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in a transversely pumped red-detuned cavity
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We study a transversely pumped atomic Bose-Einstein condensate coupled to a single-mode optical cavity,
where effective atom-atom interactions are mediated by pump and cavity photons. A number of experiments and
theoretical works have shown the formation of a superradiant state in this setup, where interference of pump and
cavity light leads to an optical lattice in which atoms self-consistently organize. This self-organization has been
extensively studied using the approximate Dicke model (truncating to two momentum states), as well as through
numerical Gross-Pitaevskii simulations in one and two dimensions. Here, we perform a full mean-field analysis
of the system, including all relevant atomic momentum states and the cavity field. We map out the steady-state
phase diagram vs pump strength and cavity detuning, and provide an in-depth understanding of the instabilities
that are linked to the emergence of spatiotemporal patterns. We find and describe parameter regimes where the
mean field predicts bistability, regimes where the dynamics form chaotic trajectories, instabilities caused by
resonances between normal mode excitations, and states with atomic dynamics but vanishing cavity field.
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I. INTRODUCTION

Atoms coupled to optical cavities have emerged as a
versatile platform within which one can explore open-
quantum-system physics [1,2]. Theoretical works considering
single-mode optical cavities have explored how one may re-
alize a generalized Dicke model by Raman driving [3], as
well as proposing a variety of steady-state phases includ-
ing spatial atomic self-organization of thermal atoms [4,5],
Bose-Einstein condensates [6–11], and degenerate fermions
[12–17]. Recent areas of interest have included dynamical
phases such as limit cycles and chaos [18–21]. Many of these
phenomena have been realized and observed experimentally.
This includes self-organization with thermal atoms [22,23]
and Bose-Einstein condensates [24,25], along with studies of
the associated mode softening [26] and open system dynamics
[27–29]. Out-of-equilibrium dynamics has been studied in
blue-detuned experiments with bosons where the driving leads
to repulsive interactions [30–32], as well as with ultracold
fermions [33–36]. There has been work on the emergence of
time crystals [37–39] and including internal spin degrees of
freedom [40,41]. Beyond single-mode cavities, further pos-
sibilities have been explored more recently using crossed
optical cavities with two coupled modes [42,43], and with
multimode optical cavities [44–48].

In the simplest version of such experiments, a Bose-
Einstein condensate (BEC) coupled to a transversely pumped
single-mode optical cavity undergoes a superradiant phase
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transition above a critical pumping threshold. In the super-
radiant phase, the cavity develops a macroscopic photon
population due to collective atomic scattering, and the atoms
organize in a checkerboard pattern, as illustrated in Fig. 1.
By mapping the system onto a two-state Dicke model [49],
this can be interpreted as the Hepp-Lieb-Dicke transition to
a superradiant state, as shown in Ref. [3]. This was realized
experimentally in 2010 [24] and confirmed in further experi-
ments [27,28]. The mapping of this system to a Dicke model
and the resulting dynamics were discussed in many theoretical
works, including Refs. [6,9,18,50]; for a review, see Ref. [51].

While the two-state Dicke approximation predicts the
phase transition to superradiance, it is known to miss a dy-
namical phase, resulting from the atom-dependent shift of
the cavity resonance. Such behavior is already visible in the
experiment discussed in Ref. [24]: near the bare cavity res-
onance, the cavity photon number in the “phase diagram”
shows significant variation with detuning, and the time evo-
lution of the cavity photon number shows fast variation. The
instability is also found numerically in Ref. [52]. For blue-
detuned cavities, limit cycles and chaos were theoretically
predicted in Ref. [18], while for the red-detuned regime,
limit cycle behavior was first theoretically found in Ref. [19].
Both of these works use an approximation neglecting atomic
motion along the pump axis, which results in an effectively
one-dimensional model. Both regimes are elaborated upon in
Ref. [20] and the impact of quantum noise is analyzed. In
Ref. [39], limit cycle behavior in the red-detuned regime is ex-
perimentally realized. Limit cycles are also found in Ref. [21],
which demonstrates that adiabatic elimination of the cavity is
insufficient to describe their formation. In addition to missing
the dynamical phases, the Dicke model approximation pre-
dicts the phase boundary to the superradiant phase to always
be second order. However, it is expected that the superradiant
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FIG. 1. A cartoon of the experiment and the self-organization
transition. The atom cloud (a) below and (b) above the critical pump-
ing threshold. Due to the intracavity light field which builds up in
the superradiant phase, the atoms organize in a checkerboard pattern.
Adapted with permission from Ref. [9].

phase transition should become first order in some regime, as
reported for fermions in Ref. [12].

The aim of this paper is to systematically map the phase
diagram of the red-detuned BEC-cavity system using exper-
imentally relevant parameters and to understand its behavior
in the different phases. To this end, we use a mean-field de-
scription of the full system, including all relevant momentum
states in both the pump and cavity direction and the cavity
field. To increase our physical understanding of the phases,
we use mixed real-time dynamics and steady-state analysis.

Our results here show that the explicit inclusion of atomic
dynamics in the direction of the pump—which is often

disregarded—results in experimentally relevant corrections to
the phase diagram, e.g., enhancing bistability. It also changes
the qualitative behavior by inducing new instabilities toward
limit cycle phases that occur via non-Hermitian “polaritonic
resonances.” Our static analysis of stable and unstable fixed
points uncovers bistable phases, which do appear in effective
one-dimensional models but have so far been overlooked in
dynamical treatments. Finally, we discuss the nature of phases
which we refer to as “stable atomic superpositions,” which can
be seen as extensions of the normal phase, where the atoms
populate a superposition of single-particle eigenstates rather
than a single eigenstate.

The rest of the paper is organized as follows. In Sec. II, we
first introduce the model Hamiltonian, then derive mean-field
equations of motion and describe how we construct the phase
diagram using linear stability analysis. In Sec. III, we then
classify the phases and discuss the main features of the phase
diagram. In Sec. IV, we explain the anomalous instabilities
of the system resulting from density-wave resonances. We
perform dynamical simulations in the unstable region in
Sec. V. We find evolution to oscillatory atomic superpositions
at zero cavity field, which we explain in Sec. VI. Section VII
provides conclusions.

II. MODEL AND METHODS

A. Effective model

We consider the momentum-space Hamiltonian of atoms
coupled to a single-mode cavity,

Ĥ = ωâ†â +
∑

k

[
k2

2m
ĉ†

kĉk − �2

4�a

∑
s∈±1

ĉ†
kĉk+2sqx − g2

0

4�a
â†â

∑
s∈±1

ĉ†
kĉk+2sqz − g0�

4�a
(â† + â)

∑
s,s′∈±1

ĉ†
kĉk+sqx+s′qz

]
. (1)

Here, c†
k and ĉk are the atomic creation and annihilation op-

erators for a boson with momentum k, and â†, â are those
for cavity photons. The momentums qx and qz are the recoil
momentum in the pump and cavity directions, respectively.
The atomic interaction strength with the cavity photons is g0,
while � is the Rabi frequency of the driving laser. As shown
in Fig. 2, the detuning �a is that of the pump (at ωp) from
the internal atomic transition (at ωa); this quantity enters the
Hamiltonian through adiabatic elimination of excited atomic
states. When �a is positive, this describes red detuning, for
which the light-induced potential is attractive, and hence the
signs of the light-matter interaction in the Hamiltonian. The
effective cavity frequency ω is the cavity-pump detuning;
we follow the sign convention where positive ω = ωc − ωp

corresponds to negative pump detuning, meaning our phase
diagram is flipped in comparison to Ref. [24]. ωc here corre-
sponds to the effective cavity frequency modified by a Stark
shift due to the presence of atoms, as described below.

The three interaction terms correspond to the three possible
state-changing two-photon processes. Figure 2 illustrates the
states that can be reached via these processes if starting from
atoms at rest, i.e., the |kx = 0, kz = 0〉 state. As discussed
below, our treatment is not restricted to these states; we also
include higher motional states which can be reached by re-
peated application of these three processes.

The processes can be understood as follows: Absorbing
and emitting a pump photon adds two recoil-momentum
kicks to an atom, corresponding to the term Vpump = �2

4�a∑
s∈±1 ĉ†

kĉk+2sqx in the case that absorption and emission mo-
mentum gains are aligned. If they are opposite, the state of
the atom does not change and this process corresponds to a
constant energy shift that does not contribute to the dynamics.
The same picture holds for the interaction with two cavity

photons, Vcavity = g2
0

4�a
â†â

∑
s∈±1 ĉ†

kĉk+2sqz . In contrast to the
pump, the cavity photon creation and annihilation is explic-
itly accounted for. The state-preserving process corresponds
to the Stark shift absorbed into ωc. Lastly, the interference
term Vcross = g0�

4�a
(â† + â)

∑
s,s′∈±1 ĉ†

kĉk+sqx+s′qz describes the
scattering of pump photons into the cavity, and vice versa.

We do not include any contact interaction between the
atoms, which we assume to be weaker than the photon-
mediated interactions. This means that this model should be
valid only on short enough timescales, where effects arising
due to collisions are negligible. At later times, such collisions
would be expected to cause thermalization, redistributing
atoms to a range of momentum states rather than just the
discrete points in our model. In addition, such interactions
can cause dephasing of any state involving a superposition of
different atomic states (as occurs for some of the states we
discuss below). The timescale at which those effects become
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FIG. 2. Energy-level scheme, showing the possible photon-
mediated transitions starting from the |0, 0〉 state. Blue lines denote
interaction with a pump photon; red lines interaction with a cavity
photon. The energy difference between ground and excited atomic
states is ωa. The pump frequency ωp is red detuned from this energy
by �a. The detuning of the pump from the cavity frequency, ωc, is
denoted by ω. The atomic momentum states are multiples of the
cavity recoil momentum q and their energies are thus set by the
corresponding recoil energy ωr = q2/2m.

relevant would depend on the density of the atomic gas and the
s-wave scattering length of the atoms (and thus which atomic
species is used). In experiments performed to date, models
of the form we study appear to match experiments well over
the full duration of the experiment, typically a few-hundred
milliseconds.

In an interaction-free BEC at temperature T = 0, all atoms
are in the |ψ〉 = |0, 0〉 state. We assume that the initial state
in an experiment is close to such a state. As such, with the
allowed scattering processes, this restricts the system to the
subspace of states where |ψ〉 = |nq, mq〉 (with q the recoil
momentum). We can thus write

Ĥ = ωâ†â +
∑
n,m

[
ωr (n2 + m2)ĉ†

n,mĉn,m

− �2

4�a

∑
s∈±1

ĉ†
nmĉn+2s,m − g2

0

4�a
â†â

∑
s∈±1

ĉ†
n,mĉn,m+2s

− g0�

4�a
(â† + â)

∑
s,s′∈±1

ĉ†
n,mĉn+s,m+s′

]
, (2)

where ĉn,m = ĉnqz+mqx and recoil frequency ωr = h̄2q2

2m . The
system is additionally confined to states where n + m is even.

Restricting the sum to nmax = mmax = 1 results in a Dicke-
like Hamiltonian, while restricting only nmax = 1, mmax � 1
results in an idealized one-dimensional model used in some
other works [18,19]. In addition to the Hamiltonian dynamics,
we assume a cavity loss rate κ , such that the system obeys the
master equation

d

dt
ρ̂ = −i[Ĥ, ρ̂] + 2κ

(
âρ̂â† − 1

2
{â†â, ρ̂}

)
. (3)

B. Mean-field equations of motion

Since a full solution of Eq. (3) is a complex problem; we
now treat the time evolution of the system using a mean-field
ansatz. For the atoms, we make the Gross-Pitaevskii ansatz,
assuming all atoms are condensed into the same single-
particle wave function,

|φ〉 = 1√
N!

⎛
⎝∑

n,m

φn,mĉ†
n,m

⎞
⎠

N

|0〉, (4)

with complex coefficients φnm defining the macroscopically
occupied single-particle mode, normalized as

∑
nm |φnm|2 = 1.

For the light field, we replace the operator â with its coher-
ent state amplitude α = 〈â〉. This corresponds to making the
ansatz ρ̂ = |φ〉〈φ| ⊗ |α〉〈α|, where |α〉 = exp(αâ† − α∗â)|0〉
is a coherent state of the cavity mode.

This mean-field approach should generally be appropriate
for large atom and photon numbers, as it becomes exact in
the N → ∞ limit [53]. It is known to generally work well for
BECs, where typical atom numbers are Na = 105. The photon
number in Ref. [24] is usually around Nλ = 102, which should
still be well described by a coherent state, although minor
quantum corrections might arise [54]. There are, however,
some regions, especially close to the second-order transition
to superradiance, where the photon number can be much lower
and a mean-field approach cannot necessarily be trusted. Due
to the large cavity linewidth, we expect these regions to be
dominated by noise, leading to a smoothing out of second-
order transitions [20].

Inserting this ansatz into the master equation given above,
we find the coupled differential equations,

dφn,m

dt
= −iωr (n2 + m2)φn,m + i

g2
0|α|2
4�a

∑
s∈±1

φn,m+2s + i
g0�(α + α∗)

4�a

∑
s,s′∈±1

φn+s,m+s′ + i
�2

4�a

∑
s∈±1

φn+2s,m, (5)

dα

dt
= −(κ + iω)α + i

g2
0N

4�a
α

∑
n,m

s∈±1

φ∗
n,m+2sφn,m + i

g0�N

4�a

∑
n,m

s,s′∈±1

φ∗
n+s,m+s′φn,m. (6)

We introduce dimensionless versions of the cavity light field
and pump strength,

λ = g0α

2
√

�aωr
, P = �

2
√

�aωr
, (7)

and define the Stark shift energy scale,

E0 = g2
0N

4�a
, (8)
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to get

dφn,m

dt
= −iωr

[
(n2 + m2)φn,m − |λ|2

∑
s∈±1

φn,m+2s

− P(λ + λ∗)
∑

s,s′∈±1

φn+s,m+s′ − P2
∑
s∈±1

φn+2s,m

]
,

(9)

dλ

dt
= −(κ + iω)λ + iE0λ

∑
n,m

s∈±1

φ∗
n,m+2sφn,m

+ iE0P
∑
n,m

s,s′∈±1

φ∗
n+s,m+s′φn,m. (10)

Practically, the sums over n and m have to be restricted to
some maximum momentum to make simulations possible.
For the parameters considered in this paper, we find that for
nmax = mmax = 12, the dynamics are sufficiently converged to
make quantitatively accurate predictions (see Appendix B for
an analysis of the effect of this truncation), and this truncation
will be used in the rest of this paper unless otherwise specified.

The physical parameter values used in this paper
are κ = 2π × 3.98 MHz, E0 = 2π × 6.37 MHz, and
ωr = 2π × 0.0080 MHz. These values approximately match
the experiment in Ref. [24], but with the cavity loss rate κ

increased from 2π × 1.3 MHz to 2π × 3.98 MHz, making
the instabilities discussed in Sec. IV more pronounced
for easier analysis. While we would still observe these
instabilities for κ = 2π × 1.3 MHz, their decay rates would
be significantly smaller, requiring very long simulation time
to observe their decay into limit cycles.

C. Fixed-point analysis

In order to map out the steady-state phase diagram, we
perform a fixed-point analysis [55]. This fixed-point analysis
allows for a clear classification of different phases based on
the nature and stability of these fixed points and is also able
to find unstable fixed points, which may contribute to the
dynamics. This is a much more efficient method than directly
simulating the time evolution described by Eqs. (9) and (10)
for a range of different initial conditions.

Because one of our variables is a wave function (specif-
ically, the wave function of the single-atom state which
is macroscopically occupied), we broaden the definition of
“fixed point” to include a global phase accumulation of that
atomic wave function. As such, a fixed point (λ0,φ0) of the
equations of motion is defined by

λ̇(λ0,φ0) = 0, (11)

φ̇nm(λ0,φ0) = −iε0φ0,nm, (12)

with φ0 as a vectorized form of the atomic eigenstate φ0,nm

and ε0 being the corresponding (real) eigenenergy. Note that
the left-hand sides of these equations mean the equations of
motion as written in Eqs. (9) and (10). We can exploit the
fact that the atoms are not subject to any direct dissipation to

rewrite Eq. (12) as an eigenvalue equation,

H(λ0)|φ0〉 = ε0|φ0〉, (13)

where H(λ0) is the atomic Hamiltonian with the constant light
field λ0 inserted as a parameter.

It is plausible (though not universally guaranteed) to guess
that if a stable fixed point exists, the atomic configuration φ0
will correspond not just to an eigenstate, but specifically to the
ground state of the atomic Hamiltonian H(λ0) for the given
cavity field λ0. For this part of the discussion, we will focus
on this assumption to identify potential steady states. This
assumption may be checked by direct time evolution of the
mean-field equations of motion (9) and (10), and we find that
for most solutions this is true. However, a regime in which this
does not hold will be seen later in Sec. VI, when we discuss
the stability of atomic superpositions which are not ground
states (or even eigenstates) of H(λ0).

In cases where we can consider the ground state, we require

φ0 = GS[H(λ0)] ≡ argminφ0
〈φ0|H(λ0)|φ0〉, (14)

with GS(H) being defined as the eigenvector of H with the
lowest eigenvalue. We can then find the fixed points by solving
the combined equation for λ0,

λ̇{λ0, GS[H(λ0)]} = 0. (15)

Equation (15) can be solved numerically by standard root-
finding algorithms; here we choose the trust-region algorithm
as implemented in the NLsolve.jl library.

To find all possible fixed points, we initialize the root solver
at a large number of randomly sampled λ. We use the trust-
region method with a tolerance of Re λ̇, Im λ̇ < 10−11. While
it might be possible to miss fixed points with a very small
basin of attraction in the solver dynamics, we do not find any
unexpected additional fixed points in any sweep, even with
a large number of initial conditions. This suggests that our
search is sufficiently exhaustive that all fixed points are being
found.

The differential equation λ̇ = λ̇{λ, GS[H(λ)]} describes
pseudodynamics similar to imaginary-time evolution for the
atoms and real-time evolution for the cavity field. Such a
mixed real-time and imaginary-time strategy was used to find
the steady state in Ref. [21]. Note, however, that our approach
is not identical to this mixed dynamics: The dynamics our
equation describes is one in which atoms are always con-
strained to the ground state of the instantaneous potential.
This is the limiting case of mixed real-time and imaginary-
time evolution in which the imaginary-time evolution for the
atoms is allowed to run to completion (relaxation to the zero-
temperature state) at each time step before the next real-time
evolution of the cavity field. As compared to the general
mixed real-time and imaginary-time evolution approach, our
approach takes advantage of the explicit form of the atomic
problem as being defined by a single-particle Hamiltonian.
In addition, our approach also finds unstable fixed points, or
those to which the dynamics would be unlikely to converge.
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FIG. 3. (c) The phase diagram of the model as a function of dimensionless pump strength P and pump-cavity detuning ω. (a),(b) The
cavity field amplitude |λ|2 of the fixed points and their stability along two cuts marked by solid black lines in the phase diagram. Additional
cuts corresponding to subsequent figures are marked as gray lines, and specific points at which dynamics is shown later are marked as yellow
diamonds.

After finding the fixed points, we determine their stability
within linear stability analysis. We make the ansatz

λ = λ0 + δλ, (16)

φ = e−iε0t (φ0 + δφ). (17)

The additional phase factor in φ removes the ground-
state energy-dependent phase rotation from the dynamics.
After inserting the ansatz into Eqs. (9) and (10) and lin-
earizing in the perturbations, we parametrize the complex
perturbations as

δλ = xe−iηt + y∗eiη∗t , (18)

δφnm = anme−iηt + b∗
nmeiη∗t , (19)

with η corresponding to the complex frequency, i.e., energy
and decay rate, which is found as an eigenvalue of the equa-
tions of motion, as we discuss next. This parametrization—
analogous to that used to derive Bogoliubov–de Gennes
equations [56]—is required to treat the complex conjugate
variables since the equations of motion couple terms depen-
dent on λ and λ∗. When inserting the ansatz, the equations can
be separated according to their time dependence. We can then
write all variables as a vector,

V =

⎛
⎜⎜⎝

a
b
x
y

⎞
⎟⎟⎠, (20)

and the linearized equations as

ηV = MV . (21)

This equation defines the allowed values of η as the eigen-
values of the matrix M. Calculating the elements of M is
straightforward and they are given in Appendix C.

The stability of the fixed points then follows directly from
the eigenvalues of M: any eigenvalue with a positive imagi-
nary part implies an exponential growth of the perturbations
in Eqs. (18) and (19), and therefore an instability of the fixed
point.

III. PHASE DIAGRAM

To construct the phase diagram, we divide the phase di-
agram into pixels over a range of detunings ω and pump
strengths P, and find all fixed points for each pair of given
parameters. The experimentally fixed cavity decay rate κ and
Stark shift scale E0 are kept constant throughout, at the values
given in Sec. II B. We then determine the stability for each
fixed point that is found. This results in different numbers of
fixed points, as well as different stability properties of each.
We find five qualitatively different configurations, which de-
fine five different phases. Each configuration occurs for some
value of P in at least one of the left panels of Fig. 3. We define
these phases as follows:

Normal phase. In this phase, there is a stable fixed point
at λ = 0 and no other fixed points. Therefore, for λ = 0, the
cavity is empty and the atomic state corresponds to a BEC
with density wave order only in the pump direction.

Stable superradiant phase. There is one pair of stable
fixed points at λ = ±|λ| 
= 0, and no other stable fixed points
(due to the symmetry λ → −λ, fixed points at nonzero λ

always appear in pairs). Specifically, the fixed point at λ = 0
is unstable. Therefore, when quenched into this phase from
the normal phase, the system should become superradiant and
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converge towards a density-wave ordered superradiant steady
state.

Bistable Superradiant phase. There are stable fixed
points both at λ = 0 and at λ 
= 0, as well as an addi-
tional pair of unstable fixed points. As one moves through
this phase, the unstable fixed point(s) connect between
the stable fixed points such that there is no true dis-
continuity of fixed-point positions. The state is classically
bistable (see later for discussion beyond the classical limit).
As such, which steady state is found depends on initial
conditions.

Dynamical superradiant phase. There is one fixed point
at λ = 0 and one pair at λ 
= 0, but none of them are stable.
Therefore, within the classical approximation, the system in
this phase must remain dynamical and can never converge to
a steady state.

Normal + phase. As in the bistable phase, there are two
fixed-point pairs at λ| 
= 0; however, now the only stable fixed
point is at λ = 0. As such, the steady-state behavior in this
phase is the same as for the normal phase; however, the dy-
namics can be different. This phase can be seen as the overlap
of the bistable and dynamical phase, where the superradiant
phase has already become unstable, but the normal phase
remains.

The complete phase diagram is shown in Fig. 3. In addition
to the phases classified above, the tricritical points, where
first-order transitions become second order, and the stable
atomic superposition (SAS) phase (discussed in Sec. VI) are
marked. The remainder of this section summarizes the key
features of this phase diagram, with more detailed discussions
of the underlying physics of each different phase provided in
subsequent sections.

(a) Bistability. Between the stable superradiant (SR) and
the normal phase, we find a region of bistability of normal
and SR phases. The bistable region vanishes and the transition
becomes second order above the tricritical point marked by
a star in Fig. 3. The appearance of the bistable region is a
direct consequence of including higher momentum states in
the model.

Beyond mean-field theory, when considering the true
steady-state density matrix, this region is expected to be
replaced by a sharp first-order transition between the su-
perradiant and normal phase, due to tunneling between the
coexisting states. The true phase boundary will therefore be
somewhere inside in the bistable region. For completeness,
we briefly summarize here the standard picture [57,58] of how
this occurs. The full quantum solution for the system density
matrix describes the ensemble average over all experiments.
When tunneling between two states can occur, one might
anticipate that the full quantum density matrix involves a
mixture of those two states, determined by the ratio of the
tunneling rates. That is, if one has states A, B and tunneling
rates rA→B and rB→A, then, in a steady state, the probabilities
of being in states A, B will obey pA/pB = rB→A/rA→B.

Considering this full quantum solution, as the system size
becomes large, one finds that two things occur: First, the
tunneling rates become small, so that some sense of bistability
still occurs, in that it takes a long time to switch away from
the initially prepared state. Second, the ratio of tunneling
rates also diverges or vanishes. That means that the ensemble

average becomes dominated by one or the other state, thus
corresponding to a first-order transition. This divergence or
vanishing of the ratio of tunneling rates is entirely consistent
with the vanishing tunneling rate. One simple model is to con-
sider a case where rA→B = r0 exp(−NwA→B) (and similarly
for B → A), where N denotes system size. For this form, the
ratio of tunneling rates will give pA/pB = exp[−N (wB→A −
wA→B)]. In this case, if wB→A > wA→B, then the ratio will go
to zero at large N , while for wB→A < wA→B, the ratio will
vanish at large N . Exactly this kind of behavior was found
numerically in various systems, including for generalized
Dicke models [54].

Therefore, bistability would still be experimentally ob-
servable at large atom numbers due to long switching times
between the states, with the bistable region still playing a role
as defining where these long-lived states exist. This form of
bistability could be consistent with the observation of hystere-
sis at the superradiance transition in Ref. [28].

(b) Extended chaotic region at ω < 2E0. The instability of
the superradiant phase below ω = 2E0 (where E0 is the Stark
shift energy defined previously) is a known feature of atom-
cavity systems that goes beyond the simple Dicke model. It
results from the atom-ordering-induced shift of the effective
cavity frequency [2],

ωeff = ω − E0

∑
n,m,s

φ∗
n,m+2sφn,m. (22)

For ω � 2E0, self-organization can lead to ωeff ≈ 0. This
tunes the pump and cavity to resonance, destabilizing the self-
organization. Evidence of this effect has been experimentally
observed in Ref. [24]. The dynamics in this phase appear
chaotic. When talking about chaos in this paper, we mean
chaos in the sense that two mean-field trajectories at slightly
perturbed initial conditions will exponentially diverge from
each other. We discuss this more rigorously in Sec. V by
introducing Lyapunov exponents. This mean-field behavior
has been observed in similar models, such as the unbalanced
[59] and anisotropic [60] Dicke model. Reference [60] also
highlights the corresponding quantum behavior, which we
would expect to be similar in this system.

(c) Normal + phase. Due to superradiant fixed points be-
coming unstable below ω < 2E0, the additional fixed points in
the bistable phase also become unstable. This leads to a phase
where, as in the normal phase, only the λ = 0 fixed point is
stable, but two additional unstable pairs of fixed points appear.
While this has no impact on the steady state inside this phase,
it leads to the transition to the dynamical phase becoming
discontinuous as the chaotic attractors replacing the λ = 0
fixed point are already far away from it. This is in contrast
to the transition at lower ω described below. It also leads
to interestingly shaped bistabilities, where, when increasing
P, the superradiant fixed point may become unstable before
becoming stable again.

(d) Unstable tongues at ω > 2E0. The stable superradiant
regime at ω > 2E0 is interrupted by regions of instability.
These are not caused by the standard instability mechanism
of atomic ordering shifting the effective cavity frequency, but
instead result from resonances of the system’s coupled light-
matter normal modes. We explain this in detail in Sec. IV.
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These instabilities have low growth rates and they are narrow
stripes in parameter space, explaining why they have not been
observed in Ref. [24].

(e) Stable superradiance at ω � 2E0. At low ω, where no
normal+ phase exists, a small region of stable superradiance
appears. From the numerical results, it is not clear whether
the transition to this region from the normal phase is second
order or whether it is very weakly first order (i.e., first order
with a small jump of the order parameter λ). The smallness
of λ near this transition is why this superradiant state remains
stable, in contrast to other regions at ω < 2E0: The small light
field in the region close to the transition is insufficient to tune
the effective cavity frequency into resonance with the pump,
so the superradiant fixed point remains stable. This stable
region also extends into the normal+ phase through a second
tricritical point to create a small bistable region at low pump
strengths.

(f) Stable atomic superpositions (SAS). As discussed below
and in Ref. [19], by considering time-evolution dynamics,
under some conditions, there can be convergence to states
that have λ = 0 but contain oscillating atomic superpositions;
see Fig. 8. The linear stability treatment discussed so far
only considers the stability of the ground state of the single-
atom problem, so it neglects these states. Any superposition
of states occupying momentum bins of only even n, m is a
solution of the equation of motion consistent with λ = 0 since
the cavity couples only to the overlap of adjacent momentum
states. In Sec. VI, we use Floquet analysis to find that there is a
continuum where these superposition states are stable in large
regions of the parameter space, marked as a shaded region in
Fig. 3. We call this region of parameter space the stable atomic
superposition (SAS) region. These stable superpositions that
are found are bistable with the steady states in their respective
regions (if any exist).

IV. INSTABILITIES FROM POLARITON RESONANCES

This section aims to explain the nature of additional in-
stabilities observed in the phase diagram (see Fig. 3) for
ω > 2E0. These features originate from resonances between
different collective modes of the coupled atom-cavity system.
Due to the coupling between atomic and cavity degrees of
freedom, all normal modes of this system are superpositions
of atomic and photonic excitations, and thus can be called
polaritons. In our parameter regime, the low-energy excita-
tions are of atomic density-wave character, with only a small
participation of photonic excitations.

We find that each “tongue” of instabilities of the super-
radiant state seen in Fig. 3 above ω > 2E0 corresponds to
the energies of two density-wave modes crossing at a line in
parameter space. To deepen our understanding of why these
crossings occur, and how they lead to instabilities, in this sec-
tion we will first visualize the mode frequencies in Fig. 4. The
modes can be separated into three families, between which
crossings may occur. We will then more rigorously show that
the instabilities can be explained by crossings of two modes,
by fitting the eigenvalues of the modes around an instability
to the eigenvalues of a 2 × 2 matrix.

In Fig. 4, we show the energy and decay rate spectrum
of the lowest-energy excitations along cuts marked in Fig. 3.

These are calculated from the same matrix M used for the
linear stability analysis [Eq. (21)]. That is, one takes the
matrix M as defined above (see Appendix C for details) and
calculates its eigenvalues ηγ = �γ + iωγ . The two panels in
Fig. 4 show the evolution of the real (�γ ) and imaginary
(ωγ ) parts of the eigenvalues as one varies the detuning ω. A
similar mean-field treatment of collective modes is presented
in Ref. [11] and summarized in Ref. [2].

The real part of an eigenvalue η corresponds to the
mode’s energy (relative to the fixed-point energy), and its
imaginary part to its growth or decay rate [positive Im(η) for
growth, negative for decay, due to the e−iηt convention]. We
focus on low-energy modes, which we expect to be primar-
ily density-wave excitations—there is a mode that is almost
purely photonic at much higher frequencies ∼ω. This is due
to the large cavity width and detuning relative to the recoil
frequency κ � ωr , ω � ωr , implying a significant mismatch
between density wave and photonic energies.

The figures also show the photonic participation factor [61]
of the mode γ ,

p(γ )
λ = ∣∣l (γ )

λ r (γ )
λ

∣∣ + ∣∣l (γ )
λ∗ r (γ )

λ∗
∣∣, (23)

with l (γ ) and r (γ ) being its corresponding left and right eigen-
vectors (i.e., Mr (γ ) = ηγ r (γ ) and l (γ )M = ηγ l (γ )), normal-
ized such that

∑
i l (γ )

i r (γ )
i = 1. The subscript λ, λ∗ indicates

the components of these eigenvectors corresponding to the
cavity and conjugate cavity coordinate, x ± iy respectively,
in terms of the vector in Eq. (20). The low photonic weights
confirm that the low-energy modes are primarily of density-
wave character.

A notable feature of the low-energy modes is that they
separate into three different families: modes excited in the
direction of the pump lattice, in the direction of the cavity
lattice, or in both directions. The derivation of this separation
and classification of the modes is described in Appendix A.
The families are distinguished by line style in Fig. 4.

Modes from different families may cross since their ener-
gies depend on ω in different ways. In a Hermitian system,
such a crossing of mode energies is generally avoided due to
off-diagonal contributions. However, in non-Hermitian open
systems, in general either the real or the imaginary part of the
eigenvalue shows an avoided crossing, while the other part
shows a crossing. (The exception to this occurs at an excep-
tional point—a singularity in parameter space where both the
frequency and growth or decay rate cross—as discussed in,
e.g., Refs. [62,63].) We see this happening in Fig. 4, where
each intersection or avoided crossing of the energies also
modifies the decay rates. Where energy crossings occur, the
decay rates show an anticrossing, and vice versa. Close to
these crossings, the decay rates and energies can also attract
or repel each other. If the repulsion of the decay rates is
sufficiently strong, it leads to one of the decay rates crossing
zero, indicating an instability. From the photonic participation
factor, it can also be seen that the contribution of the dissipa-
tive cavity to the modes is increased at such resonances.

To further demonstrate that a two-mode crossing can suf-
ficiently explain the resonances and instabilities, we fit the
resonance at ω ≈ 91 MHz in Fig. 4(a) to the spectrum of a
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FIG. 4. Linear stability mode analysis along the cuts at (a)–(c) P = 0.55 and (d)–(f) P = 0.75 indicated in Fig. 3. (a),(d) Energies ωγ of
the modes while varying ω. (b),(e) The corresponding growth or decay rates (�γ , same color), zoomed out in the inset. (c),(f) The photonic
participation factor [see Eq. (23)] of the modes. At mode crossings, mixing of the eigenvectors can modify the photonic part of otherwise mostly
density-wave-like modes, changing their decay rates. The modes’ directions are identified by comparing their energies to the eigenenergies of
one-dimensional (1D) cosine potentials; see Appendix A.

2 × 2 matrix,

M(ω) =
(

α1(ω + β1) δ

δ α2(ω + β2)

)
, (24)

with all parameters complex; see Fig. 5. Note that δ is complex
and both terms involve δ, not δ∗, so the matrix is explicitly
non-Hermitian [64]. The fitting parameters that are found
are given in the caption of Fig. 5. We fit using weighted
least-squares optimization, with the weights for the growth
rates set to 103 to compensate for their smaller magnitude.
We find a good quality fit to this ansatz, confirming that

a two-mode resonance in dissipative systems can lead to
instabilities.

This type of resonance is a nonstandard type of instability,
not resulting from a Hopf bifurcation of a mode as described
in Ref. [39], but instead from the amplification of an existing
mode.

The resonances and their growth rates are hard to predict
since the type of crossing that takes place depends sensitively
on the amplitude and phase of all matrix elements. Specifi-
cally, the phase of δ determines whether the real or imaginary
part crosses. The phase of δ, however, depends on the relative
phase of the eigenvectors, which do not show any simple
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FIG. 5. A fit of the matrix eigenvalues of Eq. (24) to
the energies and growth or decay rates of the resonance at
ω/E0 ≈ 2.25, P = 0.55 (see Fig. 4). Fit parameters found are α1 =
(7.03 + 0.0053i) × 10−3, β1 = 2π × (−25.4 − 0.0094i) MHz,
α2 = (1.96 + 0.0303i) × 10−2, β2 = 2π × (−18.5 + 0.045i) MHz,
and δ = 2π × (0.0466 + 0.423i) × 10−3 MHz.

trends. Notice, for example, the new resonance appearing at
P ≈ 0.72 in Fig. 3, where the off-diagonal elements adjust to
amplify the growth rate to above zero.

Such resonances and instabilities were not seen in previous
theoretical works studying this system, such as Refs. [19,65],
or experimentally, such as in Ref. [24] or [28]. Theoreti-
cally, observing these phenomena requires including higher
momentum states in two dimensions, while these cited theo-
retical works use one-dimensional treatments. It also likely
only appears at high enough cavity decay rates and, like
bistability, is hard to observe in dynamics-focused treatments
such as Ref. [19]. When using experimental cavity loss rates,
the instabilities have low growth rates for most choices of
parameters and result in limit cycles at cavity field amplitudes
quite close to their steady-state values (see Sec. V).

A similar effect resulting from mode resonances is de-
scribed in Ref. [66], which assumes two different polaritonic
modes softening into two different superradiant phases, due
to unequal forward and backward pumping resulting from
an imperfect mirror. In the normal phase, these two polari-
tonic modes are predicted to synchronize in frequency at their
energy crossing by coupling through the dissipative cavity,
with one of the modes becoming unstable. The theoretical
calculation there, however, relies on a simple approach to
adiabatically eliminating the cavity field, which cannot cor-
rectly predict whether or not an instability occurs. This would
require an explicit inclusion of the cavity field into the dynam-
ics as presented in our work. The synchronization is realized
experimentally in Ref. [32], as well as potentially being the
cause of the limit cycle excitations found in Ref. [31]. The
experimental techniques used in these works might also be
capable to detect the instabilities described here.

We conclude this discussion with a brief comment on the
standard fate of limit cycles beyond mean-field theory [58,67].

It is well known that the master equation always has at least
one steady-state solution. For any large but finite-size system,
this corresponds to the phase-averaged behavior of the limit
cycle. That is, one considers different quantum trajectories
showing limit cycles, but with different time offsets, and
averages over them. This leads to a stationary state. Where
the classical limit shows limit cycles, the full quantum solu-
tion will show a corresponding picture in the existence of a
sequence Liouvillian eigenvalues with small decay rate and
regularly spaced frequencies. As the system size goes to infin-
ity, these decay rates tend to zero, leading to the possibility of
infinitely long-lived oscillations.

V. DYNAMICS IN THE UNSTABLE PHASES

This section explores the dynamics within the unstable
phases identified in the phase diagram by using the time-
dependent solutions. We will first look at the large unstable
region at ω � 2E0 and its transition to stability, then show that
behavior in this region is consistent with a chaotic attractor.
Finally, we will see that in the region we have so far labeled
as chaotic, the dynamics can, in fact, converge to stable atomic
superpositions.

The instability of steady-state superradiance at ω � 2E0

was experimentally observed in Ref. [24], indicated by fluctu-
ating photon counts. Our simulations reveal that the dynamics
in this regime are not simple back-and-forth oscillations be-
tween a density wave and a normal phase, as might be naively
assumed. Instead, they are generally aperiodic and character-
ized by apparently chaotic attractors. The theoretical existence
of chaotic behavior and limit cycles in similar systems has
been noted in 1D studies in Refs. [19,20,36], with limit-cycle-
like dynamics also found experimentally in the latter.

In the following, we highlight a few key dynamical features
of our 2D system. All dynamics are calculated using a Runge-
Kutta integrator from the DifferentialEquations.jl package
[68]. We adjust the solver’s error tolerances to make sure
that the wave function’s norm is sufficiently conserved dur-
ing the dynamics [i.e., ||φ(tfinal)|2 − |φ(t0)|2| = ||φ(tfinal)|2 −
1| < 10−4].

In Fig. 6, we show the time evolution of the cavity field
amplitude, and phase portraits of the cavity field, for differ-
ent ω. The values of ω used cross the instability threshold
ω = 2E0 and two density-wave resonances. An apparently
chaotic region and a crossover region confined to one attrac-
tor are visible for ω < 2E0. At density-wave resonances for
ω > 2E0, the dynamics converge to limit cycles of different
periods. This behavior is fundamentally different from the
chaotic regime since, even near the crossover to stability, the
dynamics in the chaotic regime remain aperiodic.

Inside the extended chaotic regime, there are qualitative
differences between the dynamics at different parameters. We
highlight a few types in Fig. 7. To show the trajectories are
chaotic, we also show the time-dependent largest Lyapunov
exponent, which we elaborate on here.

Chaotic behavior in dynamical systems is intuitively de-
fined by sensitivity to initial conditions: Two trajectories with
slightly different initial conditions, no matter how similar, will
eventually diverge away from each other. This is in contrast
to convergent behavior, where both trajectories converge to
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FIG. 6. Dynamics of the cavity fields at a range of cavity frequencies crossing the boundary of the chaotic regime and some density-wave
resonances. (a) Color-coded crosses on top of the phase diagram indicate the parameters of each simulation. (b) Imaginary part of the coherent
light field λ as a function of time. (c) Set of points visited by the dynamics focusing on the upper-right quadrant of the complex plane.
(d) Set of points visited by the dynamics in the full complex plane. All simulations are initialized close to the superradiant fixed point, with
a perturbation δλ = 10−5. In the chaotic phase (low ω), the instabilities lead to chaotic behavior, with no periodicity. The fixed points then
become pseudostable on the given timescale as ω is increased. A crossover between chaos and stability can be seen at ω/E0 ≈ 1.9 (second
cross from bottom), where λ does not switch sign and stays close to one attractor, but still behaves aperiodically. Meanwhile, at density-wave
resonances, the dynamics converge towards different limit cycles, which can be complex with long periods, as for ω/E0 ≈ 2.05, or simple
oscillations, as for ω/E0 ≈ 2.25. The fixed points between and after the density-wave resonances are stable on all timescales.

the same fixed point and therefore also converge towards
each other, or limit cycles, where the distance stays constant.
This intuition can be formalized using Lyapunov exponents
[55]. Given a dynamical system ẋ = f (x), we solve for two
initial conditions x1(t0) = x0 and x2(t0) = x0 + δ0, with δ0

representing a small perturbation of the initial condition. We
then track the distance between the trajectories, which we call
δ(t ) = x2(t ) − x1(t ). For a chaotic system, |δ(t )| can be os-
cillatory over short timescales, but needs to grow on average
for the trajectories to diverge from each other. Eventually,

the trajectories should become completely independent due
to the nonlinearity of the equations, and |δ(t )| saturates. Since
the initial divergence is what classifies the chaos, we take an
infinitesimal |δ0| → 0. This will not be affected by nonlinear-
ities between the two trajectories, and the quotient |δ(t )|/|δ0|
will still show growth or decay. Additionally, in a truly chaotic
system, the chaotic behavior is ongoing and the system never
converges to a fixed point or limit cycle, and we can therefore
take the limit t → ∞. This limit also ensures that the oscilla-
tions of δ(t ) on short timescales do not play a role. The largest

FIG. 7. Dynamics and time dependent Lyapunov exponent [Eq. (26)] of the light field at the parameters marked with diamonds in Fig. 3.
Dynamics are initialized close to λ = 0, except for (d) which is stable at λ = 0, and is therefore initialized around its unstable fixed point at
nonzero λ. Row (i): phase space distribution of real and imaginary part of λ. Row (ii): imaginary part of λ over time. Row (iii): time dependent
Lyapunov exponents calculated over intervals �t = 200/ωr . The first three columns display different types of chaotic behavior, while the last
column show convergence towards a stable attractor. Parameters are given in the panels.
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Lyapunov exponent is therefore defined as [55]

� = lim
t→∞ lim

|δ0|→0

1

t
ln

|δ(t )|
|δ0| . (25)

It measures whether an infinitesimally perturbed trajectory
will converge towards, or diverge away from, the original
trajectory, with positive � indicating chaotic behavior. The
exponents shown in Fig. 7 are calculated using the Chaos-
Tools.jl package [55].

When calculated numerically, the limit t → ∞ cannot be
taken, and the trajectories classified as chaotic can include
transient chaos, which eventually converges to a fixed point
or limit cycle. Indeed, Lyapunov exponents taken over short
times will be positive for trajectories that converge to a stable
configuration eventually. Since transient chaos over experi-
mentally relevant timescales is also of interest in this system,
in Fig. 7 we show time-dependent Lyapunov exponents of the
form

�(t ) = lim
|δ0|→0

1

�t
ln

|δ(t + �t )|
|δ(t )| . (26)

This describes the divergence of the two trajectories initialized
at infinitesimal distance δ0 between times t and t + �t . Here,
�t defines a timescale over which the trajectories are evolved,
before evaluating the quotient |δ(t + �t )|/|δ(t )|. The limit
�t → ∞ recovers the time-independent Lyapunov exponent,
and the limit �t → 0 corresponds to a linearized stability
analysis around the trajectory at each point in time. We
choose �t large enough such that short-time oscillations of
the exponents are averaged out, but ensuring that the decay of
transient chaos and the impact of attractor switching can still
be seen.

Practically, to keep δ infinitesimal, we use the periodic
resetting technique described in Ref. [55] and sum � over the
intermediate resetting times. For the dynamics over experi-
mentally relevant timescales shown in Fig. 7, the Lyapunov
exponents confirm that the observed behavior can be identi-
fied as chaotic. While in the quasinormal phase [Fig. 7(d)],
the dynamics converge to the stable attractor with Lya-
punov exponents decaying to zero, the dynamical phases
[Figs. 7(a)–7(c)] display different chaotic behaviors, interpo-
lating between the λ = 0 attractor at ω � E0 and switching
between unstable attractors at ω ≈ 2E0.

Inside the region of stable atomic superpositions—
particularly where this overlaps with the unstable region at
ω < 2E0 and at smaller pump strength—the light field con-
verges to λ = 0 on longer timescales, while the atoms remain
in an oscillatory superposition. Since the excitations around
the superpositions often have small decay rates, as elaborated
on in Sec. VI, the light field only decays slowly once the
dynamics revolve around the SAS state (see Fig. 8).

In Ref. [19], there is a small limit-cycle phase between the
superradiant and chaotic regime at ω � E0. We were not able
to find such a phase using our parameters since our dynamics
turn chaotic right after the superradiant fixed point becomes
unstable. We assume this phase may appear at lower cavity
decay κ , as it is observed experimentally for a recoil-resolved
(κ < ωr) cavity in Ref. [39].

FIG. 8. (a) Evolution of the light field and (b) population of the
φ2,0 momentum state in the SAS phase for different P at ω/E0 =
1.25. While the light field slowly converges towards zero, nonzero
momentum atomic states remain occupied and the system remains in
an oscillatory state. This behavior is seen in the normal, normal+,
and dynamical phases (see the phase diagram in Fig. 3 for the extent
of where such behavior is stable).

Effects of noise on limit cycles

Beyond the classical limit, the full quantum density ma-
trix of the system will generically show a steady state, even
in these limit-cycle phases. This is because—as discussed
earlier—the full quantum density matrix involves an ensem-
ble average over limit cycles with different phases (i.e., time
origins of the limit cycle). This can be thought of as phase
diffusion arising from quantum noise. Such behavior has, in
fact, been studied a number of times for the Dicke model
[60,69]. Furthermore, the effects of noise has been analyzed
for a one-dimensional model [19] (i.e., neglecting atomic
dynamics in the pump direction). That work showed that in
such a treatment, the chaotic, limit cycle, and SAS behavior
were all stable to cavity loss noise. This work also studied the
effects—within mean-field theory—of weak contact interac-
tions between atoms, and again found no qualitative change
to the behavior in any phase.

Noise, however, may have an impact on the experimental
detectability of the polariton resonances, as it could wash
out limit-cycle oscillations. The standard way of incorporat-
ing photon field shot noise within a mean-field treatment is
through a stochastic Langevin term [70], which has already
been applied to a similar system in Ref. [20]. In this section,
we evaluate the impact of such noise on the polaritonic reso-
nances by simulating the stochastic differential equation,

dφn,m

dt
= −iωr

[
(n2 + m2)φn,m − |λ|2

∑
s∈±1

φn,m+2s

− P(λ + λ∗)
∑

s,s′∈±1

φn+s,m+s′ − P2
∑
s∈±1

φn+2s,m

]
,

(27)
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dλ

dt
= −(κ + iω)λ + iE0λ

∑
n,m

s∈±1

φ∗
n,m+2sφn,m

+ iE0P
∑
n,m

s,s′∈±1

φ∗
n+s,m+s′φn,m + i

√
κE0

Naωr
ξ (t ), (28)

where Na is the atom number and ξ is a Wiener noise term
defined by 〈ξ (t )ξ (t ′)〉 = δ(t − t ′). We set Na = 105 in ac-
cordance with the experiment described in Ref. [24]. The
prefactor of the noise term results from the conversion of
photon number to the dimensionless light field λ defined in
Eq. (7). As one might expect, the noise term becomes zero in
the Na → ∞ thermodynamic limit.

We simulate Ntraj = 64 different trajectories starting from
the unstable superradiant fixed point. We monitor the time
evolution of |λ|2 vs time, corresponding to the intracavity
photon count, in order to remove the fast phase evolution of
the cavity field. We show the ensemble average of |λ|2 both
in time and frequency domain in Fig. 9. For the time aver-
age in Fig. 9(a), this means (|λ|2)avg(t ) = ∑

n |λn(t )|2/Ntraj,
with the sum running over the individual trajectories. For the
spectrum in Fig. 9(b), |λ2|avg(ν) = ∑

n

∫ t f

teq
eiνt |λn(t )|2dt/Ntraj,

where teq is a time chosen so that the mean-field model has
stopped transient evolution, and t f is the final time. While the
oscillations of the trajectories become dephased from each
other, leading to little oscillation in the mean at each time,
the photon number in each realization still oscillates with the
characteristic frequency of the limit cycle. However, there are
additional frequencies corresponding to other soft polariton
modes, with the main one being the lowest-energy mode in
Fig. 4(a) which has some photonic participation. This suggests
that experimentally, the resonance would not appear as a pure
limit cycle, but may take the form of a more complex dynami-
cal state. However, there should still be clear signatures of the
instability both through the additional frequencies appearing
in the dynamics, as well as the change to the average photon
number. Interestingly, for noisy trajectories, the convergence
towards the “limit-cycle” state in time is accelerated compared
to the pure mean-field simulations, and amplitude correspond-
ing to the cycle frequency increased. This is consistent with
the analysis of Ref. [20], which notes that noise generally
increases the domain of limit-cycle phases.

VI. STABLE ATOMIC SUPERPOSITIONS

In this section, we discuss the stability of atomic super-
position states. As discussed in Sec. V, we found that some
dynamics converge to atomic superpositions which oscillate
but exhibit vanishing cavity field. This convergence has also
been observed in 1D in Ref. [19], there identified as a separate
phase. We seek to further understand that behavior here.

The atomic superpositions observed in simulations only
occupy atomic momentum states with even n and m. For
such states, the cavity coupling term

∑
s,s′∈±1 φ∗

n+s,m+s′φn,m

in Eq. (10) vanishes. This corresponds to the atoms being
ordered with a periodicity of 1/2q, resulting in purely de-
structive interference of scattered pump photons, such that the
cavity field can satisfy λ = 0 at all times.

FIG. 9. Average over 64 noisy trajectories from simulating
Eqs. (27) and (28), compared to the noiseless Eqs. (9) and (10). In (a),
the average is taken over all trajectories at each time t , while for (b), a
Fourier transform is taken over the last �t = 50ωr of each trajectory,
and the average over all trajectories is taken at each frequency. In the
frequency domain, the characteristic frequency of the limit cycle is
clearly visible, and its amplitude increased compared to the noiseless
trajectory.

As the atomic momentum states occupied in this superpo-
sition have different energies, the state is oscillatory. In this
sense, these states are similar to limit cycles. However, as we
will see below, these atomic superposition states can form a
continuum of different stable states, and so differ from the
standard definition of an isolated limit cycle.

Based on the above, we may note that any state with λ =
0 and a superposition of even atomic momentum states is a
solution of equations of motion. However, as with the normal
state (which can be considered a limiting special case of these
atomic superpositions), such states are not always stable. We
thus next discuss their stability.

The linear stability analysis presented in Sec. II C only
considers the stability of fixed points. To investigate the sta-
bility of atomic superpositions, we treat these superpositions
in the same way as is used to determine the stability of
periodic states such as limit cycles, by employing Floquet
theory. (Not all atomic superpositions are necessarily periodic,
as discussed below; however, we can apply the following
to consider the subset of atomic superpositions which are
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periodic.) An overview of the Floquet analysis method is
provided below, with further details available in Refs. [71,72].
For a known periodic trajectory x0(t ), we write a perturbed
trajectory as

x(t ) = x0(t ) + δx(t ). (29)

x0(t ) follows the periodic dynamics and δx(t ) describes the
evolution of a perturbation around it. When inserting this into
the equations of motion, we can linearize in δx(t ) and get the
time-dependent linear equation,

dδx(t )

dt
= iM[x0(t )]δx(t ). (30)

Since M(t ) = M[x0(t )] is periodic by construction, we can
treat Eq. (30) using Floquet analysis. Consider an initial
perturbation δx(0). Equation (30) has a general solution
x(t ) = U (t )x(0), with the matrix solution U (t ) acting as a
time-evolution operator of the linearized system. The ma-
trix U (t ) can be explicitly constructed by taking small time
steps �t ,

U (t ) = e−iM(t−�t )�t e−iM(t−2�t )�t . . . e−iM(0)�t . (31)

Numerically, this is the formula used, with some small but
finite �t . In the continuum limit, it corresponds to the time-
ordered integral

U (t ) = T e− ∫ t
0 iM(t ′ )t ′dt ′

. (32)

For the stability analysis of a periodic solution, we thus con-
sider the monodromy matrix U (T ), where T is the limit-cycle
period. If U (T ) has any eigenvalues γi for which |γi| > 1,
there is an initial perturbation vector xi that will grow each
period since ||U (T )xi|| = ||γixi|| > ||xi||, and the periodic so-
lution is considered unstable. Otherwise, every perturbation
will decrease in magnitude and the solution is stable. If a
mode has γ = 1, the stability is marginal. Stability is thus
determined by whether or not γmax ≡ maxi(|γi|) is greater
than one.

Numerically, calculating the integral in a stable way in-
volves repeated matrix exponentials across time steps. This is
computationally costly but still feasible since, at λ = 0, only
the momentum states coupling to x0(t ) need to be included.
To clearly determine the stability, we filter out some purely
atomic modes with Floquet multiplier γ = 1 by discarding
states that have no photonic participation. While marginal os-
cillations could therefore remain in the atomic wave function,
this guarantees that the cavity field converges to zero close
to the periodic solutions, which is the phenomenon we are
investigating.

We first consider periodic atomic superposition des-
cribed by

φAS(t ) = √
1 − cφ0 + e−4iωr t√cφ1, (33)

λ(t ) = 0, (34)

where φ0 corresponds to the atomic ground state and φ1 to the
first excited state in the cavity direction. Note that in writing
this expression, we have gauged out the time evolution due
to the ground-state energy, i.e., a common factor of e−iε0t
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FIG. 10. The eigenvalue spectrum of the monodromy matrix
{γi} = eig[U (T )] [Eq. (32)] for a limit cycle involving a superposi-
tion of the ground state φ0 and the first cavity-direction excited state
φ1. The logarithm is plotted to convert the values to growth rates,
with positive growth rates indicating instability, shown in orange,
and stable modes shown in blue. Trivial, atomic-only modes with
eigenvalue |γi| = 1 are not shown. Towards c = 0 or c = 1 (pure
excited or ground state), bifurcations leading to instabilities appear,
while for superpositions, there are stable regions. The inset shows the
region close to F = 1 on a symlog scale. Parameters are P = 0.55,
ω/E0 = 0.6875.

multiplying φAS(t ). Note, also, that both states φ0, φ1 are
calculated in the presence of the pump lattice. While the pump
lattice shifts the energies of the atomic density waves, the
energy difference between φ0 and φ1 remains exactly 4ωr as
we are working at λ = 0.

We find that while the excited state by itself—i.e., the limit
c = 1—is always unstable, there are regions of the superpo-
sition coefficient c < 1 for which these superpositions can
be stable, creating a continuum of possible stable periodic
solutions (see Fig. 10). Notably, there are parameters where
the normal state c = 0 is unstable, but periodic solutions with
0 < c < 1 are stable. In the phase diagram (Fig. 3), we shade
the region in which these stable atomic superpositions (SAS)
can occur. These solutions are bistable with the stationary
states, if any exist. If one considers these SAS states as gen-
eralizations of the normal state, they extend the region over
which the normal state is stable.

Our analysis for the whole phase diagram only includes
two atomic momentum states since including more would
make a scan prohibitively computationally expensive. Includ-
ing higher-order excited cavity states can extend the stable
region. We check this for a fixed ω by minimizing the largest
Floquet multiplier of the periodic solutions,

φAS(t ) =
√√√√1 −

N∑
i=1

ciφ0

+ e−4iωr t√c1φ1 + e−16iωr t√c2φ2 + · · · , (35)

λ(t ) = 0. (36)

Here, φ0 again denotes the ground state (calculated in the
presence of the pump lattice), while the excited cavity states
φi are then shifts of the original ground state in the cavity
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direction by two times the recoil momentum, i.e., (φi )n,m =
(δ2i,m + δ−2i,m)(φ0)0,n/

√
2. We restrict to atomic excitations

in the cavity direction because the energy splitting between
these states is then an integer multiple of ωr , leading to a
periodic solution. Excitations in the pump direction have in-
commensurate energies, lead to an aperiodic solution which
may be stable, but is not amenable to Floquet analysis. We do,
however, observe numerical convergence to states including
excited pump states when simulating dynamics, suggesting
such a λ = 0 aperiodic solution may be possible.

We can determine stability by numerically minimizing
γmax = maxi γi over the coefficients c j , using a Nelder-Mead
optimizer [73,74]. We find that the stable region is signif-
icantly extended by including a third and fourth state, but
with no significant change found beyond that. However, with
a larger state space to search, the computational cost of deter-
mining the least unstable configuration becomes significantly
higher, and pockets of stability may be missed for these more
complex states. It remains an open question what the real
extent of potential stable superpositions is, or if they even ex-
tend to infinity given enough states in the superposition. Due
to relatively long times per function call, a global minimum
search is not currently feasible.

This feature bears some resemblance to matter-wave su-
perradiance [75,76], where atoms are irreversibly scattered
into higher momentum states through superradiant light in-
teraction. This phenomenon is, however, usually associated
with sharp spiking of the photon count instead of long de-
cay times, and does not generally require a cavity. Reference
[29] reported cavity-assisted matter-wave superradiance ex-
perimentally at negative ω, resulting in a final stable state of
occupied even-order momentum states at zero cavity field,
as found here. With Ref. [24] also finding the photon count
spiking and decaying to zero at positive ω, these dynamical
phenomena may have a similar physical origin of stable super-
positions existing in these regimes, with no stable superradiant
state.

VII. CONCLUSIONS AND OUTLOOK

We have shown that the transversely pumped BEC in a
cavity displays a remarkably rich phase diagram, with sev-
eral features that are absent when considering either the
Dicke-model approximation or one-dimensional simulations.
These features all exist in regimes that are possible to access
experimentally.

By analyzing the steady states of the system, we find re-
gions of bistability between normal and superradiant phases
and a tricritical point, which result from the inclusion of
higher cavity momentum states. This bistability should be
replaced by a first-order transition in a full quantum treatment,
but experimental observation of bistability should still be pos-
sible due to the metastability of the two states.

We also observe instabilities of superradiance due to
density-wave resonances, resulting in limit cycles. While,
with the given setup and parameters, these instabilities remain
weak and hard to detect experimentally, they seem to be a gen-
eral feature of 2D cavity systems and might be more relevant
in other setups.

Stable atomic superpositions have been identified as a con-
tinuum of stable periodic solutions at vanishing cavity field.
This is a curious feature of this mean-field analysis and its
physical significance beyond mean field is unknown to us.
Experimentally, these superpositions might be accessible, so
this extension of the normal phase for superpositions could be
probed.

We have commented in various places about what would
be expected in a full quantum treatment of the model we
study, based on established results for the fate of bistability,
limit cycles, and chaotic attractors in full quantum treatments.
Simulating the full quantum dynamics of the current model
would be computationally challenging and likely limited to
small numbers of atoms. A further challenge would be to
consider how a full (beyond mean-field) treatment might be
affected by processes beyond the model we consider, such
as atom-atom interactions, or other sources of dephasing. In
particular, it would be interesting to study the fate of the stable
atomic superposition phase in the processes.

Their variety of behaviors makes coupled atom-cavity
systems an outstanding model to study the physics of driven-
dissipative quantum systems. Our analysis of the density-
wave ordering in the single-mode case is also of relevance
for more complex cavity setup, such as multimode [44–48] or
multiple cavity [42,43] setups. Through our methods, we can
find which regions of the phase diagram really have a second-
order transition and whether the system can be approximated
as a Dicke model or if instead one must consider the impact
of higher momentum states. Further studies could be both
experimental, probing the detectability of the new features,
or theoretical, extending the model to include more quantum
effects, other parameter regimes, or fermionic atoms.
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APPENDIX A: CLASSIFICATION OF THE MODE TYPES

The low-energy modes shown in Fig. 4 seem to separate
into those that are excited in either the cavity direction, the
pump direction, or both. To understand the origin of this
splitting and correctly classify the modes, here we introduce a
number of approximations.

The total atomic potential in real space is given by

V (x, z) = Vcavity(z) + Vpump(x) + Vcross(x, z), (A1)

Vcavity(z) = ωr |λ|2 cos(2z), (A2)

Vpump(x) = ωrP2 cos(2x), (A3)

Vcross(x, z) = ωrP(λ + λ∗) cos(x) cos(z), (A4)

where the real-space coordinates x, z are given in units of 1/q
such that ωr is the only dimensionful number. This potential
is not separable due to Vcross. Since the modes anyway seem to
approximately separate in the x and z directions, we consider
the ansatz

φ(x, z) = φx(x)φz(z). (A5)

We also assume |λ| � P, which is given in the relevant region
of parameter space. Writing the Schroedinger equation for the
given potential and ansatz, we find

E

ωr
φx(x)φz(z) = −φx∂

2
z φz − φz∂

2
x φx + [|λ|2 cos(2z)

+ P(λ + λ∗) cos(x) cos(z)

+ P2 cos(2x)]φx(x)φz(z). (A6)

For the wave function φz, the dominant potential is ∝ |λ|2,
so we can neglect Vcross and Vpump, multiply by φ∗

x , integrate
both sides over x, and write

Ezφz = ωr
[−∂2

z + |λ|2 cos(2z)
]
φz, (A7)

which is the one-dimensional Schroedinger equation that we
solve when finding the mode energies in the cavity direction.
The resulting eigenmodes are the Mathieu functions.

In x, or pump direction, the dominant potential is instead ∝
P(λ + λ∗). Multiplying by φ∗

z and integrating both sides over
z, we get

Exφx = ωr

[
−∂2

x + P(λ + λ∗) cos(x)
∫

dz cos(z)|φz|2
]
φx.

(A8)

The integral over z cannot be completely evaluated due to
the remaining cos z in the dominant potential. We therefore
have to consider the solutions of Eq. (A7). This is analogous
to a Born-Oppenheimer approximation, where the solution
to a fast potential determines an effective slow potential. If
the confinement proportional to |λ|2 is sufficiently strong,
the low-energy solutions φz will be localized close to the
antinodes of cos(z). Therefore, we can approximate∫

dz|φz|2 cos(qz) ≈
∫

dz|φz|2 × 1 = 1. (A9)

Note that this approximation is only valid as long as φz is in a
sufficiently low-energy state. To determine the possible modes

FIG. 11. The mode energies from Fig. 4(a), shown as dashed,
dotted and dash-dotted lines, compared to the approximated energies
computed from Eqs. (A7) and (A10), shown as solid lines.

in x, or pump direction, we therefore solve the Schroedinger
equation,

Exφx = ωr
[−∂2

x + P(λ + λ∗) cos(x)
]
φx, (A10)

which also results in states shaped like the Mathieu functions.
The family of each mode V from the full linear stability

analysis is then determined by first calculating the lowest
eigenvalues Ex,i, Ez, j of both Eqs. (A7) and (A10). We also
construct the mixed mode energies as Em,i j = Ex,i + Ez, j . By
comparing these approximate energies to those of the exact
solutions, we can assign a family to each exact solution de-
pending on its closest approximate solution. Note that this can
fail, especially when classifying the modes close to a mode
crossing, and needs to be visually confirmed. In Fig. 11, we
compare the approximated mode energies (solid lines) to the
energies calculated from the full model (dashed and dotted
lines).

APPENDIX B: EFFECTS OF TRUNCATION
OF THE ATOMIC STATE

To show that the number of atomic states, nmax = mmax =
12, included is sufficient to make quantitative predictions, we
analyze the convergence of the superradiant steady-state value
of λ0 along different cuts of the phase diagram; see Fig. 12.
We find a maximum possible error |�λ| < 10−5, which cor-
responds to much less than a single photon, and is therefore
sufficiently accurate.

APPENDIX C: ELEMENTS OF THE LINEAR
STABILITY MATRIX M

Here, we present the elements of the linear stability ma-
trix M defined in Eq. (21). We name the indices of the
matrix by the quantity their coordinate corresponds to. The
indices an,m and bn,m correspond to δφn,m and its complex
conjugate, respectively, just as x and y correspond to δλ and
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FIG. 12. Analysis of the error of the steady-state photon field λ along multiple slices of the phase diagram, depending on the number
of momentum states, nmax = mmax, included in the calculation. Parameters are (a) P = 0.53, (b) ω = 79, (c) ω = 56, (d) ω = 9. Stable fixed
points are indicated by a star; unstable ones by a circle. We compare the value of λn for each nmax with nmax = 12, and plot the relative error
�λ = |λn−λ12 |

|λn | . We only compute this for the nonzero fixed points since λ = 0 is exact for any n. The inset shows the fixed points themselves

for each n. We find stability converging relatively fast. The maximum relative error for nmax = 10 is 10−5 in (b). We can therefore assume the
relative error of nmax = 12 compared to the fully converged value to be less than 10−5.

its complex conjugate,

Man,m,an′ ,m′ = ωr

[
(n2 + m2 − ε0)δn,n′δm,m′

− |λ0|2
∑
s∈±1

δn,n′δm,m′+2s

− P(λ0 + λ∗
0 )

∑
s,s′∈±1

δn,n′+sδm,m′+s

− P2
∑
s∈±1

δn,n′+2sδm,m′

]
, (C1)

Mbn,m,bn′ ,m′ = −ωr

[
(n2 + m2 − ε0)δn,n′δm,m′

− |λ0|2
∑
s∈±1

δn,n′δm,m′+2s

− P(λ0 + λ∗
0 )

∑
s,s′∈±1

δn,n′+sδm,m′+s

− P2
∑
s∈±1

δn,n′+2sδm,m′

]
, (C2)

Man,m,bn′ ,m′ = Mbn,m,an′ ,m′ = 0, (C3)

Man,m,x = ωr

(
−λ∗

0

∑
s

φ0
n,m+2s −P

∑
s,s′

φ0
n+s,m+s′

⎞
⎠, (C4)

Man,m,y = ωr

(
−λ0

∑
s

φ0
n,m+2s −P

∑
s,s′

φ0
n+s,m+s′

⎞
⎠, (C5)

Mbn,m,x = −ωr

(
−λ∗

0

∑
s

φ0
n,m+2s −P

∑
s,s′

φ0
n+s,m+s′

⎞
⎠, (C6)

Mbn,m,y = −ωr

(
−λ0

∑
s

φ0
n,m+2s −P

∑
s,s′

φ0
n+s,m+s′

⎞
⎠, (C7)

Mx,x = (ω − iκ ) − E0

∑
n,m,s

(
φ0

n,m

)∗
φ0

n,m+2s, (C8)

My,y = (−ω − iκ ) − E0

∑
n,m,s

(
φ0

n,m

)∗
φ0

n,m+2s, (C9)

Mx,anm = −E0λ0

∑
s

(
φ0

n,m+2s

)∗ − E0P
∑
s,s′

(φ0xn+s,m+s)∗,

(C10)
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Mx,bnm = −E0λ0

∑
s

φ0
n,m+2s − E0P

∑
s,s′

φ0
n+s,m+s, (C11)

My,anm = E0λ
∗
0

∑
s

(
φ0

n,m+2s

)∗ + E0P
∑
s,s′

(
φ0

n+s,m+s

)∗
, (C12)

My,bnm = E0λ
∗
0

∑
s

φ0
n,m+2s + E0P

∑
s,s′

φ0
n+s,m+s, (C13)

Mx,y = My,x = 0. (C14)
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