microlasers with gain [12,78].
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FIG. 12. (a) Points on the cone surface and (b) the same points
mapped to a 2D surface for a cone with opening angle α = 0.04π ,
the spire of which lies in the coordinate origin. The color scale
corresponds to the z coordinate of the points.

APPENDIX A: HUSIMI FUNCTIONS FOR TE MODES

The number of intensity maxima in the direction of the
symmetry axis (z axis) and its influence on the Husimi func-
tions was discussed for TM modes in Sec. III C (compare
Fig. 5). For increasing η the angle of the Husimi function
intensity maxima to sin χz = 0 increases monotonically. For
TE modes the behavior is similar, as demonstrated in Fig. 11.

FIG. 13. (a) Electric field of the �2 mode with (ρ, m, η) =
(1, 6, 2) of Fig. 6 on the cylinder surface; the black dashed line
notes the taken coherent-state positions for Fig. 15. (b)–(d) Husimi
functions depending on coherent-state position. The positions are
s = 0 and (b, dot) z/R0 = 1, (c, diamond) z/R0 = 2.5, and (d, cross)
z/R0 = 4. The black dashed line denotes the expected Husimi func-
tion maximum position from Eq. (C1).

FIG. 14. Husimi functions along path (i) [see Fig. 13(a)] and
sin χxy according to Eq. (C1) for modes with η = 2. The deforma-
tions are (a) δ = 0 and (b) δ = 0.1.

For η = 0 [see Fig. 11(a)] only a single intensity maximum
is visible in the Husimi function. For η > 0 the single maxi-
mum splits in two maxima, and the angle to sin χxy increases
with η, which is shown in Figs. 11(b) and 11(c).

Note that the different boundary conditions for TE po-
larization results in a mode morphology which is slightly
different to that of TM modes (compare Fig. 5). This leads
to a slight washing out of the Husimi function of �TE

3 mode in
Fig. 11(b), which is not present for its TM mode counterpart
in Fig. 5(b).

FIG. 15. Husimi functions along path (ii) [cf. Fig. 13(a)] and
sin χxy according to Eq. (C1) for modes with ρ = 1 and various η

(cf. Fig. 6). Where the values are taken in real and phase space are
shown in Fig. 13.
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FIG. 16. (a), (b) ARC involving two TE modes and one TM mode and (c)–(n) wave functions at characteristic points of the ARC. The
unperturbed frequencies are (c) �1 = 5.384 − i 0.026, (g) �2 = 5.326 − i 0.027, and (k) �3 = 5.255 − i 0.004.

APPENDIX B: UNWRAPPING THE CONE

A cone is described by an opening angle, α, and a height,
htot. A point on the cone surface can be described by cylindri-
cal coordinates (ϕ, z), where ϕ is the azimuthal angle and z
the Cartesian height. The coordinates can be mapped to a 2D
surface with the transformation

ϕ′ = ϕ sin α and

z′ = z/ cos α, (B1)

with an angle scale factor sin α and a height scale factor
1/ cos α. The new coordinates (ϕ′, z′) can be understood as
a 2D polar representation of points on the cylinder surface.

Cartesian coordinates (s, z̃) on the flat cone mantle can then
be easily obtained using the usual transformation

s = z′ cos ϕ′ and

z̃ = z′ sin ϕ′. (B2)

An example is shown in Fig. 12, where the transformation is
applied to points on the surface of a cone with an opening
angle of α = 0.04π . The yellow (purple) line corresponds to
the boundary of the top (bottom) surface of a slanted cylin-
der of height h = 4 and a deformation δ = 0.5. Figure 12(a)
shows points on the surface for various z values, mapped to a
2D plane in Fig. 12(b).
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FIG. 17. Top row: Electric (red) and magnetic (blue) fields.
Bottom row: Associated average Husimi functions close to the EP
at δ = 0.222 and n = 2.435.

Using this method, the rotationally symmetric wave func-
tions (such as in Fig. 6, upper panels) can be mapped to a flat,
2D plane. A phasor is applied to the numerically calculated
2D field function ψm(r, z) with angular momentum m such
that

ψ (r, z, ϕ) = ψ (r, z)eimϕ. (B3)

The aforementioned transformation is then applied to the field
function on the boundary. The resulting field on the surface for
an example of �2(δ = 0.1) in Fig. 6(e) is shown in Fig. 13(a).

APPENDIX C: SPATIAL DEPENDENCE
OF THE HUSIMI FUNCTION

When cavity deformation is increased, the modes lose the
mirror symmetry with respect to the xy plane. The qualitative
mode morphology now depends on the location in the cav-
ity, which also implies a spatial dependence of the Husimi
function. This is examined in Fig. 13. Figure 13(a) shows the
unrolled surface of the (ρ, η) = (1, 2) mode. Three different
coherent-state positions are selected (see dot, diamond, and
cross markers) and the Husimi function is calculated. The
resulting phase spaces are shown in Figs. 13(b)–13(d). The
Husimi function calculated at the bottom of the cavity (see
black dot) shows the signature of a mode with nonzero η,
with two distinct Husimi maxima, see Fig. 13(b). The phase
space in the cavity center (diamond) mainly measures a single
broad intensity maximum, which results in a single intensity
maximum at sin χz ≈ 0, see Fig. 13(c). This is a result of the
finite size of the coherent state. The top coherent state (cross)
is located in an area where the field intensity is very low.
The field function is dominated by the weak remains of the
top intensity maximum, leading to a feint single maximum
signature in the Husimi function, see Fig. 13(d).

To gain deeper insight into the spatial dependence of the
Husimi function, we now vary the coherent-state position
continuously. We select two different paths on the cavity
surface: [i, horizontal dashed line in Fig. 13(a)] z̃ = 2.5 with
ϕ ∈ [0, 2π/m], covering a period in eimϕ [see Eq. (3)]; and [ii,
vertical dashed line in Fig. 13(a)] ϕ = 0 with z̃ ∈ [0, h/ cos α].
We consider the Husimi function values only for a fixed
value of

sin χxy = m

nRe (�)γ
, (C1)

which is the intensity maximum position. This expression is
familiar from the 2D case [6]. However, it is extended by

γ = 1 + δ

(
1 − z̃ cos α

h

)
, (C2)

which takes the cavity radius and its z dependence R(z) =
R(z̃ cos α) from Eq. (11) into account.

The results for path (i) are shown in Fig. 14. The Husimi
function for δ = 0 [see Fig. 6(e)] in Fig. 14(a) does not depend
on the azimuthal coordinate on the surface, as is expected for
a system with rotational symmetry. The same is true for the
deformed case in Fig. 14(b) [compare Fig. 6(f)].

Path (ii) yields more interesting results, which are shown
in Fig. 15. The morphology of the mode with η = 0 showed
a significant change in its morphology when the deforma-
tion is increased in Figs. 6(c) and 6(d). This is also visible
in phase space, where the intensity maximum shifts from
z ≈ h/2 in Fig. 15(a) to z ≈ h/5 in Fig. 15(b). For η = 2
in Figs. 15(c) and 15(d), the change in the Husimi function
is even more pronounced. In the unperturbed case, the field
intensity maxima positions in real space [compare Fig. 6(e)]
can be identified by the nonzero Husimi function intensities
sin χz = 0. For increased deformation the field intensity max-
imum at z ≈ h/2 [cf. Fig. 6(f)] is clearly visible in the Husimi
function as a broad intensity maximum. At lower height the
field is squeezed in the z direction, which is visible as a
bimodal distribution in the Husimi function, as the real-space
checkerboard wave function mimics a mode with higher η. For
z > h/2 the Husimi function signature disappears to to the low
field intensity. When the excitation in z is high, e.g., η = 7,
the Husimi function intensity is confined to sin χz = ±0.4 in
Fig. 15(e). For the deformed cylinder in Fig. 15(f) the distance
in sin χz of two intensity maxima decreases with z. This is
the result of a similar squeeze of the wave function as in
Fig. 15(d), but here the maximum at the top is significantly
smaller in real space.

Interestingly, the orthogonality constraints on the modes
discussed in Sec. III D are also visible in the Husimi function
signatures. In the deformed cavity, the modes with higher
η occupy different regions in phase space. The intensity
Fig. 15(d) has a distinct minimum at (z, sin χz ) ≈ (2, 0),
which is precisely where the maximum in Fig. 15(b) is
located. The Husimi function for η = 7 in Fig. 15(f) appears
to encircle the aforementioned phase-space structures.

APPENDIX D: ADDITIONAL ARCS

There are many types of ARCs evident in Fig. 7. The TM-
TE type ARC shown in Fig. 8 in the main text is one possible
combination of mode polarizations. Crossings involving more
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than one mode also exist, one of which is shown in Fig. 16.
It involves two TE modes and one TM polarized mode. No-
ticeably, only the upper and the lower branch exhibit mode
hybridization at the ARC at δ = 0.12; this is also visible in
the crossing of imaginary components of � in Fig. 16(b).
The middle branch experiences an enhanced lifetime, which
is caused by the mode pattern resembling a mode with higher
η than the unperturbed mode. Modes with high η generally
have longer lifetimes. The behavior of an ARC involving n
modes is described by an n × n Hamiltonian [40,75].

APPENDIX E: HUSIMI FUNCTIONS AT THE EP

The E and B fields, and the Husimi functions close to the
EP (see Fig. 8), are shown in Fig. 17. Coalescence of the mode
morphology is clearly visible. The average Husimi functions
〈H〉z are shown in the lower panels in Fig. 17, where the
average is taken over the z position of the coherent state, along
a fixed position s = 0 along at the cavity boundary (compare
Fig. 13). This shows that the phase space is identical at all
points on the cavity surface.
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[29] W. Chen, Ş. K. Özdemir, G. Zhao, J. Wiersig, and L. Yang,
Exceptional points enhance sensing in an optical microcavity,
Nature (London) 548, 192 (2017).

[30] H. Hodaei, A. U. Hassan, S. Wittek, H. Garcia-Gracia, R.
El-Ganainy, D. N. Christodoulides, and M. Khajavikhan, En-
hanced sensitivity at higher-order exceptional points, Nature
(London) 548, 187 (2017).

033528-14

https://doi.org/10.1038/nature01939
https://doi.org/10.1002/adom.201500232
https://doi.org/10.1103/RevModPhys.87.61
https://doi.org/10.1038/385045a0
https://doi.org/10.1103/PhysRevE.66.056207
https://doi.org/10.1103/PhysRevLett.129.193901
https://doi.org/10.1364/OL.34.000163
https://doi.org/10.1063/1.3153276
https://doi.org/10.1088/1367-2630/11/12/125018
https://doi.org/10.1063/1.3277024
https://doi.org/10.1002/lpor.200900057
https://doi.org/10.1088/0034-4885/69/5/R02
https://doi.org/10.1038/s41567-022-01671-3
https://doi.org/10.1063/5.0225932
https://doi.org/10.1038/nnano.2014.180
https://doi.org/10.1002/adma.201604920
https://doi.org/10.1364/OL.42.000963
https://doi.org/10.1088/1751-8113/42/15/153001
https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1126/science.1258480
https://doi.org/10.1126/science.1258479
https://doi.org/10.1126/science.aaf8533
https://doi.org/10.1073/pnas.1603318113
https://doi.org/10.1002/andp.201800023
https://doi.org/10.1103/PhysRevLett.129.013903
https://doi.org/10.1103/PhysRevA.93.033809
https://doi.org/10.1038/nature23281
https://doi.org/10.1038/nature23280


EXCEPTIONAL-POINT-CONTROLLED MODE INTERACTION … PHYSICAL REVIEW A 112, 033528 (2025)

[31] J. Wiersig, Review of exceptional point-based sensors,
Photonics Res. 8, 1457 (2020).

[32] R. Kononchuk, J. Cai, F. Ellis, R. Thevamaran, and T. Kottos,
Exceptional-point-based accelerometers with enhanced signal-
to-noise ratio, Nature (London) 607, 697 (2022).

[33] W. Mao, Z. Fu, Y. Li, F. Li, and L. Yang, Exceptional–point–
enhanced phase sensing, Sci. Adv. 10, eadl5037 (2024).

[34] M. Parto, C. Leefmans, J. Williams, R. M. Gray, and A.
Marandi, Enhanced sensitivity via non-Hermitian topology,
Light Sci. Appl. 14, 6 (2025).

[35] M. Yang, Z. Ye, H. Pan, M. Farhat, A. E. Cetin, and P.-Y.
Chen, Electromagnetically unclonable functions generated by
non-Hermitian absorber-emitter, Sci. Adv. 9, eadg7481 (2023).

[36] H. Zhao, X. Qiao, T. Wu, B. Midya, S. Longhi, and L. Feng,
Non-Hermitian topological light steering, Science 365, 1163
(2019).

[37] T. Liu, Y.-R. Zhang, Q. Ai, Z. Gong, K. Kawabata, M. Ueda,
and F. Nori, Second-order topological phases in non-Hermitian
systems, Phys. Rev. Lett. 122, 076801 (2019).

[38] S. Weidemann, M. Kremer, T. Helbig, T. Hofmann, A.
Stegmaier, M. Greiter, R. Thomale, and A. Szameit, Topologi-
cal funneling of light, Science 368, 311 (2020).

[39] S. Xia, D. Kaltsas, D. Song, I. Komis, J. Xu, A. Szameit, H.
Buljan, K. G. Makris, and Z. Chen, Nonlinear tuning of PT
symmetry and non-Hermitian topological states, Science 372,
72 (2021).

[40] E. J. Bergholtz, J. C. Budich, and F. K. Kunst, Exceptional
topology of non-Hermitian systems, Rev. Mod. Phys. 93,
015005 (2021).

[41] S. Sunada and T. Harayama, Design of resonant microcavities:
application to optical gyroscopes, Opt. Express 15, 16245
(2007).

[42] W. Liang, V. S. Ilchenko, A. A. Savchenkov, E. Dale, D.
Eliyahu, A. B. Matsko, and L. Maleki, Resonant microphotonic
gyroscope, Optica 4, 114 (2017).

[43] C. Shi, M. Dubois, Y. Chen, L. Cheng, H. Ramezani, Y. Wang,
and X. Zhang, Accessing the exceptional points of parity-time
symmetric acoustics, Nat. Commun. 7, 11110 (2016).

[44] Z. Gu, H. Gao, H. Xue, J. Li, Z. Su, and J. Zhu, Transient non-
Hermitian skin effect, Nat. Commun. 13, 7668 (2022).

[45] H. Xu, D. Mason, L. Jiang, and J. G. E. Harris, Topological
energy transfer in an optomechanical system with exceptional
points, Nature (London) 537, 80 (2016).

[46] H. Yang, C. Wang, T. Yu, Y. Cao, and P. Yan, Antiferromag-
netism emerging in a ferromagnet with gain, Phys. Rev. Lett.
121, 197201 (2018).

[47] Y. Xu, L. Li, H. Jeong, S. Kim, I. Kim, J. Rho, and Y. Liu,
Subwavelength control of light transport at the exceptional
point by non-Hermitian metagratings, Sci. Adv. 9, eadf3510
(2023).

[48] W. Deng, W. Zhu, T. Chen, H. Sun, and X. Zhang, Ul-
trasensitive integrated circuit sensors based on high-order
non-Hermitian topological physics, Sci. Adv. 10, eadp6905
(2024).

[49] K. Husimi, Some formal properties of the density matrix, Proc.
Phys. Soc. Japan. 22, 264 (1940).

[50] W. P. Schleich, Quantum Optics in Phase Space (John Wiley &
Sons, New York, 2011).

[51] S. Nonnenmacher and A. Voros, Chaotic eigenfunctions in
phase space, J. Stat. Phys. 92, 431 (1998).

[52] A. Bäcker, S. Fürstberger, and R. Schubert, Poincaré Husimi
representation of eigenstates in quantum billiards, Phys. Rev. E
70, 036204 (2004).

[53] B. Crespi, G. Perez, and S.-J. Chang, Quantum Poincaré sec-
tions for two-dimensional billiards, Phys. Rev. E 47, 986
(1993).

[54] R. Hofferbert, H. Alt, C. Dembowski, H.-D. Gräf, H. L. Harney,
A. Heine, H. Rehfeld, and A. Richter, Experimental inves-
tigations of chaos-assisted tunneling in a microwave annular
billiard, Phys. Rev. E 71, 046201 (2005).

[55] M. Hentschel, H. Schomerus, and R. Schubert, Husimi func-
tions at dielectric interfaces: Inside-outside duality for optical
systems and beyond, Europhys. Lett. 62, 636 (2003).

[56] S.-Y. Lee, J.-W. Ryu, T.-Y. Kwon, S. Rim, and C.-M. Kim,
Scarred resonances and steady probability distribution in a
chaotic microcavity, Phys. Rev. A 72, 061801(R) (2005).

[57] H. Schomerus and M. Hentschel, Correcting ray optics at
curved dielectric microresonator interfaces: Phase-space unifi-
cation of Fresnel filtering and the Goos-Hänchen shift, Phys.
Rev. Lett. 96, 243903 (2006).

[58] J. Unterhinninghofen, J. Wiersig, and M. Hentschel, Goos-
Hänchen shift and localization of optical modes in deformed
microcavities, Phys. Rev. E 78, 016201 (2008).

[59] S. Y. Lee, S. Rim, J. W. Ryu, T. Y. Kwon, M. Choi, and C.-M.
Kim, Ray and wave dynamical properties of a spiral-shaped
dielectric microcavity, J. Phys. A: Math. Theor. 41, 275102
(2008).

[60] J. Kullig and J. Wiersig, Frobenius–Perron eigenstates in
deformed microdisk cavities: Non-Hermitian physics and
asymmetric backscattering in ray dynamics, New J. Phys. 18,
015005 (2016).

[61] T. S. Rodemund, S. Nic Chormaic, and M. Hentschel, Cou-
pled deformed microdisk cavities featuring non-Hermitian
properties, Appl. Phys. Lett. 124, 051107 (2024).

[62] J. Wiersig and M. Hentschel, Combining directional light out-
put and ultralow loss in deformed microdisks, Phys. Rev. Lett.
100, 033901 (2008).

[63] Y.-J. Qian, H. Liu, Q.-T. Cao, J. Kullig, K. Rong, C.-W. Qiu,
J. Wiersig, Q. Gong, J. Chen, and Y.-F. Xiao, Regulated pho-
ton transport in chaotic microcavities by tailoring phase space,
Phys. Rev. Lett. 127, 273902 (2021).

[64] X. Jiang, S. Yin, H. Li, J. Quan, H. Goh, M. Cotrufo, J. Kullig,
J. Wiersig, and A. Alù, Coherent control of chaotic optical
microcavity with reflectionless scattering modes, Nat. Phys. 20,
109 (2024).

[65] M. Bosch, A. Behrens, S. Sinzinger, and M. Hentschel, Husimi
functions for coupled optical resonators, J. Opt. Soc. Am. A 38,
573 (2021).

[66] J. D. Jackson, Classical Electrodynamics, 3rd ed. (John Wiley
and Sons, New York, 1999).

[67] S. Bittner, B. Dietz, M. Miski-Oglu, P. O. Iriarte, A. Richter,
and F. Schäfer, Experimental test of a two-dimensional approx-
imation for dielectric microcavities, Phys. Rev. A 80, 023825
(2009).

[68] M. Firmbach, S. Lange, R. Ketzmerick, and A. Bäcker, Three-
dimensional billiards: Visualization of regular structures and
trapping of chaotic trajectories, Phys. Rev. E 98, 022214 (2018).

[69] J.-W. Ryu, S.-Y. Lee, and S. W. Kim, Coupled nonidentical mi-
crodisks: Avoided crossing of energy levels and unidirectional
far-field emission, Phys. Rev. A 79, 053858 (2009).

033528-15

https://doi.org/10.1364/PRJ.396115
https://doi.org/10.1038/s41586-022-04904-w
https://doi.org/10.1126/sciadv.adl5037
https://doi.org/10.1038/s41377-024-01667-z
https://doi.org/10.1126/sciadv.adg7481
https://doi.org/10.1126/science.aay1064
https://doi.org/10.1103/PhysRevLett.122.076801
https://doi.org/10.1126/science.aaz8727
https://doi.org/10.1126/science.abf6873
https://doi.org/10.1103/RevModPhys.93.015005
https://doi.org/10.1364/OE.15.016245
https://doi.org/10.1364/OPTICA.4.000114
https://doi.org/10.1038/ncomms11110
https://doi.org/10.1038/s41467-022-35448-2
https://doi.org/10.1038/nature18604
https://doi.org/10.1103/PhysRevLett.121.197201
https://doi.org/10.1126/sciadv.adf3510
https://doi.org/10.1126/sciadv.adp6905
https://doi.org/10.11429/ppmsj1919.22.4_264
https://doi.org/10.1023/A:1023080303171
https://doi.org/10.1103/PhysRevE.70.036204
https://doi.org/10.1103/PhysRevE.47.986
https://doi.org/10.1103/PhysRevE.71.046201
https://doi.org/10.1209/epl/i2003-00421-1
https://doi.org/10.1103/PhysRevA.72.061801
https://doi.org/10.1103/PhysRevLett.96.243903
https://doi.org/10.1103/PhysRevE.78.016201
https://doi.org/10.1088/1751-8113/41/27/275102
https://doi.org/10.1088/1367-2630/18/1/015005
https://doi.org/10.1063/5.0180672
https://doi.org/10.1103/PhysRevLett.100.033901
https://doi.org/10.1103/PhysRevLett.127.273902
https://doi.org/10.1038/s41567-023-02242-w
https://doi.org/10.1364/JOSAA.422740
https://doi.org/10.1103/PhysRevA.80.023825
https://doi.org/10.1103/PhysRevE.98.022214
https://doi.org/10.1103/PhysRevA.79.053858


RODEMUND, LI, NIC CHORMAIC, AND HENTSCHEL PHYSICAL REVIEW A 112, 033528 (2025)

[70] I. Braun, G. Ihlein, F. Laeri, J. U. Nöckel, G. Schulz-Ekloff,
F. Schüth, U. Vietze, Ö. Weiß, and D. Wöhrle, Hexagonal
microlasers based on organic dyes in nanoporous crystals, Appl.
Phys. B 70, 335 (2000).

[71] J. Wiersig, Formation of long-lived, scarlike modes near
avoided resonance crossings in optical microcavities, Phys. Rev.
Lett. 97, 253901 (2006).

[72] W. D. Heiss, Repulsion of resonance states and exceptional
points, Phys. Rev. E 61, 929 (2000).

[73] W. D. Heiss, Exceptional points of non-Hermitian operators,
J. Phys. A: Math. Gen. 37, 2455 (2004).

[74] J. Wiersig, Response strengths of open systems at exceptional
points, Phys. Rev. Res. 4, 023121 (2022).

[75] J. Kullig, D. Grom, S. Klembt, and J. Wiersig, Higher-
order exceptional points in waveguide-coupled microcavities:
Perturbation induced frequency splitting and mode patterns,
Photonics Res. 11, A54 (2023).

[76] C.-H. Yi, J. Kullig, M. Hentschel, and J. Wiersig, Non-
Hermitian degeneracies of internal–external mode pairs in
dielectric microdisks, Photonics Res. 7, 464 (2019).

[77] V. Igoshin, M. Tsimokha, A. Nikitina, M. Petrov, I. Toftul, and
K. Frizyuk, Exceptional points in single open acoustic resonator
due to symmetry breaking, Phys. Rev. B 109, 144102 (2024).

[78] T.-Y. Kwon, S.-Y. Lee, J.-W. Ryu, and M. Hentschel, Phase-
space analysis of lasing modes in a chaotic microcavity, Phys.
Rev. A 88, 023855 (2013).

033528-16

https://doi.org/10.1007/s003400050054
https://doi.org/10.1103/PhysRevLett.97.253901
https://doi.org/10.1103/PhysRevE.61.929
https://doi.org/10.1088/0305-4470/37/6/034
https://doi.org/10.1103/PhysRevResearch.4.023121
https://doi.org/10.1364/PRJ.496414
https://doi.org/10.1364/PRJ.7.000464
https://doi.org/10.1103/PhysRevB.109.144102
https://doi.org/10.1103/PhysRevA.88.023855

