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Rigorous error bounds for dissipative thermal state preparation from weak system-bath coupling
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Thermal state preparation is a central challenge in the simulation of quantum many-body systems. Yet
provably efficient algorithms for this task were only introduced recently [Chen et al., Nature (London) 646, 561
(2025)]. These algorithms are based on dissipative Lindbladian evolution which exactly fixes the thermal state.
Controlled and efficient digital simulation of this evolution, although possible in principle, remains out of reach
for present-day quantum hardware. Subsequent work has therefore focused on analog approximations of the
proposed Lindbladians via “collision models” with relatively modest requirements—a resettable bath of ancilla
qubits whose couplings to the system can be tuned in time-dependent fashion—while still admitting rigorous
fixed-point error bounds. Existing rigorous approaches, however, do not exploit the fact that these constructions
generically implement not only the desired Lindblad dynamics but also an additional unitary evolution generated
by the system Hamiltonian which may aid convergence to the thermal state [Lloyd and Abanin, Phys. Rev.
X 16, 031053 (2026)]. Here we show that this unitary contribution does indeed tighten the fixed-point error
bound and demonstrate that it is rigorously controlled by the system-bath coupling strength J, scaling as J>.
This demonstrates that the effect of the spurious “Lamb shift” term generated by the system-bath interaction
can be controlled by tuning J. We clarify the role, previously observed, of a randomized implementation in
suppressing possible resonances of the drive with the many-body spectrum and bound the additional variance
that this randomization imposes on observables. Finally, we numerically study aspects of the protocol which are

relevant for its practical realization, such as the mixing time.

DOI: 10.1103/25wc-17zy

I. INTRODUCTION

Thermal state preparation is a central task in the sim-
ulation of quantum many-body systems, as it is essential
for probing their equilibrium properties. Yet, despite its im-
portance, controlled preparation of the thermal state of a
generic local Hamiltonian remains difficult. In the classi-
cal setting, Markov chain Monte Carlo methods such as the
Metropolis algorithm have been highly successful [1,2]. In the
quantum setting, however, many existing approaches—such
as imaginary-time evolution [3], variational methods [4-6],
and phase-estimation-based algorithms [7]—continue to face
significant challenges involving some subset of their lack
of scalability, absence of rigorous convergence guarantees,
and inconvenience of implementation on current quantum
devices.

Another promising approach for thermal state preparation
is provided by dissipative algorithms [8—11]. The central idea
is to engineer an open-system dynamics that drives the system
toward the desired state as the fixed point of the evolution.
Recently, a family of dissipative algorithms has been discov-
ered [12—14], based on the efficient simulation of a family of
Lindbladians that satisfy the Kubo-Martin-Schwinger (KMS)
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detailed balance conditions [15-18]. These conditions are
a quantum generalization of classical detailed balance, and
they imply that the exact fixed point of the Lindbladian is
given by the Gibbs state pg = Z;'e™#H where Zg = Tre P/
is the partition function. These algorithms can therefore be
interpreted as a quantum generalization of Markov-chain
Monte Carlo algorithms [19]. Although Lindbladians satis-
fying KMS detailed balance have long been known in the
form of “Davies generators” [20,21], a key new feature of this
recently discovered family is that it is generated by quasilocal
jump operators. This not only implies their resource-efficient
simulability at least in principle but also makes some aspects
of their theoretical analysis much more tractable. For exam-
ple, it allows one to derive estimates on the mixing time,
i.e., the convergence time to equilibrium, in certain regimes,
such as at high temperatures [22-24], for weak interactions
[25,26], in one-dimensional systems [27], and on expander
graphs [28-30].

Despite these major advances, implementing these exact
Gibbs samplers remains challenging in practice. Their jump
operators are defined in terms of weighted Heisenberg evolu-
tions of local operators and are therefore not straightforward
to realize directly. The first theoretical proposals for their
implementation [13,14] were based on a block-encoding of
the Lindbladian, which is beyond the reach of present-day
quantum devices and analog platforms. Other implementation
strategies have been proposed, including randomized com-
pilation [31], variational compilation of the jump operators
[32], and approaches that leverage additional properties of
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FIG. 1. Setup of the channel [p] to prepare a thermal state. At
each step, a set of ancillas is initialized in the product state |0). The
system and ancilla qubits are evolved in an interval [- 1, £ 4 x] with
the Hamiltonian Hsz = H ® Iz + JV (¢), with the interaction V(¢)
defined in Eq. (10). The final time g + x is drawn from a distribution
p(x) [cf. Eq. (13)] to suppress resonances of the system-bath interac-
tion. The ancilla qubits are reset to the initial state |0)p at the end of
the cycle. The fixed point pgx of the channel K[p] is approximately
the thermal state pg = Z/;le*’g” , with a rigorous error bound scaling

as J2.

the system, such as assumptions motivated by the eigenstate
thermalization hypothesis [33,34].

A more physically motivated approach is to implement
these Gibbs samplers approximately using “collision models”
of a type familiar from the open quantum systems literature.
In this setting, the system is weakly coupled to bath degrees
of freedom represented by ancilla qubits, initially in some
unentangled (product) state. After each interaction period, the
ancillas are “reset,” i.e., reinitialized in the product state. This
repeated reset enables the effective removal of entropy from
the system. For a specific choice of time-dependent system-
bath dynamics and in a suitably defined weak-coupling limit
(cf. Fig. 1), such models can be designed to approximately
realize a Gibbs sampler [35-38]. For specific choices of
parameters, this approximation can even extend beyond the
weak-coupling regime [39].

Although this class of protocols is appealing as it can
be implemented using only local interactions, its rigorous
analysis is challenging. At leading order in the system-bath
coupling strength, the effective dynamics consists of a Lind-
bladian evolution, followed by a unitary evolution with the
system Hamiltonian. While the dissipative part of the Lindbla-
dian evolution can be chosen to match that of an exact Gibbs
sampler, their coherent parts differ due to an effective back-
action of the system-bath dynamics, often referred to as the
“Lamb shift.” As a consequence, the thermal state is no longer
an exact fixed point of the Lindbladian evolution. Previous
analyses [32,36] studied the fixed-point error resulting from
this Lamb shift, and derived bounds in terms of the mixing
time and structural properties of the Lindbladian. However, by
neglecting the effect of the unitary system evolution (in effect,
by “rewinding” this via backward time evolution [35]), parts
of their bounds were insensitive to the system-bath coupling
strength.

Reference [37] identified another key mechanism which
may control the fixed-point error in the weak-coupling limit.
In particular, their analysis suggests that including the uni-
tary evolution under the system Hamiltonian in the error
analysis can significantly reduce the fixed-point error, which
can be controlled and made arbitrarily small by tuning the

system-bath coupling strength. They further introduce a ran-
domization of the evolution time to suppress many-body
resonances excited by the periodic system-bath evolution and
thus remove possible divergences in the error bound. While
this picture is supported by perturbative arguments, our main
contribution is to establish it rigorously and sharpen the result-
ing analysis and error bounds. Concretely, we prove that the
fixed-point error of the randomized protocol scales quadrat-
ically in the system-bath coupling strength and hence can
be made arbitrarily small by tuning this coupling strength.
This implies an overall resource scaling of order O(e ") for
preparing the fixed point to accuracy €, which is better than
existing protocols that control the fixed-point error by other
means.

Our rigorous bounds are obtained for the fictitious chan-
nel that is the average over various realizations. Practical
realizations of the protocol would however be stochastic: In
each time step, one evolves for an evolution time sampled at
random from a specified distribution. While this procedure
is “self-averaging,” in that the expectation value over such
sequences reproduces the desired averaged channel, the ran-
domization introduces additional variance into measurements
of observables, thereby increasing the number of samples re-
quired to estimate expectation values. To our knowledge, this
additional sampling variance has not been previously noted
or studied for quantum Gibbs samplers. Our second main
result is to quantify the additional overhead incurred by the
randomization step and demonstrate that it does not severely
impact the efficiency of the protocol. Specifically, we derive
bounds on the extra variance generated by repeated appli-
cations of the randomized protocol. We further support this
analysis with perturbative arguments showing that omitting
the randomization step worsens the fixed-point error, even in
the presence of only sparse resonances.

Our results provide a comprehensive and rigorous analysis
of several practically relevant properties of the thermal state
preparation protocol, and in particular show how the coupling
strength and other parameters can be tuned to achieve a pre-
scribed accuracy. Taken together, these results establish the
algorithm firmly as a promising candidate for implementation
on near-term digital and analog quantum platforms.

The remainder of this work is organized as follows. In
Sec. I, we review the aspects of quantum Gibbs samplers that
are most relevant for the present work, before introducing the
protocol in Sec. III. In Sec. IV, we highlight several properties
of the channel that are used in subsequent derivations of error
bounds. In Sec. V, we state our main analytical results con-
cerning the fixed-point error and the variance of observable
measurements. In Sec. VI, we present a numerical analysis of
the scaling of the spectral gap of the channel with the coupling
strength, the role of the randomization step, and the variance
of observables. Finally, Sec. VII contains a discussion of the
implications of our results, as well as several open questions.

II. EXACT GIBBS SAMPLERS

—BH  where H

We wish to prepare the state pg = Zﬂ_le
is a given local Hamiltonian and Zz = Tre ## is the parti-

tion function. This can be done by means of constructing a
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Lindbladian £ which fixes this state as its unique steady state
Llpg] = 0.

While the general construction of such a “quantum Gibbs
sampler” for a long time remained an open problem, following
the breakthrough of Ref. [12] there now exist a number of
different constructions in the literature [12—-14,19,24]. Here
we use the construction of Ref. [14]. In the following, we
focus on aspects of the construction which are important for
our purposes. For a full exposition of KMS detailed balance
and quantum Gibbs samplers, we refer the reader for example
to Refs. [14,35,40].

Consider the following family of Lindbladians:

1
Loplp] = =ilGos, p1+ Y LapLy = S{LiLa: p}. (1)
ac A

with
L, = / ” def(t)e'" Age " = / ” dif(OAL).  (2)

Here A,(t) denotes the Heisenberg evolution A,(t) =
e A,e~ " of an operator A, and the filter function f(z) is
chosen such that it satisfies a particular symmetry relation

1 v
f) = Z/dvq(V)e%e’”’, with g(—v) = ¢*(v). (3)

Using the Bohr frequency representation,

A= Y

wy,wreSpec(H)
w]—wr=V

1) (@1]A]w2) (@], “4)

where Spec(H ) denotes the set of eigenvalues of H, the co-
herent part can then be expressed as

GDB = % Z Z tanh (%)(L;La)vv (5)

ac AveB

with B denoting the set of Bohr frequencies of the Hamilto-
nian B = {w; — w, : w1, wy € Spec(H)}.

It can be shown [14] that the jump operators in Eq. (2) as
well as the coherent part in Eq. (5) are quasilocal if the filter
function f(¢) decays faster than a power law.

The coherent part and jump operators are carefully con-
structed such that the Lindbladian in Eq. (1) fulfills KMS
detailed balance [13,15-18]. Given the superoperator

[ = pg ey, 6)
this relation can be expressed as
L, =T"'oLpgol. (7)

Here the adjoint operator is defined with respect to the
Frobenius inner product Tr[L[p]O] = Tr[pL [O]]. Trace
preservation under Lindbladian evolution implies ¢’ =1
and therefore £[I] = 0.

Importantly, KMS detailed balance [Eq. (7)], directly im-
plies that pg is a fixed point of the dynamics under Lpg:

Lonlps] = oy Li[o " 0 pp 0 05 *]0y* = 0. (8)

III. SETUP

In this section, we introduce the setup of the thermal state
preparation algorithm studied in this work. As shown in Fig. 1,
the protocol is defined on a system of ng qubits coupled to a
bath of np ancilla qubits. One step of the protocol consists of
initialization of the bath qubits to a product state ,og =10)(0|,
followed by evolution with a time-dependent, joint system-
bath Hamiltonian Hgp(¢), and then reset of the bath qubits to
pg. Note that in principle, ng = 1 is expected to be sufficient
for generic Hamiltonians [41]; however, the convergence time
of the algorithm is expected to improve using ng = O(ny)
ancilla qubits [as discussed below, we will aim to approximate
a given exact Gibbs sampler, in which case we need one
ancilla per jump operator L, in Eq. (1)].

The system-bath Hamiltonian used during the protocol is
given by

Hsp(t) =H @Iz + I ® Hg + JV (). 9)

Here H is the system Hamiltonian, Hp is the bath Hamilto-
nian, and the term JV (¢) is the interaction between system
and bath, where J denotes the strength of this coupling.

The interaction term V (¢) takes the form

V()= fA® B+ f* (A} ® B, (10)
acA

The set of jump operators A can be chosen arbitrarily, as
long as they are closed under Hermitian conjugation (A, €
A = A € A) and guarantee irreducibility of the Lindbladian
evolution. (A convenient sufficient choice independent of the
Hamiltonian H would be, for instance, the single-qubit Pauli
operators X and Y on each site.)

Each jump operator is coupled to a distinct bath qubit,
where B = %(XB —iYp) and B = %(XB + iYp) are the low-
ering and raising operators of the corresponding bath qubit,
respectively. The filter function f(¢) is chosen such that it
fulfills the relation defined in Eq. (3) for exact Gibbs samplers.
For the rest of this work, for concreteness, we use

2 2. iy
f(t)=,/me AR (11)

However, we expect our results to hold more generically, as
long as f(¢) fulfills Eq. (3) and decays sufficiently fast.

The dynamics of the bath is chosen to be trivial Hg = [.
Although we do not use it here, an equivalent construction
can instead introduce a bath Hamiltonian and choose the in-
teraction amplitude f(7) to be real, which may be easier to
implement in practice [35,37].

We define the following propagator U (t)

T —i sz s Hgp(s
U(’+E)=T€ o A (12)

where 7 denotes time ordering and 7 is an interaction
timescale fixed as a parameter of the algorithm. At each
step of the algorithm, the ancilla qubits are initialized in the
product state pg = |0){0|p at time t = —%. The combined
system is then evolved under Eq. (9) until time ¢ = % + x,
where the shift x is drawn from a Gaussian distribution with
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randomization timescale Ty,

1 _(L)Z
px) = —ze o', (13)
T

At the end of the cycle, the ancilla qubits are reset back to
,og =10)(0|g. For a given x, one step of the protocol thus
applies a channel X[ p] on the system, which takes the form

K.lpl = Trg[U(T +x)(p ® pg)U (T +x)]. (14)

We define K[p] as the average of C,[p] over the distribu-
tion of evolution time shifts x,

Klp] :/ dx p(0)Kx[p]. 15)

As was suggested in Ref. [37], the averaging over different
evolution times acts effectively as a “dephaser” that removes
possible resonances of the drive with possible transitions in
the system’s many-body spectrum and eliminates potential
divergences in the fixed-point error expansion that plague
the deterministic limit of the protocol. This point will be
discussed more carefully in Sec. IV D.

As mentioned in the Introduction, although in practice
one implements the randomized protocol, to obtain rigorous
bounds it is more convenient to take a two-step approach.
First, we invoke the self-averaging property of the randomized
evolution to focus on the fixed-point error of the average chan-
nel K. However, the real randomized protocol incurs errors in
observables relative to IC, controlled by the variance of the
time-step distribution; our second step is to bound this error.
Taken together, these serve to rigorously bound the error of
the true randomized protocol.

The convergence of the channel toward the fixed point is
characterized by its mixing time tx mix (€). It is defined as the
minimum number of iterations of the channel /C[p] required
so that any initial state is guaranteed to be within € of its fixed
pOil’lt Pfixs

Tic,mix (€) = min {M e N |sup [KM[p] — prxlls < €
P

(16)

Here the distance to the fixed point is quantified using the trace
norm,

ol = Tr[y pptl. (17)

IV. METHODS AND HEURISTIC OVERVIEW

In this section, we provide some results on the proper-
ties of the channel C[p] that are necessary for bounding the
fixed-point error. We first show, in Sec. IV A, that the channel
is well approximated by a Lindbladian evolution followed
by a unitary evolution with the system Hamiltonian. Next,
we construct an approximate fixed point of this combined
evolution in Sec. IVB and show that its distance to pg is
controlled by the coupling strength J. In Sec. IV C, we provide
a heuristic explanation for the role of the unitary evolution
in controlling the distance of the fixed point to the thermal
state. Finally, in Sec. IV D, we heuristically study the effect
of resonances between the driving period of the system-bath

coupling and transitions in the many-body spectrum of H,
which demonstrates the necessity of the randomized evolution
time.

A. Approximation of the channel

The average channel K[p] almost implements a Lindblad
evolution under a Gibbs sampling algorithm, followed by
unitary dynamics generated by H. Concretely, consider the
Lindbladian

Lislp]l = —i[AG, p] + Lpglp], (18)
with
AG = Gis — Gpg. (19)
The Lamb shift term Gig is given by

1 o0 o0
Gs =— — dr dr nh—t
LS 2i2/oo 1/_00 2sgn(t; — 1)

ac A"~
x [*(0) f(tDAL()AL(1). (20)

This Lindbladian agrees with the exact Gibbs sampler in
Eq. (1), up to a different coherent term given by Grgs. Fur-
thermore, denote unitary evolution by the system alone by
Uy(t) = e M and consider the channel

Kislp] = / dx pOUN(T +x) e “5p UH(T 4+ x). (1)

The difference between K s[p] and the average channel K[p]
is then bounded by
P s
I = Kisllioi = O(ngeiTe 5% + J'ngex?), (22)
where the difference between channels is characterized by the
induced norm

M
M1y = sup LA 23)

o el

The result follows directly from a Dyson series expansion
and is derived in Appendix C 1. The first error term originates
from truncating Gaussian tails of the filter function due to
the finite-time system-bath evolution in each iteration step (cf.
Fig. 1). This term is exponentially suppressed in the length of
the time evolution 7. The second term bounds contributions
from higher-order terms of the Dyson series expansion.

From the definition of Eq. (21), we see that J? plays the role
of a time step of the evolution with an effective Lindbladian
Ly s. Since the effective Lindbladian is the only dissipative
part of the protocol, this suggests (although does not show)
that the mixing time of the channel KCrs, Tmix(€) = Tic, mix(€),
scales as the inverse of this step size J~2. It is then natural to
introduce a rescaled mixing time fix ;(€) of the channel

tmix,](e) = Jszix(E)- (24)

Although we expect that s approaches a constant
for J/ — 0, and we provide numerical evidence for this in
Sec. VI, we stress that we do not have a general proof that
limy_, ¢ tmixs(€) exists.

There exist some cases where the existence of this limit can
be rigorously established, when 2 || ,oé/ 4AGpgl/ 4 |l 1s smaller
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than the spectral gap of the Gibbs sampler Lpg [36], but
establishing this limit more generally remains an interesting
direction for future work. In Sec. VI, we provide numerical
evidence suggesting that this scaling persists even when these
existing rigorous results do not apply.

Finally, we note that if T is chosen sufficiently large and J
sufficiently small so that

€ €
(5 ) 1K = Kislio < 5 (25)

2?
then the mixing times txcmix of K[p] and tyix of Krs[pl]
are related by (Appendix D in Ref. [36] and Lemma A2,
Appendix A)

e mix(2€) < (5 ). 26)

B. Approximate fixed point of /Cys[p]

In this subsection, we show that the channel ;5[] has an
approximate fixed point p with the following properties:

() Kuslpl = p+ 0%

@ 17— pslli = OU?)

This fact will be crucial to obtain our rigorous fixed-point
error bound in Sec. V A.

An ansatz for the approximate fixed point p can be moti-
vated by degenerate perturbation theory as done in Ref. [37].
While degenerate perturbation theory is not a controlled order-
by-order expansion, the first-order expression is sufficient for
our purposes. We outline the main steps here.

The strategy is to match the relation [Crg[p] =p [cf.
Eq. (21)] with an ansatz p = p© + J%5 up to order J>. This
is done in the eigenbasis of the Hamiltonian (H |¢,) = E,|¢d,),
Aap = (9alAlpp), wap = Eq — Ep).

Equating leading-order terms of order J° yields

1.2 72 =
e ZwabTO —iwayT

0 0
Py = Pay s 27

which implies that p® is diagonal in the eigenbasis of H.
To determine p© explicitly, it is necessary to consider the J?
contributions for the diagonal elements. These give

(Lis[0)aa = 0. (28)

It follows that p©@ = pp, since ([AG, 2@ = 0. This
shows that this ansatz satisfies

15— pglli = OU?) (29)

as long as ||o||; is bounded. The relation for the off-diagonal
elements a # b at order J? is given by

e T (—i[AG, pglas + € e o) = 0. (30)

Solving for oy, yields

—ie T [AG, pplay

1,272 -
1 — e*Z‘”abTo —iwapT

€29

Oab =

We can now substitute the ansatz p = pg +J %o as defined
above back into K g and rigorously show that (1) Krs[p] =
p+0OU*Y), and (2) its distance from pp is bounded by

(Appendix C2)

) BT T\
15— pslli = Plloll < J2P01Y<n3, S )e. (32)
0

C. Heuristic picture

The explicit form of o in Eq. (31) as well as the bound
in Eq. (32) suggests that the presence of the additional prop-
agator Uy(T + x) in the channel /Cyg[p] is crucial to ensure
15— ppllh = O(J?). To see this more concretely it is useful
to separate the action of the channel into two distinct steps in
line with our discussion above, namely “fixing the diagonal
algebra” [via Eq. (27)] and “selecting the Gibbs weights”
[via Eq. (30)] within it. When the unitary step is eliminated
(as achieved, e.g., by the “rewinding” step in Ref. [35]) the
channel at O(J?) is just the identity so every possible oper-
ator is a fixed point. Then, at O(J 2), the whole Lindbladian
correction has to choose the fixed point, and so we have to
simply diagonalize the (O(J?) problem: Evidently, there can
be no sense in which this is a perturbative procedure in J2.

Contrast this to the case when the unitary step is im-
plemented: Here the zeroth-order map is instead coherent
evolution with H; ignoring resonances for the moment, the
fixed operators of this are, as we have argued, diagonal in
the eigenbasis of H. So already at O(J°) the unitary part
removes the off-diagonal degeneracy of the fixed point, and
then within the set of diagonal states, there is a clear dif-
ference between the action of the different terms at O(J2).
The detailed-balance piece Lpp fixes the weights within the
diagonal sector to agree with pg, and this happens for any
finite J, even as J — 0T. The coherent perturbation (the dif-
ference between the Lamb shift and the “correct” coherent
part) is off-diagonal, and, since the off-diagonal elements of
p are fixed to zero at O(J°), it can only induce coherences
perturbatively in J2.

Finally, Eq. (31) highlights the role of the probabilistic
choice of the final time ¢t = % + x. In the deterministic case
To = 0, the denominator can vanish whenever w,,T = 2wk
with k an integer. This characterizes many-body resonances
induced by the time-dependent system-bath interaction. The
randomized evolution time eliminates them by dephasing.

We see, therefore, that the additional unitary evolution
plays a crucial role in privileging the commutant of the algebra
generated by H from within the vastly bigger full operator
Hilbert space already at O(J°), enabling a controlled treat-
ment in J2, and in turn necessitates randomized evolution to
eliminate resonances in this procedure.

D. Effect of many-body resonances

As discussed in the previous subsection, resonances cause
divergences in Eq. (31) if T = 0 and w,,T = 2wk with k an
integer. It is natural to ask whether these resonances remain
isolated, affecting only the (few) matrix elements directly
corresponding to the resonant transitions. We show here that
they do not: Resonances can also modify populations in non-
resonant subspaces.

To illustrate this, we construct an approximate fixed point
po of the channel KCy[p] corresponding to the deterministic
choice Ty = 0. To this end, we follow the same arguments that
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led to our ansatz for the approximate fixed point of Ky s[p] in
Sec. IVB.

As before, the channel Cy[p] can be approximated by a
Lindblad evolution and a unitary evolution,

/C()[,O] — e*iHTpeiHT +J267iHT£LS[p]eiHT +O(J4) (33)

We again match the relation /Cy[ 0] = po with the ansatz py =
p© 4 sz(l). At order JO, this gives

efiHTp(O)eiHT — p(O). (34)

Note that already in this order there is a difference between the
resonant and nonresonant case. At a resonance where w,,T =
27k, Eq. (34) is satisfied even for nondiagonal p©.

In order to analyze the matrix elements in the eigenbasis of
H, we split it into a resonant subspace {a, b} (where ¢/®=»T =
1) and a nonresonant subspace {i, j} (where ¢/®iT = 1). Equa-
tion (34) then implies that p©) has zero elements,

M =0, () =0, 35)
and nonzero elements,
O #0, (0D #0, (06 )ap # 0. (36)

Notably, off-diagonal elements (p)4 in the resonant sub-
space are now in general allowed to be nonzero. To fully
determine p© we have to consider the order J? contributions
in this subspace. At second order, it is given by

M (Lis[p T+ pe™! = pD, (37)
which implies that L1s[p@] has zero elements,
(LislpDaa =0,
(Lrslp@Dii = 0,
(LsloDas =0, (38)
and nonzero elements,
(Lislp®Dai # 0. (Lrslp™ Dy # 0. (39)

The structures of p©@ and £; s[p?] are summarized below
for the case of a four-level system, where the box indicates the
resonant space {a, b}, and matrix elements are represented by
“0” if zero or “x” if generally nonzero.

X X 0 0

p(o) o X X 0 O
0 0 x 0|
0 O 0 x
0 O X X

Lislp®~ | 100 <X (40)

X X 0 x
X X x 0

The state p© is then determined implicitly as the solu-
tion of Eq. (40). Already its structure is different from the
nonresonant case, and in particular p° is not fixed to be di-
agonal. Furthermore, in Sec. VI B, we obtain the solution to
Eq. (40) numerically for a small system. The results show that,
at resonance, the matrix elements of the approximate fixed
point po differ from those of pg even in the limit J — 0%,

and that this discrepancy persists even within nonresonant
blocks. Thus, the effects of resonances are not even confined
to resonant blocks but also extend to nonresonant populations.
A finite value of Tj is therefore essential for suppressing these
resonance-induced corrections.

V. RIGOROUS RESULTS

In this section, we present analytical results characterizing
the performance of the algorithm. In Sec. V A, we use the ap-
proximation of the channel K[p] by Kps[p] and the existence
of an approximate fixed point close to pg to obtain a fixed-
point error bound. Furthermore, we provide upper bounds for
the variance of observables in Sec. V B.

A. Fixed-point error bound

Equipped with the observation that the channel K[p] ef-
fectively implements a Lindbladian evolution followed by a
unitary evolution and that this combined evolution has an
approximate fixed point close to pg, it is possible to derive the
main result of this work: a rigorous bound on the fixed-point
error controlled by J2.

Theorem 1. Let pgx denote the fixed point of the channel
K[p]. Denote the parameters of K as the width of the filter
function o [cf. Eq. (11)], the randomization timescale Tp [cf.
Eq. (13)], the total evolution time 7', and the inverse tempera-
ture 8. If 0 < T and Ty < T, then

72
T 2524472
202 +4T;

2
lop — phixllt < 2€ + tmix,s(€)npes?e

) BT T\
+ S tmixg(e) poly( ng, —, —, — |e?.
o o Ty
41)

The full expression for the fixed-point error [including the
explicit form of the poly(---) term] is given in Eq. (B16).
The second term is a tail error, originating from the channel
approximation in Eq. (22). This term is exponentially sup-
pressed as a function of 7' /o and can therefore be made small
by (mildly) increasing the evolution time between resets. The
third term of this error bound scales quadratically in J and can
thus be controlled by tuning the coupling strength J.

To obtain this bound, the strategy is to use the approximate
fixed point of the channel Krg, constructed in Sec. IV B.
Recall that IC; s[p] = p + O(J*) and also that p is close to the
thermal state. Since, as discussed in Sec. IV A, K, is close
to the effective channel KC implemented by our protocol, a
fixed-point bound on ||og — psixll1 then follows from a triangle
inequality and closeness of fixed points of close channels. In
particular (see Lemma A1, Appendix A for details),

loax — ppllt < llosx — 2l + 12 — pplh

Imix, (6)
<26+ (K = Ko
+1Keslpl = Al + 12 — pplh. (42)

Rigorous bounds for ||[/Crs[p] — pll; and || — Krs|l1—1 are
obtained in Appendix C. Substituting these above yields
Theorem 1.
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Note that the inequalities in Eq. (42) hold for any density
matrix p. The key insight of choosing the approximate fixed
point p = pg +J%0 is that in this case all terms are con-
trolled by a factor of J2. Indeed, |5 — pglli = J*[|o|; (for a
o with bounded norm as J/ — 0) and “““J‘#HICLS[,D] —plhi =
O(-]ztmix,J (€)).

Provided that tyis(€) =o0(J %) [or, equivalently,
J? tmixs(€) = 0 as J — 0], this result shows that the
fixed-point error of the protocol can be made arbitrarily
small by decreasing the coupling strength. Note that #y;x s
here is already the rescaled mixing time; see Eq. (24) and the
surrounding discussion. Consequently, to achieve the target
accuracy €, one expects the scaling

7 =@< € ) (43)
tmix,]

Here we have suppressed the dependence on the other proto-
col parameters and O suppresses logarithmic dependencies on
its argument. The total Hamiltonian evolution time required to
prepare an approximation to the thermal state is then given by

A Tt
T = O —2%L ) (44)

€

Note that this bound qualitatively improves upon previous
results obtained in Refs. [35,36], which estimated that the total

evolution time of the algorithm scales as 8%

B. Bounds on the variance

In practice, the averaged channel K[p] is not implemented
directly. Rather, at each step a random evolution time x; is
sampled, giving rise to the channel K\.[p]. After M steps, this
defines the random channel

Eulpl =Ky 0 Ky 00 Ky [p]. (45)

Expectation values of observables are thus obtained by aver-
aging over repeated realizations of the random channels &y,
which reproduces the effect of M applications of the same
averaged channel KC[p],

IEMSM[)O] = EM’CXM o ICXM,] O:-+0 ICX1 [p]
= KM[p]. (46)

However, the randomness induces an additional source of
variance. To make this explicit, we introduce the following
notation. For an arbitrary initial state p, denote the expectation
value of O with respect to this random sequence as (O)y =
Tr[O&y[p]]. The variance of the observable O can then be
expressed as

Var(0) = Ey[(0*)y — (0)3]
+ [En(0)3; — (Ear (OWn)*]: 47)

The first term is the usual shot-noise contribution, averaged
over sequences, while the second term is the (sequence-to-
sequence) variance of the mean (O),. While the first term
remains finite even in the deterministic limit 7o — 0, the sec-
ond contribution is an additional contribution to the variance
arising from the randomness in the channel.

The following theorem provides an upper bound on the
variance of observables under repeated application of the ran-
domized channel.

Theorem 2. Let &y denote the random channel obtained
after M applications of the protocol. Then, for any observable
0, the variance satisfies

2
— @ Tmix

4 1 i
Var(0) < |01|%, + 62%2;||H||§||0||éj- (48)

— 67 Tmix

The proof of this bound is provided in Appendix D. The
constant C is determined by the contraction estimate for a
primitive channel

K710 — Tr[pax O [loo < Ce™ ™ (|0 oo (49)

The prefactor C depends on structural properties of the chan-
nel, such as the size of any Jordan blocks [42]. In general, C
can be upper bounded by a factor proportional to the mixing
time. In many relevant cases, however, C = O(1); for exam-
ple, this is true when the channel is contractive, as at high
temperatures [24]. We provide a numerical analysis of the
fluctuations induced by a randomized evolution in Sec. VIC.

VI. NUMERICAL ANALYSIS

While Sec. V contains the main rigorous results, the
present section complements them with additional numerical
insights. In Sec. VI A, we analyze upper bounds for the mixing
time of the channel in terms of the spectral gap and provide
numerical evidence for a quadratic scaling in J over a wide
range of coupling strengths. In Sec. VI B, we investigate the
role of the randomized evolution time used in the channel
K[p] [cf. Eq. (15)] and show that without it, the fixed-point er-
ror is nonperturbative in J. Finally, in Sec. VIC, we study the
variance induced by different randomized implementations of
the protocol.

Our analysis is based on the mixed-field Ising model

H =Y 77+ gXi+ hZ. (50)

We choose g = 0.9045, h = 0.809, for which parameters the
model is known to thermalize rapidly [43]. As jump operators,
we choose the single qubit operator A, = X, + Z, on each
qubit. Although other choices may yield faster mixing times,
this choice is well suited for studying the effect of resonances.
The width of the filter function f(¢) in Eq. (11) is specified
by o = 1. For all presented results, the mean evolution time
satisfies T > 40, and whenever the random evolution time is
implemented, the width of p(x) is set by Ty = 1.

A. Scaling of the spectral gap

One important ingredient in the fixed-point error bound is
the mixing time Tpix. As shown in Sec. IV A, the channel K[p]
implements up to a small error a Lindblad evolution of time
J? followed by a unitary evolution of the system Hamiltonian.
As long as the unitary evolution does not strongly affect the
mixing, this suggests a scaling of the channel mixing time
with 1/J2.

In this subsection, we numerically analyze an upper bound
on the mixing time for the mixed-field Ising model [Eq. (50)]
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FIG. 2. (a) Scaling of the spectral gap A4, as a function of the system-bath coupling strength J, for the channel Ky[ o] (blue), K[p] (orange),
e Lus (purple), and ¢’ *Lop (green). The spectral gap scales in all cases as J2. (b) Trace distance of fixed point from thermal state || o — Prixlli,
for the channel /Cy[ o] (blue) and IC[p] (orange). The fixed-point error scales as J> over a large range of coupling strengths. Both results shown
for the mixed-field Ising model [Eq. (50)] withng =6, 8 = 1, T = 10 (no resonance).

with ng = 6 sites and show that, in this case, this upper bound
scales indeed as 1/J7.

While obtaining sharp estimates on the mixing time di-
rectly is challenging, we can analyze an upper bound in terms
of the spectral gap [44]. More specifically, let psx be the
fixed point of a channel K[p], and consider the symmetrized
channel

Kamlol = p*Kloge o pge 1os ™ (51)

Let s, denote the second-largest singular value of Kgym[p],
and define the spectral gap by

Agap = 1 — 2. (52)

Then an upper bound on the mixing time is given by [44]

2l p=1/2
remn(@) < (A1) (53)
gap €

In Fig. 2(a), we show the spectral gaps of K[p], Ko[p],
¢/*Cov [Eq. (1)], and /"5 [Eq. (18)]. The spectral gap scales
as J? in all cases, which is consistent with a scaling of the
mixing time Ty, with 1/J% [Eq. (24)]. As an interesting
observation, including the unitary time evolution generated
by the propagator Uy appears to increase the spectral gap of
the channel and therefore improves the corresponding upper
bound on the mixing time. Understanding the origin of this
effect remains an interesting question for future work.

In Fig. 2(b), we show the distance of the fixed points of
Klp] and K[ ] from the thermal state. This error scales with
J?, which matches our fixed-point error bounds (Theorem 1).

B. Effect of random evolution times and resonances

In this subsection, we explore the effect of the randomized
evolution time in the channel K[ p] applied on the mixed-field
Ising model [Eq. (50)] with ng =2 sites. As discussed in
Sec. IV D, many-body resonances can affect the fixed point
significantly, and the randomization suppresses these effects.

As a first step, we directly probe the off-diagonal elements
of the fixed point (in the energy eigenbasis) as a function
of the evolution time 7. We compare the results for the av-
eraged channel K[p] with the deterministic channel Ky[p]
corresponding to x = 0 in Eq. (14). The results are shown
in Fig. 3(a). Resonance peaks occur for the channel Ky[p] at
regular intervals in 7 whenever w,,T = 2wk with k an integer.
In contrast, these resonances are suppressed by the channel
Klpl.

Next, we illustrate that resonances affect both resonant and
nonresonant blocks of the fixed point. Choosing the evolution
time T to induce a resonance between two energy levels, the
matrix elements of the fixed points of channels Ky[p] and
K[p] are shown in Fig. 3(b) as a function of 8. For the channel
K[ p], resonances have no visible effect, and the channel cor-
rectly converges to pg as J = 0.01 is sufficiently small. As for
the channel KCy[ p], many matrix elements in both resonant and
nonresonant blocks significantly deviate from pg, particularly
at high temperatures. These results agree with the previous
solution for p® [Eq. (40)].

The effects of resonances, therefore, are not isolated to
specific populations of the fixed point. The fixed point is
entirely affected, and, consequently, this leads to substantial
fixed-point error. Figure 4 shows the distance between the
fixed point and pg as a function of 8 when T is chosen such
that it excites a resonance. Without the randomization step,
Kolp] has a large fixed-point error that does not vanish even
in the J — 0" limit, whereas the fixed-point error of K[p] is
tunable by J.

C. Variance of observables

Finally, we investigate how using the randomized channel
Eulp], rather than the mean channel X[ p], leads to additional
fluctuations in observables. To this end, we construct 50 real-
izations of random channel sequences &y[p] and measure the
expectation value (O) = Tr[O &Ey[p]] for a given observable
0. We emphasize that the filter function and jump operators
used here have not been optimized for rapid convergence, and
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FIG. 3. (a) Effect of the randomized evolution time [Eq. (15)] in suppressing resonances. Off-diagonal matrix element |p;,| for the fixed
point of o[ p] [Eq. (14)] (blue) and K[p] [Eq. (15)] (orange) as a function of the evolution time 7. Resonance peaks are observed for /Cy[ o] but
not for KC[p] at w;,T = 2mk. Results shown for the mixed-field Ising model [Eq. (50)] with ng = 2, J = 0.01, B = 1. (b) Effect of a resonance
on the fixed point. Results shown for ng = 2, J = 0.01, T ~ 8.86 to excite resonances between energy eigenstates 1 and 2. Diagonal |py; |
in the resonant subspace (blue), off-diagonal |p;;| in the resonant subspace (red), and diagonal |ps3| in the nonresonant subspace (orange) are
compared for varying B. Resonances have no effect on the fixed points of K[p] (x), which remains close to the thermal state pg (dotted).
However, resonances cause the fixed points of /Cy[p] (e) to deviate considerably, both in resonant and nonresonant blocks. This is correctly

predicted by the solution for p@ [Eq. (40)] (solid).

we therefore expect that the preparation rate could be sub-
stantially improved by tailoring them to the relevant transition
frequencies.

The results for two qubits are shown in Fig. 5, for the
observables O = H and O = Z,Z,. They indicate that the
randomized implementation exhibits substantial fluctuations
around the mean-channel result. Consequently, obtaining ac-
curate estimates for observables cannot generally be done
using a single random channel, and instead requires averag-
ing over a number of channel realizations in parallel. This

100 E_' T T T '/')’J"'l-
107! | cmmmesssssssemmmmms Y o ]
=107 3
&
g
| 1073 F E
<
=10"¢ E
EooLe - Kolp]
1072~ Klol
E g2
103 102 10! L

J

FIG. 4. Trace distance of fixed point from thermal state ||pg —
oixll1 at a resonance, for the channel Ky[p] (blue) and K[p] (or-
ange). Results shown for the mixed-field Ising model [Eq. (50)] with
ng =2, B =1, T ~ 8.86 to excite resonances between two energy
eigenstates. Resonances lead to an O(J°) fixed-point error for Ky[ o],
whereas the fixed-point error for K[p] remains O(J?).

introduces an additional sampling overhead depending on the
desired accuracy.

It is interesting to observe that the fluctuations decrease
with increasing system size, as shown for ng = 6 sites in
Fig. 6. One possible explanation in this case is that the
mixed-field Ising model is thermalizing and therefore random
trajectories concentrate. Understanding more precisely how
the randomized evolution affects the variance would be a
useful direction for future study.

As a final note, in addition to randomizing evolution times,
other works [36,45] have also proposed randomizing the bath
Hamiltonian and randomizing jump operators. While these
are useful for bounding the mixing time, there is the practi-
cal trade-off of an increased variance. We present numerical
evidence of this in Appendix E.

VII. CONCLUSION

In this work, we have studied an algorithm for thermal
state preparation based on a time-dependent system-bath in-
teraction. The algorithm requires only Hamiltonian evolution
with local control over time-dependent interactions together
with the ability to reset ancillas. It is therefore readily imple-
mentable on digital quantum devices and may also be feasible
on analog quantum platforms.

Our first main result is a rigorous fixed-point error bound
that is governed by the mixing time of the channel and scales
quadratically with the coupling strength J. As a consequence,
the error can, in principle, be made arbitrarily small by re-
ducing J. This result improves upon previous work on similar
protocols, where such fixed-point error bounds did not explic-
itly account for the dependence on the system-bath coupling
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Random channel Ex[p] (J =0.1) 7
Random channel Ex[p] (J = 0.25)
—— Mean Ex[p] (J =0.1)
—— Mean &Epr[p] (J = 0.25)
++ Averaged channel KM [p]

== (H)s

50 100 150 200 250
Iteration number M

(b)
0.1 Random channel Ep7[p] (J = 0.1)
T Random channel Eps[p] (J = 0.25) ]
—— Mean Ex[p] (J =0.1)
0.0F —— Mean &Epr[p] (J = 0.25) 4

++ Averaged channel KM [p]

(Z125)

50 100 150 200 250

Iteration number M

300

FIG. 5. Evolution of thermal state preparation under 50 randomized channels &y[p] (colored) and averaged channels XM [p] (dotted).
Results shown for the mixed-field Ising model [Eq. (50)] with ng =2, g =1, J = 0.1 (blue) or 0.25 (red), T = 10 (no resonance), initial
state p o« I (maximally mixed state). (a) Evolution of average energy (H). (b) Evolution of two-point correlator (Z,7Z,). The spread of results
reflects the variance induced by random sampling. In contrast, averaging over random sequences significantly reduces the error and leads to a
standard deviation (a) oy = 0.008 (J = 0.1), 0.034 (J = 0.25) and (b) 07,2, = 0.019 (J/ = 0.1), 0.051 (J = 0.25). The equilibrium values
of (H), (Z,Z,) deviate from those of the thermal state (H)g, (Z,Z,)4 (dashed) as these J values are large, leading to fixed-point error.

strength [35,36] or were based on nonrigorous perturbative
arguments [37].

This favorable scaling in the coupling strength J comes at
the cost of randomizing the duration of the system-bath inter-
action, and our analysis shows that this step cannot, in general,
be omitted without degrading the accuracy of the thermal
state preparation. In practice, the randomization means that
the protocol implements evolution with a stochastic series of
channels. This induces an additional variance of observables

0.1r Random channel Exr[p] (J =0.1) 7]
Random channel Ep[p] (J = 0.25)
0.0 — Mean Exp] (J = 0.1) —

—— Mean Exlp] (J = 0.25)
=+ Averaged channel KM [p]
(Z12Z2)p

g 02t
N
03}
04}
05} -

10 20 30 40 50
Iteration number M

FIG. 6. Evolution of two-point correlator (Z,Z,) under 50 ran-
domized channels Ey[p] (colored) and averaged channels KM[p]
(dotted). Results shown for the mixed-field Ising model [Eq. (50)]
with ng =6, =1, J=0.1 (blue) or 0.25 (red), T = 10 (no
resonance), initial state p o< I (maximally mixed state). The fi-
nal standard deviation is measured to be o7z =0.002 (J =
0.1), 0.011 (J =0.25), which is smaller than the two-qubit case
[Fig. 5(b)].

measured during the protocol: Our second main contribution
is to rigorously bound this resulting statistical error.

There are several important directions for future work. To
fully establish practical feasibility of system-bath interaction
protocols such as the one studied in this work, it is imperative
to develop a more careful understanding of how to optimize
the protocol with respect to its many parameters, and how
optimal choices depend on features (e.g., the phase) of the sys-
tem Hamiltonian and of its thermal state. Recently, Ref. [39]
also showed that instead of using the system-bath coupling
J as a control parameter, a controlled fixed-point error can
also be achieved by tuning parameters of the filter function at
finite J. A natural task is therefore to clarify the differences,
and possibly the interplay, between these complementary lim-
its of controlled thermal state preparation using system-bath
interactions.

On a more technical level, control of the fixed-point error in
our bounds relies on the assumption that the rescaled mixing
time of the protocol scales as o(J 2y as J — 0. Although
this assumption seems physically sound, and is supported by
numerical results on the mixed-field Ising model, it is clearly
desirable to understand its general validity and, if possible,
provide rigorous guarantees. We flag this as an important
avenue for subsequent investigations.

More generally, it would be valuable to understand the
relation between the mixing time of thermal state prepara-
tion protocols based on system-bath interactions and their
“proximate” exact Gibbs samplers. For the latter class of
Lindbladians, there is an increasing understanding of mixing
times in physically relevant settings [22—-26,28-30].

A priori, it is not entirely clear how to translate these results
to near-term protocols, but obtaining mixing time estimates
for the latter will be important to judge their applicability in
practice. Here we note that the related question of quantifying
whether a generic system-bath model, possibly upon some
suitable coarse-graining, is “close” to an exact sampler has
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received some recent attention [38] and may make a conve-
nient starting point for exploring these issues.

Note added. Recently, we became aware of Ref. [45],
which studies fixed-point errors for algorithms that prepare
thermal states through system-bath interactions. While the
channels analyzed in this work differ slightly from the one
studied here, the strategies used to derive fixed-point error
bounds as a function of J agree with our approach.
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APPENDIX A: CLOSENESS OF FIXED POINTS
AND MIXING TIMES

In this Appendix, we present two lemmas adapted from
Ref. [36]. Lemma A1 connects the closeness of fixed points to
the mixing time and the distance between the corresponding
channels. This result is used repeatedly in the derivation of the
fixed-point error bounds.

Lemma Al. Let KCi[p] and K,[p] be two channels with
fixed points p; and p,, respectively. Let 7 nix(€) be the mix-
ing time of C;[p]. The trace distance between fixed points p;
and p, is bounded by

(Ala)
(Alb)

lor — p2lli < € + timix(E)NIK1[02] — p2ll1,
lor — p2lli < € + Timix ()X — Kallis,

Proof of Lemma Al. The proof of Eq. (Ala) begins with the
following split:

lor = o2l < o1 = K7™ Lpal |, + | K7 1p2] = p2] .
(A2)

The first term is bounded by e by definition of tTpx(€)
[Eq. (16)]. The second term can be expressed as a telescoping
sum that is simplified using the data processing inequality,

T1.mix (€)—1

||ICf"m“(e)[,02] — |, < Z 1K< 2] = K Lp2] |,
n=0

T1.mix (€)—1

< Y K] = el

n=0
= T mix (OIK1[o2] — o2l (A3)

This completes the proof. The proof of Eq. (A1b) then fol-
lows immediately using the fixed-point relation p, = IC;[ 2],

o1 — p2lli < €+ T mix (N [o2] — Kalp21lli
< €+ T mix (O — Kalli-1- (A4)

Lemma A2 shows that two sufficiently close channels have
comparable mixing times. This is used to justify that the exact
channel K[p] has similar mixing times to the approximate
channel Kps[p].

Lemma A2. Let KCi[p] and K,[p] be two channels with
mixing times 7y mix(€), T2,mix (€), respectively. If the two chan-
nels are sufficiently close with 71 mix(€/2)[IIC1 — Kz ll151 <
€/2,

TZ,mix(zé) < Tl,mix(e/z)- (AS)

Proof of Lemma A2. Consider [|K3"™“/?[p] — py||; for
any p, which can be split as follows:

[ P1 = pal, < IR K5 P
+ H’C'lfl,mix(f/z)[p] — o ”1

+ o1 — p2ll1- (A6)

The second term is bounded by €/2 by definition of
71, mix(€/2) [Eq. (16)]. The third term is bounded by €/2 +
71 mix (€/2)IIC1 — K2 |l1-1 [Eq. (A1b)]. The first term requires
a telescoping sum as follows:

||IC;IAmix(€/2)[p] _ ,Cfl,mix(f/z)[p] ||1
T1,mix(€/2)—1
< Z ”Kg+llc?,mix(€/2)*”*1 [p]_’Cg’C;l.mix(e/z)7” [p] ” 1
n=0

71,mix (€/2)—1

S K — ko[ el |

n=0
T1,mix (€/2)—1

> K = Kilhoa

n=0
Tl,mix(e/z) ||IC2 - ICI ||l—>l~ (A7)

N

Collecting these results, the overall bound is given below,
where the final inequality uses 71 mix(€/2)IK1 — Kal151 <
€/2,

|32 p] — oo, < € + 211 min(€/2) 12 — K121

<
< 2e. (A8)

This is the definition of 1) mix(2€). Thus it is proven that
TZ,mix(ZG) < Tl,mix(e/z)‘

APPENDIX B: DERIVATION OF THE FIXED-POINT
ERROR BOUND

In this Appendix, we provide a detailed explanation of how
a trace distance bound between the fixed point of K[p], pfix,
and the Gibbs state pg can be derived. While the overall strat-
egy to bound the fixed-point error is straightforward, some
of the calculations are a bit more involved and deferred to
Appendix C.
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1. Approximation of the channel

As a first step, the channel K[p] is approximated by an-
other channel that is easier to analyze (Sec. IV A)'. Denote the
propagator of the system dynamics as Uy(t) = e~"H". Define

Kislpl = f dx p()Up(T + x) e’ “5p UJ (T +x). (B1)

o0

The Lindbladian £y g[p] agrees up to a coherent term with the
detailed balance Lindbladian Lpg[p],

Lislp] = —i[AG, p] + Lps[p], (B2)
with
AG = Gis — Gps. (B3)
The Lamb shift term Gy g is given by

Gis = — — Z / dry / dty sgn(t; — 1)

aE.A
x fH(t) f ()AL (12)AL1). (B4)

Though KCrs[p] is a good approximation of the exact chan-
nel K[p], they differ at order J2. Using a Dyson expansion in
the interaction picture, it can be shown that (cf. Appendix C 1)

2
IK = Kisllioi = O(Pngeire P 4 Pet). (BS)

We denote the fixed point of ys[p] by pLs and the mixing
time of the channel Crs[p] by thmix = ""‘“ . It follows then
from Lemma Al:

tle J(E)

lloix — pslh < € + 1K — Kislli—1
£ - £
< €+ tmix s (€)O(npes e g + JPngex?).
(B6)

2. Approximate fixed point of /Crg
To bound ||pg — pLs|l1, we construct an approximate fixed
point of Krs, Kis[p] — p = OU*) and split the bound using
the triangle inequality

log — pLsllt < llpg — Pllt + 1P — pLslh
_ ixs(€) _
<e+llop—plh + ""*ﬂ 15— Kislpllh,

B7)

where the last inequality makes use of Lemma Al.

An ansatz for the approximate fixed point p is obtained
using degenerate perturbation theory, as outlined in Ref. [37]
and Sec. IV B. While degenerate perturbation theory is not
controlled, the obtained expression at first order in J 2 is al-
ready sufficient for our purposes.

To obtain an approximate fixed point, we make an ansatz
p= p(o) + J%o, expand the channel [ g[p] to first order in
J? and match the resulting expression at each order in J>.

All expressions are obtained in an eigenbasis of
the Hamiltonian H: H|@,) = E,|¢a), Awp = (Pal|Aldp), and
Wap = Ea — E;,.

To simplify the expression, we make use of the relation

1. 272
e 10,15 za),,prab'
ab

[[ dx p(x) Uo(T + ) p U (T +x)}

(B8)
Matching terms of K s[p] = p to order J 0 gives
e—%w,,bTo lwupr(O) ,022), (B9)

and implies that p(© is diagonal in the eigenbasis of H for
Ty # 0.
The degeneracy is lifted by the next order J?: The relation
for the diagonal terms gives
(Lrslo™Daa = 0,

eﬂa

(B10)

and it follows that p(® = = pp. The off-diagonal terms
a # b have to satisfy the relatlon

e (—i[AG, pylar+ €+ o) = 0. (BI)
This relation is satisfied by
ie”@aT[AG, pglas
Oap =
1—e 4a) To —iwgT
e~Pew 2i sinh (£22)efoaT
= A B12
Z e —j0L T eiwaT (AG)a, ( )
with &4, = @ Insertion of the ansatz p into Kpg shows

that indeed KCrs[p] — p = OWJ*).

The bounds for ||o||; and ||p — Krs[p]]l1 are a bit tedious,
and are obtained in Appendix C. They are given by (cf.
Appendix C2)

_ ngB TS o2
log —plli = loll = O(J2—3Fg402>, (B13)
o- 1y

and (cf. Appendix C 3)

T\ s
15 — Kuslpllh = O(J“né(l - %F)ezfiz). (B14)

0
This gives the bound:
ngB T 92
log — puslh <e+ O(JZLT—e ) + s (€)
0

6 542
x(’)(ﬁ <1+ '63;4>e?§>. (B15)

3. Combining the bounds

Finally, combining Eqgs. (B6) and (B15) gives the total
fixed-point error:

log — paxllt < llog — oLsll + lleix — ousli
ngB TO o
<2e+0(ﬂif—e )

72 2
[ ST ) il
~+ tmix.J (e)O(nBe4a2 e My JZnée 207 )

T 582
+tm1xJ(E)O<J2 <1+£3F>€2:;)
(B16)

Equation (B16) is the explicit expression for the fixed-point
error stated in Theorem 1.
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APPENDIX C: EXPLICIT CALCULATIONS FOR THE FIXED-POINT ERROR BOUND

This Appendix presents the detailed derivations underlying the fixed-point error bound summarized in Appendix B. The
derivation of the channel-approximation error ||IC — Kps|li—1 [cf. Eq. (B6)] is given in Appendix C 1. The remaining ingredients
entering the bound on || pg — prs|l1 [Eq. (B7)] are derived in the subsequent subsections: Appendix C 2 treats the term || pg — P 1,
while Appendix C 3 derives the bound on ||p — Krs[p]ll1-

1. Bounds on the channel distance

In this subsection, the bound for the channel distance || — Kps||;— stated in Eq. (B5) is derived. To do so, observe the
following:

IK = Kislli-1 < fm dx p[IK,[] — e HTH0S s [T+ (ChH
The channel /C,[p] can be represented as
K.lp] = efiH(T+x)TrB[UX[p ® pg]Ux’r]eiH(Ter) = ¢ HTHOR [ o] T+ (C2)
where U, is the propagator in the interaction picture
y T/24x
U, =Texp (—i/_T/2 dr JV(t)). (C3)

It follows from the unitary invariance of the norm,

1K — Kislho < / dx po)|e TR [ — & A ]e T

- [T el - e

—00

and thus it suffices to analyze the channels I@[p] and e’*£s [p]. _
Our strategy is to expand both channels in powers of J. For the channel K., we use a Dyson series for the system-bath

propagator, and for the other channel we use the expansion of the exponential function. Keeping terms up to order J?, this yields

Kilpl = p + 2K 1ol + Ol flIg). (C5)
A3 [p] = p + I Lislol + O ILisIIT ). (C6)

Comparing these two terms yields a bound on their difference
[Re = e Ly < e = Rl Ly = as = RV Ly + O (U1 + I£as170))- (€7)

We will now use the explicit expressions for £is and K" to bound the difference in their image (the numerator of the
right-hand side above) for arbitrary p. To this end, we first derive the expression for K{V[p], using the Dyson expansion for U,

given by
5 T/24x T/24x n
U, =1- iJ/ dn V(1) —J2/ dtlf dt, V(t)V (1)
-T2 -T/2 =T/2
T/24x 3] 53 T/2+x 4
+iJ? f dr / dn / ds V)V (6)V (13) + O J* / dt IVl | |- (C8)
-T/2 -T/2 -T/2 -T/2

Odd orders in J vanish after tracing out the bath degrees of freedom. At order J2, there are three contributions:

T/2+4x T/2+x o
Trg —iJf dn V) |[p ® py) iJ/ de; Vi) =J2ZLapL;,

T/2 T/2

T/2+x t T/2+x a1
Try| =2 [ dan / VeV o) |[pe e | = -7 / i [ dy F1 ) f )AL ()AL,
- 2 ] -T2

T2 -T

T/24x 1 . T/2+x 1
Trg | [p ® pp|{ —J° / dt| [ s vViehHviap | | = —J2pz / dt| [ des F() fHEDAL)ALL).
— /2 — -T/2

T2 -T

(C9)
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It can be shown that these terms sum up to J2K("[p], where
K®"[p] = —ilGs. p] + ;Lale — {5 Lo, p}. (C10)

Here Gis and L, are nearly identical to Gis [Eq. (20)] and L, [Eq. (2)], but with their integration domains restricted to
(=T/2, T/2 + x) instead of (—o0, 00). This causes K{"[p] to differ from Lis[p] by a finite-time tail error.
This completes the expansion of K, [p]:

T/2+x

4

~ ~ - 2

K.lpl=p+*KP[p]+ 0O n2|:/ dr|f<r)|||Aa(t)||oo} ol =p+J2/C;‘>[p]+O(J“n§e£*2). (C11)
~T/2

We continue with bounding || Lrs[p] — IC)((”[,O] l1, which represents the tail error. We obtain from Eq. (C10),

N 1
Lislp] — RW[p] = § //R R )dh dn f*(tl)f(t2)|:_§sgn(tl — )AL (11)AL(12), p]
a N(=T/2,T/2+x

1
—E{A,tm )Au(12), p} +Aa<r2>pAZ(r1>}. (C12)

Using [|A.(t)]loo <1, Holder’s inequality gives
14a(22)pAl (DIl < llpll1- This leads to

Aa(t)AL), plllr < 2Mpll fAatDA(r2), P} < 2ol

I1£esle] = Kol < 3nsllolh / f dry dia | f ()11 f (12))]
R2\(=T/2, T /2+x)
o0
< 6n3|lpll1[/ dr If(t)l} [/ dr If(t)l}- (C13)
—o0 lt|>T /2—|x|
These integrals can be evaluated for the form of f(¢) chosen in Eq. (11) and thus give
. i T —2|x|
I1LLs[p] = KVplll < 6npets erf0<—) ol (C14)
V20
To obtain the explicit expression for O(J*|| Lys|1? ), we use
£
ILislellli < 3nges? ||p]l, (C15)
and thus get
£
O(HILLslTL ) = O ngex). (C16)
Combining all terms, this gives
N _ T —2|x|\ £ i
”’CX - ICOO” 1-1= O(Jan erfc<w>e%2 + J4n§€2ﬁ2 ) . (C17)
The final integration over p(x) in Eq. (C4) leads to the final bound
2 __ 12 2
IK = Kislhon = O(Pngeite 70 4 Jndes?). (C18)

2. Bounds on the approximate fixed point

In this subsection, the bound for the approximate fixed point ||pg — plli = J 2|lo || stated in Eq. (B13) is derived, where p is
defined by K s[p] — p = OWUJ*).
From the definition in Eq. (B12), it follows that o can be expressed as

o = 0y *Qpy"”, (C19)
where 2 is a matrix whose components in the energy eigenbasis are given by
Qap = F(0ap)(AG)ap, (C20)

with
2i sinh (%)ei“’“ﬂ

L 272 : :
e 1915 — givaT

F(wa) = (C21)
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Using Holder’s inequality, and || pé/ 2|l = 1, this gives

ol < o8], 0], = 12lc- (C22)

It remains to bound ||2|| .
To do this, split 2 = Qs — Qpg, and consider each of their Bohr frequency representations,

Qpp = Z Z _F(Vl — vp) tanh <M> / dfy / diy f(t1) f*(t2)e™ " =" 32)1'A31, (C23a)

a vy, vze%

vt —iv a\T za
s=Y Y 5 Fm-w) / dr / iy sgn(t — ) () () (A2 ) 49 (C23b)
a v;,neB
a. Bounding Qpg
To bound ||Q2pglle [Eq. (C23a)], make a change of variables ¢z, =
substitute f(t) = ./ #eﬁ%(f*%)z. This gives a separable product fz+(v+) fz_(v_),

o 2i o vanh (P2 [ dr oo [ dps emivite g e (2 (40 ) g 24
DB—Z Z _m (v-)tan T - _e [ ~ +€ € - ( Vz) vt ( )

a v, neB o0 [e9]

W p =152 v, =+, and v_ = v; — v, and

fl—(‘)—) il+(V+)
Corollary A.1 of Ref. [13] states that
Do > hoho)(A Z f dr_h- (- >e—”*( / duh+(t+>Az<t+>A2<—z+>)el‘H’, (C25)
a vy,neB e

where the Fourier transform is defined as A(v) = [ dt h(t)e™ < h(t) = % [, dvh(v)e™.
Using [le"]|oo = 1, and ||A4(t)]lso < 1, a bound for || Qpg||eo is therefore given by

) / T e ( / e )AL, )AZ(—m)e"”’

1208l = —
o

o0
an 00 00
<2 A b)) | dey ()l (C26)
mo? J_ oo
/ _Oooo dt, |hy(11)| can be found explicitly through an inverse Fourier transform of /. (v,.). This leads to
/‘ *° o &
dry |hyo(t)| = el (C27)
i = s
It remains to estimate f_oooo df_ |h_(z_)|. To do so, consider the explicit expression for h_(v),
ivT
R . e .o BV 22
h—(\}) = Zlﬁo'm sinh (T)e o, (C28)

Our strategy is to express h_(v)asa product of two appropriately chosen functions h_(v) = 2i/mo p(v)§(v), so that by the
convolution theorem, h_ (1) = 2i/To (p * q)(1). ffooo dr |h_(t)] can then be bounded using Young’s convolution inequality,

/ dr [h- ()] = Ilh-)ll = 2/7a [(p* Q)OI < 24/70 [ pOllL gl (C29)
—00
Here p(t), q(t) denote the inverse Fourier transforms of p(v), §(v). Denoting & = %5, we pick
A _ 1 k2 /31) ivT —av? N _ vefotvz
plv) = " sinh (T)e ., qv) = m. (C30)
To determine || p(¢)l|.1, the inverse Fourier transform p(z) is expressed by substituting - s1nh2(‘3 Yy = ﬂ ™ dx sinh(2vx) and
reversing the order of integration,
1 B/4 00 ) / 02 B/4 2 T t
p(t) = — / dx / dv sinhQux)eT+0-a’ — 1~ dxe sin [ —"x). (C31)
27 0 —00 2«/]’[0{ 0 o
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|p(1)| is now bounded using | sin(*)| < 1 to obtain |p(t)| < Sfﬂe T2 2 Tt follows that
B
lp@)ll < 27 (C32)
To find ||g(¢)||.1, we split the ¢ integral into short times |¢| < fy and long times |¢| > #y, with fy to be determined later:
1 o o . 1 *© ;
lgOllp = — dr / dve™gv)| + —/ dr / dve™gv)|. (C33)
2w J_y, —00 27 Jit>1 —oc0
Using partial integration, we obtain
2t [ . 2 (™ d?4(v)
lg@ll = —/ dv |g(v)| + —/ dv > |- (C34)
T Jo Tty Jo dv
To obtain a bound for |G(v)|, note that ﬁ = ®(v~"). For a bound of | dz%(z") |, the numerator can be bounded by a term

of order O(v3e"’“’ ) and thus cancels divergences in the denominator. A tedious but straightforward calculation then yields, with
the assumption 7y < T ando < T,

/000 dv |G| = O(%) /Ooo dv ‘d;qv(;) = (’)(07;;;6). (C35)
Picking ty = T2 , this gives
T6
lg@l = (9(03—%4), (C36)
and together with Young’s convolution theorem Eqgs. (C29) and (C27), ||2pg |l is thus bounded by [cf. Eq. (C26)]
128 Ml = 0(%;—;635). (C37)

b. Bounding Q¢

The procedure to bound ||Qs|ls [Eq. (C23b)] is similar to before. The same change of variables is first used to obtain a
separable expression g4 (v4)&_(v_),

. o0 . iB\2 +
Qrs = Z Z FF(U ) dt_ P 1a /_oo dry sgn(t+)e_’”+'+e_z;i2(’*+7ﬁ) (Ag) A3, (C38)

a vy,neB

8-(vo) 8+(vy)

Corollary A.1 of Ref. [13] is again used,

2”3 oo 0
sl < o [ algl [ dny gl (€39)
To" J-co —00
For [ fooo dry |g+(t4+)|, it can be integrated explicitly,
/"O o A
dry g+ (0] = ew?, (C40)
= s
oo .
For fioo dr_ |g_(t)|, we first integrate to find g_(¢_),
et . Br\ _ 2.2
(l)) = IIOTW sinh (7)6 6, (C41)

Picking §_(v) = iy/mo P (v)G(v),

Vv

1 .
#(v) = —sinh <%>e’”_‘”2,

oy = — 2 (C42)
l) —

q e~ T eth

lg— ()|, is bounded by the convolution theorem and convolution inequality,

lg-®ll < Vmolr@®llllg®llL (C43)
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4(v) is the same as before, so ||g(¢)l|;: is bounded by Eq. (C36). #(v) can be rewritten using < s1nh( V) = foﬁ/ dx cosh(vx), so

r(t) can be evaluated by swapping the integrals,

1 B2 o0 . 1 rap (P2 2 T+t
() = — / dx / dv cosh(vx)e T = et dr e cos [ ——x). (C44)
21 Jo _ NS 0 200
Using |cos(T+’x)| < 1,|r@®)| < JL% (chf) ema The bound for ||7(¢)||,: is then given by
2 0 2 2 2
Ol < —2 e%/ dre-E < Botn B2 (C45)
4. /ma oo 2 2
Putting these results together, the bound for |21 5|« is of the same order as || Q2pg || co,
ngB TO o
I1QLs oo = 0(i—4e4oz). (C46)
Ty
This completes the bound for ||o ||,
ngf TO o2
ol =112l < I20slloc + 12DB e < O(yﬁ“*) (C47)
0

3. Bounds on [|p — KCis[p]l:

In this subsection, we derive a bound for ||p — Kprs[p]|l1, which is the last ingredient needed to obtain the fixed-point error

bound in Appendix B.

2
Using the expansion p = pg + J?0 and ¢/ %5 = p + JLys[p] + 0(141’112362% ), this gives at order J*:

1p = Kispllh < J* f " e pOolle 1T L[l T 1 O e, (C48)
—c0
Due to the unitary invariance of the norm, the expression can be simplified:
15— Kislplln < J*lLesloll + O njet=). (C49)
The first term is determined by collecting results for || Ly s[p]|l1 [Eq. (C15)] and ||o||; [Eq. (C47)],
1Lsloll < 3nped ol = 0( jf ;i ") (C50)
Thus the complete bound is given by
1o~ Kastlly = (s (14 5 ;De’*) (@s1)

APPENDIX D: BOUNDS ON THE VARIANCE
OF RANDOM CHANNELS

In this Appendix, we provide the proof for the variance
with respect to the observable O after m steps.

Consider a random sequence M = (x1, . . ., X;,), Which cor-
responds to application of the random channel

SM[P] - IC)(,,, O... ICxI [P] (Dl)

For an arbitrary initial state p, denote the expectation value
of O with respect to this random sequence as (O)y =
Tr[O&y[p]]. Furthermore, the average over all random se-
quences is denoted by Ey,.

The variance of the observable O can then be expressed as

Var(0) = B (0?4 — (B (O)y)>

= Eu[(0*)m — (0)3] + En[(0)3; — Ep(O)m)*].

D2)

(

In the second equation, the variance is split into two terms.
The first term is the standard fluctuation term and is bounded
by [Ex[(0*)y — (0)}2‘,,]| < ||0||§O. The second term denotes
the additional variance due to the random evolution time of
the channel.

To bound the second term, note first that

En[(0)y — Em(0)n)*] = Ex((O)y — Ear(O)ur)*, (D3)

and (O)y — Ej(O)py can be expressed as a telescopic sum:

Z D;, (D4)

(O)m —En(O)u] =

with

D; =Tr[pk] o--- K (K

I =Ko K" [0]]. (D5)
Observe that for i > j,

Ey[D;D;] = 0. (D6)
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To see this, observe that the average over the ith random
number x; contains in this case a single factor (IC;_ — KN,

which averages to zero.
Furthermore, due to the contractivity of channels, it holds
ID;| < [[(K, = K7) o K710 .

i) (D7)
Note also that [IC;}, — KT = 0 due to trace preservation. We
can thus add a term —Tr[ g5 O]1 to the expression: This gives

En[(0)} — (Eum(0)u)’]
<Y EulD;P <Eu|KE - K72
j=I

j=1

x |KT™=D10 — Tr[ s O |1,

2m

Tmix

. 1 —
< C*Ey K —K*IIiOIIOIIiol%~ (D8)

— @ Tmix

Here we used [KT™[0 — Tr[pa O |loc < Ce i 10]l0o-
The prefactor C depends on the specific structure of the chan-
nel, such as the size of possible Jordan blocks [42]. An upper
bound is given by a factor of the mixing time itself. However,
in many cases, for example, if the channel is contractive as at
high temperatures [24], then C = O(1).

It remains to bound Ey ||, — K7II3,. We have

Eu| K - K| < fdxp(x)HU(xj +T)= U+ T)lloo

2
S To—=I[H lloo- (D9)
N
(a) T T T T T
Random channel Eps[p] (J = 0.1)
0.0 T Random channel Ex[p] (J = 0.25) |

—— Mean Ex[p] (J = 0.1)

—— Mean Epr[p] (J = 0.25)
+ Averaged channel KM [p]

== (H)p

—15r 1

Iteration number M

50 100 150 200 250 300

Combining all bounds, this gives

2m

4 1 — e —mmix
Var(0) < 101 + C*T —IHIZ 01 ———. (D10)
1 — € Tmix

which is the result in Theorem 2.

APPENDIX E: NUMERICAL RESULTS ON OTHER
RANDOMIZATION SCHEMES

Here we present numerical results on the variance of the
randomization scheme introduced in Refs. [36,45]. These
works propose a randomization of the bath Hamiltonian and a
randomization of jump operators in order to derive a tractable
bound for the mixing time of the channel in terms of the exact
Gibbs sampler.

For a controlled comparison with our protocol (Fig. 5),
we only test the randomization of the bath Hamiltonian.
We use the same protocol parameters 8 =1, T =10, Ty =
1, and 0 =1 and the same mixed-field Ising model for
H [Eq. (50)] with ng =2, g=0.9045, and & = 0.809. A
randomized evolution time is also used here to suppress res-
onances, using the same probability distribution p(x) from
before [Eq. (13)].

The bath Hamiltonian is determined by a random parame-
ter w at every interaction cycle and is given by

w

HB,ID = _EZ,
where w is drawn from the uniform distribution g(w) on the
interval [0, wmax], With @max set just slightly larger than the
greatest spectral gap of the system Hamiltonian H,

(EL)

g(w) = Loref0,0mnl- (E2)
max
(b)
0.1k Random channel Eps[p] (J = 0.1) a
. Random channel Ep[p] (J = 0.25)
—— Mean Exlp] (J =0.1)
0.0 k —— Mean &Epr[p] (J = 0.25) 4

=+ Averaged channel KM [p] (J = 0.1)
== (Z1Z2)p

(Z125)

50 100 150 200 250 300
Iteration number M

FIG. 7. Evolution of thermal state preparation with a randomized bath [Eq. (E1)]. Results for 50 randomized channels £y[p] (colored)

and averaged channels C¥[p] (dotted) are shown for the mixed-field Ising model [Eq. (50)] with ng =2, B =1, wpa = 3, J = 0.1 (blue)
or 0.25 (red), T = 10 (no resonance), initial state p o I (maximally mixed state). (a) Evolution of average energy (H). (b) Evolution of
two-point correlator (Z,Z,). The final standard deviation is measured to be (a) oy = 0.040 (J = 0.1), 0.106 (J = 0.25), (b) 07,2, = 0.024 (J =
0.1), 0.060 (J = 0.25), which is greater than that of our protocol (Fig. 5).
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The remainder of the Hamiltonian is similar to before,
HSB,a)(t) =HQ® HB + ]IS ® HB,w
+IfO)Y (A, @Bl +A]®B,).  (E3)
ac A

with the filter function f(¢) now chosen to be real,

2 22
fi =\ —5e . (E4)
o

The same jump operator A, = X, + Z, is used.

At the start of every interaction cycle, the bath qubits are
now initialized to the bath thermal state pj oc e P5«. Each
step of the protocol then implements a channel of the form

Krolp] = Trp[Un(T +x)(p ® pp)UNT +x)],  (ES)

T —i [' 7 ds Hsp(s)
where the propagator U, (t + 3) =Te "2 .

The channel KC[p] is then given by the average of Ky ,[p]
over randomized evolution time shifts x and also randomized
bath Hamiltonians w,

Kip] = / dr / "™ dopg@Kanlpl,  (E6)
—00 0

whereas in practice, the following random channel is imple-
mented:

EM[;O] = ICXM,wM o ICxM_l,wM_I 0:-+0 ICxl,a)l [10] (E7)

Since this channel now involves two random sequences of
variables x and w, it is naturally expected that this protocol has
a larger variance. The numerical results are plotted in Fig. 7,
which indeed show that the fluctuations are more significant
than our protocol (Fig. 5), with oy larger by a factor of 3-5
and oy, z, larger by a factor of 1.18-1.26.
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