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Blind quantum computing with different qudit resource state architectures
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We discuss how blind quantum computing generalizes to multilevel quantum systems (qudits), which offers
advantages compared with the qubit approach. Here, a quantum computing task is delegated to an untrusted
server while simultaneously preventing the server from retrieving information about the computation it performs,
the input, and the output, enabling secure cloud-based quantum computing. In the standard approach with
qubits, measurement-based quantum computing is used: single-qubit measurements on cluster or brickwork
states implement the computation, while random rotations of the resource qubits hide the computation from
the server. We generalize finite-sized approximately universal gate sets to prime-power-dimensional qudits and
show that qudit versions of the cluster and brickwork states enable a similar server-blind execution of quantum
algorithms. Furthermore, we compare the overheads of different resource state architectures and discuss which
hiding strategies apply to alternative qudit resource states beyond graph states.
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I. INTRODUCTION

While quantum computing holds promise to outperform
classical computers for various tasks, the experimental avail-
ability of a fully fledged quantum computer is limited,
and near-term access will likely be through remote servers.
Blind quantum computing [1,2] addresses this problem
from the user’s perspective, enabling a client to delegate
a quantum computing task to an untrusted server while
maintaining privacy for the computation, the input, and the
output.

Experimentally, blind quantum computing with qubits has
been demonstrated on photons [3,4], on a trapped-ion quan-
tum server with a photonic detection system for the client
[5], and on solid-state systems [6]. In addition, it has been
proposed for weak coherent pulses, characterizing also the ro-
bustness and security properties of the protocol under possible
imperfections [7]. Originally, a single client with the ability to
prepare single-qubit states was considered [1], but also ideas
for multiple clients [8], measurement-only clients [9–13], and
more classical clients exist, such as exploiting information
flow ambiguity in the cluster state [14] or allowing client
interaction with multiple noncommunicating quantum servers
[2]. The latter approach was experimentally demonstrated for
a factoring problem on photons [15].

The server-blind framework has been extended to
continuous-variable systems [16] and fault-tolerant
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implementations on the three-dimensional cluster state
[17–19] or the brickwork state [20] have been proposed.
Furthermore, the Affleck-Kennedy-Lieb-Tasaki states, which
appear as ground states in condensed matter, have been
identified as suitable resources [21,22]. In the latter case,
the physical systems are qudits, however, the computation is
performed in the qubit space.

In turn, we consider blind quantum computing with qudits,
so finite-dimensional quantum systems that naturally arise in
many physical platforms. Compared with the qubit approach,
this can decrease the complexity of quantum circuits [23–25],
facilitate quantum simulations [26,27], and enhance fault-
tolerant quantum computing [28–30]. Furthermore, utilizing
qudits can increase the security of quantum communica-
tion [31–33] and improve the performance of entanglement
purification [34,35] and quantum metrology [36,37].

We show that blind quantum computing can be imple-
mented with qudits, generalizing different qubit resource state
architectures, such as the brickwork state, the open-ended
cluster state, and the decorated cluster state. For each resource
state variant, we demonstrate that both the qubit measurement
patterns for gate implementation and the privacy-preserving
hiding strategies apply similarly to qudits. In addition, we
compare the required resource overheads and propose a
finite-sized approximately universal gate set for prime-power-
dimensional qudits, facilitating client-server communication.
Hence, our results extend the theoretical foundation of blind
quantum computing beyond the qubit regime, opening a path-
way toward secure, high-dimensional, cloud-based quantum
computation.

We start in Sec. II by introducing the required theoret-
ical background, in particular, the mathematical description
of qudits, measurement-based quantum computing, and blind
quantum computing with qubits. We continue with gener-
alizing blind quantum computing to qudits in Sec. III and
conclude in Sec. IV.
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II. THEORETICAL BACKGROUND

The finite-dimensional state space of qudits can be de-
scribed in different fashions, and we review the employed
formalism in Sec. II A. Blind quantum computing relies
on the measurement-based quantum computing framework,
which we introduce in Sec. II B. Afterward, we discuss in
Sec. II C blind quantum computing with qubits, including dif-
ferent strategies for maintaining privacy and how potentially
dishonest behavior of the server is identified.

A. Qudits

Qudit [38–40] states can be described in different ways.
For arbitrary dimensions d , we can identify the qudit states
with integers in the ring

Zd = {0, 1, . . . , d − 1},
where addition and multiplication are performed modulo d
[38,40,41]. Alternatively, for prime-power dimensions d =
pm with prime p and m ∈ N being an integer, one may label
the computational basis states via finite-field elements in

Fd
∼= Fp[ξ ]/〈 f (ξ )〉
= {a0 + a1ξ + · · · + am−1ξ

m−1 | ai ∈ Zp}.
Here, Fp[ξ ] denotes a polynomial ring in the variable ξ with
coefficients from the integer field Zp and f (ξ ) is an irre-
ducible polynomial (which means that it cannot be factored
into nonconstant polynomials) of degree m [39]. In the finite
field Fd , computations, such as addition or multiplication,
are performed modulo the characteristic p and modulo the
irreducible polynomial f (ξ ).

In the following, we introduce the finite-field description,
while the inter-ring version for arbitrary finite dimensions is
described in Appendix A. For prime dimensions, these two
formalisms coincide.

The finite-field Pauli gates X (x) and Z (z), where x, z ∈ Fd ,
act on the qudit basis states according to [39]

Z (z)|u〉 = χ (zu)|u〉, X (x)|u〉 = |u + x〉.
Here, χ (t ) = ωtr(t )

p with ωp = e
2π i

p and the finite-field trace
tr(t ) is the trace of the multiplication map with t ∈ Fd ,
transforming qudit basis states into integers via

tr(t ) : Fd �→ Zp, a �→ tr(a) =
m−1∑
j=0

apj
.

It holds that

Z (z)X (x) =
∑
u∈Fd

χ (z(u + x))|u + x〉〈u|

= χ (zx)
∑
u∈Fd

|u + x〉〈u|χ (zu)

= χ (zx)X (x)Z (z). (1)

Finite-field Clifford gates map Pauli gates onto Pauli gates,
while preserving the commutation relation in Eq. (1) and,
in addition, being linear in the argument (z, x) of any Pauli
Z (z)X (x). The finite-field Clifford group [39] is generated by

Z (1), X (1), the controlled-Z gate

CZ =
∑

(u,v)∈(Fd )2

χ (uv)|u〉|v〉〈u|〈v|,

the finite-field Hadamard gate

H = 1√
d

∑
u,v∈Fd

χ (uv)|u〉〈v|,

and the finite-field phase gate S(λ). For p 	= 2, the phase gate
is given by

S(λ) =
∑

u∈Fpm

χ (2−1λu2)|u〉〈u|, (2)

and for p = 2, by

S =
∑

u∈F2m

χ4(u2)|u〉〈u|. (3)

Here, χ4(t ) = itr4(t ) and we evaluate the trace of the mul-
tiplication map, tr4(t ) : GR(4, m) �→ Z4, in the Galois ring
GR(4, m), an extension of the Z4 ring with extension de-
gree m that has 4m elements. Supplementing any single-qudit
non-Clifford gate renders the Clifford group approximately
universal, so that any unitary can be decomposed to arbitrary
precision [39]. If we allow for continuous-parameter diagonal
unitaries in addition to the Hadamard gate and the entan-
gling CZ gate, exact universality, meaning that any unitary
can be decomposed exactly, holds both for finite-field and
integer-ring qudits [42–44].

Despite the multiplication gate

M(λ) =
∑
u∈Fd

|λu〉〈u| (4)

frequently being mentioned as a Clifford group generator
[39,40], it is redundant in a minimal generating set since it
can be expressed via the Hadamard and phase gates [45]. In
particular, we can write the multiplication gate via [44,45]

M(λ) = HS(λ)HS(λ−1)HS(λ). (5)

In even prime-power dimensions, we replace S(λ) with
M(l−1)SM(l ), where λ = l2 (such an l always exists due to
the map l �→ l2 being a bijection in F2m ). This decomposi-
tion is useful to derive gate identities later on. Furthermore,
H2 = M(−1), so that, in every dimension, H4 is the identity
Id . In Appendix B, we provide some useful conjugation rela-
tions.

The generalized X and Z gates have complex eigenvalues,
implying that they are no longer self-adjoint and therefore not
observables anymore. However, their respective eigenvectors
still form an orthonormal basis of the qudit Hilbert space. The
eigenstates of Z (z) are the qudit basis states {|kZ〉}k∈Fd , while
the eigenvectors of X are given by

|kX 〉 = H |kZ〉 = HX (k)|0Z〉 = Z (k)H |0Z〉 = Z (k)|0X 〉.
The Y basis is then defined via |kY 〉 =: S(1)|kX 〉.

B. Measurement-based quantum computing

In measurement-based quantum computing [46–48], gen-
eralized to qudits [42,43], arbitrary gates are deterministically
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FIG. 1. Measurement-based quantum computing on the qudit
cluster state. (a) Single-qudit gates are implemented via local mea-
surements on one-dimensional resource state chains, each processing
a logical qudit |ψ〉. The information flows from left to right, and
the state |ψ〉 is subject to HD 
φk

, k ∈ {1, . . . , 5}, in each step. (b)
The upper and lower horizontal chains correspond to logical qudits
being processed and Z and Y measurements on the physical qudits in
between place entangling gates at desired positions while simultane-
ously deleting the measured qudits from the resource state.

performed via single-qudit measurements on a multipartite
entangled resource state. Usually, this is the cluster state [49]
or the brickwork state [1]. More generally, the resources are
graph states [50,51], where vertices correspond to qudits, ini-
tialized in the equal superposition state |+〉 =: |0X 〉 and edges
to the application of one entangling controlled-phase gate CZ.

The cluster state is structured as a regular two-dimensional
lattice. Single-qudit gates are realized on one-dimensional
resource state chains with the information, a logical qudit,
moving from left to right, as indicated in Fig. 1(a).

Each single-qudit measurement is performed in the X
basis, rotated by a diagonal gate

D 
φ =: diag(eiφ1 , . . . , eiφd ) = ei
∑

k φk |kZ 〉〈kZ |.

If we measure an arbitrary qudit state |ψ〉 = ∑
l αl |lZ〉,∑

l |αl |2 = 1, entangled with |0X 〉 via CZ, in such a rotated
X basis with outcome k ∈ Fd , the quantum information |ψ〉
effectively moves to the next site while simultaneously being
processed with HZ (−k)D†


φ since

〈kX |1D†

φ CZ(|ψ〉1|0X 〉2)

= 〈0X |1Z (−k)D†

φ
∑

k

αl |l〉1H |l〉2

∝ HZ (−k)D†

φ|ψ〉2 = X (k)HD†


φ |ψ〉2.

Repeated measurements along one-dimensional chains
then realize a sequence of {HD 
φl

}l gates, which is sufficient
to implement any single-qudit gate both for finite-field and
integer-ring qudits [42–44]. However, finite-field qudits allow
for a more efficient decomposition of single-qudit gates into
measurement patterns [44].

Furthermore, in Ref. [44], we have introduced resource
states beyond graph states, where the qudits initialized in |+〉

are entangled with a more general block-diagonal two-qudit
Clifford gate GE . Then, an X measurement on a two-qudit
resource state results in the intrinsic single-qudit Clifford gate
GI being applied. In odd prime-power dimensions, the over-
head to decompose arbitrary single-qudit gates can then be
lower than for the respective qudit cluster state resource with
the intrinsic gate H .

For instance, qutrit resources, characterized by the ionic
light-shift gate [52], allow for a decomposition of single-qutrit
unitaries into measurement patterns with at most nine mea-
surements on one-dimensional resource state chains, while
on a cluster state chain, up to twelve measurements may be
required when not modifying the intrinsic gate via adjusting
measurement bases [44].

For universal quantum computing, the implementation of
an entangling gate is necessary and sufficient [38,53,54]. This
is achieved using the existing vertical edges of the cluster
state, since a transport through an edge is equivalent to the
entangling gate CZ being applied. Control over where CZ gates
are applied is obtained by using Z measurements to delete
qudit vertices together with all attached edges and creating
edges via Y measurements. This is shown in Fig. 1(b).

The randomness of the single-qudit measurement out-
comes appears as a Pauli by-product, which can be propagated
to the end of the computation and accounted for in postpro-
cessing when the output is measured in the computational
basis, since Z (z) has no effect, and any X (x) leads to
re-interpreting the outcome via reversing the shift. The propa-
gation of accumulated Pauli by-products on each logical qudit
works because H and CZ are Clifford gates, diagonal gates
commute with any Z (z), and X (k)D 
φX (−k) remains diago-
nal. However, the latter means that, depending on previous
measurement outcomes, diagonal gates have to be adjusted to
the conjugated version (except for if the diagonal gate is itself
Clifford).

C. Blind quantum computing with qubits

Blind quantum computing with qubits [1,2] relies on the
measurement-based quantum computing framework. Here, an
untrusted server prepares the resource state from qubits sent
by the client and carries out the computation via single-qubit
measurements without being able to retrieve any knowledge
about the computation it performs, the input, or the output.

1. Hiding single-qubit gates

The first step to ensure server-blindness to the single-qubit
gates being performed is for the client to rotate each qubit in
|+〉 that comprises the resource state via diagonal matrices
Dφ = diag(1, eiφ ) with random angles

φ ∈
{

kπ

4

∣∣ k ∈ {0, . . . , 7}
}

=: A, (6)

which are kept secret [1,2]. Since CZ commutes with diagonal
gates, the server preparing the resource state from the rotated
qubits is equivalent to first preparing the resource state and
afterward introducing random rotations.

The client and server communicate classically through-
out, with the client instructing the server which single-qubit
measurements to perform, taking into account the random
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FIG. 2. Blind quantum computing with the qubit brickwork state [1]. On the elementary brickwork state unit, two logical qubits are
processed, one along each horizontal resource state chain. The identity and any of the gates within {H, S, T, CX} can be realized via local
measurements in the X basis, rotated by angles in the finite-sized set A of Eq. (6). (a) Measurement pattern to implement the Hadamard
gate. The single-qubit gates indicate the chosen measurement bases, where every Hadamard gate corresponds to an X measurement while HS
corresponds to a measurement in the X basis, rotated by S†. (b) Implementation of the controlled-X gate on an elementary qubit brickwork state
unit. (c) Arrangement of elementary units (highlighted) into the qubit brickwork state. Whenever logical qubits are not part of any elementary
unit, they experience the identity, so transport without processing, if the respective physical qubits are measured in X due to H2 = I2.

rotation angles and Pauli by-product propagation. The only
single-qubit gates being performed measurement-based are
from the set {H, S, T }, where S = D π

2
and T = D π

4
, which

is sufficient to realize any single-qubit unitary with arbitrary
precision since H and S generate the single-qubit Clifford
group and T is non-Clifford.

To implement the gate set {H, S, T }, one either wants to
measure in the X basis without any rotation or with an −π

2 or
−π

4 rotation. Which of these three options the client chooses
is hidden to the server due to angles being randomized in
multiples of π

4 , Eq. (6), so that irrespective of the client’s mea-
surement angle choice, the measurement angle distribution
looks uniform to the server. The privacy of the single-qubit
gates then essentially relies on employing a one-time pad.
Usually, the client additionally randomly adds bit flips Dπ ,
so that only the client can interpret the measurement outcome
sequence. Hence, if the client wants to delegate a single-qubit
measurement on the resource qubit j in the X basis, rotated by
Dφ , to the server, the client instructs to measure in the X basis,
rotated by φ + φ j + r jπ + δ, where φ j ∈ A, r j ∈ {0, 1} and δ

being a potential Pauli by-product adjustment due to previous
measurement outcomes.

2. Hiding entangling gates

The application of entangling gates should also remain
private, which is not the case if the client instructs the server
for Z deletion measurements, such as in Fig. 1(b), since these
measurements cannot be hidden with the previously intro-
duced technique of randomly applying single-qubit rotations.

Therefore, in the original proposal for blind quantum com-
puting with qubits [1], the brickwork state was introduced as
a resource. The elementary unit of a brickwork state supports
the measurement-based implementation of all diagonal gates,
the Hadamard gate, and the controlled-X gate CX with only
rotated X basis measurements, as displayed in Figs. 2(a) and
2(b), respectively. Diagonal gates Dφ can be implemented

by rotating the X basis by D†
φ during the first measure-

ment on either of the two logical qubits. The arrangement of
elementary units into the brickwork state resource, allowing
for CX gates between arbitrary neighboring logical qubits, is
shown in Fig. 2(c).

As discussed in the following, other hiding strategies have
been proposed associated with different resource state archi-
tectures, which are summarized in Fig. 3.

The open-ended cluster state. It turns out that even when
prohibiting unhidden structure-revealing Z deletion measure-
ments, the qubit cluster state is universal [55]. To understand
cluster state quantum computing without deletion measure-
ments, we first study the effect of performing X measurements
on all qubits except the last output column. Herein, we con-
sider an open-ended cluster state [55], where the output qubits
are not connected via vertical entangling gates.

Since an X measurement on an isolated horizontal chain
implements a Hadamard gate and each vertical edge a CZ

gate, performing X measurements on all qubits of one column
implements the operator

Cn =:
n∏

j=1

Hj

n−1∏
j=1

CZ j, j+1. (7)

Considering a qubit open-ended cluster state of lattice size
n × (n + 2), it was shown that X measurements on all qubits
except the output, implementing n + 1 times the operator
Cn, act as a global mirror, reflecting each qubit state along
the intermediate horizontal axis [55,56,57]. In Fig. 3(a), an
example for n = 2 logical qubits is shown, where the mirror
corresponds to a swap gate being performed.

By introducing rotated X basis measurements at different
positions of the open-ended cluster state, it was subsequently
shown how to implement single-qubit gates and an entangling
gate between neighboring pairs of logical qubits [55].

In particular, a rotation of the X basis in the first column
of the open-ended cluster state realizes a diagonal gate Dφ ,
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(a)

(b)

(c)

X X X XZ Z Z

FIG. 3. To hide the positions of entangling gates from the server,
different strategies, corresponding to different resource state archi-
tectures, can be chosen beyond the qubit brickwork state in Fig. 2.
(a) The open-ended cluster state allows for universal quantum com-
puting without unhidden and, thus, structure-revealing Z deletion
measurements [55]. Here, the highlighted unit corresponds to C2 in
Eq. (7) if the qubits in the first column are measured in X . (b) Hair
implantation technique, where each cluster state qubit is decorated
with a two-qubit chain (light gray) that allows for simulating both
rotated X and Z basis measurements without performing Z measure-
ments. This naturally generalizes to graph states, including cluster
states in higher dimensions. (c) Graph hiding, where ancillary qubits
(dark violet) are initialized in the X or Z basis (white text), which
cannot be distinguished by the server, depending on where entan-
gling gates should be placed. The controlled-phase CZ gate then does
not have any effect on the Z basis qubits (grayed out edges) while
X -basis qubits are entangled with the resource. Similar structures are
referred to as the square brickwork state in Ref. [58].

so a Z rotation e−i φ

2 Z , on either of the logical qubits while
a rotation in the n + 1th column implements HDφH†, an X

rotation e−i φ

2 X . Single-qubit rotations around these two axes
suffice to decompose any single-qubit unitary [59].

A two-qubit entangling gate between arbitrary neighboring
logical qubit pairs on the open-ended cluster state is realized
in Ref. [55] by rotating the X measurement by φ in the first (or
last) row and column m with 1 < m < n + 1, observing that
repeated conjugation via Cn yields

Dφ ∝ e−i φ

2 Z1
Cn�−→ e−i φ

2 X1
Cn�−→ e−i α

2 X1Z2
Cn�−→ e−i φ

2 X2Z3 .

Each application of Cn shifts the Pauli string X1Z2 to the next
pair of qubits. Hence, the qubit entangling gate e−i φ

2 Xk⊗Zk+1 can
be steered to act at an arbitrary position k ∈ {1, . . . , n − 1}.

The decorated cluster state. Alternatively, the hair im-
plantation technique [17] has been proposed to hide deletion
measurements.

Here, each cluster state qubit is decorated with a two-qubit
chain, as shown in Fig. 3(b), allowing us to simulate the effect
of a Z deletion measurement with only rotated X measure-
ments as well as the effect of a rotated X measurement. Then,
one can carve out the desired cluster state structure similarly
to Fig. 1(b) without using unhidden Z measurements.

In particular, the effect of a Z measurement on any cluster
state qubit is simulated by measuring the cluster state qubit
and both hair qubits in the X basis, rotated by S, starting
with the cluster state qubit and moving from there along the
hair [17].

Instead, the effect of an X -basis measurement, rotated by
Dφ , on the cluster state qubit can be simulated by measuring
the cluster state qubit and first hair qubit in X while the second
hair qubit is measured in the X basis, rotated by Dφ [17].

Graph hiding. Another ancillary-assisted way for graph
hiding [58,60] is to use qubits, which either bridge, so entan-
gle, two horizontal chains processing a logical qubit each, or
break, so disentangle, them. An example of such graph hiding
is shown in Fig. 3(c).

Depending on whether one wants to bridge or break, so
whether the entangling gate CZ is supposed to have an effect,
the ancillary qubits are either initialized randomly in the X
basis, within the set

{|+〉, |−〉} = {|0X 〉, |1X 〉} = {H |0〉, H |1〉},
or in the Z basis {|0〉, |1〉}. The privacy of the graph state
structure then relies on the measurement bases {|+〉, |−〉} and
{|0〉, |1〉} being indistinguishable for the server.

In Ref. [58], this graph hiding strategy was used to define
variants of the qubit brickwork state. For the square brick-
work state [58], connectivity between all neighboring logical
qubits via vertical edges is given, similar to Fig. 3(c). In the
hyperbrickwork state [58], all logical qubits are connected
with each other via ancillary qubits, initialized in the basis
that determines whether a bridge or a break happens. This
increases the connectivity since entangling gates can then also
be performed between non-neighboring logical qubits at the
cost of increasing the number of ancillas. For states that only
permit nearest-neighbor interactions, such a structure is not
possible, which is why the circular brickwork state has been
introduced as a further alternative [58].

3. Identifying dishonest server behavior

To identify potentially dishonest behavior from the server,
multiple verification techniques have been proposed. For in-
stance, the client may designate certain logical qubits as traps,
whose expected outcomes are computed in advance. These
traps allow the client to detect any deviations by the server
from the prescribed protocol [2]. This works for all the intro-
duced resource state structures.

For the decorated cluster state, instead of logical qubits, in-
dividual physical qubits can be chosen as traps, disentangling
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them from qubits on neighboring sites of the resource via
simulated Z deletion measurements. Since the client knows
in advance what measurement outcomes these traps should
produce, any discrepancy reveals a dishonest run of the in-
tended protocol [2].

Moreover, in the measurement-only client setting [9],
where the client receives the resource qubits (either directly
or teleported through a successfully distributed Bell pair) to
perform the measurement-based computation themself, the
client may introduce resource graph state verification [10–12].

III. QUDIT BLIND QUANTUM COMPUTING

There are two steps to generalizing blind quantum comput-
ing to qudits. First, one needs to find a universal single-qudit
gate set and show that this set can be implemented blindly,
ensuring privacy, on the resource state. This is discussed in
Sec. III A. Second, one needs to demonstrate hiding strategies
for a two-qudit entangling gate, Sec. III B. For each resource
state architecture, we discuss associated overheads and strate-
gies for identifying dishonest server behavior. Finally, we
outline the advantages of utilizing qudits instead of qubits in
Sec. III C.

A. Hiding single-qudit gates

As for qubits, the qudit entangling gate CZ commutes with
diagonal single-qudit gates D 
φ . Hence, the client can ran-
domly apply diagonal unitaries to resource qudits, keeping
the angles {φk}k of each rotation private before the qudits are
sent to the server and entangled to the corresponding resource
state. Accounting for the angles when instructing the server
for measurements in rotated X bases, the implemented single-
qudit gate remains private due to the client imitating a uniform
angle distribution to the server.

In the original approach with qubits [1], the angles are ran-
domly chosen from the set A, Eq. (6), allowing to implement
any operation of the approximately universal single-qubit gate
set {H, S, T } blindly. Since for finite-field qudits the Clifford
group becomes approximately universal when supplementing
any non-Clifford single-qudit gate [39] (note that this is not
established for integer-ring qudits of arbitrary dimension), we
can follow the same approach for prime-power-dimensional
qudits and need to find one non-Clifford single-qudit diagonal
gate.

Generalizing the approach of approximately universal gate
sets to finite-field qudits, we search for an analog of the qubit
T gate, which is motivated by evidence that T gates in prime
dimensions are maximally robust to depolarizing and phase-
damping noise in analogy with the qubit case [61]. For prime
dimensions, the T gate is generalized by observing that the
qubit T gate conjugates X to XS up to a phase. In dimension
d = 3, it is then given by [61]

T3 =
⎛
⎝1 0 0

0 e2π i/9 0
0 0 e−2π i/9

⎞
⎠. (8)

For d > 3, one can pick [61–64]

Td =
∑

k

ωk36−1

d |k〉〈k|,

where ωd = e
2π i
d . The reason that Td is qualitatively different

from both T and T3 can be traced back to the integer six not
being invertible in Z2 and Z3 [62].

For finite-field qudits of prime-power dimension pm with
p /∈ {2, 3}, we can then pick

T F
d =

∑
k

χ (6−1k3)|k〉〈k|, (9)

as discussed in Appendix C. However, for p ∈ {2, 3}, this gate
is clearly Clifford since then k3 = k. To lift the qubit T gate
to even prime-power dimensions with p = 2, we, therefore,
instead define

T F
2m =:

∑
k

χ8(k4)|k〉〈k|, (10)

where χ8(t ) = ω
tr8(t )
8 and the multiplication map trace tr8(t ) is

computed in the Galois ring GR8m and takes values in Z8.
For prime-power dimensions with p = 3, we take

T F
3m =:

∑
k

χ9(k3)|k〉〈k|, (11)

where χ9(t ) = ω
tr9(t )
9 and tr9(t ) is evaluated in the Galois

ring GR9m , taking values in Z9. For m = 1, this definition
coincides with the T3 gate.

In Appendix C, we show by conjugation of X (x) to non-
Pauli Clifford gates that these generalized T gates are indeed
diagonal non-Clifford operators.

Hence, for even prime-power dimensions, p = 2, we can
keep the angle set A of Eq. (6) to implement approximately
universal gate sets server-blindly. For p = 3, we replace it via{

2πk

9

∣∣ k ∈ {0, . . . , 8}
}
,

whereas for the remaining prime-power dimensions with p /∈
{2, 3}, we take {

2πk

p

∣∣ k ∈ {0, . . . , p − 1}
}
.

Introducing random rotations on the resource qudits sent to
the server with angles from these respective sets and in-
structing for the desired measurement bases that account for
these angles, the client then maintains privacy for all executed
single-qudit gates.

Furthermore, the Solovay-Kitaev theorem [65] then states
that there is a constant c such that any special unitary can
be approximated with accuracy ε via a sequence from an
approximately universal gate set of length O( logc(1/ε)). The
Solovay-Kitaev algorithm [65] yields the approximation se-
quence for qudits with c ≈ 4 independent of the dimension.
For prime-power-dimensional finite-field qudits and exact
universality relying on the availability of arbitrary diago-
nal unitaries, we discuss in Ref. [44] that the number of
measurements to implement any single-qudit gate along a
one-dimensional cluster state chain scales linearly with the
dimension of the qudit system.

If we allow uniform sampling and communicating values
from the continuous interval [0, 2π ], we have an exactly uni-
versal gate set in arbitrary dimension, both for integer-ring and
finite-field qudits at our disposal [43,44]. Thus, we could do
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FIG. 4. Qudit brickwork state elementary unit, where the dashed
edge corresponds to CZ−1. The elementary units can be arranged into
the qudit brickwork state in the same manner as for qubits, Fig. 2(c).
Each elementary unit supports the realization of any diagonal gate,
the Hadamard gate, or the CX entangling gate on the two logical
qudits.

blind quantum computing in any finite dimension. However,
the ability of exact decomposition comes at the cost of in-
creased difficulty in sampling and classically communicating
quasicontinuous numbers to the server.

Moreover, this hiding technique of single-qudit gates also
works for qudit resource states, characterized by diagonal
Clifford entangling gates GE other than CZ [44], since diag-
onal entangling gates commute with all other diagonal gates.
As for the cluster or brickwork state resources, the client then
randomly applies diagonal single-qudit gates to the resource
qudits, initially in |0X 〉, before they are entangled via GE by
the server. This mimics a uniform angle distribution to the
server, irrespective of which rotated X measurement basis the
client chooses.

B. Hiding entangling gates

After discussing the privacy of single-qudit gates in the
previous section, we now investigate how entangling gates can
be hidden, covering the brickwork state, the open-ended and
decorated cluster states, and, finally, graph states and qudit
resource state variants beyond.

Since we have seen that only measurements in rotated X
bases can be hidden from the server, only these single-qudit
measurement bases are allowed in each resource state ar-
chitecture, associated with a different entangling gate hiding
strategy. In particular, Z deletion measurements, which can-
not be kept private and would reveal information about the
computation, are prohibited.

1. The qudit brickwork state

The elementary unit of the qubit brickwork state [1] is dis-
played in Figs. 2(a) and 2(b). Compared with the open-ended
cluster state resources, this unit has a fixed size of ten qubits
and, in addition, requires fewer entangling gates, leading to
higher fidelities of measurement-induced gates.

To generalize the brickwork state to qudits, we replace the
last vertical edge in its elementary unit with CZ−1, drawn as a
dotted edge in Fig. 4. The arrangement of the elementary units
into the qudit brickwork state is then analogous to the qubit
case, see Fig. 2(c). As for qubits, the two logical qudits, not
participating in any elementary unit experience the identity if
they are measured in X due to H4 = Id in all dimensions d ,
both for finite-field and integer-ring qudits.

If we measure all qudits of the modified elementary brick-
work state unit, Fig. 4, except the output in the X basis,
we realize the identity gate due to the effectively executed

quantum circuit being (ignoring a potential Pauli by-product)

CZ−1(H2 ⊗ H2)CZ(H2 ⊗ H2)

= CZ−1[M(−1) ⊗ M(−1)]CZ[M(−1) ⊗ M(−1)]

= CZ−1CZ = Id .

If we rotate the X basis by D†

φ on either of the two

logical qudits during the first measurement, we apply D 
φ
measurement-based.

Furthermore, we can implement the Hadamard gate on
either of the two logical qudits by using the qudit analog of the
measurement pattern in Ref. [1], displayed in Fig. 2(a). Here,
the first three X basis measurements are rotated by S(1)†,
so S† for even prime-power dimensions. We show that these
measurements realize a Hadamard gate in Appendix D 1. For
universal quantum computing, the realization of an entangling
gate is missing. With the measurement pattern in Ref. [1],
Fig. 2(b), generalized to qudits, we realize a CX gate, as
demonstrated in Appendix D 2.

If we do not have access to the entangling gate CZ−1 or
want to keep all entangling gates equal to CZ in the brickwork
state resource, we can use that CZp−1 = CZ−1 (for integer-ring
qudits, Appendix A, it is CZd−1 = CZ−1). The server can either
apply CZ multiple times to obtain CZ−1 or the elementary
unit could be modified, replacing the dashed edge in Fig. 4
with CZ and adding p − 2 further ten-qudit blocks that each
implement CZ (for instance, the analog of the qubit elementary
unit without the first or last vertical edge). However, this has
the disadvantage that the size of each elementary brickwork
state unit then scales with p, so the dimension of the system
d = pm.

As for qubits, dishonest behavior of the server can be
identified by using some of the logical qudits as traps. Here,
the client precomputes the measurement outcome on each
trap qudit, which would be obtained in an honest run of the
protocol, so that deviations from the server can be detected.

2. The open-ended cluster state

To understand cluster state quantum computing without
deletion measurements, we first study the effect of performing
X measurements on all qudits except the output, as in the qubit
variant. Herein, we consider an open-ended cluster state [55]
unit of lattice size n × (n + 2) for n logical qudits, as shown in
Fig. 3(a) for n = 2, where the output qudits in the last column
are not connected via vertical entangling gates.

Even though the size of an elementary unit is rather large
since its depth increases linearly with the number of logi-
cal qudits, cluster states are highly symmetric and a natural
choice for some experimental platforms with nearest-neighbor
interactions.

In Appendix E, we prove that n + 1 applications of Cn,
Eq. (7), with the Hadamard and controlled-phase gates gen-
eralized to qudits describe a global mirror, reflecting each
logical qudit along the middle horizontal axis, if n is even, and
a global mirror, supplemented by M(−1) = H2, with M(−1)
from Eq. (4), on every qudit for n odd. Note that in even
prime-power dimensions, such as for qubits, M(−1) is the
identity.
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If the delegated computation is supposed to happen on
an odd number of logical qudits, one can always use excess
qudits as further trap qudits for the server to keep n even
and have the complete analog of the qubit mirror on qudits,
avoiding the additional M(−1)⊗n operation.

In analogy to Ref. [55], we now consider which gates are
executed if one of the X measurements in the first or last
column of the open-ended cluster state is rotated.

For instance, measuring a qudit of the first column in the X
basis with a rotation D†


φ is equivalent to D 
φ being performed

before the global qudit mirror acts due to

(HD 
φ ⊗ I )CZ = (H ⊗ I )CZ(D 
φ ⊗ Id ).

When a qudit in the last nonoutput column is instead rotated
by D†


φ , it holds that

(HD 
φ ⊗ I )CZ = (HD 
φH† ⊗ I )(H ⊗ I )CZ,

so that effectively HD 
φH† is realized after the global mirror
operator.

To implement the Hadamard gate via diagonal and con-
jugated diagonal unitaries, we use the multiplication gate
decomposition of Eq. (5), observing that

M(−1) = H2 = HS(−1)HS(−1)HS(−1).

This can be rewritten via

H = S(−1)HS(−1)H†M(−1)S(−1)

= S(−1)HS(−1)H†S(−1)M(−1),

implying that H−1 = S(−1)HS(−1)H†S(−1) and

H = S(1)HS(1)H†S(1).

Hence, in addition to arbitrary diagonal gates, we are also able
to perform the Hadamard gate measurement-based.

To implement a qudit entangling gate, we now consider
rotated measurements in columns between the first and second
last (the last nonoutput column). We observe in Appendix E
that the Pauli string Z−1

1 X2 shifts with each application of Cn

as for qubits and, in addition, the powers of the Pauli string
alternate. However, since Z is no longer Hermitian for qudits
besides in even prime-power dimensions, an operator such as
eiαZ is not a qudit unitary in general.

Still, performing measurement-based the diagonal gate

D
α = ei
∑

k αk |kZ 〉〈kZ |

in the first row and a column m ∈ {2, . . . , n}, we demonstrate
in Appendix F that repeated conjugation by Cn (in total n +
2 − m times) applies the entangling gate

ei
∑

k, j αk |−(k+ j)Z 〉〈(k+ j)Z |⊗| jX 〉〈 jX |

to the output qudits n + 1 − m and n + 2 − m (which corre-
spond to the input qudits m and m − 1) for n + 2 − m even.
For n + 2 − m odd, instead, the entangling gate

ei
∑

k, j αk |(k− j)Z 〉〈(k− j)Z |⊗| jX 〉〈 jX |

is applied. Hence, if we want to apply an entangling gate to
qudits j and j − 1 of the input, we can rotate the X basis
measurement on the qudit in the first row and column m = j.

1

2

3

4

4

3

2

1

FIG. 5. Elementary unit of lattice size 4 × 6 for the open-ended
qudit cluster state and n = 4 logical qudits. The numbers indicate
the flow of information, the logical qudits, from the input on the left
toward the output on the right if X measurements are performed on
all qudits except the output due to the qudit mirror being performed.
Measurements in the first column serve to implement diagonal gates
on the input. Instead, measurements in the fifth column allow the
measurement-based implementation of diagonal gates, conjugated by
the Hadamard gate, on the output qudits. Rotated X bases measure-
ments in the first row and a column between the first and fifth allow
us to realize entangling gates between different pairs of output qudits,
chosen by the column, as indicated in the figure.

We visualize the column choice in Fig. 5 in the case of four
logical qudits.

To be able to propagate Pauli by-products, we select the an-
gles of D
α such that we obtain a Clifford entangling gate. For
this, we can choose D
α as a local Clifford gate, such as one of
the phase gates in {S(λ)}λ∈Fd . Since we then have conjugated
a single-qudit Clifford gate by the Clifford operators CZ and
H in Cn, the resulting entangling gate has to be a two-qudit
Clifford gate.

3. The decorated qudit cluster state

Another idea to avoid unhidden Z deletion measurements
is to use a decorated cluster state [17], where to each qudit
a string of two ancillary qudits, a hair, is attached, Fig. 3(b).
In the qubit case, the ancillas can then be used to simulate
both a Z and a rotated X basis measurement on the cluster
state qubits without physically performing Z measurements.
Hence, the type of measurement can be hidden from the
server. This strategy works for arbitrary graph states, so one
could also use it for the three-dimensional cluster state [17],
for instance.

To understand the measurement simulation for qudits, we
consider two ancillas, initially in the state |+〉⊗2, attached to
a qudit of the resource state in an arbitrary state |ψ〉. After an
X measurement on the resource qudit with outcome k1 and a
subsequent X measurement with outcome k2 on the first hair
qudit, the second hair qudit is in the state

HZ (−k2)HZ (−k1)|ψ〉 = X (k2)Z (k1)H2|ψ〉.
The last X measurement with outcome k3 then yields

〈(k3)X |X (k2)Z (k1)H2|ψ〉 ∝ 〈(k3 − k1)X |H2|ψ〉
= 〈(k3 − k1)X |M(−1)|ψ〉 = 〈(k1 − k3)X |ψ〉.

This scenario is then equivalent to an X measurement of the
cluster state qudit with outcome k1 − k3 (the outcome k2 of
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the second X measurement just introduces an irrelevant global
phase). Hence, we can simulate the effect of an X measure-
ment on the resource qudit.

If we rotate the X basis during the first measurement, we
can simulate the effect of a diagonal gate, for instance, one of
the phase gates in {S(λ})λ∈Fd or the qudit T gate, followed by
an X measurement.

Rotating instead the X basis by S(1)† (for even prime-
power dimensions S†) for all three measurements, we
implement a Z measurement since

〈(k3)X |S(1)HS(1)Z (−k2)HS(1)Z (−k1)|ψ〉
= 〈(−k3)Z |HS(1)X (k2)HS(1)X (k1)HS(1)|ψ〉
∝ 〈(−k3)Z |X (−k2)Z (k2 − k1)HS(1)HS(1)HS(1)|ψ〉
= 〈(k2 − k3)Z |ψ〉,

where we use H−1 = H3 = M(−1)H and the identity decom-
position Id = M(1) = HS(1)HS(1)HS(1), following from
Eq. (5). In total, we simulate the effect of a Z deletion
measurement with outcome |(k2 − k3)Z〉.

Thus, we can simulate all required measurements on the
cluster state with only rotated X basis measurements that can
be kept private.

4. Graph hiding

One way to hide the geometry of a resource graph state
was introduced in the previous section for the decorated clus-
ter state, Fig. 3(b), where two ancillary qudits, a hair, were
attached to each resource qudit to simulate all required mea-
surements without revealing the measurement choice to the
server.

The graph hiding technique in Fig. 3(c) directly generalizes
to qudit graph states. To keep the positioning of entangling
gates private, ancillary qudits are initialized in the X basis if
the entangling gate CZ is supposed to have an effect and in the
Z basis if not. Since the X and Z bases are indistinguishable,
the server cannot infer any information about the graph state
structure that it prepares. Measurement-only clients may use
resource graph state verification to identify malicious server
behavior, for which protocols have been generalized to qudit
graph states of local prime dimension [66].

Graph hiding also applies to qudit resources, characterized
by diagonal Clifford entangling gates GE other than CZ [44],
since also GE creates no entanglement when applied to qudits
initialized in the Z basis but does create entanglement when
applied to the X basis. The latter is true by definition of the
entangling gate GE in Ref. [44], which creates maximally
entangled states when applied to |0X 〉|0X 〉, so that |0X 〉|kX 〉 =
|0X 〉Z (k)|0X 〉 also becomes maximally entangled due to Z (k)
commuting with GE . To see that no entanglement is created
for ancillas in the Z basis, we use that CZ is the only diagonal
two-qudit Clifford group generator, so that any diagonal Clif-
ford entangling gate GE corresponds to M(N−1)CZM(N ) with
0 	= N ∈ Fd [it does not matter whether the multiplication
gate M(N ), Eq. (4), is applied to the control or target] up to
local diagonal Clifford gates [44]. Applying this entangling
gate to a random Z basis state |kZ〉 and |0X 〉, we then obtain
the product state |kZ〉 ⊗ Z (Nk)|0X 〉.

Using such resources instead of graph states can then lead
to a more efficient decomposition of single-qudit gates into
measurement patterns in prime-power dimensions with an
even exponent, as discussed in Ref. [44].

C. Advantages of qudits

Due to the larger computational state space provided by
finite-dimensional systems, quantum information processing
with qudits offers different advantages compared with the
binary approach with qubits. For instance, quantum com-
puting can be implemented with reduced circuit depth or
resource requirements [23–25], allowing certain tasks to
be realized more compactly than in qubit-based architec-
tures [38]. Furthermore, utilizing qudits has been found to
improve the performance of quantum simulations [26,27],
fault-tolerant quantum computing [28–30], quantum com-
munication [31–33], entanglement purification [34,35], and
quantum metrology [36,37]. These advantages are expected
to translate to the measurement-based quantum computing
framework with qudits, which we have analyzed in Ref. [44],
optimizing measurement patterns for gate implementation.

More specifically, in the context of blind quantum com-
puting, qudits can exhibit a higher robustness with increasing
dimension in certain noise models, in particular, for entangled
states [38], such as cluster states. In addition, qudits provide a
larger hiding space per measurement and per quantum system
with increasing dimension.

Since each measurement has d possible outcomes, a ma-
licious server deviating from the prescribed computational
protocol can guess the correct outcomes only with probabil-
ity (1/d )n for n independently placed trap qudits, assuming
outcome indistinguishability guaranteed by blindness. Con-
sequently, higher local dimensions allow the same security
threshold to be achieved with fewer trap qudits, reducing the
overall resource overhead. The enlarged local measurement
space can also allow for more flexible trap and verification
constructions.

Overall, the ability to encode more information per
quantum system can reduce both classical communica-
tion and quantum overhead in client-server architectures.
In addition, many experimental platforms naturally support
high-dimensional quantum systems [67], rendering qudit-
based blind quantum computing particularly appealing from a
practical perspective.

IV. CONCLUSION AND OUTLOOK

Blind quantum computing with qudits paves the way for
secure delegated quantum information processing using mul-
tilevel systems, which are inherent to many experimental
platforms. We have demonstrated how blind quantum comput-
ing generalizes from qubits to qudits, how single-qudit gates
are kept private by the client introducing random rotations, as
well as the overheads of different resource state architectures
associated with various hiding strategies for entangling gates.
In particular, we have considered brickwork state structures,
the open-ended and decorated cluster states, and resource state
variants beyond.
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To hide single-qudit gates in prime-power dimensions, we
have introduced approximately universal gate sets that al-
low the client to sample and to communicate angles from a
finite-sized set. Allowing for continuous-parameter diagonal
unitaries, exactly universal gate sets are instead available for
qudits in arbitrary dimensions.

To maintain the privacy of entangling gate applications,
we have analyzed several resource state architectures. The
elementary unit of the brickwork state generalized to qudits
is of a fixed size of ten qudits. However, in our qudit variant
of the brickwork state, one of the controlled-phase gates is
replaced with its inverse. Alternatively, all entangling gates
can remain identical to controlled-phase gates at the cost of
increasing the elementary unit size with the dimension of the
qudit. Instead, for the open-ended cluster state, the depth of
each elementary unit for implementing measurement-based
gates increases linearly with the number of qudits, as for qubit
blind quantum computing.

Furthermore, we have generalized the decorated cluster
state to qudits. Here, a so-called hair of two ancillary qudits
can simulate the effect of all necessary measurements on the
resource qudit via physical measurements that can be hidden.
This hiding strategy also extends to general qudit graph state
resources.

Finally, we have discussed graph hiding, where ancillary
qudits are initialized in one of two bases that are indistinguish-
able to the server, such that the controlled-phase gate either
does or does not have an effect. This method likewise applies
to qudit resources, characterized by diagonal entangling two-
qudit Clifford unitaries beyond controlled-phase gates. Using
these resources can then lead to increased computational effi-
ciency, facilitating the decomposition of arbitrary single-qudit
gates.

In future work, one could compare the security, overhead,
and resource cost of the qudit-based scheme with the qubit
approach, investigate multiclient settings, or the feasibility of
blind quantum computing with reduced quantum capabilities
on the client side. Moreover, it would be interesting to embed
blind quantum computing into fault-tolerant architectures and
analyze their noise resilience.
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APPENDIX A: INTEGER-RING QUDITS

In any finite dimension d , the qudit basis states can be
identified with elements of the integer ring

Zd = {0, . . . , d − 1},

in which addition and multiplication are performed modulo d
[38,40,41].

The generalized Pauli operators are then defined via

Zd | j〉 = (ωd ) j | j〉, Xd | j〉 = | j + 1〉,
where ωd = e2π i/d is the dth root of unity, and they satisfy the
commutation relation [40]

X b
d Za

d = ω−ab
d Za

d X b
d .

The integer-ring single-qudit Clifford group that maps
Pauli operators onto Pauli operators under conjugation is gen-
erated by Zd and the gates [45]

Hd = 1√
d

d−1∑
j,k=0

ω
k j
d | j〉〈k|, Sd =

d−1∑
j=0

τ
j2

d | j〉〈 j|,

with τd = (−1)d e
π i
d , the Hadamard gate Hd , and the phase

gate Sd . Extending the single-qudit Clifford group with the
controlled-Zd gate,

CZd =
d−1∑

k, j=0

ω
k j
d |k〉| j〉〈k|〈 j|,

yields the n-qudit integer-ring Clifford group for arbitrary
finite dimensions d [41,45,64].

As for finite-field qudits, the generalized Xd and Zd gates
are no longer self-adjoint, but their respective eigenstates still
form an orthonormal basis of the qudit Hilbert space. More
specifically, the eigenvectors of Xd correspond to

|kX 〉 = Hd |kZ〉 = Hd X k
d |0Z〉 = Zk

d |0X 〉,
whereas the generalized Yd operator has eigenstates |kY 〉 =
Sd |kX 〉 = Sd Hd |kZ〉.

APPENDIX B: CLIFFORD CONJUGATION RELATIONS

Considering qudits of prime-power dimension, d = pm

with p prime and m being a positive integer, we provide
in the following some conjugation relations, also derived in
Ref. [44].

The multiplication gate M(λ), Eq. (4), modifies the Pauli
gates via

Z (z)
M(λ)�−→ Z (λ−1z), X (x)

M(λ)�−→ X (λx),

where x, z ∈ Fd .
The Hadamard gate conjugates the Pauli operators accord-

ing to

HZ (z)H† = X (−z), HX (x)H† = Z (x).

The phase gate commutes with Z (z), whereas in odd prime-
power dimensions with p 	= 2, one obtains

S(λ)X (x)S(λ)−1 = χ (2−1λx2)X (x)Z (λx),

while for p = 2

SX (x)S−1 = χ4(x2)X (x)Z (x).

The controlled-Z gate CZ commutes with Z (z) and trans-
forms

CZ(X (x) ⊗ Id )CZ† = X (x) ⊗ Z (x).
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For the integer-ring qudits in Appendix A, similar conju-
gation relations hold [40].

APPENDIX C: NON-CLIFFORD DIAGONAL GATES

1. Even prime-powers

To lift the qubit T gate to even prime-power dimensions,
we use that Z8/〈2〉 ∼= Z2 (since 〈2〉 = {2, 4, 6} is a maximal
ideal in Z8; every odd number would generate the whole ring,
and of the even elements, the integer 2 generates the largest
ideal).

We observe for invertible 0 	= x ∈ Fd , the conjugation of
X (x) by T F

2m in Eq. (10),

T F
2m X (x)

(
T F

2m

)†

=
∑
u∈Fd

χ8((u + x)4)|u + x〉〈u|χ8(−u4)

=
∑
u∈Fd

χ8(x4 + 4(u3x + xu3) + 6x2u2)|u + x〉〈u|

= χ8(x4)
∑
u∈Fd

χ (u3x + xu3)|u + x〉〈u|χ8(6x2u2)

= χ8(x4)
∑
u∈Fd

|u + x〉〈u|χ4(3x2u2)

= χ8(x4)
∑
u∈Fd

|u + x〉〈u|χ4(x2u2)χ (xu)

= χ8(x4)X (x)M(x−1)SM(x)Z (x),

where we used that χ8(2t ) = χ4(t ), χ8(4t ) = χ (t ), χ (u3x +
xu3) = χ (2ux) = χ (0) = 1, and χ4(3x2u2) = χ4(2x2u2 +
x2u2) = χ4(x2u2)χ (x2u2) = χ4(x2u2)χ (xu).

The result is not a Pauli operator, so we have found a non-
Clifford diagonal gate, which reproduces the qubit T gate for
m = 1.

2. Prime-powers with prime 3

To lift the qutrit T3 gate to prime-power dimensions with
prime 3, we use that Z9/〈3〉 ∼= Z3 (since 〈3〉 = {3, 6} is a
maximal ideal in Z9).

Conjugating X (x), 0 	= x ∈ Fd , by the proposed T F
3m gate in

Eq. (11), we obtain

T F
3m X (x)(T F

3m )†

=
∑
u∈Fd

χ9((u + x)3)|u + x〉〈u|χ9(−u3)

=
∑
u∈Fd

χ9(x3 + 3u2x + 3x2u)|u + x〉〈u|

= χ9(x3)
∑
u∈Fd

χ (u2x + x2u)|u + x〉〈u|

= χ9(x3)
∑
u∈Fd

|u + x〉〈u|S(2x)Z (x2)

= χ9(x3)X (x)S(2x)Z (x2).

Here, we have used χ9(3x) = χ (x) and that x3 = x for all x ∈
F3m due to the characteristic p being 3.

The result is not a Pauli operator, so that we have a diagonal
non-Clifford gate, which coincides with T3 from Eq. (8) for
m = 1.

3. Other prime powers

For prime-power dimensions d = pm with p /∈ {2, 3}, we
take the suggested T F

d gate from Eq. (9), such that the conju-
gation T F

d X (x)(T F
d )† returns∑

u∈Fd

χ (6−1(u + x)3)|u + x〉〈u|χ (−6−1u3)

=
∑
u∈Fd

χ (6−1(x3 + 3u2x + 3x2u))|u + x〉〈u|

= χ (6−1x3)
∑
u∈Fd

χ (2−1u2x + 2−1x2u)|u + x〉〈u|

= χ (6−1x3)
∑
u∈Fd

|u + x〉〈u|S(x)Z (2−1x2)

= χ (6−1x3)X (x)S(x)Z (2−1x2).

Since the result is not a Pauli operator, we have found a
diagonal non-Clifford gate T F

d .

APPENDIX D: MEASUREMENT PATTERNS ON THE
QUDIT BRICKWORK STATE

In the following, we show that the qubit measurement
patterns to implement a Hadamard gate, Fig. 2(a), and a
controlled-X gate, Fig. 2(b), generalize to the qudit brickwork
state elementary unit, Fig. 4. For notational simplicity, we
write S not only for the even prime-power dimensional phase
gate but also for S(1) in the odd-dimensional case.

1. Hadamard gate implementation

Using the measurement pattern, displayed in Fig. 2(a) and
generalized to qudits, one can implement the Hadamard gate
on either of the two logical qudits (where the first entry in
the tensor product represents the upper logical qudit and the
second the lower) due to

CZ−1(H2S ⊗ H2)CZ(HSHS ⊗ H2)

= CZ−1[M(−1) ⊗ M(−1)]CZ[SHSHS ⊗ M(−1)]

= CZ−1[M(−1) ⊗ M(−1)]CZ[H−1 ⊗ M(−1)]

= CZ−1[M(−1) ⊗ M(−1)]CZ[H2 ⊗ M(−1)](H ⊗ I )

= CZ−1CZ(H ⊗ I ) = H ⊗ I.

Here, we used that H2 = M(−1), H−1 = H3 and the identity
H−1 = SHSHS, which follows from the multiplication gate
decomposition of M(1) = Id in Eq. (5).

2. Controlled-X gate implementation

To implement a controlled-X gate on the qudit version of
the brickwork state, we use the measurement pattern, dis-
played in Fig. 2(b) and generalized to qudits, which realizes
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the gate sequence

CZ−1(H2S ⊗ HS−1H )CZ(H2 ⊗ HSH )

= CZ−1[M(−1)S ⊗ HS−1H]CZ(M(−1) ⊗ HSH )

= CZ−1[M(−1)S ⊗ HS−1]CX−1
1�→2[M(−1) ⊗ M(−1)SH]

= CZ−1(S ⊗ HS−1)CX1�→2[I ⊗ SM(−1)H]

= CZ−1(I ⊗ H )CX1�→2CZ−1(I ⊗ H−1)

= CZ−1CZCX1�→2 = CX1�→2.

Note that S and M(−1) commute [since the phase in S is
specified by the square of the basis state, so M(−1)SM(−1) =
S] and M(−1)H = H3 = H−1.

Furthermore, we use in the above calculation that

(S ⊗ S−1)CX1�→2 = (S ⊗ S−1)
∑

x

|x〉〈x| ⊗ X (x)

=
(∑

x

|x〉〈x| ⊗ χ (−2−1x2)X (x)Z (−x)

)
(S ⊗ S−1)

=
(∑

x

|x〉〈x| ⊗ X (x)Z (−x)

)
(I ⊗ S−1)

= CX1�→2CZ−1(I ⊗ S−1),

so that (S ⊗ S−1)CX1�→2(I ⊗ S) = CX1�→2CZ−1.

APPENDIX E: QUDIT MIRROR OPERATOR
ON THE OPEN-ENDED CLUSTER STATE

We want to prove that for an even number n of logical
qudits, we have a global mirror operator after n + 1 applica-
tions of the qudit variant of Cn from Eq. (7), while, for odd
n, we have a global mirror plus multiplication with minus
one, M(−1) = H2, on every qudit. This generalizes the qubit
mirror from Ref. [55].

We show this by demonstrating that the Pauli gates Z
and X acting on any of the input qudits are reflected when
propagated by Cn toward the output if n is even and reflected
and conjugated to Z−1 and X −1, respectively, if n is odd. Here,
for prime-power dimensions, Z−1 and X −1 are Z (−1) and
X (−1) instead, but we use the prime-dimensional notation for
conciseness in the following.

To understand how the effective quantum circuit conju-
gates the input Paulis, we first consider Z1 acting on the first
qudit of the input. Due to repeated conjugation with Cn, corre-
sponding to X measurements in one column of the open-ended
cluster state, the Pauli gets conjugated according to

Z1
Cn�−→ X −1

1
Cn�−→ Z−1

1 X2
Cn�−→ Z2X −1

3
Cn�−→ Z−1

3 X4 · · · ,

which continues until the string reaches qudit n after n steps. If
n is even, after n steps, the stabilizer is given by Z−1

n−1Xn while
if n is odd, it is Zn−1X −1

n . The next conjugation then changes
this to

Z−1
n−1Xn

Cn�−→ Zn

for the even case and for n odd to

Zn−1X −1
n

Cn�−→ Z−1
n .

If we now consider the second qudit of the input,

Z2
Cn�−→ X −1

2
Cn�−→ X1Z−1

2 X3
Cn�−→ Z1X −1

2 Z3X −1
4

Cn�−→ Z−1
2 X3Z−1

4 X5
Cn�−→ Z3X −1

4 Z5X −1
6 · · · ,

so that after three applications of Cn, we have a Pauli string
extending to the first qudit that subsequently begins to shift.

If n is even, after n − 1 applications (n − 4 to shift
the Pauli string and three prior), we have the stabilizer
Zn−3X −1

n−2Zn−1X −1
n , while for odd n, it is Z−1

n−3Xn−2Z−1
n−1Xn.

Then, two further columns being measured for n even
results in

Zn−3X −1
n−2Zn−1X −1

n
Cn�−→ Z−1

n−2Xn−1Z−1
n ,

Cn�−→ Zn−1

so that, in total Z2 �→ Zn−1 for n even and Z2 �→ Z−1
n−1 for n

odd.
Considering the third qudit of the input, X measurements

in the first five columns result in

Z3
Cn�−→ X −1

3
Cn�−→ X2Z−1

3 X4
Cn�−→ X −1

1 Z2X −1
3 Z4X −1

5

Cn�−→ Z−1
1 X2Z−1

3 X4Z−1
5 X6

Cn�−→ Z2X −1
3 Z4X −1

5 Z6X −1
7 ,

so that we again have a Pauli string first spreading until it
reaches the first qudit and subsequently shifting.

More generally, for the mth input qudit in the first column
and row m < n+1

2 , it takes m + 1 steps until either the Pauli
string Z1X −1

2 · · · Z2m−1X −1
2m for m even or Z−1

1 X2 · · · Z−1
2m−1X2m

for m odd has appeared. Then, it takes another n − 2m steps
to shift the Pauli string to act on qudit n. For n and m even, we
then have after n − m + 1 steps the Pauli string

Zn−2m+1X −1
n−2m+2 · · · Zn−1X −1

n .

The next two conjugations with Cn change this to

Cn�−→ Z−1
n−2m+2Xn−2m+3 · · · Xn−1Z−1

n

Cn�−→ Zn−2m+3X −1
n−2m+4 · · · X −1

n−2Zn−1,

so that the Pauli string begins to shrink until it becomes
Zn−m+1 after m steps. This is essentially the reverse procedure
of the Pauli string expanding during the first m + 1 steps. For
n even and m odd, the same follows since the shifted Pauli
after n − m + 1 steps has opposite powers, but m odd during
the shrinkage phase reverses the powers back. Instead, for
n odd the Pauli becomes Z−1

n−m+1, so that in addition to the
global mirror a multiplication with minus one has happened,

Zn−m+1
M(−1)�−→ Z−1

n−m+1.
For Xm on the mth input qudit, we require one fewer step,

m steps, in the Pauli string expansion phase and one more step
after the shrinkage phase, so that with the same argument as
previously, the Pauli transforms into Xn−m+1 for n even and
X −1

n−m+1 for n odd.
Thus, we have identified that n + 1 applications of Cn act as

a global mirror on the qudit input for n even and, in addition,
apply M(−1)⊗n for n odd.
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APPENDIX F: ENTANGLING GATE BETWEEN
NEIGHBORING LOGICAL QUDITS OF THE OPEN-ENDED

CLUSTER STATE

We consider an open-ended cluster state of lattice size
n × (n + 2), Figs. 3(a) and 5, where Cn, Eq. (7), with the gates
generalized to qudit operators, is applied for each column
being measured in the X basis.

Studying how a diagonal gate D
α in the first row and a
column m with 1 < m < n + 1 propagates under conjugation
by Cn which is correspondingly applied n + 2 − m times,

C⊗n+1−m
n

n∏
j=1

HjD
α
n−1∏
j=1

CZ j, j+1C
⊗m−1
n

= C⊗n+2−m
n D
αC⊗m−1

n

= C⊗n+2−m
n D
α (C⊗n+2−m

n )†C⊗n+1
n ,

we see in the following that an entangling gate on the qudits
n + 1 − m and n + 2 − m of the output is realized.

Any diagonal unitary gate can be written via

D
α = ei
∑

k αk |kZ 〉〈kZ |.

After the first conjugation with Cn, due to commutation of D
α
with CZ, we map the diagonal gate onto

HD
αH† = ei
∑

k αk |kX 〉〈kX |.

After the second conjugation with Cn, we have

(H ⊗ H )CZ(ei
∑

k αk |kX 〉〈kX |⊗Id )CZ†(H† ⊗ H†)

= (H ⊗ H )(ei
∑

k, j αk |(k+ j)X 〉〈(k+ j)X |⊗| jZ 〉〈 jZ |)(H† ⊗ H†)

= (ei
∑

k, j αk |−(k+ j)Z 〉〈−(k+ j)Z |⊗| jX 〉〈 jX |),

where we use that H2 = M(−1), so that H |kX 〉 = | − kZ〉.
Repeating the conjugation with Cn, we obtain

ei
∑

k, j,l αk |−(k+ j)Z 〉〈−(k+ j)Z |⊗| jX 〉〈 jX |⊗|lZ 〉〈lZ |

CZ⊗2 �−→
e

i
∑

k, j,l αk |−(k+ j)Z 〉〈−(k+ j)Z |⊗|(l−k)X 〉〈(l−k)X |⊗|lZ 〉〈lZ |

H⊗3 �−→
e

i
∑

k, j,l αk |−(k+ j)X 〉〈−(k+ j)X |⊗|(k−l )Z 〉〈(k−l )Z |⊗|lX 〉〈lX |

= ei
∑

k,l, j αkZ−k |− jX 〉〈− jX |Zk⊗|(k−l )Z 〉〈(k−l )Z |⊗|lX 〉〈lX |

= ei
∑

k,l αk Id ⊗|(k−l )Z 〉〈(k−l )Z |⊗|lX 〉〈lX |.

Hence, now no operator acts on the first qudit, but we instead
obtain an entangling gate on the second and third qudits.

Another application of Cn yields

ei
∑

k,l, j αk |(k−l )Z 〉〈(k−l )Z |⊗|lX 〉〈lX |⊗| jZ 〉〈 jZ |

CZ⊗2 �−→
e

i
∑

k,l, j αk |(k−l )Z 〉〈(k−l )Z |⊗|(k+ j)X 〉〈(k+ j)X |⊗| jZ 〉〈 jZ |

= ei
∑

k, j αk Id ⊗|(k+ j)X 〉〈(k+ j)X |⊗| jZ 〉〈 jZ |

H⊗3 �−→
e

i
∑

k, j αk Id ⊗|−(k+ j)Z 〉〈(k+ j)Z |⊗| jX 〉〈 jX |
,

so that the entangling interaction has moved to the next pair
of qudits.

For an even number of applications of Cn, so n + 2 − m
even, we then have the entangling gate

ei
∑

k, j αk |−(k+ j)Z 〉〈−(k+ j)Z |⊗| jX 〉〈 jX |,

whereas for an odd number of applications of Cn, it is

ei
∑

k, j αk |(k− j)Z 〉〈(k− j)Z |⊗| jX 〉〈 jX |.
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