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Emission of a photon during the process of above-threshold ionization is investigated. In previous work [D. B.
Milošević, Phys. Rev. A 108, 033110 (2023)] one of the present authors studied this process in the leading order
of the strong-field approximation for the matrix element that describes direct emission of a photon during the
transition from the bound state to the continuum. We now show that the correction that corresponds to photon
emission while the electron is propagating in the continuum, very significantly modifies the process for all but
some intermediate photon energies. In contrast to the lowest-order term of the previously considered expansion,
the continuum correction is infrared divergent and resonant when the photon energy agrees with the energy
of a driving photon. If the energy of the emitted photon is much larger than the energy of a driving photon,
then the continuum correction is very close to the leading-order direct contribution and the two terms interfere
constructively. These statements hold true for a variety of laser-field configurations; we investigated various
bichromatic linearly and circularly polarized fields including bicircular fields.
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I. INTRODUCTION

In any process involving charged particles in the initial or
final state, an additional photon may be emitted into the final
state. Typically, the corresponding rate will be smaller than
the rate without this photon. However, this is not necessarily
true [1], and the rate of emission may even diverge, when the
energy of the additional photon becomes smaller and smaller.
This is relevant for several reasons. The photon may be of
interest in itself, because it is in a frequency range that is in
need of novel methods for photon generation as is the case for
THz generation [2,3]. Or, from a different angle, the existence
of this additional process must be kept in mind because it
may interfere with the observation of the original process of
interest. Namely, due to the limited sensitivity of any detector,
emission of an additional photon that escaped detection can
never be ruled out [4,5]. Here, we will address the additional
emission of a photon in the case of laser-induced above-
threshold ionization (ATI).

The most important and most extensively investigated
strong-laser-field-induced processes are ATI [6] (see also the
review articles [7,8]) and high-order harmonic generation
(HHG [9,10], see the review articles [11,12]). ATI is distin-
guished by the emitted electron having absorbed more laser
photons than is necessary for ionization. On the other hand, in
HHG high-energy photons are emitted, the resulting radiation
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is coherent, and the process is described by the three-step
model [13,14]. In the first step, the electron is virtually liber-
ated from the atom, in the second step the laser field drives the
electron first away from and subsequently back to the parent
ion, and in the third step the electron recombines with the
ion and one high-energy photon is emitted. In the spirit of
the current paper, HHG can also be envisioned as the process
where the electron subject to the laser field transitions from
the initial ground state back into the same final ground state
and emits an additional photon along the way. For ATI, the
final state is in the continuum, and again a photon may be
emitted at any stage in between.

In the theoretical description of ATI and HHG, the laser
field has usually been treated as a classical electromagnetic
field. However, more recently, the consequences of having a
quantum field both for the driving field and, for HHG, for the
emitted radiation have become of increasing interest and been
leading to strong-field physics merging with quantum optics
(see, for example, Refs. [15–21]). Recently, one of the present
authors formulated a theory of photon emission during ATI
[1]. The adopted approach was similar to the one used previ-
ously for laser-assisted x-ray–atom scattering [22,23] and for
HHG [24,25], where the emitted photon field is quantized. Us-
ing the S-matrix formalism and the strong-field approximation
(SFA) we obtained an expression for the rate of simultaneous
emission of an ATI electron and a spontaneous photon, and
analyzed it for various laser-field parameters. The rate for
spontaneous emission of a photon with given momentum and
polarization is obtained by integrating over the rates for all
momenta of the final electron. This result was obtained in the
lowest-order approximation [1]. Very recently, it was shown
[26] that the first-order correction to our result gives a com-
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parable and, in some parameter range, higher emission rate.
This correction allows for the emission of a photon while the
electron is already in the continuum. In the present paper we
apply our formalism to analyze this correction to the results
presented in Ref. [1].

The paper is organized as follows. In Sec. II, we present
the zeroth-order SFA and the correction, which includes the
continuum dynamics of the electron. Section III is devoted to
numerical results and their discussion, and our conclusions are
summarized in Sec. IV. Atomic units are used throughout the
paper.

II. THEORY

A. Definitions and zeroth-order approximation

The S-matrix element for the laser-induced transition from
the initial bound atomic state |ψb(t )〉 = eiIpt |ψb〉 to the final
state e−iEpt |p〉 of the free electron having the momentum p,
with the emission of a photon having the frequency ωk and
the polarization vector êk, is [1]

Sp(ωk, êk ) = −ick

∫ ∞

−∞
dteiωkt ê∗

k · dp(t ). (1)

In deriving this result, we supposed that the laser field
is described classically, while the emitted photon mode is
quantized, with ck = −i(2πωk/V )1/2 and V the quantization
volume. The ionization potential is denoted by Ip, Ep = p2/2
is the final electron energy (p = |p|), the time-dependent
dipole matrix element is

dp(t ) = 〈�(−)
p (t )|r|�(+)

b (t )〉, (2)

with the exact laser-dressed initial (�(+)
b ) and final (�(−)

p )
states, and the process is induced by the laser field with the
electric-field vector E(t ) = −dA(t )/dt .

We introduce the Green’s operator G(+)(t, t ′) which corre-
sponds to the Hamiltonian H (t ) = −∇2/2 + Vat (r) + Vle(t ),
with ∇ ≡ ∂/∂r, Vat (r) the atomic interaction, and Vle(t ) =
r · E(t ) the interaction of the laser field with the electron
(in length gauge and dipole approximation). It satisfies the
Lippmann-Schwinger equation

G(+)(t, t ′) = Gle(t, t ′) +
∫

dτG(+)(t, τ )Vat (r)Gle(τ, t ′),

(3)
where the Volkov Green’s operator

Gle(t, t ′) = −iθ (t − t ′)
∫

dq|χq(t )〉〈χq(t ′)| (4)

corresponds to the Hamiltonian Hle(t ) = −∇2/2 + Vle(t ),
with the Volkov state

|χp(t )〉 = |p + A(t )〉e−iSp(t ), dSp(t )/dt = [p + A(t )]2/2.

(5)
The exact initial laser-dressed state |�(+)

b (t )〉 satisfies the
Lippmann-Schwinger equation [27]

|�(+)
b (t )〉 = |ψb(t )〉 +

∫
dt ′G(+)(t, t ′)Vle(t ′)|ψb(t ′)〉, (6)

so that

dp(t ) = dpb(t ) + dpc(t ), (7)

where the time-dependent dipole matrix element which de-
scribes direct emission of a photon during transition from the
bound state to continuum is

dpb(t ) = 〈�(−)
p (t )|r|ψb(t )〉, (8)

while the matrix element

dpc(t ) = 〈�(−)
p (t )|r

∫
dt ′G(+)(t, t ′)Vle(t ′)|ψb(t ′)〉 (9)

includes the continuum dynamics.
Using the relation 〈�(−)

p (τ )|= i limt→∞ eiEpt 〈p|G(+)(t, τ )
and Eq. (3) we can write

〈�(−)
p (t )| = 〈χp(t )| +

∫
dτ 〈χp(τ )|Vat (r)Gle(τ, t ) + · · · .

(10)
The lowest-order term of this expansion gives

d(0)
pb (t ) = 〈χp(t )|r|ψb(t )〉 ≡ d(0)

p (t ), (11)

which is the time-dependent dipole considered in Ref. [1], and

d(0)
pc (t ) = 〈χp(t )|r

∫
dt ′Gle(t, t ′)Vle(t ′)|ψb(t ′)〉 ≡ d(1)

p (t ),

(12)
which we will consider in the present paper. Here, in accor-
dance with Eq. (3), we have also approximated G(+)(t, t ′) with
Gle(t, t ′). The lowest-order term in Eq. (10) yields the well-
known SFA [28]. We consider only the leading order of the
SFA, both for the direct emission of a photon during transition
from the bound state to the continuum [Eq. (11)] and for the
continuum dynamics term (12). Using the next-order term of
this expansion we can derive the so-called improved SFA,
which includes rescattering off the atomic potential Vat (r) and
describes the high-order ATI process [28]. The improved SFA
or rescattering correction is usually a few orders of magnitude
lower than the leading-order SFA result. However, it may be
important for the long-range Coulomb interaction and for long
laser wavelengths (for example, for the so-called low-energy
structure [29,30]). It should be mentioned that there are cor-
rections to the standard SFA, such as the Coulomb-Volkov
SFA (see, for example, Refs. [31,32]) and atom-Volkov SFA
[33], which use the Coulomb-Volkov or atom-Volkov Green’s
operator instead of the Volkov Green’s operator. We will not
consider these approximations in the present paper.

In Ref. [1], the lowest-order term d(0)
p (t ) was considered,

and, supposing that the fundamental frequency of the laser
field is ω = 2π/T , for a T -periodic field the T -matrix vector

T(0)
p (n) =

∫ T

0

dt

T
T (0)

p (t )einωt (13)

was introduced, where the T -periodic function T (0)
p (t ) =∑∞

n=−∞ T(0)
p (n)e−inωt is given by

T (0)
p (t ) = 〈p + A(t )|r|ψb〉ei[p·α(t )+U1(t )]. (14)

Here dα(t )/dt = A(t ) and U1(t ) = ∫ t dt ′′A2(t ′′)/2 − Upt ,
with Up = ∫ T

0 dtA2(t )/(2T ) the ponderomotive energy. We
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finally get [1]

S(0)
p (ωk, êk ) = −2π ick

∑
n

δ(E − nω)ê∗
k · T(0)

p (n), (15)

where n photons are absorbed from the laser field and the
condition of energy conservation is

nω = E ≡ ωk + Ep + Ip + Up. (16)

Using this result we obtain the rate for emission of a photon
with the frequency ωk during ionization from the initial bound
state to the final continuum state with the electron momentum
p [1]:

w(0)
p (ωk, êk ) = ω3

k

2πc3

∣∣ê∗
k · T(0)

p (n)
∣∣2

. (17)

The total rate for emission of a photon with specified energy
and polarization, regardless of the electron, is

W (ωk, êk ) =
∫

dp wp(ωk, êk ). (18)

B. Continuum dynamics in lowest order

In the present paper we consider the electron’s continuum
dynamics in the intermediate state before and after the photon
emission. In the SFA and to lowest order the corresponding
time-dependent dipole is given by Eq. (12). Introducing (4)
into (12) we get

d(1)
p (t ) = −i

∫
dq〈χp(t )|r|χq(t )〉

∫ t

−∞
dt ′E(t ′) · d(0)

q (t ′).

(19)
From Eqs. (1) and (19), with

∫ ∞
−∞ dt

∫ t
−∞ dt ′ =∫ ∞

−∞ dt ′ ∫ ∞
t ′ dt , we obtain

S(1)
p (ωk, êk ) = (−i)2ck

∫ ∞

−∞
dt ′

∫ ∞

t ′
dteiωkt ê∗

k

·
∫

dq〈χp(t )|r|χq(t )〉E(t ′) · d(0)
q (t ′). (20)

For an infinitely extended T -periodic laser field, utilizing
∫ ∞
−∞

dt ′ f (t ′) = ∑∞
m=−∞

∫ T
0 dt ′ f (t ′ + mT ), Sq(t ′ + mT ) = Sq(t ′)

+ (Eq + Up)mT , d(0)
q (t ′ + mT ) = d(0)

q (t ′)ei(Eq+Up+Ip)mT , and
substituting t ′′ = t − mT , this becomes

S(1)
p (ωk, êk ) = (−i)2ck

∑
m

∫ T

0
dt ′

∫ ∞

t ′
dt ′′eiωk (t ′′+mT )ê∗

k

·
∫

dq〈p|r|q〉E(t ′) · d(0)
q (t ′)

× ei[Sp(t ′′ )−Sq (t ′′ )+(Ep+Up+Ip)mT ]. (21)

Using the relation
∑

m eimET = ω
∑

m δ(E − mω), we obtain

S(1)
p (ωk, êk ) = −2π ick

∑
n

δ(E − nω)ê∗
k · T(1)

p (n), (22)

where (with t ′ → t)

T(1)
p (n) = −i

∫
dq〈p|r|q〉

∫ T

0

dt

T
E(t ) · d(0)

q (t )

×
∫ ∞

t
dt ′′ei[ωkt ′′+Sp(t ′′ )−Sq (t ′′ )]. (23)

This is the analog of Eq. (15) with Eq. (16). The integral over
the intermediate electron momentum is solved with the help
of ∫

dq〈p|r|q〉 f (q) = [−idf (q)/dq]q=p, (24)

which yields (with t ′′ → t ′)

T(1)
p (n) = (−i)2

∫ T

0

dt

T
ei[Sp(t )+Ipt]

∫ ∞

t
dt ′gp(t, t ′)eiωkt ′

,

(25)
where

gp(t, t ′) = i
∂Sp(t ) − ∂Sp(t ′)

∂p
m(p, t ) + ∂m(p, t )

∂p
, (26)

with ∂Sp(t )/∂p = pt + α(t ) and

m(p, t ) ≡ 〈p + A(t )|Vle(t )|ψb〉. (27)

After the substitution τ = t ′ − t we finally obtain

T(1)
p (n) = −i

∫ T

0

dt

T
ei[Sp(t )+Ipt]

∫ ∞

0
dτeiωk (t+τ )

×
[
α(t ) − α(t + τ ) − pτ − i

∂

∂p

]
m(p, t ). (28)

The physical interpretation of this result is the following.
Due to the action of the laser field the electron is liberated
with the momentum p at the time t . Thereafter, it propa-
gates in the field and at the time t + τ the photon with the
energy ωk is emitted. Subsequently, the electron continues
to propagate in the field. In total, n photons are absorbed
from the laser field, and the energy-conservation condition is
nω = ωk + Ep + Ip + Up.

In Appendix A we show that the T -matrix vector (28) can
be rewritten as the sum of three elements

T(1,1)
p (n) = −i

∂T SFA
p (n)

∂p
1

ωk
,

T(1,2)
p (n) = −

∑
s,r, j

T SFA
p (n + sr)

αsr j ê j

ωk + srω + iε
,

T(1,3)
p (n) = −iT SFA

p (n)p
/
ω2

k , (29)

with the SFA ionization T -matrix element (A1).
The process described by the continuum correction to the

direct T -matrix element is schematically depicted in Fig. 1.
The three terms of the total matrix element have very different
properties and will be extensively analyzed in the following
section for various laser fields. In particular, for s = −1 and
ε → 0 the second term in (29) is resonant for ωk = rω. This
manifests itself as a sharp peak in the photon emission spec-
trum for ωk = rω. Under realistic experimental conditions the
resonance peak has a particular width and shape, depending
on the laser and atomic parameters. Even for our infinitely
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FIG. 1. Schematic of photon emission during above-threshold
ionization with the electron dynamics in the intermediate state in-
cluded. The laser field L of frequency ω releases an electron (e−)
with the intermediate momentum q and the final momentum p from
the atom (A) accompanied by emission of a photon with wave vector
k. The three components of the T -matrix elements (29) with êk = ê
are presented.

long periodic laser pulse with fixed frequency rω, the reso-
nance has a finite (natural) width. This can be shown taking
into account that the atomic state has a finite lifetime 1/
 (
 is
its width) so that the ionization potential Ip should be replaced
by Ip − � + i
/2. The real shift � is usually small and can
be neglected but the term i
/2 is important and replaces the
term iε in Eq. (29) [cf. Eq. (16) where Ip appears].

The third term in Eq. (29) diverges for ωk → 0. Such be-
havior is well known from, for example, Coulomb scattering
accompanied by the emission of a photon and was dubbed
the “infrared catastrophe” for soft-photon emission [34]. The
problem of this infrared divergence is purely academic [34].
Namely, in reality, the emission of a very soft photon is indis-
tinguishable from the case where no such photon is emitted,
that is, the rate (17) cannot be observed in the limit where
ωk → 0. An observable quantity, adapted to the properties of
the detector in question, would be

∫ ωk,max

ωk,min
dωkwp(ωk, êk ) from

Eq. (17), which is finite. If and only if one insists on letting
ωk,min = 0, the infrared catastrophe does become manifest. In
this case, radiative corrections to the electron propagator need
be included in order to obtain a finite result [35]. The proce-
dure is analogous to the cancellation of infrared divergencies,
for example, in Coulomb or Compton scattering. The problem
of infrared divergences is elaborated in Appendix C.

C. Low-frequency approximation

The result (29) can be simplified if we suppose
that ω 	 ωk , i.e., in the low-frequency approximation
(LFA). Expanding α(t ) − α(t + τ ) = −A(t )τ + E(t )τ 2/2 +
· · · = −A(t )τ [1 + o(ωτ )], where we used the relations
α′(t ) = A(t ) and α′′(t ) = −E(t ), we get

T(1)
p (n) ≈ −i

∫ ∞

0
dτeiωkτ

∫ T

0

dt

T
ei[p·α(t )+U1(t )+nωt]

×
{
−[p + A(t )]τ − i

∂

∂p

}
m(p, t )

=
∫ T

0

dt

T
ei[p·α(t )+U1(t )+nωt]

×
{

[p + A(t )]i
∂

∂ωk
− i

∂

∂p

}
m(p, t )

ωk + iε
. (30)

Here we made use of (A7) and (−i∂/∂ωk )eiωkτ = τeiωkτ . Our
final result in the LFA is

T(1,LFA)
p (n) = − i

ωk

∫ T

0

dt

T
ei[p·α(t )+U1(t )+nωt]

×
[

p + A(t )

ωk
+ ∂

∂p

]
m(p, t ). (31)

III. NUMERICAL RESULTS

A. Linearly polarized field

In this subsection we present our numerical results for the
linearly polarized bichromatic field

E(t ) = E (t )ê = [E1 sin ωt + E2 sin(2ωt + φ)]ê, (32)

with the unit polarization vector ê, component inten-
sities I1 = E2

1 and I2 = E2
2 , and the relative phase φ.

We have A(t ) = A1 cos ωt + A2 cos(2ωt + φ), Up =
Up1 + Up2, Upj = A2

j/4, Aj = Ej/( jω), j = 1, 2, U1(t ) =
{2Up1 sin(2ωt ) + Up2 sin(4ωt + 2φ) + 8

√
Up1Up2[sin(ωt +

φ) + sin(3ωt + φ)/3]}/(4ω), α(t ) = ∑
s=±1,r=1,2 αsreisrωt ,

αs1 = sA1/(2iω), αs2 = sA2eisφ/(4iω). The total rate
W (ωk, êk ) = ∫

dp wp(ωk, êk ) for the field (32) can be

simplified using Ref. [1]:
∫

dp → 2π
∑

n>n0
pn

∫ 1
−1 dx,

with x = cos θp = ê · p/p and n0 = [(ωk + Ip + Up)/ω]. We
choose êk = ê.

Figure 2 shows the total rate for photon emission during
ATI of argon atoms (ionization potential Ip = 15.76 eV) by
a linearly polarized monochromatic laser field with the in-
tensity 3 × 1014 W/cm2 and wavelengths of either 800 or
1300 nm. Separately, the rates are displayed that correspond
to the T -matrix vectors (13) and (29) and their coherent sums:
W (0)(ωk, ê) (black solid line), W (1,1) (red dotted line), W (1,2)

(green dashed line), W (1,3) (blue long-dashed line), W (1) (ma-
genta dot-dashed line), W (0+1) (cyan long dot-dashed line),
and W (1,LFA) (orange solid line). The continuum-correction
contributions W (1,1) and W (1,2) are dominant, but they in-
terfere destructively, except in the resonant region at ωk ≈
ω where W (1,2) prevails. The contribution W (1,3) is domi-
nant for very low energies (it is proportional to ω3

k/ω
4
k =

1/ωk). Interestingly, for not too low photon energies ωk

the lowest-order contribution W (0) is comparable with the
coherent sum of the contributions W (1). The rate obtained
as the coherent sum of all contributions is higher than
its zeroth-order and continuum-continuum contributions, but
lower than the individual rates W (1,1)(ωk, ê) and W (1,2)(ωk, ê),
which destructively interfere. While the direct (lowest-order)
photon-emission T -matrix element (13) includes the inter-
action with the laser field only via the Volkov state, the
correction (29) contains the SFA matrix element, which is pro-
portional to the laser electric-field amplitude. We also display
the result due to application of the LFA. It agrees very well
with the exact result for ωk � ω. It does not separately single
out the terms W (1,1) and W (1,2), which destructively interfere.

Comparison of Figs. 2(a) and 2(b) shows that the results
do not very much depend on the wavelength of the driv-
ing laser. Especially, the destructive interference between the
contributions W (1,1) and W (1,2) is universal, and the LFA
works very well regardless of the wavelength. For 800 nm
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FIG. 2. The total rate W (ωk, ê) as a function of the energy ωk of the emitted photon for emission during ATI of argon atoms by a
linearly polarized monochromatic laser field with the intensity 3 × 1014 W/cm2 and wavelength (a) 800 nm and (b) 1300 nm. Panel (c) is
an enlargement of panel (b) for low photon energies, while panel (d) represents the corresponding rate on a linear scale. In all panels, the
partial contributions and their coherent sums are presented separately, as denoted in the legend.

and energies ωk � ω, the various contributions as well as
their coherent sum exhibit a periodic structure with a pe-
riod �ωk < ω. For 1300 nm, Fig. 2(c) enlarges the region
of low photon energy where the interference is not yet
effective. In contrast to the lowest-order contribution, the
continuum correction is infrared divergent, which is due to
the contribution W (1,3). Figure 2(d) shows, for low pho-
ton energies, the rate on a linear scale, which allows for
a quantitative comparison of the various contributions. In
particular, the aforementioned characteristic oscillations of
the rate are similar for all contributions presented. These
oscillations are caused by the behavior of the action, p ·
α(t ) + U1(t ) + nωt , in the exponent of the SFA T -matrix
element in Eq. (A1), which is the same for all contributions
to the rate.

In Fig. 3 we present the results for the linearly polarized
bichromatic laser field (32) and the argon atom. The funda-
mental wavelength is 1030 nm, the component intensities are
equal, I1 = E2

1 = I2 = E2
2 = 1.5 × 1014 W/cm2, the relative

phase is (a) φ = 0◦ and (b) φ = 90◦, and we exhibit the
total rate. As for the monochromatic case, the most remark-
able result is that for energies below 6 eV the total rate,
presented on a linear scale, is completely dominated by the

continuum contribution. The zeroth-order contribution is es-
sential for energies in the region 6–10.8 eV, where the
continuum contribution exhibits a minimum. For higher en-
ergies the two contributions are comparable and their sum
exhibits a maximum near 10 eV. This shows that both the
zeroth-order and the continuum contributions have to be taken
into account and that their amplitudes interfere constructively.
From the inset, where the total rates are shown on a loga-
rithmic scale, we see that the (1,1) and (1,2) contributions
are dominant for energies higher than 0.7 eV. However, as in
the monochromatic case, these contributions interfere destruc-
tively. The contribution (1,3) is dominant for lower energies.
It is responsible for the infrared divergence and, probably, for
strong terahertz-radiation emission [36–38]. The results are
practically independent of the relative phase φ between the
field components.

So far we presented our results for the linearly polarized
laser field (32) and for photon emission in the laser-field
polarization direction, êk = ê. In this case the total rate, which
is obtained solving the three-dimensional integral over the
photoelectron momentum p, is calculated summing over the
number of absorbed laser photons and integrating over the
variable x = cos θp, where θp is the polar angle in spherical
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FIG. 3. Same as in Fig. 2, but for the linearly polarized bichro-
matic laser field (32) with equal components intensities I1 = I2 =
1.5 × 1014 W/cm2, the fundamental wavelength 1030 nm, and the
relative phase (a) φ = 0◦ and (b) φ = 90◦. The zeroth-order contri-
bution (black solid line), the continuum correction (magenta dotted
line), and their coherent sum (blue dashed line) are shown on a linear
scale. The inset shows the contributions (1,1), (1,2), and (1,3), as
denoted, on a logarithmic scale.

coordinates (the integral over the azimuthal angle ϕp gives the
factor 2π ). For arbitrary polarization of the emitted photon,
the integral over dϕp should also be solved numerically. We
now calculate the total rate for this more general case. For
ê = êk = êx we obtain the same results as those presented in
Figs. 2 and 3. For emission of photons with the polarization
êk = êz we get a much lower total rate. For example, for the
parameters of Fig. 3 and φ = 0, the rate for êk = êz is lower
than for êk = êx by factors of 15.9 and 4480 for W (0)(ωk, êk )
and W (1,1)(ωk, êk ), respectively.

B. Circularly polarized field

We consider the circularly polarized monochromatic laser
field

E(t ) = E0√
2

(sin ωt êx − cos ωt êy) (33)

and present the results in Fig. 4. For photon emission in the
êx direction the rates W (1, j)(ωk, êx ), j = 1, 2, are higher than
the zeroth-order rate and the rate (1,2) exhibits a resonant

FIG. 4. Same as in Fig. 2, but for the circularly polarized
monochromatic laser field (33) with intensity 3 × 1014 W/cm2 and
wavelength 1030 nm. The zeroth-order contribution (black solid
line), and the contributions (1,1) (red dotted line), (1,2) (green dashed
line), and (1,3) (blue dot-dashed line) as well as their sum (magenta
double-dot-dashed line) are shown for photon polarization in the
direction of (a) the x axis and (b) the z axis.

peak at ωk = ω. The rate (1,3) is dominant at very low photon
energies ωk where it is responsible for the infrared divergence.
As in the linearly polarized case, the continuum T -matrix
contributions interfere destructively, so the zeroth-order and
continuum rates are comparable, except in the low-energy
region where the continuum term is dominant. Near 5 eV
the rate W (1)(ωk, êx ) exhibits a broad minimum and in conse-
quence the zeroth-order term is dominant. The rate obtained
using the coherent sum of all contributions is higher than
the zeroth-order rate. Hence, again, including the continuum
correction is imperative.

For emission of a photon with the polarization in the êz

direction, the (resonant) rate W (1,2)(ωk, êz ) is zero, W (1,1)

is dominant above 3.6 eV, while W (1,3) is dominant below
3.6 eV. However, the destructive interference of the (1,1) and
(1,3) contributions gives a minimum around 3.6 eV, where the
zeroth-order term is dominant.

The total rate for emission in the êy direction is the same
as in the êx direction, which is compatible with circular polar-
ization of the emitted radiation.
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FIG. 5. Same as in Fig. 2 but for the bicircular field (34), with
the wavelength 1030 nm and the component intensities I1 = I2 =
1.5 × 1014 W/cm2. The partial contributions to the rate are presented
separately as denoted in the legend.

C. Bicircular field

A bicircular field E(t ) = E1(t ) + E2(t ),

E1(t ) = E1√
2

[êx sin(ωt ) − êy cos(ωt )],

E2(t ) = E2√
2

[−êx cos(2ωt ) + êy sin(2ωt )], (34)

consists of two coplanar counterrotating circularly polarized
components, which we take in the xy plane. In Fig. 5 we
exhibit the total rate W (ωk, êx ). For êk = êy the results are
the same, compatible with circular polarization of the emitted
photons (the rate for emission of photons with êk = êz is much
lower [1]). For energies below 5 eV the continuum-continuum
contribution is dominant, while for energies from 5 to 9 eV
the zeroth-order contribution is stronger. For higher energies
these two contributions are comparable and interfere construc-
tively. Resonant peaks due to the (1,2) contribution appear at
ωk = ω and 2ω. The contribution (1,3) is responsible for the
low-energy divergence which behaves as 1/ωk . As already
observed for linear and circular polarization of the driving
field, for low energies the continuum contribution dominates
the zeroth order by many orders of magnitude.

D. Orthogonal two-color field

An orthogonal two-color (OTC) field is defined by

E(t ) = E1êx sin(ωt ) + E2êy sin(2ωt + φ), (35)

where φ is the relative phase between the two components.
The total rate is highest for the relative phase φ = 90◦ and for
êk = êx and êy [1]. In Fig. 6 we show our results for the OTC
field with the relative phase φ = 90◦. For the x component
[Fig. 6(a)] the zeroth-order term is dominant in the region
from 5 to 9 eV; for all other energies the continuum term pre-
vails. The contributions (1,1) and (1,2) interfere destructively.
The contribution (1,3) is dominant for very low energies,
while the resonant peak at ωk = ω is due to the (1,2) rate.
For the y component [Fig. 6(b)] the results are similar, except
that the resonant peak appears for ωk = 2ω. This is expected

FIG. 6. Same as in Fig. 2 but for an OTC field, Eq. (35), with
the wavelength 1030 nm, the component intensities I1 = I2 = 1.5 ×
1014 W/cm2, and the relative phase φ = 90◦, for (a) êk = êx and (b)
êk = êy. Various partial contributions are shown, as denoted in the
legends.

since the y component of the OTC field oscillates with the
frequency 2ω. In Fig. 6(b) we also present the LFA result in
order to show that for higher photon energies (ωk > 10 eV) it
agrees well with the continuum-continuum result. This con-
firms the strong destructive interference of the (1,1) and (1,2)
contributions for higher photon energies.

IV. CONCLUSIONS

We considered the emission of a photon during the process
of above-threshold ionization. A previous paper studied the
lowest-order contribution where the photon is emitted while
the electron transits to the continuum. In this paper, we in-
vestigated the correction to this result where the photon is
emitted while the electron is propagating in the continuum.
We employed various laser fields to drive the process: a
linearly polarized monochromatic field without or with its
second harmonic, a monochromatic circularly polarized field,
a counterrotating (ω, 2ω) bicircular field, and an orthogo-
nally polarized (ω, 2ω) two-color field. The total rates for
the emission of a photon with specified momentum and po-
larization during the ATI process, with the momentum of the
electron summed over, are very similar for all these different
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driving fields. Most importantly, it turns out that the
lowest-order rates are very significantly modified by the
continuum-continuum corrections for all but some inter-
mediate photon energies. For all laser fields that we con-
sidered, the photon emission rate is proportional to ω−1

k
in the limit of vanishing photon energy ωk . This behav-
ior is well known from scattering processes where the
initial and final states of the electron are in the contin-
uum [4,5]. Here, however, the electron is initially bound.
This infrared divergence only occurs in the continuum-
continuum correction; the lowest-order rate is finite when ωk

goes to zero. The explanation of how this divergence can-
cels with virtual soft-photon emission in ATI is presented
in Appendix C.

We decomposed the continuum-continuum photon emis-
sion amplitude T(1)

p (n) into three terms, T(1)
p (n) = ∑

j=1,2,3

T(1, j)
p (n). The second term T(1,2)

p (n) is resonant when the
photon energy ωk agrees with the energy of a driving-field
photon. The third term T(1,3)

p (n) leads to an infrared-divergent
emission rate. For photon energies ωk larger than about
10 eV (for our parameters) the two terms T(1,1)

p (n) and
T(1,2)

p (n), which are individually very large, destructively
interfere almost completely. This would suggest to com-
bine them into one term. However, for smaller energies
ωk , they behave very differently. We also investigated the
low-frequency approximation, which is expected to hold for
ω 	 ωk . The LFA combines all three terms, works very well
for large ωk , and incorporates the aforementioned destructive
interference.

Klaiber et al. [26] considered the first-order correction
to the lowest-order result for spontaneous radiation using a
different approach. The ionization dynamics were also treated
using the SFA but, contrary to our quantum approach, the
classical Maxwell equations were employed to calculate the
intensity of the emitted radiation using the obtained current
density of the liberated electron. Their numerical results show
that for low energies the first-order contribution to the emitted
radiation is much larger than the zeroth order. However, their
results do not exhibit the resonant contribution or the ω−1

k
behavior for ωk → 0 (see Appendix B for our results obtained
using the velocity gauge for interaction with the emitted-
photon field as in Ref. [26]). For high energies the functional
shape of their zeroth-order and first-order results is similar to
ours, but the two contributions interfere destructively, contrary
to our findings.

The third term of our continuum-dynamics correction ex-
hibits an infrared divergence since, according to Eqs. (17)
and (29), the corresponding total rate is W (1,3)(ωk, ê) =
(2πc3ωk )−1

∫
dp(ê · p)2|T SFA

p (n)|2 ∝ 1/ωk . However, any
detector has a finite resolution and therefore cannot distin-
guish whether or not one or more sufficiently soft photons
were spontaneously emitted during ATI. Bloch and Nordsieck
[4] showed long ago that, if one considers the physically mea-
surable sum of the probabilities of all soft-photon processes,
then all infrared divergencies cancel and one obtains a finite
result. As far as we know, the problem of infrared divergences
for ATI has not been considered yet. A detailed treatment is
beyond the scope of our present paper. For a general approach
to radiative corrections, see Chap. 6 of Ref. [5]. For a more
recent treatment of the infrared divergencies in plane-wave

backgrounds, see Ref. [41]. In Appendix C we shortly explain
how the infrared divergences for virtual and real soft-photon
emission in ATI cancel.

In an earlier paper [1] by one of the present authors about
the zeroth-order process without the continuum correction,
the magnitude of the photon emission rate for given mo-
mentum was compared with high-order harmonic emission
of an analogous photon and found to be higher by orders
of magnitude. But it was emphasized that for the process
considered in Ref. [1] the contributions of different atoms will
add incoherently, in contrast to HHG. This conclusion is not
modified by the continuum correction considered here.

As mentioned before [1], in early HHG experiments [39]
and plasma fluorescence experiments [40] low-energy contin-
uum radiation was observed as a background, but the effect
has not been explored in detail. Our present results show that
photon emission during ATI is enhanced by the continuum
dynamics the contribution of which may be dominant over the
direct photon emission considered in Ref. [1]. This should be
explored in future experiments. For very low emitted photon
energies the third term in Eq. (29) is dominant and this may
be important in the context of THz generation [2,3,36–38].

The significance of the continuum-continuum correction
raises the question of the importance of more than one photon
being emitted by the same electron. Moreover, the process
of high-order ATI, where the liberated electron rescatters off
the binding potential, will also allow for the emission of an
additional photon. High-order ATI is not necessarily a weak
process, since it generates the low-energy structure for very
low electron momentum [29,30], which is comparable with or
even exceeds the contribution of the direct electrons.

We ought to mention that Coulomb effects, which are ne-
glected in our SFA approach, may be important, in particular
in the low-energy regime. Such effects are still an important
area of investigation (see, for example, the review [42] and
the recent reference [43]). However, in the absence of the
Coulomb effects, for example, for above-threshold detach-
ment of negative ions, the SFA is more than satisfactory.

Since our results are obtained using the leading order of the
SFA expansion, we expect that they are quantitatively valid
for strong laser fields, for long wavelengths, and whenever
Coulomb corrections are less important. For other values of
the parameters, we expect that our results qualitatively de-
scribe the process.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: DERIVATION OF EQ. (29)

In this appendix we derive the result (29) starting from the
T -matrix vector (28). For this purpose we introduce the SFA
ionization T -matrix element

T SFA
p (n) =

∫ T

0
dt m(p, t )ei[p·α(t )+U1(t )+nωt]/T (A1)
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and its derivative

∂T SFA
p (n)

∂p
=

∫ T

0

dt

T

[
∂m(p, t )

∂p
+ iα(t )m(p, t )

]

× exp{i[p · α(t ) + U1(t ) + nωt]}. (A2)

For the hydrogenlike atom model [28] we have

m(p, t ) = C[p + A(t )] · E(t )

{[p + A(t )]2 + 2Ip}3
(A3)

and

∂m(p, t )

∂p
= C

{[p + A(t )]2 + 2Ip}3

×
{

E(t ) − 6[p + A(t )] · E(t )[p + A(t )]

[p + A(t )]2 + 2Ip

}

(A4)

with C = −i27/2(2Ip)5/4/π . We present results for an arbi-
trary R-color laser field polarized in the xy plane, with

α(t ) =
∑

s=±1,r=1,...,R, j=x,y

αsr je
isrωt ê j . (A5)

We rewrite (28) as

T(1)
p (n) = i

∫ ∞

0
dτeiωkτ

(
pτ + i

∂

∂p

)
T SFA

p (n)

+ i
∑
s,r, j

αsr j ê j

∫ ∞

0
dτei(ωk+srω)τ T SFA

p (n + sr).

(A6)

The integral over τ can be solved using the function (see Refs.
[34] [Chap. II, Sec. 8, Eqs. (13) and (17)] and [44])

ζ (x) = −i
∫ ∞

0
dτeiτx = 1

x + iε
= P

x
− iπδ(x), (A7)

where ε → 0 and the symbol P denotes the principal value of
the integral. The result is

T(1)
p (n) = i

(
p

∂

∂ωk
− ∂

∂p

)
ζ (ωk )T SFA

p (n)

−
∑
s,r, j

αsr j ê jζ (ωk + srω)T SFA
p (n + sr). (A8)

Since ωk > 0, we can write T(1)
p (n) = ∑

j=1,2,3 T(1, j)
p (n),

where the three contributions are given by Eq. (29).

APPENDIX B: CONTINUUM CORRECTION FOR MIXED
GAUGES FROM REF. [26]

In Ref. [26] the spontaneous emission of a photon was
analyzed expressing the interaction with the quantized field
in the velocity gauge, while the interaction with the laser
field was described in the length gauge as in our paper [1].
Replacing our interaction operator Vph(t ) = r · Eph(t ) with
the corresponding interaction in velocity gauge Vph(t ) = p̂ ·
Aph(t ) where p̂ is the momentum operator and

Aph(t ) =
∑

k

bk
(
a†

keiωkt ê∗
k + ake−iωkt êk

)
, (B1)

FIG. 7. Feynman diagrams for virtual and real soft-photon emis-
sion in ATI. The first term in the sum is the ATI process and
its electron self-energy correction, while the second term is our
“ATI + photon emission” process summed over all undetectable
soft photons with energies ωk < ωk,min.

with bk = [2π/(V ωk )]1/2 and ak and a†
k the annihilation and

creation operators of the emitted photon, we can repeat the
derivation from Ref. [1], Eqs. (1)–(19), with ck → bk and r →
p̂. The result is

w(0)
p (ωk, êk ) = ωk

2πc3

∣∣ê∗
k · T(0)

p (n)
∣∣2

, (B2)

with Eq. (13) and with Eq. (12) replaced by

T (0)
p (t ) = [p + A(t )]〈p + A(t )|ψb〉ei[p·α(t )+U1(t )]. (B3)

Notice that in Eq. (B2) we have ωk in the numerator while in
Eq. (17) of Ref. [1] we had ω3

k .
In order to obtain the continuum correction in the mixed-

gauges approach, we repeat our derivation (1)–(22) using the
same replacement: ck → bk and r → p̂. Equation (23) should
be replaced by [p + A(t )] f (p), so that in Eq. (22) the in-
tegral over t ′′ reduces to

∫ ∞
t dt ′′eiωkt ′′ = eiωkt

∫ ∞
0 dt ′′eiωkt ′′ =

ieiωkt/ωk , where we used Eq. (A7) and δ(ωk ) = 0 since ωk >

0. Denoting

T(1)
p (n) =

∫ T

0
dt [p + A(t )]m(p, t )ei[p·α(t )+U1(t )+nωt]/T,

(B4)
we get

w(1)
p (ωk, êk ) = 1

2πc3ωk

∣∣ê∗
k · T(1)

p (n)
∣∣2

, (B5)

which does exhibit the infrared divergence for ωk → 0.

APPENDIX C: INFRARED DIVERGENCES FOR VIRTUAL
AND REAL SOFT-PHOTON EMISSION IN ATI

In the ATI process the laser-dressed atom is ionized and
one laser-dressed electron (described by a Volkov state) is
emitted. In terms of Feynman diagrams this electron can be
depicted by a straight line emerging from the atomic center.
This line (i.e., the corresponding electron propagator) can be
modified by the process in which a virtual photon is emit-
ted and reabsorbed (see the upper part of Fig. 7). However,
this higher-order contribution is divergent. In quantum field
theory this divergence is cured using mass renormalization
(the bare electronic mass m is replaced by the physical mass
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mR = m + δm, with δm the self energy). Another problem
is that the renormalization constant is infrared divergent (in
addition to the ultraviolet divergence). This infrared diver-
gence cancels the infrared divergence found in our paper.
Namely, in our continuum-continuum process a photon is
emitted. This photon can be detected if its energy ωk > ωk,min,
where ωk,min is determined by the experimental resolution.
The infrared divergent contribution for ωk < ωk,min cancels
the higher-order term of the ATI process, as depicted in Fig. 7.
Denoting by S the corresponding S-matrix-element contribu-
tion, we conclude that the meaning of the scheme presented in
Fig. 7 is that for ATI with no detection of an emitted photon
it is |S(0)

ATI + S(1,IR divergent)
ATI |2 + ∑

ωk<ωk,min
|SATI,ωk |2 = |S(0)

ATI|2,
while for ATI with one emitted photon of energy ωk > ωk,min

we have |SATI,ωk |2.
Therefore, the divergences of the higher-order ATI pro-

cess with virtual photons cancel the infrared divergence of

our continuum-continuum process with soft-photon emission.
The combined result does not depend on the renormalization
parameters. For ωk > ωk,min our (1,3) continuum term really
contributes to the process and should be observed in an ex-
periment. The seminal paper in which the problem of infrared
divergences was considered is Ref. [4]. More details can be
found in the textbooks such as Refs. [5,34,35]. These conclu-
sions are valid for arbitrary order of the perturbation theory as
shown in Ref. [45] (see also the more recent Refs. [41,46]).
As far as we know, the problem of quantum-electrodynamic
divergences for ATI was not considered yet. This is beyond
the scope of our paper. In this appendix we provided a phys-
ical explanation that the soft-photon emission, related to a
term that appears in our continuum-dynamics correction to
our ATI+photon emission process, is observable, and gave a
prescription of how the problem of the infrared divergence can
be solved.
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[25] D. B. Milošević and F. Ehlotzky, Scattering and reaction pro-
cesses in powerful laser fields, Adv. At Mol. Opt. Phys. 49, 373
(2003).

[26] M. Klaiber, K. Z. Hatsagortsyan, and C. H. Keitel, Role of
quantum dynamics in coherent and incoherent radiation during
tunneling ionization, Phys. Rev. A 113, 033110 (2026).

[27] In Eq. (10) in Ref. [1] Vat should be replaced by Vle. Also, three
lines below Eq. (3) in Ref. [1] it should be ωk = ck. Finally, in
the denominator of Eq. (23) in Ref. [1] it should be π 2 instead
of π .
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