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Quantum algorithms for solving a drift-diffusion equation: A complexity analysis
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We present four quantum algorithms for solving a multidimensional drift-diffusion equation. They rely on a
quantum linear system solver, a quantum Hamiltonian simulation, a quantum random walk, and the quantum
Fourier transform. We compare the complexities of these methods to their classical counterparts, finding that
diagonalization via the quantum Fourier transform offers a quantum computational advantage for solving linear

partial differential equations at a fixed final time. We employ a multidimensional amplitude estimation process
to extract the full probability distribution from the quantum computer.
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I. INTRODUCTION

Current computational limitations constrain numerous sci-
entific and commercial applications, primarily in terms of
size, processing speed, and cost. For example, solving partial
differential equations (PDEs) consumes significant memory
and computational resources [1]. Common numerical meth-
ods necessitate discretizing a large, complex problem domain,
requiring repeated retrieval of stored information for each cal-
culation. Furthermore, progressing the solution at each point
in the discretization in parallel uses vast amounts of computa-
tional resource.

One instance of a computationally expensive PDE is the
drift-diffusion equation (DDE). Its importance stems from
its role as a Fokker-Planck equation describing particle ve-
locity, and its close relationship to the Black-Scholes and
Navier-Stokes equations. Furthermore, a DDE can describe
a stochastic process such as the Ornstein-Uhlenbeck pro-
cess. Therefore, efficient methods of solution to the DDE
have value across multiple industries. It is thus of significant
commercial interest. PDEs like the DDE are used to assist
decision making across industries, for example, instances
include modelling wind turbine power outputs [2] or risk
outcomes through the pricing of options within finance [1].
Methods for solving linear PDEs like the DDE use linear
equation solvers for the finite difference method such as the
conjugate gradient method [3,4], random walks [5], or diago-
nalization by the Fourier transform [6].

Quantum algorithms promise potential computational ad-
vantage for solving differential equations. Previous works on
quantum algorithms for solving PDEs can be split into two
groups. The first maps the PDE to a Hamiltonian using either
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discretization or a variational approach. The result can be
solved via Schrodinger’s equation [7-14]. The second uses
discretization to build a system of linear equations to be solved
quantum mechanically [15]. Both document a 1/¢ time com-
plexity for various PDEs [16-20], where € is the error in the
accuracy of solution.

In this paper, we study four different quantum algorithms
for solving the DDE in Eq. (2). We seek the probability dis-
tribution p(x, t) up to a constant additive error €. To that end,
we employ a method of extracting a probability distribution
approximately up to an error €, as defined in Eq. (7) [21]. We
believe ours is its first application to solving PDEs. It is in
effect a multidimensional amplitude estimation procedure to
extract a probability distribution from a quantum computer.
Our work is inspired by an earlier work on solving the heat
equation [22]. It sought the total heat in a region of space up
to a constant additive error at a final time, where total heat is
an integral of the solution to the heat equation. This difference
in the objective we seek has several consequences which we
discuss in Secs. III and IV.

All of our classical algorithms and three of our quantum
algorithms—based on the quantum random walk, the quantum
time evolution and the quantum Fourier transform also apply
to the advection diffusion equation (ADE) where the drift
coefficient a < 0 from Eq. (2). Our algorithm that is based on
the quantum linear system solver only applies to the ADE in
the same restricted circumstances as it applies to the DDE to
bound the condition number. Outside of these circumstances
the condition number tends to infinity. The ADE in one spatial
dimension has been solved using a quantum linear system
as well as a variational quantum algorithm [20]. They show,
as we do that the quantum linear systems method depends
on the condition number, whereas while the variational al-
gorithm is more efficient it requires an ansatz and is only
able to provide a partial solution. A linear combination of
Hamiltonian simulation (LCHS) method for solving linear
and nonlinear PDEs was introduced in Ref. [23]. This was
also applied to ADE in one spatial dimension and found to be
near optimal [24]. In this case they find a linear scaling with
time 7 and logarithmic scaling with their truncation error ¢.
Our method considers d dimensions, and in one dimension
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TABLE I. Time complexity to solve the DDE from Eq. (2) in
terms of parameters defined in Sec. II. We compare four classical
and four quantum methods. Logarithmic factors are omitted in O(-).

Method Region  Theorem Complexity
Classical
Linear equations  General 3 0 ( a Tdif;ig:/dz+3)/2 L )
¢
Time-stepping General 4 0 ( R s sl Td?;zzildml L )
a
Exact sampling General 5 0 ( W )
c
FFT Rectangular 6 0 ( A T;//Zz(d/zLZd )
d
Quantum
Linear equations ~ General 9 o( dsz}#)
Time evolution General 10 0( ki Tdf:;f:f; Al il )
.
Quantum RW General 12 O( ‘ld/zwzri/z:/;fj 1/?; S )
q€c
QFT Rectangular 13 0 ( AR e e Tdf/ﬁd/4Ld/2 )

€g€c

we achieve a quadratically improved dependence on 7. The
truncation error is not equivalent to our €, but rather ¢; both
variables are introduced in Sec. I A. The LCHS method is an
improved scaling of ¢ compared to our methods. The overall
accuracy is not considered analytically by Ref. [24] but used
as a test of the complexity scaling.

Our findings are summarized in Table I. Our central re-
sult is that quantum computational advantage, in terms of
time complexity, is possible by the quantum diagonalization
method when

ed/tapis
€ =0
¢AALA(aL + DY/

where ¢, is the classical discretization accuracy defined by
Eq. (5), €, is a quantum approximation accuracy defined by
Eq. (7), and O(-) omits logarithmic factors.

In terms of space complexity, each of the quantum methods
has two main contributions. The first is ¢, the number of qubits
required to build the state |p) as defined in Eq. (6), where ¢
is O(d logn,). The second is the number of qubits required
to perform the measurement protocol to extract p such that
1P — pllss < €, which is O(q + 1/¢,(log(1/¢,) + ¢)) [21].
Therefore, all of the quantum methods have a space complex-
ity of O(d/e,).

This paper has the following structure: First, we state the
problem and a summary of our findings in Secs. [ A and IB,
and then we describe the preliminaries and solution strat-
egy used across all solution methods in Sec. II. We then
identify the complexity of four classical solution methods in
Sec. III. These are the conjugate gradient method for linear
equations, linear time evolution, a random-walk method, and
diagonalization via the fast Fourier transform. These are com-
pared with the quantum methods in Sec. IV which use linear
equation solvers, time evolution by Hamiltonian simulation,
quantum random walk simulation, and diagonalization by
quantum Fourier transform (QFT). We conclude our findings
in Sec. V.

> and € =e€.+¢;, (1)

A. Problem statement
We aim to solve the DDE

Ipx,1) [ 9 9

where X = {xi, ...,x;} € R?isad-dimensional vector and a
and D are positive constants representing the diffusion and
drift coefficients, respectively. We seek an approximate so-
lution, p(x,t), of p(x,t) from Eq. (2) up to a given error
ec(0,1)atatimet =T by

1p(xX, 1) = p(xX, D)lloo < € 3)

for x € [—L, L]?. The infinity norm is defined as ||X||o =
man|.Xj|.

The solution p(x, t) is positive and ffooo p(x,t)dx =1 at
all times [25]. p(x, t) is also dimensionless. We assume peri-
odic boundary conditions in all spatial dimensions x; but not
in time ¢, such that p(L,t) = p(—L,t). We also assume that
p(x, t) is four times differentiable implying that

84p(.X1, ceey Xdy t)
max |————=| <, 4a
(x,1)eRd+! 8xl.28x% S¢ (42)
max 3 p(xt, oo X, 1) <L (4b)
(x,t)eR4+1 8xl~8xj dxy = ’
32p(x1, .oy Xg, 1) 2
max |—— | < ¢L7, 4c
(x,t)eRd+! Bxiax_,- S¢ (4c)
8p(.x1,...,x¢1,t) 3
max |—— | <¢L7, 4d
(x,1)eRd+1 Ax; s¢ (4d)

with a smoothness bound ¢ with dimensions of (length)‘4.
We also make the following assumptions on the computa-
tional costs:
(1) For classical computation
(a) elementary arithmetic operation (addition or mul-
tiplication) on real numbers can be computed in constant
time,
(b) generation of a real random number in [0, 1] can be
completed in constant time,
(c) p(x,0) = po(x) and its powers can be computed
exactly at no cost for all x.
(2) For quantum computation:
(a) that one and two qubit gates can be performed in
constant time.
Since O(log,(x)) = O(log,(x)) we will not discern be-
tween logarithms of different bases.

B. Results summary

We show that quantum computers can provide computa-
tional advantage in solving the DDE in Eq. (2) depending on
the problem parameters. Specifically we focus on the time
complexity of a few solution methods. As described more
fully in Sec. I and summarized in Table I, the different meth-
ods we study are as follows:

(i) System of linear equations is a method for finding
the solution at all points in space and time. It employs the
conjugate gradient method to solve the system.
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TABLE II. Parameter values for DDE for a representative prob-
lem in finance [27,28]. These variables result in 1, = 8.13 x 10° /e,
and n, = 1.05 x 10%/€!/? using Corollary 1.

T [days] L[$] a D d ZI$74

0.2455 3 1

5000 10 0.2366

(i) Time evolution is the simplest and most efficient clas-
sical method for finding the solution at all points in space and
time.

(iii)) Random walk uses the stochastic nature of the equa-
tion to model each time step as a step of the random walk.
This is less efficient than time evolution due to the number of
samples required to achieve the accuracy prescribed in Eq. (3).

(iv) Diagonalization is the most efficient of the classical
methods for solving Eq. (2) at a fixed final time 7. It does
this by utilizing the fast Fourier transform to diagonalize the
differential operator.

The quantum methods we study are as follows:

(1) Quantum linear equations method is more efficient than
the classical linear equations method and the classical time-
evolution method. This makes it the most efficient method for
finding the solution at all space and time steps.

(ii) Quantum time-evolution method uses Hamiltonian
simulation and the linear combination of unitaries methods
to evolve the solution with time. This method uses work from
Ref. [13]. It is less efficient than classical time stepping.

(iii) Quantum random-walk method takes advantage of the
stochastic nature of random walks to efficiently model each
time step as a step of a quantum random walk. This method
uses work from Ref. [26]. It is more efficient than the above
methods but not the most efficient.

(iv) Quantum diagonalization uses the quantum Fourier
transform to diagonalize the differential operator. This is the
most efficient method for solving Eq. (2) for a fixed final
time 7.

C. In practice

This section will demonstrate the results quoted in Table I
using a commercially relevant use case. Several works have
modelled stock volatility as an Ornstein-Uhlenbeck process,
which is a specific instance of a DDE [27,28]. Based on these
works typical values for the parameters of the DDE are shown
in Table II. We chose coefficients a and D from Ref. [28].
In this case a represents the mean reversion parameter, where
mean reversion is the theory that asset prices eventually revert
to their long-term mean. D = o'2/2, where o is the volatility
of the stock, as volatility itself is an annualized standard de-
viation. T is chosen based on the number of samples used
by Ref. [28] and represents time as expected. L is chosen
based on the spread of volatility results. Stock volatility is
highly dimensional as it is dependent on many variables [27].
We chose d = 3 for this exercise because volatility depends
minimally on three factors: time to maturity, strike price, and
market conditions.

We demonstrate the quantum computational advantage by
substituting the variables from Table II into the classical and
quantum method complexities from Table I. These results are

TABLE III. Summary of results with respect to the chosen vari-
ables from Table II for solving the DDE.

Complexity
Method Theorems Classical Quantum
. . 22 10
Linear equations 3and 9 48510 41410
€ €ceq
. . 18 17
Time stepping 4 and10 1‘2‘2;510 2 'f;%lf
c c q
1.24x10'8 4.73x10'%
Random walk 5and 12 5 s,
c c q
. . . 11 7
Diagonalization 6 and 13 % 658510

! e,

shown in Table III. To obtain the required overall accuracy
of € this comparison can be carried out in advance to select
suitable values for €. and ¢,.

II. PRELIMINARIES AND SOLUTION STRATEGY
A. Preliminaries

In this section we list the notation used throughout this
paper. All vectors will be identified using lower case bold font,
such as x representing a d-dimensional vector in space and
individual components are denoted by x;. For the vectors, we
use the following norms: the infinity norm defined as ||X||oc =
max;|x;|, the one norm defined as [[x||; = Z?:l |x;|, the

Euclidean norm defined as [[x||> = v/x7 + ... +x2 [5], the
operator norm || - || = max; o;, where o; denotes the jth
singular value, and the energy norm ||x|| 4 with respect to a
positive semi-definite matrix A defined as ||x]| 4 = VX7 AX.

All matrices are denoted by an uppercase Latin alphabet,
such as A. In particular, Z,, denotes the identity matrix of
dimension m x m. The condition number « 4 a matrix A is de-
fined as k4 = || Al ||.A~"||, noting the use of the subscript to
denote ownership. Likewise where possible, their eigenvalues
will be denoted with a lowercase Greek character correspond-
ing to the matrix, e.g., «; denotes the jth eigenvalue of the
matrix A.

The solution is p(x,t) at time ¢ and position x. All our
solutions employ discretization on a grid referred to as G,
which spans [—L, L% in space and [0, T'] in time. This grid is
discretized into n, equally spaced points in each of the d spa-
tial dimensions (n, must be even) and n, equally distributed
points in time. The spacing of these points is Ax = 2L/n, in
all space dimensions and At = T /n,. Therefore the grid G
is described by the discrete points (x,#) which, per dimen-
sion Xj are Xji—p. /2] = —L = —nxAx/2, < Xjo] = 0, ey
Xjln,] = nxAx/Z =L;tp =0, = At, ..., ty, = nAt =T.

The discretized approximation of the solution is denoted
by p(x,t). Alternatively, we will use Py = p(x,t = kAt) at
some points to denote the vector of solutions. Py is an n? x 1
vector. The error introduced by this discretization is denoted
as €.,

[1p(x, 1) — p(X, 1)lloo < €, &)

the ¢ subscript here is used since discretization produces an
error that is entirely classical in nature. The discretization
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method in both space and time that results in €, is described
in Sec. II B.

For the quantum methods, we use Dirac notation such that
a quantum state is represented as a ket, |b) and its Hermition
conjugate is the bra, (b|. The approximate probability distri-
bution p(x, t) is encoded in the quantum state

1
S . 6
|p) 5. Dlla (X;Gp(x Ix, t) ©)

As we can only measure the above quantum state to a finite er-
ror, the extracted approximated probability distribution p(x, )
is such that

1p(x, 1) — p(X, Dlloo < €. (7

The error in approximating the quantum state is thus €, and
the overall error is € = €. + ¢, as in Eq. (3).

B. Solution strategy

All our methods rely on a system of linear equations built
via discretization of Eq. (2) using Taylor’s theorem. The
forward-time, centered-space discretization method in one
spatial and one temporal dimension results in

dp _ pt+An) —p@)  Ard’p§) ®
dr At 2 de?
dp _ px+ Ax) — p(x — Ax)
dx 2Ax
Ax* (d3p(E)  d’pE")
E( FTERE >’ ©)

@ _ p(x+ Ax) + p(x — Ax) — 2p(x)
dx? Ax?
AR (d'pE) |, dipE) 10
24 dx* dx* )’
where & e[t,t+ At],& € [x,x+ Ax], and £&" €[x—
Ax, x]. These can be rearranged into
d t+ At) — p(t At d’p(t
dp  p(t+Ar) p()<_maX p()’ (11
dr At 2 xneRét | dr?
dp  (px+ Ax) — plx — Ax))
dx 2Ax
Ax? d3p(x)
< — , 12
=6 (x,f?e%ﬂ dx3 (12)
@ B px + Ax) + p(x — Ax) — 2p(x)
dx? Ax?
Ax? d*
2 max px) ) (13)
12 xneRé+| dx*
Then we can use the smoothness bounds from Eq. (4) to create
3*p(x,t)

a smoothness bound on max ;ycre+ | 57— This requires
first differentiating Eq. (2) by ¢ and then substituting the
smoothness bounds in x into the result. Therefore, the bound
P( 1)

On Maxx ;)ere+ | | is

9 p(x, 1)
ar?
Considering the points in G and using the inequalities in

Egs. (11), (12), and (13), the full discretized version of Eq. (2)
on the grid G is

< d*¢(al + D). (14)

(x,t)eRd+!

t+ At) — t
= A) pr Z<_(1’( s Xji) + AKX e 1) = Pl Xjriy — t))+ (p( L Xjli) F AX, 1)
j=1
+ P X — Ax, . 1) — 2P(X, 1)), ) (15)

where i = [—n,/2, - -

, n,/2] and x;; denotes position [i] in dimension j. Likewise, x;;; + Ax, denotes the step forward by Ax

from the current position, [i] in dimension j. Equation (15) can be rearranged as

= ~ 2dD At
Px,t+ At) = Lpx,t)=(1—
Ax?
D
+ —(PC.., xjg + Ax, ...,

Ax?

to define £ as a linear operator of dimension n? x n?

)p(x 1)+ At Z <—(p( L Xji] F AX, e 1) = Py Xjii) — AX, .y 1))

1)+ ﬁ(...,xj[[] — Ax, ..., t))> (16)

. This discretization enables us to build a matrix representation of an

approximate solution to the DDE in Eq. (2) at all points in G via pry1 = Lpy for k = 1, 2, ..., n,. Then the solution is formally
given by solving the linear system
T P Lpo
A = -L 7.:,,;1 . ?2 _ 0 ’ 17
£ z,) \p, 0
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where A is an n?n, x n?n, matrix. We will describe the steps

to build the constituent matrices of £ based on the discretiza-
tion given in Eq. (16) in Sec. IIL A.

First, we use Eq. (16) to define the size of the discretization
steps required to achieve the approximation accuracy stated in
Eq. (3), as shown in the following theorem.

Theorem 1 (Approximation up to oo-norm error). If At <

Ax?/2dD, then
dAtg ,  Ax? D
> dAt(aL+ D) + =N al+ —

||f’n/_pn,||oo g n; )

_r4 2, A b
=T > (dAt(aL+D) + 3 (aL—i— 2))
(18)

The proof is given in Appendix A where we ensure L is
stochastic. We do this by bounding At < Ax?/2dD. Based
on the bound from Theorem 1, we define the size of Ax and
At in the following corollary.

Corollary 1. To approximate p(x,?) up to co-norm error
in €, it is adequate to take

12eD
Ax < and
Tdz(3a%L2 + 8aDL + 4D?)
At < 6¢ (19)
= Td2¢(3a2L? + 8aDL + 4D?)’
which correspond to
T?d?¢ (3a’L?* + 8aDL + 4D
p = AEOaL H8aDLHAD) g
6¢
and
TdeL?(3a2L? + 8aDL + 4D?)
ne = . 2D
3eD

Proof. Take At = Ax?/2dD and set

= dg ,  Ax? D
||pn,_pn,||oo<T dAt(aL + D) + — | aL + —

2 3 2
=e€. (22)
Substitute At and rearrange for Ax>.
D D a
—22¢  actin O
D _ _a_ 2. D
Ax? 2Ax Ax?
w=| ° -
0
D
A T 0

Throughout the rest of this paper we will use the values
of n, and n, from Corollary 1. While these inequalities must
be met, the terms can be traded off against each other to
achieve the necessary accuracy for a given problem. Finally,
the normalization used is

llpolh = ) po(x)=1.

(x0,0)€G

(23)

This captures f[_L,L](, po(X)dx;...dxg =1. Then by the
stochasticity of L that we ensured during the proof of
Theorem 1, it is implied that ||px||; = 1 for all .

III. CLASSICAL ALGORITHMS

A. Technical ingredients

In this section we present the technical ingredients we
use in the rest of Sec. III. The main one is the condition
number of the matrix 4 in Eq. (17). It is key to determining
the complexity of both the classical and quantum algorithms.
Another is the singular values of A and the eigenvalues of
certain constituent matrices of A.

To determine the condition number of matrix A, we first
construct it from its constituent matrices. This involves re-
visiting the discretization in Eq. (16) and representing each
discretization step using matrices. To begin, we ignore the
discretization in time and consider only the discretization of
space in one dimension,

dp(x, 1) =L 4 _ ~
= X;Lm(p(x + Ax, 1) — p(x — Ax, 1))

D
+ m(p(x—i— Ax,t)

Since periodic boundary conditions are assumed in Sec. I[I B, # is a circulant matrix of dimension n, X n,.
Next we consider the discretization in ¢ and extend Eq. (25) to d dimensions to give

In;’
Ap = —(In;f + At./\/l) an

+ plx — Ax,t) — 2p(x,1)). 24)
This can be written as
dp
— = Hp, 25
ar p (25)
where
D a
0 A T A
0
(26)
0
D a
Ax? + 2Ax
D D
0 e~ 2ac
P Lpo
P 0
. 21=1" | @7)
_(I,,;z + At/\/l) Ing Py, 0
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where

d
M=3"T80-) @ 3 @ 78U, (28)
j=1

Then the differential operator £ from Eq. (16) is
L=Tu+ AtM. 29)

Finally, the full system of linear equations described in
Eq. (17) is denoted as

A=T®L— AT, @M, (30)

where
T= . (31)

1S an n, X n, matrix.

To find the condition number of A we require its singular
values, which can be found via their relation to the eigenvalues
of its constituent matrices M and L. The eigenvalues of M
are denoted as p; and given in Lemma 1. Then by Eq. (29)
the eigenvalues of L are

lj=1+Al,bLj. (32)

Lemma 1. The eigenvalues of M are {u; + ...+ uj, :
Jis - Ja €10, 1, ..., n, — 1}}, where

D s (T .a . (2mj
Mj——4ps1n Z —{—zEsm n 33)

and i denotes the imaginary unit. Moreover, M is diagonal-
ized by the dth tensor product of the Fourier transform.

We provide a proof in Appendix B.

Given the eigenvalues of M and £ we can find the singular
values of .4 using the dth tensor power of the n, x n, Fourier
transform F. This follows from

ny—1

(Z, ® FA(L, ® F) = ZA@U (34)

showing that the singular values of A are the collection of
singular values of

Aj =1+ Atpj)T — AtpgT, (35)

for all j € [0, n, — 1]. A; is a nonsingular n, x n, matrix. To
find the operator norm and condition number of the matrix .A;,
we need its maximum and minimum singular values, ¢;. 0; =
J&;, where «; are the eigenvalues of A; Aj. The eigenvalues
of A and A; are equivalent, as the transformation on the left-
hand side of Eq. (34) is a unitary. Therefore, we need to find

the eigenvalues of

1 I 0 0
—l 1+ =l
0 —1; 1+ 152 =0
A]Aj _ ' J J . J . ,
: —1; . :
L
0 =l 1+ |lj|2
(36)
2/7j 27'[]
where [; _1+Atu1_1—At(Azsm C ) sm( ).

Lemma 2. The eigenvalues of A; A’ ; take the form

sin @ >2 37)
sin(n0) ) °

aj =1+ 1> +2|lj]cos§ = (

where 6 is defined by

|{;] sin(n,0) + sin((n, + 1)6) =0 (38)
and 6 # km fork € N.

We provide the proof in Appendix B.

To find the condition number of A we need the maximum
and minimum o; = @ .

Theorem 2. Condition number of A is

O(n,) if £8 <1,
ka = ® 2 na*T if 2L 2T 1
(/7 + D ) 2D L
Furthermore,
o 2T
() if T <1,
1Al = -
8(*/Z,_D) if ;’nrD > 1
and [|A7!|| = O(ny).

We have included both results here for completeness but
typically x4 = ©(n,;) can be used since T = n;At which
renders it unlikely that a?Ar/2D > 1. We have provided the
proof in Appendix C.

B. Linear equations method

In this section we describe the first classical method of
solving the system of linear equations in Eq. (17). One
approach for solving sparse systems of linear equations is
the conjugate gradient method [4]. This method can solve
a system of N linear equations, with at most s unknowns
each, and a corresponding matrix .4 with condition num-
ber k4 up to accuracy § in the energy norm || - || 4 in time
O(s./k 4N log(1/8)). A flowchart and summary of the com-
plexity analysis can be found in Fig. 1.

Theorem 3 (Classical linear equations method). There is
a classical algorithm that outputs an approximate solution
p(x,1) to Eq. (2) via the system of linear equations Ap =
b from Eq. (17) such that ||p(x,1) — p(X,1)]|co < €. for all

042419-6
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Build b Conjugate Gradient Method
Input: po Input: b,k Choosing §
Output: b Output: p(x,t) 5 = (;)(:L_()
t
O(nind) O(dntng«/x/\ log(l/é))

Overall time complexity

O(dn‘?/Qng log(nt/ec))

FIG. 1. A flowchart demonstrating the contributing factors to the
overall time complexity of the classical linear equations method
described by Theorem 3. The complexity for the conjugate gradient
method is provided in Ref. [4].

(x,t) € Gintime

O(dnf/znf log (ﬂ>>
€c

d4+d/2T3+d/2 {(aL—l—D)Z (B+d)/2
-o(“mr ()

€c

2
x log (w)) (39)

I

Suppressing the logarithmic terms this is

~ [ d¥HRT3H2 (a4 D)2\ T2
3/2 d\ _
O(dn, nx) = O< D ( ) )

€c

(40)

Proof. Using Corollary 1 and Theorem 2, we achieve a
classical discretization accuracy €. in the oo-norm with a
system of N = O(n,nff ) linear equations, containing O(d)
variables and a condition number k4 = O(n,).

We can calculate b from the right-hand side of Eq. (17)
in time O(dn?) by multiplying pp and £. In the following
step it can be seen that this is negligible. Employing the
conjugate gradient method the system of linear equations in
Eq. (17) can be solved with accuracy § in the energy norm
in time O(dn;’*n?10g(1/8)) [4]. The dependence on 1/§ is
logarithmic so using any other norm within reason makes little
difference to the complexity bound [22]. For example,

15 =yl = [IA72 A2F = y)ll2
<A™ A F =yl
= A1 — ylla (4D
by triangle inequality. Using this, Theorem 2 and § =
®(e./n;) we achieve €, accuracy in the 2-norm (and there-
fore the oo-norm). This gives an overall complexity of

O(dn?/ znf log(n, /€.)). Inserting the expressions for n, and n,
from Corollary 1 results in complexity

q4+d/2p3+d/2 ((aL—i—D)z 3B+d)/2
o ()

€

2
x log (W)) 42)

Apply L Repeat n: times
Input: po Input: po
Output: p1 Output: Pp,
O(dn) O(dn¢n?)

Overall time complexity
O(dngnd)

FIG. 2. A flowchart demonstrating the contributing factors to
the overall time complexity of the classical time-evolution method
described by Theorem 4.

as stated. Suppressing the logarithmic terms this is

B B d4+d/2T3+d/2 é—(aL+D)2 3+d)/2
32 d\
O(dn, nx) = 0( e ( ) )

€c

(43)

|

This method is an application in Theorem 5 of Ref. [22],

and is known to be applicable to a broader range of PDEs. The

next method takes advantage of our forward-time discretiza-

tion and provides a significantly simpler and more efficient
solution.

C. Time-evolution method

For problems using forward-time discretization, the sim-
plest linear solution method is a straightforward time evo-
lution: where we apply the operator £ to pg, n; times. This
approach is significantly simpler and more efficient than solv-
ing the full system of linear equations. See Fig. 2 for a
complexity analysis summary.

Theorem 4 (Classical time-evolution method). There is a
classical algorithm that produces an approximate solution
p(x,t) to Eq. (2) such that ||p(x,1) — p(X,1)]|ec < €. for all
(x,t) € Gintime

AT [ p (gL + DY\ /2
o(dn,n;j):o( . (f : ) ) (44)

Proof. We apply the operator £ as defined in Eq. (16)
n, times to the initial vector py. Each application can be
performed in time O(dnff), and therefore all required P;
can be calculated in time O(dntnff). Using the bounds from
Corollary 1 for n, and n, gives the claimed result.

We have shown the time-evolution method in Theorem 4 is
more efficient than the linear equations method in Theorem 3
by O(,/n;). However, there is no efficient quantum equivalent
to Theorem 4 as is shown by Theorem 10. The quantum linear
equations method in Sec. IV B will thus be compared to the
method in Theorem 3.

D. Random walk

An alternative solution method involves using a random
walk to solve the DDE in Eq. (2). This approach exploits the
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CFTP Repeat for

each ng
Input: po
- Input:
Output: p Ouiput:p%
O(dn¢log(ngz))

(0] (dntng log(nz))

Overall time complexity
O(dniné log(ny))

FIG. 3. A flowchart demonstrating the contributing factors to
the overall time complexity of the classical random-walk method
described by Theorem 5. Here CFTP represents the coupled from
the past method [29].

stochastic nature of operator £. We utilize the coupling from
the past (CFTP) method [29] to obtain samples of p(x, 7).
Starting from the initial probability distribution py, we it-
erate the random walk n, times to generate samples from
the distributions at each subsequent time step. However, to
achieve the accuracy required by Eq. (3) an exact sample
of the probability distribution is needed (using the definition
of exact sampling found in Ref. [30]). We demonstrate the
overall complexity in the flowchart in Fig. 3.

Theorem 5 (Random walk). There exists a classical algo-
rithm that outputs an exact sample from the distribution py
such that ||p(X,1) — p(X,1)||cc < € for all k=0, ...,n, in
time

gd/2+37d/ 242 ({(aL +D)2>d/2+1

O(nnldlogn,) = 0( D7z

€c
Td¢(al + D)
x log (M)) (45)
e.D
Suppressing the logarithmic terms this is
d3+d2T2Hd[2p1+d )2

O(dnint!) = 0(

Proof. We use the CFTP method to obtain an efficient
exact sampling. Since for any probability distribution we can
consider a random variable X of the probability distribution.
Then this method allows us to use £ to map the random
variable X to a final distribution p;. This mapping runs in
time O(H log nﬁf ), where H is the maximum hitting time. The
hitting time is defined as the maximum time required to move
from any state k to state j, which in our case is H = ;.

Crucially, exact sampling necessitates we initiate the sam-
pling process from each of the n? points at t =0 in G.
Consequently, the overall time complexity for generating a
complete exact sample is O(n,n?d logn,). Substituting in
the values for n, and n, from Corollary 1 yields the shown
result. ]

The method’s requirement to sample from all n¢ points in
space to produce an exact sampling renders it inefficient. Con-
sequently, its €. dependence mirrors that of the time-evolution
method in Theorem 4. Moreover, considering the scaling of
each variable, the overall efficiency in Eq. (46) exhibits worse

L+ D)y ). (46
egd/2+1)Dd/2 (a ) ( )

performance than the time-evolution method in Theorem 4. If
only the expected value, not the full distribution, is needed,
then a sampling method such as a random walk would likely
be more efficient. This was demonstrated for the integral of the
solution to a heat equation [22] which required fewer samples
than the method presented in Theorem 5.

E. Diagonalization by Fourier transform

While the time-evolution method in Sec. III C exhibits the
most efficient complexity scaling thus far, a further improve-
ment is possible when we are only interested in the final time
result. Diagonalizing £ using the FFT allows for the calcu-
lation of multiple time steps simultaneously. This approach
requires only knowledge of the eigenvalues, /;, of £. The
method and complexity for computing these eigenvalues are
detailed in the following lemma.

Lemma 3. For any 7 €0, ..., n;, and any § > 0, all of the
eigenvalues of L can be computed up to accuracy § in time
O(dn? + nylog(t/9)).

Proof. From Egs. (28) and (29),

d
L=T2+ ArY TEUV@HRIPD. (47
j=1

Then using Egs. (32) and (33), the eigenvalues of L are
4DdAt . , (7] adAt . (27j
li=1- A sin“ | — |+ A sin (48)

x2 n, x N

for j€0,..,n, — 1. Using Corollary 1, we choose At
and Ax such that At = Ax*/2dD. Then |I;| € [0, 1] while
aAx/2D < 1, which as discussed in Sec. IITA is a likely
bound. If each eigenvalue of £ is computed up to accuracy
8’ then to accomplish an accuracy of § for the correspond-
ing eigenvalue of L7, then it is sufficient to take 8’ = §/7.
As, given the approximation [ =1+ ¢, so |I* — 7| < 1§'.
Therefore, each eigenvalue only needs to be computed up
to accuracy O(§/t). This accuracy is achieved by Taylor
expansion of the trigonometric functions up to O(log(t/é))
terms. There are n? eigenvalues of £ and so the complexity of
computing all of the eigenvalues is O(n? log(t/$)). |

The first step in this method is the FFT. Using the precal-
culated eigenvalues from Lemma 3, we can implement the
diagonal matrix A™, thereby evolving the solution through
multiple time steps with a single calculation. This method
is described in the theorem below and summarized in the
flowchart in Fig. 4.

Theorem 6 (Classical diagonalization by fast Fourier
transform). There is a classical algorithm that outputs an ap-
proximate solution p(x,t) such that ||p(X,7) — p(X,1)||c0 <
e, forall (x,T) € G at final time T, in time

T¢L2(al + D)?\*?
O(dn?logn,) = 0<dd/2+1<LD+)>
€c

Td¢L?*(al + D)?
x log <M>) (49)
e.D
For clarity, suppressing logarithmic terms this is
5 5 dd/2+1 T d/ZLd L+ D d
Oart) = 0 (T¢)"PLéaL + DY
X Eé-l/de/z

(50)
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Choose §

b5 =0 (e(-,)

FFT Build A™t IFFT
Input: po Input: 1, Input: v,
Output: 1, Output: ,,, Output: pn,

O(dn log(ng)) O(dn + ng log(ni/9)) O(dn log(ng))

Overall time complexity
O(dndlog(ng))

FIG. 4. A flowchart demonstrating the contributing components
to the overall time complexity of the classical time-stepping method
in Theorem 6. The complexity for the FFT (and its inverse) is as
described in Ref. [31]. A denotes the diagonal matrix made up of the
eigenvalues of £ and the complexity is derived in Lemma 3.

Proof. Lemma 3 demonstrated that £ is a sum of circulant
matrices operating on d independent dimensions. Therefore,
L is diagonalized by the dth tensor power of the discrete
Fourier transform. The following expression is used to ap-
proximately compute p;:

Bi = L'po = (F*) A Fpy, (51)

where A is the diagonal matrix whose entries are the eigen-
values of £, and F is the discrete Fourier transform.

We first construct py in O(n¢) time. Then we apply the
multidimensional FFT to py to yield an intermediary vector
¥, in O(dnff logn,) time [31]. Subsequently, we multiply
¥, by the eigenvalues of £/, computed to accuracy & using
Lemma 3 in time O(n¢ log(t/§)). We achieve this by building
the diagonal matrix A’ such that ||A’ — A’|| < 8. Then

I(FEDTTAFS py — (FE) T AF o2
< IA" = A'llIpoll2 < 8lIpolli =6, (52)

where as in Eq. (23), ||pol|1 = 1. Therefore, it is sufficient to
take § = €, and T = n,. Then the total complexity of this step
is

0<n§j log (ﬁ» = O(n’(logn, +log(1/e.)).  (53)

c

We note that from Corollary 1 that

n2TdL?
n = D’

(54)

so logn, = O(logn,) as well as n, o< 1/,/€.. Then we can
simplify Eq. (53) to O(njf(d logn,)).

Therefore, we have shown that the dominant factor de-
termining the method’s overall complexity is a combination
of the FFT and the eigenvalue computation. Both contribute
equally to the overall time complexity. Inserting the values for

ny from Corollary 1 results in

T¢L*(aL + DY\
O(dn logn,) = 0<dd/2+1 <LD+)>
€c

2 2
x log <—Td§L E(QII; +D) )) (55)

as stated. ]

This method closely resembles that for solving the heat
equation [22]. This is to be expected, as the heat equation and
the DDE are linear PDEs. The only difference in the overall
complexity stems from our seeking on approximating the
entire probability distribution [to within €., as detailed in
Eq. (3)]. This is unlike the heat equation [22], which seeks
the integral of the distribution. Since we have shown that the
method in Theorem 6 represents the most efficient classical
approach, it will serve as the benchmark for our quantum
methods.

IV. QUANTUM METHOD DESCRIPTIONS

In this section we discuss the complexity analysis of four
quantum algorithms for solving the DDE given in Eq. (2).
First, it is necessary to set up the problem to be solved on a
quantum computer by introducing a few technical ingredients.
These include the norm of £ and an upper bound on the
condition number of £. We also require the condition number
of A as in the classical case.

A. Technical ingredients

For each of the following methods we will continue to use
the discretization approximation ||p — p||ec < €.. Then the
quantum state that represents p is |p) as described in Eq. (6).
Each of the following quantum methods will construct this
state |p). Theorem 7 (presented later in this section) estab-
lishes the computational cost of extracting the approximated
probability distribution p from | ) such that [|p — Pl < €.
where €, represents the error in this extraction process. This
cost, as defined in Theorem 7, will be a multiplicative factor
in the overall cost of each subsequent method.

The quantum methods rely on a couple of further technical
ingredients to allow us to more efficiently prepare the states
for calculation. An upper bound on the condition number « .
is provided below in Lemma 4. The condition number .
determines the time complexity for applying £. This is used
in the quantum linear equations method.

Lemma 4. The condition number of £ from Eq. (29) is
kz =5 when 28 < 1/5and a/D < 24/10.

We use this lemma in the preliminary part of the proof of
our quantum linear equations method. The specific application
criteria is deliberately restricted to guarantee a noninfinite
condition number. Since the quantum linear equations method
(which is the only method that uses this lemma) will be
proven to be the least efficient quantum solution method, this
restriction is justified for comparative purposes.

A lower bound on the norm of £ is required for the
diagonalization by QFT method. This is provided below in
Lemma 5.

042419-9



ELLEN DEVEREUX AND ANIMESH DATTA

PHYSICAL REVIEW A 112, 042419 (2025)

Lemma 5 (Norm of L). Let L be defined by Eq. (16), tak-

ing At = Ax?/(2dD) as in Corollary 1. Then for any positive
integer t > 1,
1
0L |0) = [IL7]3. 56
e <o = I (56)

Lemmas 4 and 5 are proved in Appendix D. With the
simpler technical ingredient provided the last requirement be-
fore moving to the quantum solution methods is to define the
method of quantum measurement that will be used through-
out.

1. Quantum measurement

This section details a quantum probability distribution
measurement method. It extends Theorem 5 in Ref. [21]
which leverages the known quadratic speed-up of amplitude
estimation in reducing complexity dependence on €, [32].

Our method, detailed in Theorem 7, is tailored to n)‘f-
dimensional quantum systems. It relies on three key lemmas.
Lemma 6 transforms a probability distribution into a cor-
responding function, f(x) : DY — [0, 1] : x — (x, p), where

(x, p) = Zil pix;. Then Lemma 7 uses this function to en-
code the probability distribution into the phase of the qubits.
Finally, Lemma 8 reduces the dependence from nfj to 1/e,.
Theorem 7 then leverages these lemmas to efficiently estimate
P such that [P — Plleo < €g-

Lemma 6 (Probability algorithm to function (Lemma 3 in
Ref. [21])). Let Uy, be a quantum algorithm that produces the
quantum state |p) = HP(X)HZ > P(X)|x) representing a prob-
ability distribution p(x) where x is d d1men510nal Let k >
1 be an positive integer and let D = {O, s e 2;—;1} be a
discretization of [0, 1]. Then a quantum algorithm U for a
function f can be constructed such that f is an additive -
approximation of f(x):D? — [0,1]:x — (x, p) using two
applications of U, and O(polylog(d/u)) two-qubit gates.

This result relies on a quantum random access memory
(QRAM) to deliver an improved gatecount compared to the
case when no QRAM is used [21].

Lemma 7 (Function oracle to phase oracle (Lemma 4 in
Ref. [21])). Let Uy be a quantum algorithm that produces a
probability distribution based on the function f : D — [0, 1]
acting on g qubits. Let H > 0. A quantum algorithm that
produces the quantum state ¢ |x) with n-additive error
can be constructed using O(|H| + log(1/7n)) applications of
Uy and its inverse, and O(q|H | + log(1/n) two-qubit gates.

This result has a g dependence in the gatecount, each of
the methods in Sec. IV have g « n,. This dependence stems
from Lemma 7 considering all coordinates in f , even those
with very small or O entries. To achieve an co-norm approxi-
mation within €,, we can discard coordinates with probability
less than €, [21]. This reduces the number of coordinates to
at most 1/€,, upon which we run the algorithm. Lemma 8
details the sampling procedure used to identify these relevant
coordinates.

Lemma 8 (Lemma 6 in Ref. [21]). Let p€[0,n] be a
probability distribution that spans n components, and
p be an approximation such that [|f — p|le <€, and
€4,0 €(0,1/3). Then O(log(n/8)/e;) samples suffice to,

with error probability at most §, find all i € [n] such that
Di 2 €.

Proof. Consider a single entry i such that p; > €,. After
N samples the probability that we have not seen i yet is at

most (1 —¢,)V. Letting N = 282 = O(log(n/8)/e,) en-
sures that this error probability is at most d¢,. A union bound
applied to the (at most) 1/¢, coordinates proves the result. W

In the following theorem we show how Lemmas 6, 7,
and 8 can be used to extract a multidimensional probability
distribution.

Theorem 7 (Multidimensional probability  distribution
measurement). Let p(x) be a probability distribution
and then p(x) is an n¢-component vector approximating
it. Given an algorithm denoted as U, that produces a

quantum state |p) = HPllzZ p(X,t)|x) using ¢ qubits,

an approximation, p(x), of the distribution p(x) can be
extracted such that ||p(X) — p(X)|]e0 < €, with probability
1 — 8§ where § is the error probability. This can be achieved
using 0(log(n§f/5)log(l/(eqé))/eq) applications of U, and
O(é(log(l/(eqé))(q +log(1/€,)))) 2 qubit gates. This is an
improved gatecount using QRAM.

Proof. First, we sample |p) to identify relevant variables.
Next, we construct an algorithm, which encodes the proba-
bility distribution into the qubit phases based on the given
algorithm U,. This encoding uses an intermediary algorithm,
Uy, that encodes the function f(x) : [0, 1] — (x, p).

Let k =log(4/¢,).

(1) Sample directly from U, to identify the coordinates
in x with values >¢; as in Lemma 8. This takes N =
0(log(nZ /8)/€,) samples. Let the number of such coordinates
be r which is independent of n?. Also, r < [1/e4]

(2) Build r registers of k qubits each, all in the state |0):
|0%)....|0%).

(3) Apply Hadamard gates to all qubits to obtain

261

®< Z") 2kr/2 > ok 6D

= xe{0,2k-1}

(4) Make a phase query for a 1/6th approximation
of f(x) = (x,p) using Lemma 6 with u < 1/(96¢,) and
Lemma 7 with H = 2* and n < 1/12 which provides a state
1/6-close in 2-norm to

1 ! 1
S Z el<x,p>|x)=W Z

ELiNiPix)  (58)

x€{0,2k—1} xe{0,2k—1}
1
=57 2 (l_[e”""f)pc
xe{0,2k—1)"
(59
r ( 1 2k_1
= —Zei"f”/|xj)>. (60)
Jj=1 \/2_kx.f=0

This can be completed with O(1/¢,) applications of U, and
O(;- (log(1/€7) + q)) gates.

(5) Apply the k-qubit inverse QFT to each of the registers
and measure them. This requires O(1/¢, log?(1/ €,)) gates.
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Calculate b
Input: L, |po)

Initialise state
Input: b

Output: b Output: |b)
O(1) O(dlogng)

Ty
Solving Linear Equations: HHL
Input: |b)
Output: £7Hb) = |[p)

d 2,
O(Hﬁlog(ng)0473r+»Eéﬁﬁf&%§§ii£l)-+7L))

Measurement Protocol

Input: [p)
Output: p

O((Lloi(q%)) - O(Up) + <7dl°g€271) (dlogny + q) + nd log? i))

Up

Overall time complexity
ned? .
@] (;—j log(1/eq) log®(na) logZ(nm/eu)>

FIG. 5. A flowchart demonstrating the contributing factors to the overall time complexity of the quantum linear equations solution method
for the DDE in Theorem 9. The “solving linear equations” complexity is based on Theorem 8§ and the complexity of the “measurement

protocol” is from Theorem 7.

If we ignore 2-norm error due to the imperfect phase or-
acle, then it follows from the analysis of phase estimation
that the final vector is p such that |5; — p;| < 4/2% < ¢, with
probability at least 5/6 per coordinate. Since at most a 1/6 —
2-norm error was incurred it can be said that |p; — j;] < ¢,
with probability at least 2/3 per coordinate. By repeating the
whole process O(log(1/8¢,)) and taking the median, the error
probability can be reduced to d¢,. Taking the union bound
achieves the stated result. ]

We apply this measurement protocol to all subsequent
quantum solution methods. This improves the dependence
on the error parameter €,, resulting in a bound of 1/¢,, an
improvement over the 1/ 6; bound obtained from a naive sam-
pling approach using Chebyshev’s inequality.

B. Quantum linear systems

In this section we introduce the first quantum method for
solving systems of linear equations based on the method
introduced in Ref. [33]. The computational complexity for
solving systems of the form .Ax = b [as in Eq. (17)] depends
primarily on two factors: the condition number of matrix A,
k 4 and the complexity of preparing the state |b) representing
vector b [34]. Theorem 2 shows that « 4 scales as n,, which,
while not negligible, remains finite and controllable. However,
preparing the state |b) presents a significant challenge.

In our case, Eq. (17), only the first element of |b) is
nonzero, with a value of Lpy. Classical computation of this
requires (dnjf ), as was used in Thm. 3. Alternatively, Lpy can
be prepared directly in the quantum space, with a complexity
determined by the condition number of £, k. We have shown
in Lemma 4 that «, = O(1) for a reduced problem space.
We will consider just this reduced problem space for this
solution method. We begin by introducing the subroutine used
to construct the state |p) [33].

Theorem 8 (Solving linear equations (Theorem 10 in
Ref. [33])). Let Ay = bforan N x N invertible matrix .4 with
sparsity s and condition number k 4. Given an algorithm that
constructs the state |b) = m >.b;li) in time T, there is a
quantum algorithm that can output a state |y) such that

115) = A7 B)ll2 < n (61)
with probability at least 0.99, in time

0<K_A (S(TU + log N) log? (K—A) + Tb> log K_A), (62)
n

where

(63)

1
Ty = 0(10gN + logz‘5 (—SKA Og(KA/n)>).

n

In Theorem 8 we present an algorithm for solving the DDE.
We implement this algorithm in Theorem 9 and summarize its
complexity in Fig. 5.

Theorem 9 (Quantum linear equations method). There is
a quantum algorithm that approximates p(x,?) in the case
when d > 3 so 281 < 1/5 by Theorem 1 and a/D < 2+/10.
The approximation achieves p(x,t) such that ||p(x,t) —
PX, Dl|oo < € + €4 forall (x,1) € G with 99% success prob-
ability in time

nd’ 3 2
0( c log(1/€e,)log”(n,)log (nx/ec)>
q

—0 d°T?¢ (aL + D)?
- €4€c

x log(1/¢,)log ( oD

2 2
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Suppressing the logarithmic terms, this is

572 2
0<d T°¢(aL + D) ) 65)
€4€c

Proof. We use Corollary 1 and Theorem 2 to achieve a
classical discretization accuracy of €, in the co-norm by a
system of N = O(n,n?) linear equations. The system has a
condition number k4 = O(n;) as defined in Theorem 2 and
sparsity O(d). Then Theorem 8 can be used to solve the
system of linear equations.

First, we construct the initial quantum state |b) on the
right-hand side of Eq. (17). This provides 7;, for Theorem 8.
We begin by constructing the state |pg) and assume that
the marginals of py (and its powers) can be computed effi-
ciently, allowing this construction to be completed in time
O(dlogn,). Next, we apply L to this state, using the linear
combination of unitaries [35]. This step takes O(k ) time.
Lemma 4 shows that in the restricted regime we have specified
ke = O(1). Therefore, the right-hand side of the system of
linear equations can be built in time O(d logn,), this acts as
T;, from Theorem 8 and will be shown to be negligible.

Using Theorem 8§, there is a quantum algorithm that can
produce a state | ) such that |||p) — A~ Lpo)|]> < €. in time

2 (T
0<n, log n; <d log n, + d log <—)

€
X <10g (nn?) + log*? <w>>>> (66)
= O(n,dlogn, log*(n,/e.) log (n;n?)), (67)

since logn,n? > log*? (n,dlofi(n//fc))'

Then we use Theorem 7 to extract the probability
distribution p from the state |p), with error probabil-
ity 8 =0.01. This requires repeating the steps above
0(log(nf/8) log(1/(e;0))/€4), which uses an additional
O(1/€,(log(1/(e40))(g +log(1/€,)))) gates. In this case g =
O(log n,nff). Therefore, we have shown that the overall com-
plexity of the final distribution is

d
o0 (n,_ log (n?) log(1/€,) log n; log*(n; /€.) log (n:n?)
€q

+ 1/(e,) log (nn? /e,,)> (68)

and it is clear that the gate complexity is negligible. Further-
more, logn, = O(log n,) so this can be reduced to

nd? 3 2
O( . log(1/¢€,)log”(ny) log (nx/ec)>. (69)
q

Then we substitute in the values for n; and n, from Corollary 1
resulting in an overall complexity of

572 2 2 2
0<d T%¢(aL + D) log(1/¢,)log’ (ng“L (aL + D) )
€4€c e.D
2 2
% 10g2 (M)) (70)
eD

For clarity, this is

572 2
O(d T<¢(aL + D) ) 71

€4€c

when we suppress logarithmic terms.

We consider the spatial complexity of this method
during the application of Theorem 7. In the first step
we use g =logmn? qubits, while the subsequent steps
use 1/¢;(log(1/€;) + q) qubits. Therefore, the overall

spatial complexity is O((1 4 1/e,)(d log(T&L@LIDY )y

1/€4log(1/€,)) = O(d/e,). ]

This is the only quantum method that provides a solution
for all time steps, albeit with a predictable efficiency trade-
off. On inspection of the results of Theorem 9 and Theorem 4
there is a quantum advantage in time efficiency when using the
quantum method. In Theorem 9 we have demonstrated that,
for all controllable variables, quantum scaling surpasses the
classical scaling in Theorem 4 provided we bound the variable
€,4. Therefore, quantum advantage is achieved when

~(d72Td)2 (¢(aL + D)*\"?
l/eq,SO( 2 /(:(a+ )) )
1d2/2—d €.

while maintaining the overall error €. The €, dependence of
the quantum linear equations method is well known, and our
results match those found in the literature [1,16,17]. We have
included this result for comparison with the following meth-
ods in Sec. IV D and Sec. IV E will demonstrate an improved
€ dependence.

C. Quantum time evolution

We present here the quantum time-evolution method de-
scribed in Ref. [13] as a quantum equivalent to the classical
method presented in Theorem 4. To evolve a solution through
time with repeated applications of the operator £ directly
would not provide any computational advantage. An alterna-
tive is to evolve the solution using Hamiltonian simulation.
For the DDE this can be achieved using a linear combination
of unitaries to combine the Hamiltonian simulation of the
drift term with a shift operator for the diffusion term [13,14].
We stated at the end of Sec. IIIC that no efficient quantum
method exists. We will prove that statement in Theorem 10
and summarize the complexity in Fig. 6.

Theorem 10. There is a quantum algorithm that estimates
p(x) such that ||p(x, T) — p(X, T)||ee < €c + €, for all (x) €
G atafixed T = n, At with 99% success probability in time,

dn* Tnd
0< il log(nx)log(l/eq)<dlognx+ " ))
€

q c

<dd/2+1Td/2§-d/4(aL + Dyl

d/4
€4€c

<Td§L2(aL + D)2>
Xlog| ————
e.D

2 2
X log(l/eq)(d log (M)
€D
N d*T?¢L*(al + D)2>)
€2D '

(72)
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Initialise state Quantum Time Evolution

Input: [po)

1 t: |0

Onpu ] 10) Output: |pn,)
utput: |po) [ a2 )
O(dlog nz) % (4?5£H5”‘hm>H5 )

Measurement Protocol
Input: |pp,)
Output: pn,

€q

o((dlg()> () + (= (dlogn +4) + n og? 1>>
a q

Up

Overall time complexity

dnd/4 Tn2d
10) L log(na)log(1/eq) (dlog”1+ o )

€q

FIG. 6. The figure shows the complexities for the quantum time-evolution algorithm from Theorem 10. The complexity of the “quantum
time evolution” is from Ref. [13] and the complexity of the “measurement protocol” is from Theorem 7.

For clarity, when logarithmic terms are suppressed this is

d/a+2
€4€c

d/2437d /242 »d [4+172 d/2

O(d T2 d/A41 2 (gL, + D) ) 73
Proof. We start by producing the state |pg), which can
be completed in time O(d logn,) as shown in Theorem 9.
We can then compute the evolution of the solution using the
quantum algorithm proposed in Ref. [13]. This breaks down
the matrix £ into an advection-like component and a shift
operator that implements the diffusion. The advection com-
ponent is represented as a Hamiltonian simulation [14] and is
then linearly combined with the corrective shift operator using
a linear combination of unitaries. This process is repeated n,
times, which can be completed in O(Tn2d /€.) [13]. The prob-
ability of success of this method is ||£"|po)|l; . We know
that [|£"|po)||5" < (4/n;)?/* using Lemma 5. Therefore, the

complexity of producing the state |p,, ) is

T
0<<d logn, +

Then we use Theorem 7 to extract the probability
distribution p from the state |p), with error probabil-
ity 6 =0.01. This requires repeating the steps above
0(10g(n§f/8)log(l/(eq(S))/eq) times and uses an additional
O(1/€,(log(1/(€,8))(g +log(1/€,)))) gates. In this case g =
O(d logn, +logd) [13]. Therefore, we have shown that the
overall complexity of the final distribution is

nfd
€c

)(4\/11_: )“). (74)

d 2
0<log (nx)elog(l/fq) (d log 1, + szd)(4Jn_z)d/2
q C
. <log(l/€q)(q6+ log(l/eq)))) (75)
q

and it is clear that the gate complexity is negligible. Therefore,
we reduce the complexity to

dni’* Tn2d
0( Zf log(nx)log(l/eq)<dlognx+ Z >> (76)

q c

Then we substitute in the values for n, and n, from
Corollary 1 resulting in an overall complexity of

(dd/2+1Td/2§d/4(aL + D)2
0 d/a
€4€c

2 2
x log <W) log(1/€,)

TdcL2(al + D)?

N d*T?*¢L*(aL + D)?
€2D '

(77)

Or when we suppress logarithmic terms

A gd2H3TA 242 pd /AL 20 1 DYE/?
0( ¢ @ +Dy?\ oo

quéi/4+2

]
In this method we evolve the solution with time using
subsequent applications of a shifted Hamiltonian simulation
algorithm achieved by a linear combination of unitaries [13].
We present this method as a quantum counterpart to the clas-
sical time-stepping method presented in Sec. IIIC. We can
see that the time complexity of this method is very similar to
the classical method. There is some improvement on scaling
with ¢, however, the scaling with d and T is the same and the
scaling with €, and L are worse. Consequently, when the new
term ¢, is included, the quantum method offers no advantage.
There is also a noisy intermediate scale quantum algorithm
proposed by Ref. [36] to solve PDEs by time stepping using
the quantum lattice Boltzmann method. This provides a so-
lution at all time steps by measuring and reloading the state
at each step. While interesting, it is not comparable within
our framework since our framework has no corresponding

attribute for the collision operator required by this method.

D. Quantum random walk

Similarly to the classical approach, we present a more
efficient method for directly generating the quantum state cor-
responding to the distribution of a random walk at time 7 =

042419-13
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Quantum Random Walk

-1
£ [po)lly
€c

Initialise state Input: |po)

Input: |0) Output: |p
Output: |po) i p [Py )
O(dlognyg) O<dlognz ]1Lme |po>\|;1 n¢ log

Up

o((

Measurement Protocol
Input: [pp,)
Output: Pp,

dlog(%)) LO(Uy) + (dl%i%)(dlognz 4 q) + n?log? €1q>>

€q

Overall time complexity

dlog "m)S/Z log(1/eq)

O(";i/zua/z(

- )

FIG. 7. The figure shows the complexities for the quantum random-walk algorithm from Theorem 12. Where the complexity of the
“quantum random walk” is described in Theorem 11 and the complexity of the “measurement protocol” is from Theorem 7.

n; At. This method employs a quantum version of the random-
walk algorithm, resulting in the state |p,, ).

Theorem 11 (Theorem I in Ref. [26]). Given a symmetric
Markov chain with transition matrix £ and a quantum state
[0), there is an algorithm which produces an approximate
state |vJ) such that

LX)

H'W RS

< (79)
2

using

OUI1L 1o} 15"k log(1/ (I | L* o)1) (80)

steps of the quantum walk corresponding to L.

We combine this with the measurement technique de-
scribed in Theorem 7 to construct a random-walk algorithm
for solving the DDE. We have provided a summary of the
complexity in Fig. 7.

Theorem 12 (Quantum random walk). There is a quan-
tum algorithm that estimates p(x) such that ||p(x,T) —
P, T)lleo < € + ¢, forall (x) € Gatafixed T = n; At with
99% success probability in time

o <n;’/4+”2(d log ny)3/2 log(1 /eq))
€q

_0 d(d+7)/2 T2§(aL+D)2 d/4+1/2
€ €.

2 2
x log®/? (Td?L (“; +D)
€

>log(1/eq)). 81

For clarity, when logarithmic terms are suppressed this is

dj4+1/2
0(d5/2n’/ / )
€q
[ dTDRTA2 d /412 (g 4 pyd/at]
= 0( dj4+1)2 ) (82)
€4€¢

Proof. We start by producing the initial state |py). Given
we have assumed that sums of squares of py over arbitrary
regions can be computed in time O(1), |po) can be computed
in time O(d logn,) using the techniques from Refs. [37,38].
Next we use the algorithm from Theorem 11 to produce the
state |p,, ). The complexity of implementing a quantum walk
step is O(d log n,) [22].

This results in a complexity of building the state |, ) as

L po)ly"
o(d 1ognx<1 + ||E”’|P°>”2_]\/nt e (%»)

(83)
We know that [|£"|po)|l; " < (4/m)?/? using Lemma 5, so

d/2
O<d 1ognx<l + (ﬂ)d/z\/nt log (@))) (84)

= O(dn{"* log ne/n,(log(1/€.) + d/4logn,)).  (85)

To further simplify the expression, we apply the following
limits; logn, = O(logn,) and n, o 1/€, which follow from
Corollary 1 (as shown in the proof of Theorem 6). So we can
simplify the overall complexity of producing the state |p,, ) to

0(&**n!"*' 2 (log n,)>?). (86)

Then we use Theorem 7 to extract the probability
distribution f),,/ from the state |p,), such that ||f),,, —
Pr llo < €4, which requires repeating the steps above
0(log(n§f/8)log(l/(eqS))/eq). This requires an additional
O(1/e4(log(1/(€,6))(g + log(1/€,)))) gates. This results in
an overall complexity for the final distribution p,, such that
||f)n, - pnt”oo < €c + 6q is

O(log (nf/é) log(1/(€49)) (d3/2n;1/4+1/2

(logny)*'?)
€q

1
+ e—(log(l/(eqf?))(q + log(l/eq)))>. (87
q
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Initialise state QFT Input: |¢o)
Input: |0) Input: |po) Output: |¢n,)
Output: |po) Output: |to) '

O(dlogng) O(dloglogng)

o(|1£" [po)|1z *(d +
log(1/8)) + na log(ne /8))
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O(M(ngﬂx(d + log(1/ec)) + na(logne + 1og(1/ec,)))>

€q

FIG. 8. A flowchart demonstrating the contributing factors to the overall time complexity of the quantum diagonalization solution method
for the DDE in Theorem 13. The cost of calculating eigenvalues is derived in Lemma 3, the QFT cost is derived in Ref. [39] and the

measurement complexity is derived in Theorem 7.

In this case ¢ = d logn, and § = 0.01
o (n,d/4+1/ *(dlogn,)**log(1/¢,)

€q
+ 1Og(elﬁ(d log 1, + log(1 /g))) (88)
q
d/4+1/2 5/2
_ 0<n, d log:x) log(l/eq)) (89)
q

Then we apply the values of n, and n, from Corollary 1 such
that the overall complexity can be written as

4@+N/2 ng“(aL+D)2 d/4+1/2
(0]
(5 ( )

2 2
X logs/2 <W) 10g(1/€,,)>. 90)

For clarity, when we suppress logarithmic terms this is

d/A+1/2
O(dS/znZ/ / )
€q

[ D224 pd /4120 o DY/
:0( 7@l +D) ) 1)

€c

eqef/4+1 /2
As in the previous case, we consider the spatial complexity
during the measurement step in Theorem 7. Since logn, =
O(logn,) this result is largely the same as for the previous
Td¢L*(aL+D)? _
case O((1+ 1/€,)(d log(T)) + 1/¢,log(1/€,)) =
O0(d/e,). ]
In this method we leverage the inherent stochasticity of the
DDE for the values of At and Ax we chose in Corollary 1.
Consequently, the applicability of this method extends to a

broader class of stochastic PDEs, including nonlinear PDEs
with spatially varying parameters. This is unsurprising given
the well-established stochastic nature of the DDE, which is
mappable to a stochastic differential equation. However, we
have one more computationally efficient solution method for
solving the linear DDE.

E. Diagonalization by quantum Fourier transform

In this section we present a quantum algorithm that uses
the QFT to improve efficiency over random-walk methods
for solving the DDE. Like the classical FFT approach in
Theorem 6, we leverage the QFT to diagonalize a circu-
lant matrix. We show that the key advantage of the QFT is
its ability to perform calculations while the quantum state
remains in superposition. This enables diagonalization in
0(d loglog n,) [39]. Since the QFT efficiently diagonalizes L,
the only remaining requirement is the implementation of the
nonunitary operation A*, where A is the diagonal matrix of
eigenvalues of £ (as in the classical case). In Fig. 8 we provide
a flowchart illustrating the algorithm’s components and their
contributions to the overall time complexity.

Theorem 13 (Quantum diagonalization). There is a quan-
tum algorithm that estimates the probability distribution p(x)
from Eq. (2) such that ||p(x, T) — p(X, T)||s0 < € + €, for
all (x) € G atafixed T = n, At with 99% success probability
in time,

0(d10g(nX)lOg(1/6q)(n,d/4(d +log(1/.))

€

+n(logn, + log(l/éc)))> 92)
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TdcL?(al + D)2)

d
= O(; log(l/eq)log< <D

y ((TZdzg(aL + D)?

€c

d/4
) (d +log(1/e.))

e.D €

\/ TdcI2(al + DY < (Tzdzg“(aL + D)2>
+, ) ———————— | log| ————=

+10g(1/ec)>>. 93)
Suppressing the logarithmic terms, this is

d2n d/4 _/d@r+ordn2 d/4(aL+D)d/2
0 =0 . (99)

- d/4
6‘] Eqéc

Proof. We begin by preparing the state |pg), achievable in
time O(d logn,) (as shown in proof of Theorem 9). Then,
we apply an approximate QFT in time O(d logn, loglogn,)
time, yielding the intermediate state |y) [39]. Next, as in
Theorem 6 we apply A™ to |y), where A is the diagonal
matrix corresponding to the eigenvalues of L. The final step
to this process is applying the inverse QFT to produce |p,, ).

From Eq. (48), the eigenvalues [; of L correspond to

strings j = Jji, ..., ja, Where ji,...jz €0,. — 1. We can
expand [22]
n,—1
Yo) = Z w,, ..... jal s vees Ja)- 95)

,,,,,

Then we can apply A™ by using an ancilla qubit, performing
the map

ny—1

¥0)10) > Z Vjr.ojalits s Ja)

x (1;?/ 0) + /1 —13"10)) (96)

and measuring the ancilla qubit. If, on measurement of the
ancilla the outcome is 0, then the state [y, ) is as required.
Given the classical description of l;" for each j, the map in
Eq. (96) on the ancilla qubit can be achieved up to accuracy
O($8). This uses O(d + log(1/§)) gates and a few additional
ancilla qubit which can be reset on completion [38].

The probability that measuring the ancilla qubit provides
the required state is ||L™| p0)||%. We use amplitude ampli-
fication, where, O(||L"|po)ll5 1) repetitions are required to
produce the desired state with probability 0.99. Finally, we
apply the inverse QFT to the residual state to produce |p,,) =
L po)/11£" | po)|l2-

To achieve the application of A™ we require the eigenval-
ues of L. We can compute these eigenvalues up to accuracy §
in time O(d), by using Lemma 3. This is much more efficient
than in the classical case in Theorem 6 since all of the eigen-
values can be applied simultaneously in a superposition, with
a one off precomputation cost of O(n, log(n;/§)). Therefore,
we have shown the overall cost of producing the state |f,,) is

O(d logn, + dlogn, loglogn, + ||£" | po)ll;"
x (d + dlog(1/8)) + nylog(n,/9)). 97)

As in the classical case, we take § = ¢, and we also know
that [|£"|po)ll;" < (4/m)?/* using Lemma 5. When imple-
mented this results in

O(d log n, + d log n, loglog n, + (4/n;)/*(d + log(1/e.))

+ ny,logn, + n,log(1/e.)). 98)
Upon inspection of Corollary 1 it is clear that
n, = M 99)
2D

Therefore, dnf/ Y>d log n, loglogn,. Taking this into ac-
count, the overall complexity for the algorithm that produces
the final state |p,,) is

O(n"*(d + log(1/e.)) + ny(logn, + log(1/e,))).

As for the previous methods we use Theorem 7 to ex-
tract the probability distribution p,, from the state |, ). To
achieve this with error probability § requires repeating the
steps above 0(log(njf/5)log(l/(eqﬁ))/eq). This uses an ad-
ditional O(1/¢,(log(1/(€,6))(q +log(1/€,)))) gates. Which
results in an overall complexity for the final distribution

(100)

0(10g( ¢ /5)1og(1/(e,8))/€,(n"*(d + log(1/e.))
+ nc(log n; + log(1/e€.)))

1
+ E—(log(l/(eqc?))(q + log(l/fq)))>- (101)

q
In this case ¢ = O(d logn,) and § = 0.01 which gives
0<d log(n,)log(1/e;)

€q

n!*(d + log(1/€.))

+ ny(logn, +log(1/€.))) + ei(lOg(l/(eq))(d logn,
q

—Hog(l/eq)))). (102)
Then we can reduce this to
0<d log(nx)élog(l/eq) (n!*(d +1og(1/e€.))
q
+ n.(logn, + log(l/ec)))), (103)

as the gate complexity of measurement is negligible compared
to the larger first term. Finally, we can use Corollary 1, to
substitute in the values for n, and n, and write the overall
complexity as

TdeL*(al + D)2)

d
O<; log(l/eq)log< <D

y ( (Tzdzg(aL + D)?

€c

d/4
) (d +log(1/€.))

e.D €.

+10g(1/6c)>>.

\/Td{Lz(aL 1Dy ( (T%ﬂ;(aL + D)2>
+ ) ————— | log| ———=

(104)
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Suppressing the logarithmic terms we get

(d
O<—(dnf1/4+nx>).
€q

For d > 1, dnf/4 > n,. Since this case is most likely for
problems where quantum computational advantage is being
sought, we choose to drop the final term for clarity. Therefore,
our final complexity is

_/d? d/4 _ (WD) TdR2ed/A (gL 1+ DY)/2
0< o ):0( et D) ) (106)

€4€c

(105)

€q

As in the previous cases, we consider the spatial complex-
ity during the measurement step in Theorem 7 since g here
has the same order of complexity as in the previous method
the spatial complexity is also the same

TdtL*(aL+D)?
O<(1+1/eq)<d log <6—D>> +1/¢q log(l/eq))

— O(d/e,). (107)

]

In the diagonalization by QFT algorithm above, the
dominant computational cost arises from two instances of
amplitude amplification. The first is used in the measurement
process, and the second is involved in constructing the diag-
onal matrix of eigenvalues. An additional, one-time cost is
incurred in precomputing the eigenvalues of £, while in the
classical algorithm described in Theorem 6, the FFT is the
primary determinant of computational complexity. We have
visually represented the difference in complexity between the
quantum and classical approaches in the flowcharts in Figs. 4
and 8.

Theorem 13 offers the most efficient solution method for
Eq. (2), this is ensured by bounding €,. The bound we re-
quire ensures that the improvement in efficiency gained in all
variables by using Theorem 13 over Theorem 6 outweighs
the new dependency introduced by €,. This must be achieved
while maintaining the overall error €. Therefore, quantum
computational advantage occurs when

1 5 d/4Ld L+ D d/2
- < 0<§ ([1‘;4 D) )
del’"D4/?

&
This method could be extended to all linear PDEs, no mat-
ter their order as the matrix will always be circulant and
therefore can be diagonalized. This was recently discussed
in Ref. [40]. There would need to be further investigation to
apply this method to nonlinear PDEs with spatially varying
parameters.

(108)

V. CONCLUSION

In this paper we demonstrated a quantum computational
advantage for solving the DDE in Eq. (2). The magnitude
of this advantage depends on the parameter of the problem.
Specifically, for solving the DDE at a fixed time 7', QFT-based
diagonalization proved most efficient overall (as discussed
Sec. IVE). It is an open question beyond the scope of this
paper as to whether this could be used for PDEs with spatially
varying drift and diffusion terms.

Our algorithm uses multidimensional amplitude estimation
for probability oracles to extract the probability distribution
from the quantum computer, extending previous work that
limited these solution methods to expectation value extraction.
This introduced a new variable, €;,. Quantum advantage is
achieved when the complexity is lower whilst maintaining the
same total accuracy € = €. + €,. This requires that the growth
in complexity due to 1/¢,, is less than the reduction in com-
plexity in the remaining terms of the quantum algorithm when
compared to the classical algorithm. Maintaining the same
total € also requires a reduction in €, between the classical
case and the quantum case to account for the increased ¢,
(where €; = 0 in each of the classical algorithms).

We also extended the quantum linear system, quantum
random walk, and QFT methods to solve high-dimensional
linear DDEs. It revealed that each quantum algorithm out-
performs its classical counterpart in terms of time efficiency.
The quantum random-walk method was almost as efficient as
quantum diagonalization and is applicable to stochastic PDEs,
which offers an opportunity for solving a nonlinear DDE.
Alternatively, for obtaining solutions at all points in space and
time, we proved the quantum linear equations method most
efficient. Quantifying the efficiency gains of these extensions
remains an open question.
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APPENDIX A: INGREDIENTS PROOFS

In this Appendix we provide the proofs of Theorem 1.
Theorem A1 ((Restated). Approximation up to oo-norm

error). If At < zAd—X;, then

||pn, — Pn, | |oo

dAtg ,  Ax? D

19 (apiar 40y + 2 (a4 2 Al
—m< (aL +D) T(“ E)) (AD

Proof. Using Eq. (15) and introducing a new iteration vari-
able, k € [0, n;], where P, and p; denote the approximate and
exact solutions respectively at time ¢ = k. Therefore, Py =
LPy and so L is stochastic if

2dD At . Ax?
>0 1ie.,
Ax?

(A2)

042419-17



ELLEN DEVEREUX AND ANIMESH DATTA

PHYSICAL REVIEW A 112, 042419 (2025)

which holds by assumption. Since a stochastic operator must be norm preserving [41]. Then

PO+ AD = 1) [ a
%

D
—(p(..., Xji + Ax, ..., t) — [NJ(...,)C_/'[,'] —Ax, ..., 1)+ —(ﬁ(...,xj'[,'] + Ax, ..., t)

At 2Ax Ax?
A A 0 — 25 || < At 3%p daAx? 3p dDAX? 3*p (A3)
co Xjli] — AX, 1) — 2P(X, < — max |— max |— max | —
PR St P 2 or2 6 o3 12 oxc*
(
substituting in the assumptions on the smoothness bounds Lemma B 1 (Restated). The eigenvalues of M are

from Eq. (4) gives

At
[IPrs1 — LPilloo < At <7[d2§(a2L2 + 2aDL + D?)]

daLt Ax*  dDgAx?
alf Ax ¢ Ax (Ad)
6 12
and simplifying this leads to
IPe+1 — LPxlloo
dAtg ,  AxX? D
< > dAt(aL + D) +T aL+5 . (AS)

For clarity this has been simplified by writing A = (aL + D)?
and B = al + % such that

dAtg

Ax?
[IPk+1 — LPilloo < dAtA + TB ) (A6)

Next, we consider the errors introduced by this approach,
writing Pr = pr + €x where e is an error vector, then

Po = Po (A7)
and
P1 = Lpo =p1 + ey, (A8)
where [le||oo < 955 (dAIA + A2 B)
P2 = Lp1 = L(p1 +e) =p2 + e+ Ley, (A9)

where ||e2||oo<dAT’§(dAtA+AszB) as L is stochas-

tic, |[Leilloo < [lerllo, 50, [IP2 — P2lloc < dAIS(dAIA +

AT"ZB). Following this argument

- dAtg Ax?
1Dn, — Pu,lloo <74 > (dAtA—l— TB)

dg Ax?
= T? dAtA + TB (A10)

as claimed. |

APPENDIX B: COMPONENT EIGENVALUES

This Appendix covers the proofs of the Lemmas 1 and 2
that are required in the classical technical ingredients sec-
tion for finding the condition number of .A.

{wj, + oo+, 2 jis oo ja € {0, 1, ..., ny — 1}}, where

4 D (7] n ai . 2w j B1)
i = —4——sin” | — — sin
Hi Ax? ny Ax N

and 7 denotes the imaginary unit. Moreover, M is diagonal-
ized by the dth tensor product of the Fourier transform.
Proof. Since matrix M is circulant then it can be diago-
nalized by the Fourier transform F.
If Daq = diag{po, (1, ..., n,—1} is the diagonal matrix
that stores the eigenvalues of M, then Dy F' = F' M. A
circulant matrix has the structure

Co Cn—1 (&) Cl
C1 Co Cn—1 C2
C1 Co e . (B2)
Cn,—2 . . Cny—1
Cn—1 Cn—2 C1 Co
Therefore, in the case of matrix M, co=—225, ¢ =

D a
AC T 2Ax? C)r = ..=Cy—2 = 0, and Cn—1

D F1l0) = FF M|0) gives

D a
= m-i- m.Then

Mo €o
1 c
| " l=F 7| (B3)
ﬁ : :
Mn—1 Cny—1

2jmi
If the jth eigenvector of the Fourier modes is wj, = e ,then

ny—1

wi=y e,
k=0
D D a ;
) B PR
Ax? + (Ax2 ZAx)w"‘
D .
N (_ N L)wmml) (B4)
D 2D 21 j ai . (2mj
2— + —cos| —= | + — sin (BS)
Ax? Ax? ny Ax Ny
D : 2ai : )
— 42 gn2 (T + % in ) cos (22 (B6)
sz ny Ax Ny Ny
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as stated. |
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Lemma B2 (Restated.). The eigenvalues of A; .A;f take the

form
%=1+mF+Mﬂww=<ém9>{ B8)
sin(n,0)
where 6 is defined by
;] sin(n,0) + sin((n; +1)0) =0 (B9)

and 0 # kx for k € N.

Proof. The techniques in Refs. [42,43] can be used to find
a set of eigenvalues A; for A; Aj. The starting matrix for this
reference is

In this case o = |lj|2, B=0,a=—l;,b=1+ |lj|2 and ¢ =
—l;. Then the eigenvalue problem is such that it can be
described by the following series of linear equations since

Ty —
.Aj .Ajll = Au
up =0,
aug + buy + cuy = luy + oy,

auy + buy + cuz = Auy + 0,

ey
auy, 2 + buy, 1 + cu,, = Ay, 1 + 0,
Ay, —1 + bunt + Cllp,+1 = )\Mn, + IBMn,,

Up,+1 = Os

without repeating the work in Ref. [42] it can be shown that
in the case of the matrix A; A} the eigenvalues are A = 1 +

|1;1> 4 2|1;] cos & when the following expression is true:

—a+b ¢ 0 0
a b ¢
T
aas| o (B10)
5 c
0 a _IB + b
J
s 4 D6 ) BDAL G, (7
sin(n,0) ! Ax? e

and it can be stated that 6 # km for k € N as the left-hand side of Eq. (B11) can only be real if 6 € R.

2

+ Atr? —16D
Ax

a2

7
Ax?

Ny

- (B11)

() e (20)

APPENDIX C: CONDITION NUMBER

This Appendix provides the proof of Theorem 2.
Theorem B 1 (Restated.). Condition number of A is

o) if £5 <1,
k= 2 na*T - a*T
@( n; + D ) if m 1.
Furthermore,
. ZA
1Al = () if ‘2’“; <1,
- 2T . 2T
8(‘/Z_D) if 2“nfD > 1
and || A7 Y| = O®,). '
Proof. The minimum o; occurs at the minimum %, sin @ is increasing in the interval 6 € [0, 7 /2] and | sin(n,0)| is

periodic in the interval 6 € [0,  /n,]. Furthermore, sin(n,6) is symmetric around 6 = 7 /2n, so it is sufficient to consider the
interval 6 € [0, 7 /2n,]. When 6 is small sin > 260 /7 and sin(n,0) < n,6. Therefore,

sin & 2 1)
O il
™ Sin(m,0)| T onyw
0<6<II
SO Oin = O(1/ny). 2
Next, to estimate opax, we consider the maximum |/;|, and At < fd—XD which when substituted into Eq. (B11) means |/;| can

be written as

|lj|<\/1—4sin2 (ﬂ
n

and then simplified to

)+4sin4<
n

a’ At
2D

wj 21 j

) ()

X n}C

|lj|§\/1+(

a*T
2n,D

— 1) sin® < > (C2)

Ny
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Therefore, the maximum of |/;| is the maximum of whichever of these parts is larger as follows:

a*T

1
|lj|max = 2T
2n,D

resulting in

2

a’T

<latj=ny/2,

5 > lat j=mn,/16

Umax <

aT ZaZT e &T
\/1—1—2“)—{— 1f2n’D>1.

Given the condition number is calculated as k4 = ""‘“ , it can be written as

2n;

Kp =
a*T [2aT __ a*T (2T ¢ &T
I’l;\/l + 2n,D + nD T n’\/l + 2n,D +a nD if 2n,D > 1.

and so it can be stated

() if 22—{) <1,
K= i i (C4)
O(y/n? + 24y if % > 1.

]

Both results have been included here for completeness
but in most cases k4 = O(n,;) can be used since T = n, At.
So, consider a*At/2D > 1 which is unlikely to be very
large as At is inherently small, which means that «4 =

V2 +na®T /D = \/n? + n2a’*At/D =~ n,.

APPENDIX D: BOUNDING THE
DIFFERENTIAL OPERATOR

This Appendix provides the proofs to Lemma 4 and
Lemma 5.

Lemma 4 (Restated: Condition number of L). The condi-
tion number of £ from Eq. (29) is kz; = 5 when DA’ < 1/5
and a/D < 2+/10.

Proof. Since £ LT is circulant, repeat the steps taken in the
proof of Lemma 4 to find the eigenvalues.

L is circulant with structure co=1— N
At — 3%, 1= A2 +5%) and o =..=
Cn—2 =0. Therefore, LL" is circulant with struc-
ture dy=cj+ct+c3=(1—25) +2As (4Ax M‘)
di = dy,—1 = colc1 +2) = 2fﬁr(1 -8, dy=dy o=

D*Ar? + a’Ar?

2DAt =

Cl1Cp—1 = At AN and d3 =..= dnk—3 = 0. This
results in
2D At 2D At 21 j
Ty = =)
AM(LLY) = (1— N )(H— A (2005( . ) 1))

4D’At* (27 a’At* (27
+ ————cos + sin .
Ax* Ty Ax? Ty
(D1)

There are a few different regimes to consider when looking for
the minimum and maximum eigenvalues. This may be easier

if £5 <1,
(C3)
to consider by rewriting Eq. (D1) with new variables
AL LYY = (1 —2Y)((1 —2Y) +4Y cos(Z)))
+4Y? cos*(Z) + 4X? sin*(2), (D2)

where ¥ = R4l x — @Al _ ay 554 Z—nij. We can

X2 x2 =
bound these vAanables aszonllowsz% <Y < 1/2d < 1/2 based
on Theorem 1, 0 < X < a/4D and 0 < Z < 27. However,
on inspection at ¥ = 1/4 the eigenvalue finds a minimum
at A(LL)min = 0. This would cause the condition number
k — 0. To force a noninfinite condition number we bound
the variables X and Y insteadto 0 <Y < 1/5and 0 < X <
a/10D. This is true for all d > 3, and is only a single order of
magnitude reduction.

To begin with we consider when Z = 7, to find the mini-
mum. Substituting this into Eq. (D2) gives

MLLY = (1 =2Y)(1 —6Y)+4r2. (D3)

Then we can find the minimal result at the maximum Y = 1/5,
therefore, Amin(£ £7) = 1/25. To find the maximum there are
two scenarios. When either Y = 0 or Z = 0 it is easy to see
that Ama (£ L) = 1.

Using these results we can find the condition number k. as

)‘-max

Kr = = 5. (D4)

)\min

There is also a case at very small Z, e.g., Z = 7 /64 (Where
n, > 128 where a large X has a dominant factor). In this case
the increase in the term X sin® Z is greater than the reduction
in the cos Z terms. This only occurs at a/D > 2\/1_0, SO we
only consider the region for which the maximal eigenvalue is
well defined as stated. ]
Lemma 5 (Restated: Norm. of L). Let L be defined by
Eq. (16), taking At = Ax?/(2dD) as in Corollary 1. Then for
any integer T > 1,

1

NG (01£7710) = [1L7|5. (D5)
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Proof. Since L describes a simple random walk on a peri-
odic d-dimensional square lattice and

[IL710)]13 = (01£*7]0), (D6)

where |0) denotes the origin, then ||L7]0)] |§ can be interpreted
as the probability of returning to the origin after 27 steps of
the random walk.

The next step is to bound this quantity, first consider the
d =1 case. A simple lower bound follows by observing
that the probability of returning to O after 2t steps is lower
bounded by the probability of a random walk on the integers
returning to O after 27 steps which is exactly (37)/2%7, such
that

) 1
> :
2 T 2T

We can extend this bound to the d- dimensional case.
Based on the interpretation of (0|£%7|0) as the probability of
returning to the origin after 2t steps of a random walk. Each
step corresponds to choosing one of d dimensions uniformly
at random. Then moving in one of 2 possible directions within
that dimension. Since the lower bound for this in one dimen-
sion is #, then if each of the d independent random walks
make an even number of steps, the probability that they all
simultaneously return to the origin is at least ﬁ For this
to be true, we must lower bound the probability that all of the
walks take an even number of steps. This is demonstrated by

Ref. [22] and recreated here.

(01£7710) >

(D7)

Let N,(d, 2t) denote the number of sequences of 2t in-
tegers between 1 and d such that the number of times each
integer appears in the sequence is even. The probability that
all the walks take an even number of steps is N,(d, 27)/d*".
Then we can show by induction on d that N, (d, 2t) > d**/ 24,
For the best case, N (1,27) =1 > 1/2 as required. Then for
d>?2,

T
2
Nd.20) = <2;>Ne(d 1,2t - 2))
Jj=0

27\ 1 ‘
2 d—1 2t-2j
IEETR

j=0
1 /2t .
=(d - 1)2fm > <2j>(d -7, (DY)
j=0
1 1 1 2t 1 2t
d—1)%" —((1+ — l——— ,
( )2d—12((+d—1) +( d—l))
(DY)
1 d** +(d—-2)") > idzf (D10)
2d TodT

Therefore, with probability at least 1 /Zd, all of the walks
make an even number of steps, and the probability that they
all return to the origin after 2t steps in total is at least
1/(4t)". |
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