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Quantum signatures and semiclassical limitations in the transmission of Fock states
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Transmission through potential barriers is a fundamental problem in quantum mechanics. While semiclas-
sical methods can approximate certain aspects of transmission, they fail to capture the intrinsically quantum
interference associated with Wigner-function negativity. We numerically study the transmission of displaced
Fock states through an inverted-oscillator barrier, with and without a Kerr nonlinearity that offers a potential
route to experimental realization. These states allow only an approximate classical description since their
characteristic Wigner-function negativity is absent in phase space. The semiclassical simulation reproduces the
overall transmission, but deviates from exact results and fails to capture short-time plateaus that arise when
regions of Wigner-function negativity cross the barrier. With the Kerr nonlinearity, reflections from nonlinear
boundaries drive interference into classically forbidden regions, an effect that is inaccessible to semiclassical
approaches. We find that these interference effects do not alter the maximum transmission probability, which is
bounded by the initial positive-energy fraction and therefore already encoded in the phase-space structure of the
Fock states. Because Fock states cannot be faithfully represented within classical phase space, the transmission

through a barrier reveals the fundamental limitations of semiclassical approaches.

DOI: 10.1103/2b9f-ygt3

I. INTRODUCTION

One of the most intriguing phenomena in quantum me-
chanics is the transmission of particles through potential
barriers higher than their kinetic energy, a process known
as quantum tunneling [1]. Since the early days of quan-
tum theory, tunneling has played a central role in explaining
molecular spectra [2], electron emission from metals [3], and
« decay in nuclei [4]. Currently, tunneling phenomena can
be simulated on different experimental platforms, such as
nuclear magnetic resonance (NMR) systems with a few spin
nuclei [5], superconducting circuits [6,7], and Bose-Einstein
condensates with ultracold atoms [8]. On the theoretical side,
tunneling has been studied extensively, especially in double-
well potentials [9-13], but also in continuous-variable systems
[14,15], spin models [16,17], and Bose-Einstein condensates
[18,19].

Many features of tunneling, such as wavepacket transmis-
sion and energy-level splitting, can be accurately captured
using semiclassical approximations [20-26]. However, semi-
classical approaches cannot account for Wigner function
negativity [27], a genuine quantum feature with no classical
analog. From a practical perspective, Wigner negativity has
been proposed as a necessary ingredient for outperforming
classical devices [28-30]. It is well established that the fine-
structure of the Wigner function, particularly its negativity and
interference fringes, is closely connected to the sensitivity of
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quantum states to rotations and displacements [31]. Despite
growing interest, the precise role of Wigner negativity in
tunneling and transmission phenomena, and its broader im-
plications for nonclassical physics, remains under discussion
[32-35]. In this context, marginal distributions are especially
relevant for studying quantum barrier transmission, including
contributions that may be associated with tunneling since
they correspond to directly measurable observables accessi-
ble through modern quantum state reconstruction techniques
[36-39].

In this work, we examine to what extent the transmis-
sion effect can be captured semiclassically using phase-space
distributions. To this end, we compare two approaches: the ex-
act Wigner function and the truncated Wigner approximation
(TWA) [40—43], a semiclassical method that, by construction,
neglects negative values. Because Fock states exhibit pro-
nounced Wigner-function negativity [44], they provide natural
test cases, unlike Gaussian states [45] with strictly posi-
tive Wigner functions, for examining the differences between
classical and quantum phase-space descriptions and their con-
sequences for the transmission phenomenon. Our analysis
starts with displaced Fock states evolving in an inverted os-
cillator, where the initial Wigner negativity remains constant
due to the absence of nonlinear interactions. We then extend
the study to the inverted oscillator with Kerr nonlinearity
[46], a system of significant experimental relevance [47,48],
which offers a viable route for testing the findings on currently
available platforms.

II. MODELS AND HAMILTONIANS

In this section, we introduce two models for studying the
transmission of displaced Fock states. The first is the inverted
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harmonic oscillator, which admits an analytical treatment,
while the second extends it by including a small Kerr non-
linearity. The former serves as a fundamental model, whereas
the latter is experimentally more accessible and incorporates
nonlinear interactions.

A. Inverted harmonic oscillator

The inverted oscillator (IO) [49] provides the simplest ex-
ample of a potential barrier [49-51]. Its Hamiltonian is given
by

H =3P —¢)=—3@"+a, (1
where ¢ and p are the canonical position and momentum
operators and &, &' are the usual bosonic annihilation and
creation operators.

In classical mechanics, the inverted oscillator potential
has a maximum at energy E = 0. Particles with E <0
are reflected, while those with E > O pass over the barrier
[51]. In quantum mechanics, the inverted oscillator generates
squeezing [52] and has been used to investigate exponential
delocalization [53,54] as well as quantum-classical correspon-
dence [55]. Analyzing the dynamics of quantum states in
the inverted oscillator is particularly challenging because the
associated phase space is unbounded [55].

In this work, the dynamics is initialized with displaced
Fock states D(w)|n), where the displacement operator is
defined as D(«) = exp(aa’ — a*a@) and the displacement pa-
rameter as o = \/% (@ + ip). A key property for our analysis is
that the mean energy

E = (nD"(«)HD()|n)
= —[[Re(a)|* — [Im(a)|*], )

is independent of the Fock index n and only depends
on the displacement parameter «. This follows directly
from the operator identities [56] D' (a)aD(a) = a + o and
Df(w)aD(x) = a + o*. Consequently, the mean energy (2)
can be tuned below the barrier top (E. = 0) by choosing the
displacement parameter such that |Im(«)| < |Re(x)|.

B. Inverted oscillator with a Kerr nonlinearity

To experimentally address relevant scenarios, we extend
our analysis to the inverted oscillator with a Kerr nonlinearity
[46,57,58]. The Hamiltonian is the following:

H=—e@"+a) + Ka™a?, 3)

where €, denotes a parametric driving strength and K de-
notes the Kerr nonlinearity. This model is experimentally
available with mechanical oscillators [47], superconducting
circuits [48,59,60], and atoms in microcavities [61]. On the
theoretical side, it has been employed to study quantum tun-
neling [14,46], quantum phase transitions [62], quantum-state
engineering [57,63], and a broad range of other quantum
phenomena [58,64—68].

In the semiclassical limit, we express the Hamiltonian in
terms of canonical variables (g, p)

K
H=e(p —q¢)+ Z(qr2 + )% 4)

(=2 \C T >}

-1

-2
-2 -1 0 1 2

FIG. 1. Classical trajectories of the inverted oscillator with a
small Kerr nonlinearity (4). The configuration of parameters is €, =
1/2 and K = 1072, The green trajectory is the separatrix at the
critical energy (E. = 0) corresponding to the top of the inverted os-
cillator. The blue and red trajectories correspond to energies smaller
and larger than the top of the inverted oscillator (E. = 0). The bottom
panel is a zoom into the center of the phase space in the top panel
delimited by the square. At this small portion of the phase space the

trajectories resemble those of the inverted oscillator [51].

For K = 0 and ¢, = 1/2, the Hamiltonian (4) reduces to the
inverted oscillator (1). For K > 0, the nonlinearity generates
effective outer walls, and the resulting phase-space structure
resembles that of a double-well potential with a separatrix at
the critical energy (E, = 0).

Figure 1 shows the classical trajectories in phase space,
including the separatrix (green) at the critical energy E. = 0
[69,70], subbarrier trajectories (blue), and superbarrier trajec-
tories (red). Near the origin, the trajectories closely resemble
those of the inverted oscillator [51], providing a convenient
baseline for comparison.

In the presence of the Kerr nonlinearity, the mean energy
of displaced Fock states

E = —[|Re(e)]* — [Im(a)|*]
+ K[la|* + n(n — 1) + 4nla|*], )

depends explicitly on the Fock index n. To maintain the initial
states at the same energy below the threshold E. = 0, the
displacement parameter o must therefore be adjusted as a
function of n.

III. QUANTUM DYNAMICS IN THE PHASE SPACE

We focus on the dynamics of displaced Fock states, [y) =
D(w)|n) in the inverted oscillator with and without Kerr non-
linearity. The preparation of such states is currently feasible
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FIG. 2. (Left column) Displaced Fock state D(«)|1) with dis-
placement parameter o = %(—2 + 2i) at different times evolving in
the inverted oscillator (1). (Right column) Histogram of the set of
N = 10° points that replicate the Fock state according to the Gaus-
sian approximation (12).

with atoms in cavities [71] and in superconducting circuits
[72]. For simplicity, we consider initial states localized on the
left side of the inverted oscillator, with displacement param-
eter Re(a) < 0 and mean energy smaller than the top of the
inverted oscillator £ < 0.

To investigate the dynamics in phase space, we employ two
complementary methods: (i) the exact Wigner function and
(ii) the TWA. Both approaches are described in detail below.

A. Quantum approach: Wigner function

The Wigner function is a quasiprobability distribution that
provides a phase-space representation of quantum states. It is
defined as [27,73]

1 .
W(g, p,1) = ;f(q YO WD)l —y)ePdy,  (6)

where |y (¢)) is the wave function. By integrating over mo-
mentum, the Wigner function yields the correct marginal
probability distribution [74]

P(q,t>=fW(q,p,t>, dp=Wg.0k ()

Since the Wigner function (6) can take negative values, it is
not a true probability distribution in the classical sense [73].
However, this negativity is not a flaw, but rather a fundamen-
tal feature that reflects quantum interference in phase space
[75]. Tt is often interpreted as a signature of nonclassicality
or quantum coherence [44] and it is typically quantified as
8(t) = [[IW(q, pt.t)] —W(q, p.t)ldxdp.

For closed systems with initial pure states, the unitary
evolution of the wave function is given by

0 = exp (_%m).

Some particular cases of interest are the class of coherent
states |o) = D(«)|0) whose Wigner functions are Gaussian
[76] and everywhere positive, allowing them to be interpreted
as classical-like probability distributions. The transmission
probability for a particle to be found in the region 2 can be
obtained through marginal probability (7) as

Y (t) = U®)o),

00 q2
P(Q,1) = / / W(g. p.1)dqdp, (®)
—00 Jqi

where ¢g; and ¢, are the boundaries of the region 2. For
concreteness, we focus on states initially displaced to the
left of the inverted oscillator and evaluate the probability of
finding the particle on the right side, corresponding to g, = 0
and ¢, = oo.

In the case of the pure inverted oscillator (1), in the ab-
sence of nonlinear forces, the negativity of the initial state
remains constant under time evolution [77] §(¢) = §(t = 0).
This makes the inverted oscillator an ideal model to explore
how the initial state’s nonclassical features influence the trans-
mission probabilities. However, the quantum states in this
system undergo exponential delocalization over time [53], in
addition to the unbound phase space that prevents the numer-
ical convergence of the integral (8) at large times. In contrast,
the Kerr nonlinearity (3) represents a nonlinear force that
effectively bounds the phase space by creating effective outer
walls. This confinement enables stable numerical evaluation
of the transmission probabilities (8) at longer times. Neverthe-
less, the nonlinear terms in the Kerr Hamiltonian (3) modify
the negativity of the initial state §(¢) # §(¢ = 0), leading to
the emergence of interference patterns during the evolution,
even for initially Gaussian states, whose Wigner functions are
positive everywhere at ¢ = 0.

To quantify how much of each initial state lies above the
top of the inverted harmonic potential, we introduce a semi-
classical measure of the population in the region of positive
classical energy

PE > 0) = / f OlH(q, p) — EAW (g, p.t = 0)dgdp,

9)
where E. = 0 and ®(x) is the Heaviside step function,
0, x<0,
o) = {1, x>0 (10)

The quantity Py(E > 0) represents the positive-energy
fraction of the initial Wigner distribution. However, Eq. (9)
should not be interpreted as an exact quantum probability
because the classical step function ®[H (g, p)] does not co-
incide with the Weyl symbol of the corresponding quantum
projector @(1-7 ) (see, e.g., [27,73]). Nevertheless, it provides a
convenient semiclassical reference for estimating the fraction
of the initial Wigner distribution located in a different region
of trajectories in the phase space (see Fig. 1).
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B. Semiclassical approach: TWA

Alternatively, the dynamics of quantum states can be sim-
ulated using the TWA [40,41,43]. This semiclassical method
leverages the stochastic nature of quantum mechanics by gen-
erating an ensemble of N points in classical phase space that
collectively approximate the Wigner function of the initial
quantum state. Each point in this ensemble evolves indepen-
dently according to Hamilton’s equations of motion

. O0H | oH 1
where H denotes the classical Hamiltonian. For initial co-
herent states |1/o) = D()|0), the Wigner function is strictly
positive and can be directly interpreted as a classical probabil-
ity distribution. In contrast, for displaced Fock states D(«)|n),
which exhibit Wigner negativity, an additional approximation
is required to generate a positive-definite sampling distribu-
tion. To address this, we employ a Gaussian approximation
[78] for Fock states, defined as

2 272 2/2 —n—1/2)?
Pn(q,p):\/;exp((Q/ +p/1/2 n />), 12)

where 7 is the Fock state index. This distribution approximates
the Wigner function of the initial displaced Fock state and is
used to generate the initial ensemble for TWA simulations, as
illustrated in Fig. 2.

Within the TWA framework, only those phase-space points
(gi, pi), with positive energy E(gq;, p;) > 0 exceeding the top
of the inverted oscillator, can contribute to the transmission
probability into the region 2 delimited by the turning points
q1,2. The transmission probability is then estimated using the
Heaviside step function

1 & 1 &
P10 =53 Olai) — il = 3 ) Olait) - gol.
i=1 i=1

13)

This approach is particularly advantageous for avoiding the
direct evaluation of the Wigner function integral in Eq. (8),
especially in regimes where numerical convergence is chal-
lenging. However, by construction, the TWA does not account
for negative regions of the Wigner function and therefore
cannot capture quantum interference effects associated with
Wigner negativity.

III. RESULTS

A. Coherent states in the inverted oscillator

For the specific case of a coherent state evolving under
the inverted harmonic oscillator, the transmission probability
given in Eq. (8) can be evaluated analytically. In the absence
of nonlinear forces, the dynamics of the Wigner function
is entirely classical, in the sense that it obeys the Liouville
equation [73]

ow 9w

U ow

or ~ Pag T aq ap

The solution at a later time ¢ is obtained by follow-
ing the classical trajectories backward in time W(q, p,t) =

(14)
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FIG. 3. Probability P(q > 0, t) of finding the particle in the right
side of the inverted oscillator as a function of the time. The solid
red line corresponds to the TWA and the black dashed line to the
exact analytical formula (17). The blue dashed line represents the
probability Py(E > 0) = 0.308. The initial state is a coherent state
[¥o) = D|0) with displacement parameter o = %(—3 +2.50).

Wlg-:(q, p), p—:(q, p), 0] where x; and p, are the classical
trajectories governed by Hamilton’s equations of motion (11).
For the inverted oscillator, these trajectories take the form
[79,80]

g: = g cosh(t) + psinh(z),
p: = pcosh(t) + g sinh(z). (15)

Using these expressions, the time-evolved Wigner function
of an initial coherent state centered at (qg, po) becomes

W(g, p,t) = le—[qcosh(—t)+psinh(—t)—q0]2
g
« e~ lpeosh(=1)+q sinh(ft)fp()]z. (16)

Substituting Eq. (16) into Eq. (8) yields an integral that can be
solved analytically using the error function [81]. The resulting
expression for the transmission probability is

P(g > 0,1) = 3{1 —erf[—c()]}, A7)

qo cosh(t)+po sinh(r)

where ¢(t) = .
A/ cosh?(#)+sinh?(¢)

Figure 3 shows the time evolution of the transmission
probability P(q > 0,¢) for an initial coherent state with
displacement parameter o = %(—3 + 2.5i). The probability
increases smoothly over time and asymptotically approaches
roughly Py(E > 0) = 0.308. The transmission probability
from the TWA (13) is found to be in good agreement with the
exact analytical result (17). At ¢ = 4, the exact transmission
probability Pe(x > 0,7 = 4) = 0.308 while the TWA gives
a slightly lower value Prwa(x > 0,7 = 4) = 0.299. This cor-
respondence is expected since, in the absence of nonlinear
forces, the state remains Gaussian throughout its evolution
[73], and its dynamics can be accurately captured by classical
phase-space trajectories.

B. Displaced Fock states in the inverted oscillator

More interesting are the initial displaced Fock states
|Wo) = |D(x)|n), with Fock index n # 0, which exhibit sig-
nificant Wigner function negativity. For these non-Gaussian
states, the transmission probability (8) must be evaluated
numerically, and can be computed with the target accuracy
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FIG. 4. Probability P(q > 0, t) of finding the particle at the right
side of the inverted oscillator. The initial states are the displaced Fock
state D(«)|n) with displacement parameter o = %(—3 + 2.5i). In
the inverted oscillator (1) all states have the same mean energy
E = —1.375. The solid red curve shows the transmission probability
from the Gaussian approximation + TWA method (13), while the
black points show the exact marginal probability (8). The blue dashed
line represents the probability Py(E > 0). The blue vertical lines
indicate the start and end of the short-time plateaus. The insets show
the Wigner function (6) and the marginal distribution (7) at the time
indicated by the vertical black line.

of 1075 only for short times ¢ < 1.6 due to the increasing
delocalization of the Wigner function.

Figure 4 shows the time evolution of the transmission
probability P(q > 0,¢) for different initial displaced Fock
states. According to Eq. (2), displaced Fock states with the
same displacement parameter share the same mean energy.
For the analysis we chose o = %(—3 + 2.5i). The agreement
between the exact numerical results and the TWA method
is good at short times. However, the exact dynamics display
short-time plateaus in the tunneling probability that are absent
in the TWA. The instantaneous Wigner functions shown in the
insets of Fig. 4 reveal that these plateaus arise when the neg-
ative regions of the Wigner function cross into the right side

of the inverted oscillator. The corresponding marginal distri-
butions indicate that these features are associated with zeros
of the probability distribution crossing the inverted oscillator.
This effect cannot be captured within a classical phase-space
description.

Although there are indications that the transmission prob-
abilities obtained from the exact Wigner dynamics and from
the TWA may converge to different asymptotic values, this
cannot be confirmed within the present model because the
rapid delocalization of the states prevents the convergence of
the transmission integral (8). In all cases, however, the exact
transmission probability P(x > 0, ¢) does not exceed the ini-
tial positive-energy fraction Py(E > 0), contrary to the results
from the TWA. When the Kerr nonlinearity is included, the
phase space becomes effectively bounded, and the integrals
defining the asymptotic probabilities are expected to converge,
allowing for more reliable quantitative comparisons.

C. Displaced Fock states in the inverted oscillator
with a small Kerr nonlinearity

The analysis of the time evolution of displaced states can
be extended to the inverted oscillator with a small Kerr non-
linearity (3). In this case, the Kerr nonlinearity K introduces
effective outer boundaries in phase space, together with non-
linear forces that can distort the negative regions of the Wigner
function. For small values of K, the dynamics remain close to
those of the inverted harmonic oscillator over short timescales.
At longer times, however, the effective boundaries drive the
state along the separatrix and eventually produce a bouncing
effect.

As an example, Fig. 5 shows the exact Wigner function
and the corresponding Gaussian approximation + TWA sim-
ulation at selected times for the initial displaced Fock state
D(a)|1). For short times (¢ < 1), the state is squeezed, just
as it is in the pure inverted oscillator (see Fig. 5). At longer
times, however, the state follows the curvature of the sepa-
ratrix of the inverted Kerr oscillator, reflecting the presence
of effective boundaries imposed by the Kerr nonlinearity. The
exact Wigner function penetrates into the right-hand side of
the separatrix, €2,, giving rise to interference patterns. The
interference in the right side of the separatrix corresponds
to transmission through classically forbidden regions, while
those in the left side may be associated with partial re-
flection of above-barrier components. In contrast, the TWA
simulations cannot access the classically forbidden region €2,
since the semiclassical trajectories remain disconnected (see
Fig. 1). This penetration into the classically forbidden region
is therefore a genuinely quantum phenomenon that cannot be
reproduced within any classical phase-space description.

A natural question arising from the dynamics of the dis-
placed Fock states shown in Fig. 5 is whether the emergence
of quantum interference modifies the behavior of the trans-
mission probability over time. Figure 6 displays the time
evolution of the transmission probability P(g > 0, ¢) for sev-
eral initial displaced Fock states D(«)|n). In the presence of
the Kerr nonlinearity, the displacement parameter is adjusted
so that all states share the same mean energy E =~ —0.79.
Because the Kerr nonlinearity is weak, the dynamics closely
resemble those of the inverted oscillator, including the short-
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FIG. 5. (Left column) Dynamics of the Wigner function of the initial displaced state D(«)|1) with displacement parameter o = %(—3 +
2.395i) in the Kerr inverted oscillator. On the left column the exact Wigner function and on the right column the TWA simulations with
N = 10* points. The green line is the separatrix. For all figures the driving strength €, = 1/2 and the Kerr nonlinearity K = 1072 are fixed.
The right side of the separatrix, €2,, is a classically forbidden region that is inaccessible to the TWA method.

time plateaus that appear when regions of the Wigner function For coherent states (n = 0), the agreement between the ex-
negativity cross the barrier. Owing to the bounded phase act and TWA transmission probabilities remains remarkably
space, the integral defining the transmission probability (8) good. For displaced Fock states with n % 0, the asymp-
converges at longer times, allowing for meaningful asymptotic ~ totic transmission probabilities show systematic but generally
comparisons. small deviations from the exact quantum results. In most
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FIG. 6. Probability P(g > 0, t) of finding the particle on the right
side of the Kerr inverted oscillator, starting from displaced Fock
states D(«)|n). All initial states have § = —3 and mean energy
E ~ —0.79, below the barrier threshold. The solid red curve shows
the transmission probability from the TWA method (13), black points
denote the exact marginal probability (8), and the blue dashed line the
probability Py(E > 0). The vertical blue line indicates the onset and
end of the short-time plateaus. Parameters: € = 1/2, K = 1072, The
analysis is terminated att = 3, before the states return to the left side
of the oscillator.

cases, the TWA underestimates the transmission probability,
although in certain instances it slightly overestimates it.
More importantly, it is confirmed that the exact trans-
mission probability P(x > 0,7) never exceeds the initial
positive-energy fraction Py(E > 0). This result demonstrates

(a) Energy variance (b) Positive-energy fraction

0.50

6
8 0.48
0.46
x4 A
o) Ry 044
—
2 o 0.42
0.40
0
0 1 2 3 4 0 1 2 3 4
n n

FIG. 7. (a) Variance oy of the Hamiltonian (3) and (b) positive-
energy fraction Py(E > 0) for the initial states in Fig. 6 as a function
of the Fock index.

that, although quantum interference develops in the classi-
cally forbidden regions, the combined contribution of positive
and negative interference patterns cancels out and the total
transmission remains bounded by Py(E > 0). According to
this result, the maximum possible value of the transmission
probability is already encoded in the initial state.

With regards to the TWA simulations, it is the inability of
the Gaussian approximation (17) to accurately replicate the
nonclassical initial state that ultimately leads to discrepancies
in the predicted transmission probability.

Figure 7(a) shows the energy oy =

(H?) — (H)? of the initial displaced Fock states presented
in Fig. 6. The variance increases monotonically with the
Fock index 7, indicating that higher-order Fock states possess
broader energy distributions. In contrast, the corresponding
positive-energy fraction Py(E > 0), shown in Fig. 7(b),
exhibits a nonmonotonic dependence on n. This behavior
arises because Py(E > 0) is governed by the relative position
of the positive and negative lobes of the Wigner function
with respect to the separatrix. Consequently, while a larger
energy variance generally favors transmission, the detailed
interference pattern of each displaced Fock state also plays
a crucial role. The interplay between the energy spread
and the fine structure of the Wigner function explains why
the transmission probability does not simply scale with n
but instead exhibits an oscillatory dependence, in which
quantum interference fringes alternately enhance or degrade
the transmission. Similar behavior, namely, the modulation
of transmission by quantum interference structures, has been
observed in single-molecule transistors, where destructive
interference between two conduction channels suppresses
leakage and thereby enhances device performance [82].

In Fig. 8(a) we show that the discrepancy between the
TWA and the exact quantum results decreases and eventually
vanishes as the mean energy approaches the barrier top. More-
over, Fig. 8(b) illustrates that the agreement between the TWA
and the exact results systematically improves with increasing
Fock index n of the initial state. This trend is consistent with
the expected validity of the Gaussian approximation [78]. As
the Fock index increases, the Wigner function approaches a
narrow, nearly Gaussian ring in phase space, thereby reducing
the influence of interference fringes and enhancing the accu-
racy of the semiclassical description.

The nonzero volume of the Wigner function in the clas-
sically forbidden region €2,, highlights the limitations of the
classical simulation. Figure 9 shows the absolute volume of
the Wigner function in €2, as a function of time for different

variance
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FIG. 8. (a) Transmission probability P(q > 0, ¢t = 3) for the dis-
placed Fock state D(a)|1) in the inverted oscillator with €, = 1/2
and Kerr nonlinearity K = 1072, shown as a function of the mean
energy. The displacement parameter is « = %(—3 + ip), with the
imaginary part varied so that the mean energy approaches the barrier
top E. = 0. The probability is evaluated at t = 3, before the state re-
flects back to the left side of the inverted oscillator. (b) Transmission
probability P(q > 0, t = 3) for displaced Fock states D(«)|n) in the
same system, shown as a function of the Fock index n. All initial
states are prepared with mean energy E = —0.79 and mean position
g = —3. In both panels, The red points represents the transmission
probability from the TWA method (13), while the black points show
the exact marginal probability (8).

initial Fock states. These results confirm that the ability of
the states to penetrate into the classically forbidden region
increases with the initial Fock index n. Furthermore, the
number of sign changes observed in the slice of the Wigner
function along p = 0 quantify the interference pattern within
the classically forbidden region.

V. CONCLUSIONS

We investigated the transmission of Fock states through an
inverted oscillator, both with and without Kerr nonlinearity.
For the analysis we concentrated on states with average en-
ergies below the top of the inverted oscillator. It was used
as a Gaussian approximation to replicate the Fock states in
the classical phase space and the TWA to track the dynam-
ics. The semiclassical results were compared against those
from the Wigner function and the marginals probabilities.
For coherent states, which have strictly positive Wigner func-
tions, the transmission probability showed good agreement
between the TWA and the exact marginal probabilities. In con-
trast, for displaced Fock states exhibiting substantial Wigner
negativity, clear discrepancies arise even at short times. In
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FIG. 9. (a) Volume of the absolute Wigner function in the clas-
sically forbidden region €2, as a function of time. (b) Number N; of
sign changes in the slice of the Wigner function W (x, 0, ) along mo-
mentum and within the classically forbidden region €2,. The number
of sign changes quantify the fringe structure. The color of the points
indicate the Fock index of the initial displaced Fock |yo) = D(a)|n)
states. The displacement parameters are chosen to keep the mean
energy fixed at £ ~ —0.79 (see Fig. 6). For all figures the driving
strength €, = 1/2 and the Kerr nonlinearity K = 102 are fixed.

particular, short-time plateaus emerged when negative re-
gions of the Wigner function (or, equivalently, zeros of the
probability distribution) cross the inverted oscillator barrier.
These plateaus cannot be reproduced semiclassically and thus
constitute a genuine quantum effect. At longer times in the
inverted oscillator, the rapid delocalization of the states pre-
vents convergence of the transmission probability, leaving the
asymptotic comparisons inconclusive.

Introducing a Kerr nonlinearity effectively confines the
phase space and enables the analysis to be extended to longer
times. However, the Kerr nonlinearities also introduce forces
that modify the negativity of the states. At short times the
states are squeezed just as they are in the pure inverted os-
cillator. At longer times, the dynamics follow the curvature
of the separatrix while interference fringes develop within the
classically forbidden region. This is the second phenomenon
impossible to simulate in the classical phase space by the
TWA approximation since the trajectories are disconnected.
The transmission probabilities from the TWA and the exact
marginals exhibit systematic discrepancies that decrease as
the index of the Fock state increase or as the average energy
approaches the critical energy (the barrier top).

Finally, we find that the exact transmission probability
P(x > 0, 1) never exceeds the initial positive-energy fraction
Py(E > 0). This demonstrates that the maximum attainable
transmission is already encoded in the energetic structure of
the initial Fock state. Because Fock states cannot be faith-
fully replicated within a classical phase-space framework, the
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semiclassical approximations remain effectively unaware of
this bound.

A. Numerical detail

The exact Wigner functions (6) were computed using the
QUANTUMOPTICS.JL framework [83], and the integrals for the
transmission probabilities (8) were evaluated with the JULIA
package HCUBATURE [84]. The Fock basis was truncated at
nmax = 100, and the relative error tolerance for the integrals
was set to 107, The integration domain was chosen as g €
[—15,15] and p € [—15, 15]. As for the Gaussian approxi-
mation + TWA we use N = 10° sampling points to replicate
the initial states. The canonical equations (11) were solved
numerically using NDSOLVE FROM MATHEMATICA [85]. The
statistical error for the transmission probability (13) is esti-
mated as usual for binomial distributions [86]

> \/P(q > 0,1)[1 —P(g > 0,1)]

N (18)

Error bars are only visible at the scale of Fig. 8. When a Kerr
nonlinearity is introduced K > 0, the Gaussian approximation
systematically overestimates the mean energy. To compensate
for this shift, we manually adjust the initial average momen-
tum so that the states in the Gaussian approximation have the
same mean energy as in the exact solution.
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