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Optimizing fault-tolerant cat state preparation
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Cat states are an important resource for fault-tolerant quantum computing, where they serve as building blocks
for a variety of fault-tolerant primitives. Consequently, the ability to prepare high-quality cat states at large fault
distances is essential. While optimizations for low fault distances or small numbers of qubits exist, higher fault
distances can be achieved via generalized constructions with potentially suboptimal circuit sizes. In this work,
we propose a cat state preparation scheme based on preparing two cat states with low-depth circuits, followed by
a transversal CNOT and measurement of one of the states. This scheme prepares w-qubit cat states fault tolerantly
up to fault distances of 9 using �log2 w� + 1 depth and at most 3w − 2 CNOTS and 2w qubits. We discuss that the
combinatorially challenging aspect of this construction is the precise wiring of the transversal CNOT and propose
three methods for finding these: two based on Satisfiability Modulo Theory solving and one heuristic search
based on a local repair strategy. Numerical evaluations show that our circuits achieve a high fault distance while
requiring fewer resources than generalized constructions.
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I. INTRODUCTION

Quantum error correction (QEC) and Fault-tolerant quan-
tum computing (FTQC) [1–4] enable a pathway towards
utility-scale quantum computing, where billions of operations
need to be performed reliably on encoded quantum informa-
tion [5]. By redundantly encoding information into quantum
error-correcting codes and repeatedly extracting error syn-
dromes, the lifetime of logical qubits can be extended far
beyond what is possible for physical qubits. Recent experi-
mental advances show that current hardware platforms exhibit
the capabilities required for FTQC, like real-time, below-
threshold decoding [6], encoded universal gate sets [7], and
first encoded algorithms [8].

Realizing large-scale FTQC requires that every step of a
computation be implemented in a fault-tolerant manner, so
that physical errors do not spread uncontrollably through the
system. Instead of viewing fault tolerance at the level of an
entire algorithm, it is common to decompose computations
into subcircuits or gadgets [9], each of which is itself fault
tolerant. If errors are removed quickly via decoding and er-
ror correction, they do not accumulate, and information can
be protected with high probability. From this perspective, a
central circuit-design task in FTQC is to devise and optimize
fault-tolerant gadgets for tasks such as syndrome extraction
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[10–13], ancilla state preparation [14–16], magic-state prepa-
ration [17–19], code switching [20,21], or measurement-free
protocols [22,23], among others. While such circuits are often
designed manually or for specific code instances, developing
general automated compilation and optimization techniques
for fault-tolerant circuit constructions has started to gain more
and more traction [14,15,24–27].

Despite first demonstrations of fault tolerance, state-of-the-
art quantum hardware remains strongly resource constrained
[6,8,28–30]. This means that successful near-term fault-
tolerant quantum computing requires careful optimization of
fault-tolerant circuits employed during computation. Even
large-scale computations that reuse the same subcircuits often
greatly benefit from circuit optimizations, as any optimiza-
tion to a gadget has an immediate multiplicative impact on
resource savings.

This work focuses on optimizing fault-tolerant prepara-
tion circuits of specific resource states, so-called “cat states,”
which are w-qubit states of the form 1√

2
(|0〉⊗w + |1〉⊗w )

(also referred to as Greenberger-Horne-Zeilinger states [31])
or 1√

2
(|+〉⊗w + |−〉⊗w ). Such states are a useful resource

for FTQC since they can be used for syndrome extraction
[2,32,33], magic-state preparation [17], or fault-tolerant en-
coders [34].

Given the conceptually simple and useful nature of these
states, it is not surprising that fault-tolerant circuit designs
for such states have already been investigated. Reference [11]
showed that distance-three cat state preparation can be done
with logarithmic overhead, but the overhead increases for
preparing cat states with a higher fault distance. Refer-
ence [26] gives a construction for arbitrary-sized cat states
requiring logarithmic depth and linearithmic two-qubit gates
and qubits. Another approach is via flag-fault-tolerant con-
structions, as any higher-distance flag-fault-tolerant syndrome
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FIG. 1. Fault-tolerant cat state preparation. (a) Non-fault-tolerant log-depth preparation of an 8-qubit cat state. A single weight-one error
propagates to a weight-four error on the prepared state. (b) Errors on the data cat state can be detected by an ancilla cat state by copying the X
errors to the ancilla and measuring in the Z basis. Here this is not fault tolerant as two errors are undetected and lead to a weight-four error on
the data qubits. (c) The error detection gadget can be made fault tolerant against 4 errors by changing the connectivity of the transversal CNOT.
(d) Qubit overhead can be reduced by using a smaller ancillary cat state; a 6-qubit cat state with an appropriately connected transversal CNOT

is sufficient.

measurement scheme can be turned into a fault-tolerant cat
state preparation scheme requiring worst-case linear depth,
two-qubit gate, and qubit overhead [10,16].

In this work, we aim to further optimize the resource
requirements for fault-tolerant cat state preparation. We pro-
pose a scheme for the fault-tolerant preparation of cat states
using two (potentially differently sized) cat states, copying
errors from one state to the other, measuring the ancilla state,
and postselecting on the error-free measurement result (see
Fig. 1). This construction prepares a cat state using logarith-
mic depth and a linear number of two-qubit gates and qubits.
The challenging part of this construction is finding certain
qubit permutations to avoid errors canceling in such a way
as to violate fault tolerance of the preparation schemes.

Our main contributions are as follows:
(1) We propose a fault-tolerant cat state preparation

scheme that uses two low-depth cat states, a single transversal
CNOT layer, and postselection. This yields w-qubit cat states
with logarithmic CNOT depth and linear overhead in qubits and
two-qubit gates.

(2) We develop several combinatorial search methods
for determining suitable transversal CNOTS that ensure fault
tolerance, including a counterexample-guided abstraction re-
finement (CEGAR) -based search, a satisfiability/satisfiability
modulo theories (SAT/SMT) formulation, and a heuristic
local-repair strategy.

(3) We apply these methods to synthesize fault-tolerant cat
state preparation circuits for up to 49 qubits for a fault distance
of 4 and 19 qubits for a fault distance of 9.

(4) We evaluate the constructed circuits using circuit-level
noise simulations. The resulting circuits exhibit reduced qubit
and gate overheads, as well as improved acceptance and error
rates, compared to existing general-purpose constructions.

The remainder of this work is structured as follows.
Section II reviews the necessary background on cat states
and fault tolerance. In Sec. III, we introduce the fault-
tolerant cat state preparation scheme studied in this work
and formalize the conditions under which a (partial) transver-

sal CNOT preserves fault tolerance. Section IV reviews
existing fault-tolerant cat state preparation constructions.
In Sec. V, we analyze the error-propagation structure of
balanced-tree cat state preparation circuits and show how
this structure can be exploited to restrict the search space
for fault-tolerant constructions and efficiently checking the
fault tolerance of a given candidate CNOT. Section VI presents
the combinatorial search methods used to synthesize fault-
tolerant transversal CNOTS. Finally, Sec. VII evaluates the
resulting circuits, and Sec. VIII concludes the paper.

II. BACKGROUND

Throughout this work we use [i] = {1, 2, . . . , i} ⊆ Z. The
Pauli matrices are given by

I =
[

1 0
0 1

]
, X =

[
0 1
1 0

]
, Y =

[
0 −i
i 0

]
,

Z =
[

1 0
0 −1

]
,

and together form the single-qubit Pauli group, which natu-
rally extends to the Pauli group on multiple qubits. In this
work, we consider Pauli operators that are pure X or pure
Z type, i.e., w-qubit operators of the form

∏w
i=1 σi with σi ∈

{I, X } or σi ∈ {I, Z}.
We will focus on the preparation of w-qubit Greenberger-

Horne-Zeilinger (GHZ) states, that is, states of the
form 1√

2
(|0〉⊗w + |1〉⊗w ). Preparation of 1√

2
(|+〉⊗w + |−〉⊗w )

works analogously. GHZ states are stabilizer states on
w qubits defined by the stabilizers X ⊗w and Zi ⊗ Zi+1,

i ∈ [w − 1].
Any Z-type operator with an odd support size anticom-

mutes with the X ⊗w operator and an arbitrary X -type operator
anticommutes with at least one of the Z stabilizers. There-
fore, one can detect up to w − 1 X (bit flip) errors and any
odd number of Z (phase flip) errors on the state. Since any
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two-qubit Z error is a stabilizer, any Z error is stabilizer
equivalent to a trivial error or a single-qubit error.

A fault is an error event occurring during the execution of
a circuit, and these faults can propagate through the circuit. X
faults propagate through the control of a CNOT gate, i.e., if the
control qubit flips, the target qubit does too.

An error is the fault propagated to the end of the circuit. We
denote an arbitrary w-qubit X error as an Fw

2 vector where
the vector has nonzero entries exactly on the indices corre-
sponding to the support of the error, e.g., the vector [1,0,1]
corresponds to the operator XIX . For a GHZ state, any X error
e ∈ Fw

2 is equivalent to the error 1⊗w + e obtained by flipping
all bits in e since X ⊗w is a stabilizer of the state. The weight
of an error e on a cat state (denoted wt(e)) is defined as the
number of nonzero entries in e or 1 + e, whichever is smaller.
Multiple faults can occur simultaneously in a circuit, causing
multiple errors. If two faults cause errors e1 and e2, the re-
sulting combined error is given by e1 + e2. The set of errors
caused by up to t faults in a circuit C is denoted as Et (C),
which we call the (t-) fault set of the circuit C. If the circuit in
question is clear from context, we will often only write Et for
the t-fault set.
Errors in a circuit can be detected via certain measurements
that do not disturb the state.

Definition 1. We say that a cat state preparation scheme is
fault tolerant up to t errors, FT t , if any combination of weight
w (up to t faults) in the circuit causing an error e ∈ Et on the
resulting cat state with weight greater than w is detected.

III. CAT STATE VERIFICATION
VIA TRANSVERSAL CNOTS

Since cat states are Calderbank-Shor-Steane (CSS) states,
they can be prepared by initializing qubits in |+〉 followed by
a CNOT circuit [15,35]. Specifically, since cat states have only
a single X -type stabilizer, one qubit is prepared in |+〉 and the
rest in |0〉. The following CNOT circuit must then propagate
the initial X stabilizer to the other qubits. This can be done in
�log2 w� depth with a “balanced tree” CNOT circuit as shown
in Fig. 2(a), where the cat state is doubled in size at every
layer by entangling the current state with the same number of
|0〉 qubits. If w is not a power of 2, the last layer only entangles
2�log2 w� − w qubits. We refer to this circuit structure as Bw.

This preparation is not even FT1 in general, as single errors
on a control in the circuit propagate to an X error on the entire
subtree, as shown in the preparation of an 8-qubit cat state
using the circuit B8 in Fig. 2(a).

In general, such high-weight propagated errors can be de-
tected using an ancilla cat state by copying the errors via a
transversal CNOT and measuring the ancilla cat state in the
Z basis. The transversal CNOT acts trivially on the cat state

FIG. 2. FT2 cat state preparation. (a) Non-FT2 permutation. Two
faults lead to a weight four fault on the data. (b) FT2 permutation.

as the X ⊗w stabilizers of the “control” cat state propagate
to a stabilizer of the ancilla cat state, and similarly for the
Z-type stabilizers. Assuming the ancilla cat state is error-free,
copying an error will flip bits in the cat state according to the
support of that error. In the absence of errors, measuring the
ancillary cat state in the Z basis yields either bit string 0w

or 1w. Any flipped bit in the measurement result, therefore,
reveals the presence of an error.

However, if the ancilla cat state is not error-free, low-
weight faults in the circuits may lead to high-weight errors
going undetected. In particular, if both cat states are prepared
using the same circuit structure, any two faults occurring in
the same location in both circuits will cancel out after the
transversal CNOT.

Example 1. Consider the circuit in Fig. 1(b). It prepares
two 8-qubit cat states using the circuit B8. A transversal CNOT

is used to copy errors from the first 8 qubits onto the second
set of 8 qubits. In the depicted scenario, the fault X1X2X3X4 is
copied to the ancilla cat state but remains undetected because
the same fault occurs during the preparation of the ancilla
cat state. Since the resulting residual fault on the prepared
cat state has weight 4, the cat state preparation in Fig. 1
is not FT2.

Error cancellations can be avoided by permuting the wiring
of the transversal CNOT. Since any permutation of the qubits
of a cat state leaves the state invariant, any transversal CNOT

with CXi,σ (w) for arbitrary permutations σ in the symmetric
group Sw acts trivially on the cat states while copying errors
from one state to the other. This fact can be exploited to
render the error detection fault tolerant. Intuitively, as long as
it can be ensured that high-weight faults do not cancel out or
combine to the stabilizer X ⊗w after permuting the qubits, all
problematic errors will be detected.

Detecting errors on a cat state using a transversal CNOT has
the benefit of only adding a single layer of CNOTS to the prepa-
ration. If the states are prepared using Bw, then preparation has
CNOT depth �log2 w� + 1 using 3w − 2 CNOTS and postselects
on w qubits.

Example 2. Rewiring the transversal CNOT in Fig. 1(b) to
get the circuit in Fig. 1(c) according to(

1 2 3 4 5 6 7 8
1 5 3 7 2 6 8 4

)
,
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prevents the faults from canceling out. In fact, no combination
of up to t < 4 faults in this construction cancels out such
that an error of weight greater than t is undetected. Thus, the
resulting circuit is FT4.

This CNOT and qubit overhead can be further reduced by
using a smaller ancillary system. If the ancilla state has 1 <

w′ < w qubits, then a transversal CNOT between any w′ qubits
in the first circuit and the second circuit acts trivially on the
system. We can characterize such a partial transversal CNOT

by how it connects qubits of the first and second circuits.
Concretely, it is given by a set of CNOT pairs

CX ⊆ [w] × [w′]

with |CX| = w′ such that no index appears more than once
on either side. Equivalently, CX defines a bijection between
the w′ ancilla qubits and a subset of w′ data qubits. Such a
CNOT has an associated mapping f : Fw

2 → Fw′
2 of errors on

w qubits to errors on w′ qubits defined on the ith single-qubit
error êi as

f (êi ) =
{

ê j if (i, j) ∈ CX

0 else.

Error cancellations must still be avoided by connecting the
qubits of the two cat states appropriately. To define what it
means for such a cat state preparation circuit to be FTt , we
introduce the following definition.

Definition 2. Let C, C ′ be two cat state preparation circuits
over w qubits and w′ � w qubits, respectively. A (partial)
transversal CNOT CX with associated mapping f : Fw

2 → Fw′
2

is called T -fault-tolerant (or FTT ) for T > 0 ∈ Z if for all
t, t ′ � 0 with t + t ′ � T there do not exist

e ∈ Et (C), e′ ∈ Et ′ (C ′)

such that the combined error

f (e) + e′ ∈ {I⊗w′
, X ⊗w′ }

while

wt(e) > T .

Example 3. Consider again the FT4 preparation circuit for
an 8-qubit cat state in Fig. 1(c). As it turns out, a 6-qubit
ancilla state is sufficient to make this construction FT4 by
choosing the partial transversal CNOT

{(2, 3), (3, 6), (4, 1), (6, 5), (7, 4), (8, 2)}. (1)

The resulting circuit is shown in Fig. 1(d). Six qubits is also
the smallest possible ancilla state to make this construction
FT4.

The objective of this work is precisely to construct such
fault-tolerant cat state preparation schemes using (partial)
transversal CNOTS. Note that the size of the circuit only de-
pends on the size of the ancillary state. Since we want to
minimize resource costs, i.e., depth, CNOT count, and postse-
lection overhead, we want to find the ancilla with the smallest
number of qubits possible.

Before discussing how we tackle this optimization prob-
lem, we will briefly review related fault-tolerant cat state
preparation constructions.

TABLE I. Resource scaling of different FTtw-qubit cat state
preparation methods.

Method Gate count Depth Qubits

This method O(w) O(log w) O(w)
Ref. [26] O(w log w) O(log w) O(w log w)
Refs. [10,16] O(w) O(w) O(w)

IV. RELATED WORK

Recently, Ref. [26] has derived a w-fault-tolerant cat state
preparation scheme based on rigorous distance-preserving
rewrite rules on ZX diagrams [36,37]. The construction works
by recursively constructing w-qubit cat states from w/2 qubit
cat states until the base case of 4 qubits is reached, for which
a simple construction using 5 qubits, 5 CNOTS, and 1 measure-
ment is taken. The combination works by measuring w/2 XX
parity checks between pairs of qubits of cat states of size w/2.
Therefore, every combination step requires w/2 extra qubits,
w CNOT gates, and postselects on w/2 measurements. In to-
tal this method requires w

2 log2 w + w
4 qubits, w log2 w − 3

4w

CNOTS, and a depth of 2 log2 w + 1 if w is a power of 2. If the
desired cat state preparation should be FTt with t < w, then
the requirements are more relaxed, as at most t parity checks
need to be made in the recursive combination.

Another construction of note is based on flag-fault-tolerant
measurements [10]. Flag-based constructions work by de-
tecting errors between pairs of CNOTS interacting with an
ancilla qubit that act trivially on the system in the absence
of errors. This method requires initializing ancillas using a
depth w − 1 circuit where the qubit initialized in |+〉 acts
as the control qubit of all CNOTS. Recently, Ref. [16] has
introduced a method for finding optimal error-detecting flag
gadgets. While the construction has been introduced in the
context of state preparation of arbitrary CSS codes, it can
also be used for cat state preparation. They manage to find
circuits for up to t = 5 faults and up to 29 qubits. Fully
fault-tolerant cat state initialization is therefore possible for
up to 10-qubit cat states (since we want to protect against up
to t = 5 faults). In that case, the optimal construction requires
16 qubits (10 for the cat state and 6 for the flags), 21 CNOTS (9
for the cat state preparation and 12 for the flag construction),
and has linear depth. While this construction postselects on
fewer measurements for w = 10 than the proposed transversal
construction, the depth overhead is much higher. Furthermore,
we aim to construct larger cat states, which require fault toler-
ance beyond t = 5. Reference [10] also gives a general w-flag
construction for this flag-based linear cat state preparation that
requires 2w − 1 qubits with resets (3w − 1 without resets),
3w − 3 CNOTS, and depth 7w − 15 (for larger w). This means
that the general construction (almost) matches the transversal
cat state preparation except for the linear depth overhead.

A brief comparison of the resource scaling is shown in
Table I. This shows that asymptotically, preparing cat states
using transversal verification scales most favorably in all
considered metrics. In Sec. VII we will see that this is not
only an asymptotic advantage but that the proposed cat state
preparation method uses fewer resources than the recursive
construction from Ref. [26] in almost all cases, even in the
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very low qubit regime. However, the suggested improvements
hinge on the fact that such t-FT permutations can actually be
constructed.

Fault-tolerant state preparation using multiple copies of a
state and a transversal is a well-known construction [38–40].
In fact our setting is very similar to Ref. [39] and Ref. [38]
where fault-tolerant preparation of logical basis states of the
quantum Reed Muller codes and the Golay code are achieved
by constructing multiple copies of a state and finding an
appropriate permutation of the transversal CNOTS. The codes
considered in those works do not allow all possible permuta-
tions of qubits and are more restrictive. Furthermore, unlike
in our case, the ancilla states in those constructions are fixed
as no smaller states can be used for verification. The construc-
tions in the two works are limited to distance 7 and 9 codes,
which translates to a fault distance of 3 and 4, respectively.
We aim to construct circuits with very high fault distance and
utilize as few qubits as possible. To achieve this, we need to
develop efficient combinatorial search algorithms to construct
the desired cat state preparation circuits. In the next sections,
we outline how we achieve this goal.

V. CONSTRUCTING FAULT-TOLERANT CAT STATE
PREPARATION CIRCUITS

Given two cat state preparation circuits C, C ′ of size w,w′
with w′ � w, the task is to construct a partial transversal
CNOT that is fault tolerant in the sense of Definition 2. Since
all w′ qubits of the ancillary state serve as targets in this
construction, the transversal CNOT can be characterized by

(1) a choice of w′ control qubits on the data cat state, and
(2) a permutation of the target qubits on the ancilla cat

state.
Only certain combinations of these two choices avoid error

cancellations that would violate fault tolerance. Because the
number of possible fault combinations grows rapidly with
the fault distance, and because the joint search space of size(

w

w′
)
w′! is enormous, we rely on structural properties of the

preparation circuit to guide the construction.

A. Fault structure of the preparation circuit Bw

A key benefit of using the balanced-tree preparation circuit
Bw is that its fault structure is highly regular. Any single X
error occurring before a control in Bw propagates to the entire
binary subtree below it. For w = 8, for example, the circuit
has the 1-fault set

E1 = {X1, X2, X3, X4, X5, X6, X7, X8,

X1X2, X3X4, X5X6, X7X8,

X1X2X3X4, X5X6X7X8}.

In general, E1(Bw ) consists of all X errors supported on dyadic
intervals of [w], and thus has size 2w − 2. The higher-order
fault sets Et (Bw ) are formed by adding these error patterns
over F2. Due to the regular structure, many such combinations
will coincide, thereby avoiding the storage of many redundant
elements in memory. Nevertheless, the size of the t-fault set
still grows exponentially in t .

The fault set structure is essential for two reasons:
(1) it allows us to reason about which errors can propagate

to the ancilla and cancel there, and
(2) it enables an efficient check of whether a candidate

partial transversal CNOT is fault tolerant.

B. Determining w′ and a choice of control qubits

In the following, we assume that both C and C ′ are im-
plemented using the balanced-tree circuit Bw (or Bw′), as
introduced in Sec. III. Before searching for a permutation of
the ancilla targets, we must decide how many ancilla qubits
are needed and which data qubits should act as controls. This
is hard to decide in general, but we can narrow down the
search due to the structure of the possible faults.

Let us consider the simplest case first, namely, constructing
FT2 cat state preparation circuits. If the ancilla had fewer than
w/2 qubits, then two qubits participating in the same CNOT of
the last layer of the data circuit would not be connected to the
ancilla, making certain weight-2 propagated errors completely
undetectable. Thus w′ � w/2 is necessary, and in fact already
sufficient. With w/2 controls, each size-2 subtree is connected
to the ancilla, and the cancellations shown in Fig. 2 can be
avoided by ensuring that entire subtrees never map to entire
subtrees.

The size of a subtree can also be used to determine the
minimal sizes of the required ancilla states. Consider, for
example, a subtree with 4 qubits, which means that a single
error can lead to a weight-4 error on the data qubits. If only
one or two of the qubits are connected to the ancilla state, up
to two single-qubit errors are sufficient to cancel the copied
errors on the ancilla. This is completely independent of the
target permutation. Therefore, to achieve FT3, at least three
of those data qubits must be connected to the ancilla state.
Since this has to be true for a size-4 subtree, we know that
FT3 cat state preparation requires an ancilla state of size at
least (3/4)w.

This argument straightforwardly generalizes to larger sub-
trees as well. If there is a subtree of size 8, then FT7

preparation requires that at least 7 of those qubits be con-
nected to the ancilla state, and FT7 preparation of (large
enough) cat states therefore requires at least a (7/8)w qubit
ancilla.

Slightly larger ancillas may be needed once propagated
ancilla faults are also taken into account, but these lower
bounds greatly simplify the search for a possible choice of
ancilla size and control qubits.

The structured nature of these fault sets allows for explicit
constructions for specific cases. In Appendix B we sketch a
general FT4 construction that does not rely on combinatorial
search.

C. Checking fault tolerance for a fixed set of controls

Once a candidate ancilla size w′ and a set of control
positions have been selected, the remaining task is to find
a permutation of the w′ ancilla qubits that yields an FTt

transversal CNOT. To search efficiently over permutations, we
need a fast check for fault tolerance.
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Let π : Fw
2 → Fw′

2 be the projection of an error onto the
chosen control qubits. For each k, we precompute the pro-
jected fault set

Pk = π (Ek ).

Many errors in Ek might have the same projection, so for each
projected pattern e′ ∈ Pk , we retain only a maximal-weight
representative

Rk = {arg maxe∈π−1(e′ )wt(e) | e′ ∈ Pk}.
These representatives capture exactly the error patterns that
could compromise fault tolerance. Storing only Rk reduces
the memory overhead significantly, as many errors in Ek are
projected identically, and we only keep the worst-case preim-
age of each projection.

An error e ∈ Rk violates fault tolerance precisely if
(1) fewer than wt(e) − k − 1 faults in C ′ are sufficient to

cancel π (e), and
(2) that many faults are still allowed to occur, i.e., wt(e) −

k − 1 � t − k.
This means that fault tolerance is violated if π (e) can be

canceled by at most

hk (e) := min [t − k, wt(e) − k − 1]

faults on the ancilla.
We therefore precompute, for each e ∈ Rk , the set of bad

images:

Bad(e) =
{

e′ ∈
hk (e)⋃
k′=1

Ek′ (C ′) | wt(e′) = wt(e)

}
,

which are the errors in the ancilla state that could potentially
cancel a projected data error under permutation.

Given this set, checking whether a permutation σ is FTt

reduces to verifying that

σ [π (e)] /∈ Bad(e) for all k < t and all e ∈ Rk .

As long as we can store the sets Rk for each k and Bad(e)
for each error in these sets, checking whether a permutation is
fault tolerant can be done efficiently for each error.

Example 4. Consider the preparation of a w = 6 qubit cat
state shown in Fig. 3. Here, the qubits 0, 2, 3, and 4 have
already been selected as control qubits. The fault set (up to
stabilizer) of that 6-qubit preparation circuit is

{[0, 0, 0, 0, 0, 1], [0, 0, 0, 0, 1, 0], [0, 0, 0, 1, 0, 0],

[0, 0, 1, 0, 0, 0], [0, 1, 0, 0, 0, 0], [1, 0, 0, 0, 0, 0],

[1, 1, 0, 0, 0, 0], [0, 0, 0, 1, 1, 0], [1, 1, 1, 0, 0, 0]}.
Projecting this onto the controls gives the projected fault

set

{[1, 0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1], [1, 1, 0, 0]}.
The only high-weight fault in this projected set is [1,1,0,0],
which is the projection of [0,0,0,1,1,0] (drawn in blue in
Fig. 3) or [1,1,1,0,0,0] (drawn in red in Fig. 3). This means
that in this case R1 is simply {[1, 1, 1, 0, 0, 0]}. The projection
of [1,1,1,0,0,0] has weight two, so the bad images are all

FIG. 3. Fault-tolerance check: precomputing what errors on the
ancilla can cancel with the worst-case errors on the data qubit allows
for fast checking of fault tolerance based on the permutation σ .

weight-two faults in the single-qubit fault set of the ancilla
preparation circuit:

Bad([1, 1, 1, 0, 0, 0]) = {[1, 1, 0, 0], [0, 0, 1, 1]}.
With this, we can quickly check candidates for the permu-
tation σ that makes the preparation FT2. For example, the
permutation

σ =
(

0 1 2 3
1 0 3 2

)

does not work because σ projects [1,1,1,0,0,0] onto
[1, 1, 0, 0] ∈ Bad([1, 1, 1, 0, 0, 0]). On the other hand,

σ =
(

0 1 2 3
0 2 1 3

)

does work.
With a way to narrow down the search for the choice of

controls and an efficient method for checking the fault toler-
ance of a candidate permutation, we now turn to the task of
actually constructing FTt partial transversal CNOTS.

VI. COMBINATORIAL SEARCH METHODS

While we are particularly interested in fault-tolerant cat
state preparation circuits using a balanced binary-tree struc-
ture, the methods presented in this section apply to arbitrary
unitary cat state preparation circuits C, C ′. The only informa-
tion required is the single-qubit fault sets E1(C) and E1(C ′) of
the two cat state preparation circuits, as well as the target fault
distance t . Any binary tree on w qubits can be turned into a
cat state preparation circuit, and the single-qubit fault set is
immediately given by the set of proper subtrees.

While the circuit structure Bw has the lowest possible depth
for a unitary cat state preparation circuit, additional (e.g.,
hardware) constraints might necessitate other preparation
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circuits. Cat states can also be prepared in constant depth
using dynamic circuits with midcircuit measurement and
feedback [41,42]. Engineered dissipation provides another
nonunitary route in which the target GHZ state is obtained as
the unique steady state of engineered open-system dynamics
rather than via a finite-depth unitary circuit [43,44]. Since the
dynamic correction is based on the parity of the measurement
bits and since a single measurement might be involved in
a linear number of corrections, these circuits are also not
directly fault tolerant.

Based on single-qubit fault sets of some unitary cat state
preparation circuit, we can attempt to search for fault-tolerant
partial CNOTS.

A. Direct search for target permutation using satisfiability
modulo theories

For a fixed choice of the w′ control positions on the w-qubit
data cat state, the task is to determine how these controls are
wired to the w′-qubit ancilla cat state. We encode this problem
as a satisfiability instance over integer variables and solve it
using an SMT solver [45,46].

The wiring is represented by a symbolic permutation σ =
(σ1, . . . , σw′ ), where each variable σi takes values in [w′]
and specifies the ancilla qubit targeted by the ith control. To
ensure that each ancilla qubit is targeted exactly once, the
tuple (σ1, . . . , σw′ ) is constrained to be a bijection:∧

i∈[w′]

∧
j∈[w′]\{i}

σi �= σ j .

We now describe how a projected error pattern on the
control qubits propagates through such a permutation. Any
projected error is represented as a bit string e ∈ {0, 1}w′

, with
support S(e) = {i | ei = 1} and weight |e|. Given an assign-
ment to the permutation variables σ , the induced error on the
ancilla is another bit string eσ ∈ {0, 1}w′

, whose entries are
defined by

eσ
j ⇔

∨
i∈S(e)

(σi = j), j = 1, . . . ,w′.

That is, the jth ancilla qubit is affected if at least one control
qubit in the support of e is wired to it. Since σ is a permuta-
tion, this mapping preserves Hamming weight:

w′∑
j=1

eσ
j = |e|.

For each error e, let Bad(e) ⊆ {0, 1}w′
denote the set of bad

images as defined in Sec. V C, each of which has weight |e|.
For each e′ ∈ Bad(e), we add the clause

w′∨
j=1

(
e′

j �= eσ
j

)
,

which forbids the solver from mapping e to any image in
Bad(e).

The downside of this encoding is that all forbidden propa-
gations must be encoded up front, even if a small subset of
these propagated faults is sufficient to constrain the choice
of permutation. Furthermore, the encoding is specific to the

choice of control qubits and it might be necessary to solve
multiple instances for different choices of control qubits.

B. Simultaneous search for control qubits
and target permutation with CEGAR

We now describe a combined exact approach that simulta-
neously searches over the choice of w′ control qubits among
the w data qubits and the wiring to the w′ ancilla qubits,
without encoding all fault propagations up front. Because
the resulting search space is enormous, we adopt a CEGAR
strategy.

CEGAR [47] is an iterative approach in which one first
solves a coarse abstraction of the problem and then checks
whether the candidate solution satisfies the full specification.
If a counterexample is found, it is used to refine the abstraction
by adding constraints that rule out the offending behavior.
This solve-check-refine loop is repeated until either a valid
solution is obtained or unsatisfiability is proved.

In our setting, the initial abstraction captures only the struc-
tural constraints:

(1) exactly w′ data qubits are selected as controls, and
(2) the selected controls are wired bijectively to the w′

ancilla qubits.
For each data qubit q ∈ [w], we introduce a Boolean vari-

able ctrlq indicating whether q is selected as a control, and
an integer variable trgtq ∈ {1, . . . ,w′} specifying the ancilla
qubit targeted by q if ctrlq = 1. A valid partial transversal
CNOT is enforced by the constraints

w∑
q=1

ctrlq = w′,

which ensures that exactly w′ controls are chosen, and∧
u<v

(ctrlu = 0 ∨ ctrlv = 0 ∨ trgtu �= trgtv ),

which enforces that no two selected control qubits are con-
nected to the same ancilla target.

Given a candidate assignment (ctrl, trgt), we construct the
corresponding partial transversal CNOT CX and its induced
error mapping f , and check whether the resulting construction
is FTt . If no violation is found, the search terminates with an
FTt partial transversal CNOT (Fig. 4).

If the checker identifies a counterexample, that is, a pro-
jected error e whose induced image f (e) ∈ Bad(e)1 under the
current assignment (ctrl, trgt), we refine the abstraction by
adding a blocking clause that excludes this specific assign-
ment.

Concretely, for each ancilla index j = 1, . . . ,w′, we intro-
duce the Boolean formula

b j (e) :=
∨

q∈[w]
ctrlq=1, eq=1

(trgtq = j),

1Since the choice of control qubits is determined jointly with the
wiring, the sets Bad(e) cannot be fully precomputed. In practice,
computing and caching them on demand works well, as valid control
selections are typically found early.
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FIG. 4. Constructing FTt partial transversal CNOTs for cat state
preparation using CEGAR. An initial SAT formula � is iteratively
refined by adding blocking clauses forbidding counterexamples until
satisfiability is decided.

which evaluates to true if and only if the projected error has
suport on ancilla qubit j. To prevent this projection from
recurring, we add the clause

w′∨
j=1

( f (e) j �= b j (e)),

thereby excluding the current assignment.
This refinement process accumulates blocking clauses as

new counterexamples are discovered, progressively shrinking
the search space until either an FTt partial transversal CNOT is
found or unsatisfiability is established.

The advantage of this CEGAR formulation is that it avoids
encoding all forbidden projections up front, and instead learns
only those constraints that are required to eliminate observed
counterexamples. In some instances, however, a large number
of refinements may be needed before convergence. In such
cases, it can be advantageous to fix the choice of control qubits
and directly search for a fault-tolerant wiring, as discussed in
the previous section.

C. Heuristic local search

In addition to the exact SMT encoding(s), we also em-
ploy a heuristic local search strategy that operates directly
on the space of ancilla permutations. Remember that for a
fixed choice of the w′ control positions, the task is to find a
permutation of the w′ ancilla qubits such that any error e is
not projected onto an error in Bad(e).

The procedure begins with a random permutation of the w′
ancilla positions. For a given permutation, we check whether
the permutation of any projected error is in the precomputed
bad images Bad(e). If such an e exists, we attempt to adjust the
permutation so that e is no longer a violation. This can be done
by swapping qubits in the support of e with qubits outside
the support. Note that this is not guaranteed to converge, but
in practice, it often eliminates the conflicts quickly. If the
search becomes stuck while trying to eliminate the violation,
occasional random permutations are performed in the hope of
breaking the cycle in the search.

Pseudocode for this algorithm is shown in
Algorithm 1. This randomized repair process continues
until either a valid permutation is found or the maximum
number of iterations is reached. While the method does not
guarantee completeness—there may exist valid permutations
that it fails to discover—it often succeeds in practice for
moderate system sizes.

A key challenge of this approach is that repairing a conflict
for one error e does not guarantee that previously repaired
conflicts remain satisfied. In other words, a swap that elim-
inates f (e) ∈ Bad(e) may introduce a new violation for a
different error e′. Our procedure is inspired by the resampling
algorithm of Moser and Tardos [48], originally developed as
a constructive proof of the Lovász local lemma, which de-
scribes the conditions under which a search procedure for such
rare combinatorial objects is successful. Although the formal
conditions of the lemma do not hold in our setting, the same
randomized repair philosophy often succeeds in practice. Re-
peated swaps and occasional random perturbations typically
shuffle the permutation into a globally valid configuration
before the iteration budget is exhausted.

D. Comparison of the three search approaches

Table II shows an overview of the benefits and downsides
of each of the proposed methods. The CEGAR approach is
the most general as it does not presuppose a selection of
control qubits for the transversal CNOT. It can certify both
the existence and the nonexistence of a fault-tolerant partial
transversal CNOT for a given w′, and can often solve SAT
instances much faster than the direct SMT encoding. UNSAT
instances, on the other hand, are often slow to solve due to the
large number of iterations required. The SAT/SMT encoding
with fixed controls is narrower in scope, but if an instance is
UNSAT, this approach can often prove this very quickly in
practice. If the number of different choices of control qubits
can be narrowed down, this direct encoding can be very effec-
tive for unsatisfiable instances. The local search heuristic is by

ALGORITHM 1. Heuristic search for fault-tolerant partial
CNOT.
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TABLE II. Comparison of the three search strategies.

Method (scope) Summary

SAT/SMT
Permutation

Pros: Exact; often proves UNSAT quickly;
direct encoding of forbidden errors.

Cons: Must be repeated for many control
sets; typically slowest on SAT instances.

CEGAR Pros: Can prove SAT/UNSAT; refinement
Controls + keeps formulas small.
permutation Cons: May require many refinements to

prove UNSAT.

Local search
Permutation

Pros: Fast; often finds a valid permutation
quickly in practice.

Cons: Heuristic; no completeness or
UNSAT guarantees.

far the fastest and often succeeds quickly, but it cannot certify
unsatisfiability and may fail to find a fault-tolerant CNOT even
if one exists.

In practice, we combine these methods. The solver first
attempts the joint CEGAR search, and only if this times out
do we iterate over control selections and apply the SAT/SMT
encoding together with the local search. Since the direct SMT
encoding is fast for UNSAT instances, we use it to quickly
filter out choices of controls that do not work, thereby avoid-
ing the need for heuristic search to iterate over permutations
unnecessarily if the instance is UNSAT. This layered strategy
balances generality, exactness, and speed: the most powerful
method is tried first, while the faster but less reliable methods
act as fallbacks when exact approaches run out of time.

VII. EVALUATION

The proposed search algorithms for FTt transversal CNOTS

have been implemented in PYTHON and used to construct
fault-tolerant cat state preparation schemes for up to 49 qubits
and fault distances of up to 9. In this section, we show the
resource costs and circuit-level simulation results of the pro-
posed scheme in comparison with the general recursive cat
state preparation construction from [26]. The PYTHON imple-
mentation, along with all generated circuits, is available via
the open-source MQT QECC repository [49], which is part of
the Munich Quantum Toolkit [50].

A. Simulation setup

The circuits were generated using different machines run-
ning UBUNTU 22.04 and required at most 128 GB.

The circuits were simulated using the open-source stabi-
lizer simulator STIM [51] with a standard depolarizing noise
model [10,15,22] parametrized by a single noise parameter
p:2

(1) All 2-qubit gates are followed by 2-qubit depolarizing
noise of strength p.

2While only bit-flip noise is relevant for our purposes, we employ
a standard noise model often used in circuit-level noise simulations
to make our simulations more easily comparable to other settings.

(2) All initializations flip with a probability 2/3 p.
(3) All measurements flip with a probability 2/3 p.
For the proposed transversal verification scheme, we sim-

ulate the entire circuit and postselect on the all-0 or all-1
Z-basis measurement of the ancilla. If no error is detected on
the ancilla, the data is measured out fault-free to obtain a bit
string b ∈ {0, 1}w. Let n be the number of shots simulated, nacc

the number of accepted shots, and B be the set of measured
data bitstrings of the accepted shots. Based on this date, we
estimate the acceptance rate Racc and the probability Pk that k
bits are flipped on the data as

Racc = nacc

n
,

Pk = 1

|B|
∑
b∈B

�
�

⎛
⎝∑

i∈[w]

bi

⎞
⎠ = k

�
�,

where bi ∈ {0, 1} is the ith bit of the bit string b and �·� denotes
the Iverson Bracket, which interprets Bools as integers.

The simulation of the recursive cat state construction pro-
ceeds in a similar fashion.

B. Discussion

A comparison of the resulting generated circuits in terms
of the number of CNOTS and qubits required to fault-tolerantly
prepare a data cat state of a certain size is shown in Fig. 5.
We observe that, on both accounts, the proposed transversal
construction utilizes fewer resources than the recursive con-
struction. For larger cat state sizes, up to 20 CNOT gates and
qubits can be saved.

This also translates to an improved acceptance rate for
larger cat states and higher fault distances as can be seen in
Fig. 6, which shows the acceptance rates for simulation runs
at physical error rates of 1% (Fig. 6) and 0.1% [Fig. 6(b)].
While for high physical error rates of 1% the difference in
acceptance rates is as high as 8%, for higher-weight cat states,
the difference in acceptance rate can still be as high as 2.5%
even for physical error rates of 0.1%. The difference is less
significant for lower error rates.

In contrast to the acceptance rate, the difference is more
pronounced when it comes to errors on the data cat state after
postselection. Consider the error rate plots in Fig. 7, which
show simulated error rates for FT3 cat states at error rates
p = 1%. Since the circuits are constructed to be only fault
tolerant against 3 errors, we expect the probability that we
observe 4 errors to be about as high as the probability that we
observe 3 errors. This is also what we see in the simulations
of the recursive construction. However, the transversal veri-
fication actually performs much better than that. We observe
that P4 remains approximately an order of magnitude lower
than P3. Although P5 is not a magnitude lower than P4 for
smaller cat states, the scaling is quite favorable compared
to the recursive construction. The same phenomenon can be
observed for the FT4 (Fig. 8) cat states, where 5 bitflips are
more likely for the recursive construction compared to the
transversal construction.

The reason for this is that while the transversal construction
is not guaranteed to catch all problematic combinations of 4
errors in the FT3 case, there are only very few combinations
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No. of No. of

FIG. 5. Comparison of the required number of CNOT gates (a) and qubits (b) for cat state preparation circuits for different cat state sizes
and fault distance. “Transversal” corresponds to the proposed construction and “recursive” corresponds to the construction from Ref. [26].

that pass verification undetected. The recursive construction
only checks 3 qubits of each state when combining them
with ZZ measurements and so might miss errors on the other
qubits.

Therefore, even if the overhead savings in acceptance
rate, depth, qubits, or CNOTS are not substantial for small
fault distances, the transversal construction may still provide
higher-quality cat states.

More details about the constructed circuits are listed in
Appendix A.

Note that the particulars of the acceptance and error rates
are dependent on the utilized error model. A comparatively
high measurement error present on some hardware platforms

[28] for example will have a detrimental impact on the accep-
tance rate as any flipped measurement will result in the state
being discarded. More complex noise like crosstalk might also
significantly impact the error rate of the produced states. Fea-
sibility of the proposed constructions will have to be evaluated
for a given hardware-specific error model to draw definite
conclusions.

VIII. CONCLUSION

In this work, we propose a method for the fault-tolerant
construction of cat states using two cat states: a transversal
CNOT gate and postselection. We demonstrate that fault toler-

FIG. 6. Comparison of acceptance rates for cat state preparation. “Transversal” corresponds to the proposed construction and “recursive”
corresponds to the construction from Ref. [26]. Each cell shows the absolute acceptance rate for the transversal (top) and recursive (bottom)
constructions. The hue indicates the difference in acceptance rates of the two constructions. (a) Acceptance rates for simulations using a
physical error rate of p = 1%. (b) Acceptance rates for simulations using a physical error rate of p = 0.1%.
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FIG. 7. Error rates for FT3 cat state preparation at p = 1%. Pk is the probability that k bitflips are measured on the data after postselection.
(a) Error rates of circuits constructed using the proposed methods. (b) Error rates of circuits synthesized using the construction from Ref. [26].

ance of this construction depends on the precise connection
between the two cat states and the transversal CNOT, and
propose three different approaches for finding fault-tolerant
CNOTS. We show that for the parameter ranges for which
we are able to solve this combinatorial search problem, our
construction outperforms the log-depth construction from
Ref. [26] in terms of depth, qubit, and CNOT overhead. Fur-
thermore, circuit-level noise simulations demonstrate that our
construction exhibits higher acceptance rates and lower error
rates compared to Ref. [26].

While the constructed circuits themselves might have ap-
plications in certain Shor-style syndrome extraction schemes
[2] or as a resource for other QEC schemes [33], the proposed
search methods might have applications for finding other
fault-tolerant constructions. The CEGAR search in particu-
lar might prove useful for other “brute-force” fault-tolerance

constructions as it does not require encoding all constraints up
front.

While the approaches of this work and Ref. [26] are very
different—the former substituting the formal elegance of the
latter with raw compute—they complement each other well as
the circuits constructed in this work can be used as a starting
point for further fault-tolerance construction in fault-tolerant
rewriting. For example, to construct even larger cat states, the
optimized circuits of the proposed constructions can be used
as part of the recursive construction in Ref. [26].
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APPENDIX A: FULL LIST OF CIRCUIT CONSTRUCTIONS

In the following, we list acceptrance rates (RA), depth (d ),
number of CNOT gates (CX), and number of qubits (Q) for all
cat state preparation circuits constructed using the proposed
methods as well as circuits constructed using the recursive
construction from [26]. The � columns list the difference
between the circuits obtained using the proposed methods and
Ref. [26]. The results are listed in Tables III, IV, V, VI, VII,
VIII, and IX.

TABLE III. Comparison of FT3 cat state preparation protocols at
physical error rate p = 0.1%.

w This work Recursive [26] �

RA d CX Q RA d CX Q RA d CX Q

8 97.66 5 18 14 97.94 7 16 13 −0.29 −2 2 1
9 97.72 6 19 15 97.91 7 18 15 −0.18 −1 1 0
10 97.20 6 22 17 97.87 7 20 17 −0.66 −1 2 0
11 96.93 6 25 19 97.53 7 23 19 −0.60 −1 2 0
12 96.47 6 28 21 97.19 7 26 21 −0.72 −1 2 0
13 96.41 6 29 22 96.66 8 29 23 −0.24 −2 0 −1
14 95.89 6 32 24 96.13 8 32 25 −0.24 −2 0 −1
15 95.49 6 35 26 95.61 8 35 27 −0.12 −2 0 −1
16 95.16 6 38 28 95.09 8 38 29 0.08 −2 0 −1
17 95.16 7 39 29 95.05 8 40 31 0.11 −1 −1 −2
18 94.78 7 42 31 95.01 8 42 33 −0.23 −1 0 −2
19 94.39 7 45 33 94.97 8 44 35 −0.58 −1 1 −2
20 94.00 7 48 35 94.94 8 46 37 −0.93 −1 2 −2
21 93.77 7 49 36 94.61 8 49 39 −0.84 −1 0 −3
22 93.50 7 52 38 94.28 8 52 41 −0.78 −1 0 −3
23 93.12 7 55 40 93.96 8 55 43 −0.84 −1 0 −3
24 92.61 7 58 42 93.63 8 58 45 −1.02 −1 0 −3
25 92.56 7 59 43 93.12 9 61 47 −0.56 −2 −2 −4
26 92.18 7 62 45 92.61 9 64 49 −0.43 −2 −2 −4
27 91.98 7 65 47 92.11 9 67 51 −0.12 −2 −2 −4
28 91.36 7 68 49 91.60 9 70 53 −0.24 −2 −2 −4
29 91.49 7 69 50 91.11 9 73 55 0.39 −2 −4 −5
30 91.06 7 72 52 90.61 9 76 57 0.45 −2 −4 −5
31 90.62 7 75 54 90.11 9 79 59 0.51 −2 −4 −5
32 90.31 7 78 56 89.63 9 82 61 0.68 −2 −4 −5
33 90.25 8 79 57 89.59 9 84 63 0.66 −1 −5 −6
34 89.71 8 82 59 89.55 9 86 65 0.15 −1 −4 −6

TABLE IV. Comparison of FT4 cat state preparation protocols at
physical error rate p = 0.1%.

w This work Recursive [26] �

RA d CX Q RA d CX Q RA d CX Q

8 97.66 5 18 14 97.66 8 18 14 −0.00 −3 0 0
9 97.72 6 19 15 97.62 8 20 16 0.10 −2 −1 −1
10 97.20 6 22 17 97.58 8 22 18 −0.38 −2 0 −1
11 96.93 6 25 19 97.24 8 25 20 −0.31 −2 0 −1
12 96.47 6 28 21 96.90 8 28 22 −0.44 −2 0 −1
13 96.07 6 31 23 96.38 8 31 24 −0.31 −2 0 −1
14 95.89 6 32 24 95.85 8 34 26 0.04 −2 −2 −2
15 95.49 6 35 26 95.05 9 39 29 0.45 −3 −4 −3
16 95.16 6 38 28 94.26 9 44 32 0.91 −3 −-6 −4
17 95.16 7 39 29 94.22 9 46 34 0.95 −2 −7 −5
18 94.78 7 42 31 94.18 9 48 36 0.61 −2 −6 −5
19 94.39 7 45 33 94.14 9 50 38 0.25 −2 −5 −5
20 94.00 7 48 35 94.10 9 52 40 −0.10 −2 −4 −5
21 93.49 7 51 37 93.78 9 55 42 −0.29 −2 −4 −5
22 93.44 7 52 38 93.45 9 58 44 −0.01 −2 −6 −6
23 93.00 7 55 40 93.13 9 61 46 −0.14 −2 −6 −6
24 92.67 7 58 42 92.81 9 64 48 −0.14 −2 −6 −6
25 92.17 7 61 44 92.30 9 67 50 −0.13 −2 −6 −6
26 91.97 7 64 46 91.80 9 70 52 0.17 −2 −6 −6
27 91.53 7 67 48 91.30 9 73 54 0.23 −2 −6 −6
28 91.42 7 68 49 90.80 9 76 56 0.62 −2 −8 −7
29 91.04 7 71 51 90.04 10 81 59 1.00 −3 −10 −8
30 90.67 7 74 53 89.29 10 86 62 1.38 −3 −12 −9
31 90.35 7 77 55 88.54 10 91 65 1.81 −3 −14 −10
32 90.13 7 78 56 87.80 10 96 68 2.32 −3 −18 −12
33 89.88 8 81 58 87.77 10 98 70 2.11 −2 −17 −12

APPENDIX B: A GENERAL FT4 TRANSVERSAL
CAT STATE CONSTRUCTION

The combinatorial search approach from Sec. V applies to
arbitrary cat state preparation circuits. Its scalability, however,
is limited by the size of the fault sets induced by the chosen
preparation circuit. For highly structured circuits, one can
instead hope for explicit constructions that work for arbitrary
cat state sizes. In this section, we give such a construction
for FT4 cat state verification when the cat state size is a
power of 2.

We begin with the simpler FT3 case. Let w = 2n, and
let the data cat state be prepared using the balanced binary-
tree circuit Bw. As discussed in Sec. V A, any propagated
single fault in Bw has support equal to the leaf set of a
rooted subtree. In particular, every propagated fault has weight
2k for some k, depending on the level at which the fault
occurs.

To obtain an FT3 partial transversal CNOT to an ancilla
cat state, every propagated weight-four fault in the data must
intersect the set of control qubits in at least 3 positions. Indeed,
if only 2 qubits of such a weight-four subtree were connected
to the ancilla, then two independent single faults could already
cancel on the ancilla side while leaving a nontrivial residual
error on the data. It follows that from each size-four subtree of
the data cat state, at least 3 qubits must be chosen as controls.
Since there are 2n−2 such subtrees, the ancilla must therefore
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TABLE V. Comparison of FT5 cat state preparation protocols at
physical error rate p = 0.1%.

w This work Recursive [26] �

RA d CX Q RA d CX Q RA d CX Q

10 97.20 6 22 17 97.29 8 24 19 −0.09 −2 −2 −2
11 96.93 6 25 19 96.96 8 27 21 −0.03 −2 −2 −2
12 95.77 6 32 23 96.62 8 30 23 −0.85 −2 2 0
13 95.66 6 33 24 96.09 9 33 25 −0.44 −3 0 −1
14 95.27 6 36 26 95.57 9 36 27 −0.31 −3 0 −1
15 95.28 6 37 27 94.77 9 41 30 0.51 −3 −4 −3
16 94.88 6 40 29 93.98 9 46 33 0.91 −3 −6 −4
17 94.82 7 41 30 93.94 9 48 35 0.88 −2 −7 −5
18 94.10 7 46 33 93.90 9 50 37 0.20 −2 −4 −4
19 93.99 7 47 34 93.59 9 54 40 0.40 −2 −7 −6
20 93.27 7 52 37 93.28 9 58 43 −0.01 −2 −6 −6
21 93.16 7 53 38 92.96 9 61 45 0.20 −2 −8 −7
22 92.77 7 56 40 92.64 9 64 47 0.14 −2 −8 −7
23 92.33 7 59 42 92.31 9 67 49 0.01 −2 −8 −7
24 92.01 7 62 44 92.00 9 70 51 0.01 −2 −8 −7
25 91.96 7 63 45 91.49 10 73 53 0.47 −3 −10 −8
26 91.31 7 68 48 91.00 10 76 55 0.31 −3 −8 −7
27 91.00 7 71 50 90.50 10 79 57 0.50 −3 −8 −7
28 90.56 7 74 52 90.01 10 82 59 0.56 −3 −8 −7
29 90.45 7 75 53 89.25 10 87 62 1.20 −3 −12 −9
30 90.08 7 78 55 88.51 10 92 65 1.57 −3 −14 −10
31 89.70 7 81 57 87.77 10 97 68 1.94 −3 −16 −11
32 89.34 7 84 59 87.03 10 102 71 2.30 −3 −18 −12
33 89.23 8 85 60 87.00 10 104 73 2.23 −2 −19 −13

TABLE VI. Comparison of FT6 cat state preparation protocols at
physical error rate p = 0.1%.

w This work Recursive [26] �

RA d CX Q RA d CX Q RA d CX Q

12 95.78 6 32 23 96.34 8 32 24 −0.56 −2 0 −1
13 95.66 6 33 24 95.81 9 35 26 −0.15 −3 −2 −2
14 94.99 6 38 27 95.29 9 38 28 −0.30 −3 0 −1
15 94.87 6 39 28 94.49 9 43 31 0.38 −3 −4 −3
16 94.61 6 42 30 93.70 9 48 34 0.90 −3 −6 −4
17 94.61 7 43 31 93.67 9 50 36 0.94 −2 −7 −5
18 94.17 7 46 33 93.63 9 52 38 0.54 −2 −6 −5
19 93.78 7 49 35 93.32 9 56 41 0.46 −2 −7 −6
20 93.39 7 52 37 93.01 9 60 44 0.39 −2 −8 −7
21 93.16 7 53 38 92.69 9 63 46 0.47 −2 −10 −8
22 92.77 7 56 40 92.36 9 66 48 0.41 −2 −10 −8
23 92.12 7 61 43 91.77 9 71 51 0.35 −2 −10 −8
24 92.01 7 62 44 91.19 9 76 54 0.82 −2 −14 −10
25 91.36 7 67 47 90.69 10 79 56 0.67 −3 −12 −9
26 91.31 7 68 48 90.20 10 82 58 1.11 −3 −14 −10
27 90.73 7 73 51 89.71 10 85 60 1.02 −3 −12 −9
28 90.56 7 74 52 89.22 10 88 62 1.34 −3 −14 −10
29 90.13 7 77 54 88.47 10 93 65 1.65 −3 −16 −11
30 90.08 7 78 55 87.73 10 98 68 2.35 −3 −20 −13
31 89.18 7 85 59 87.00 10 103 71 2.19 −3 −18 −12
32 89.02 7 86 60 86.27 10 108 74 2.75 −3 −22 −14
33 88.97 8 87 61 86.24 10 110 76 2.73 −2 −23 −15

TABLE VII. Comparison of FT7 cat state preparation protocols
at physical error rate p = 0.1%.

w This work Recursive [26] �

RA d CX Q RA d CX Q RA d CX Q

14 94.99 6 38 27 95.01 9 40 29 −0.02 −3 −2 −2
15 94.87 6 39 28 94.22 9 45 32 0.66 −3 −6 −4
16 94.27 6 44 31 93.43 9 50 35 0.84 −3 −6 −4
17 94.20 7 45 32 93.39 9 52 37 0.81 −2 −7 −5
18 93.49 7 50 35 93.35 9 54 39 0.14 −2 −4 −-4
19 93.38 7 51 36 93.05 9 58 42 0.33 −2 −7 −-6
20 92.72 7 56 39 92.74 9 62 45 −0.01 −2 −6 −6
21 92.67 7 57 40 92.41 9 65 47 0.26 −2 −8 −7
22 91.96 7 62 43 92.09 9 68 49 −0.14 −2 −6 −6
23 91.91 7 63 44 91.51 9 73 52 0.40 −2 −10 −8
24 91.20 7 68 47 90.92 9 78 55 0.28 −2 −10 −8
25 90.82 7 71 49 90.43 10 81 57 0.40 −3 −10 −8
26 90.45 7 74 51 89.93 10 84 59 0.52 −3 −10 −8
27 90.40 7 75 52 89.18 10 89 62 1.22 −3 −14 −10
28 89.71 7 80 55 88.44 10 94 65 1.27 −3 −14 −10
29 89.34 7 83 57 87.70 10 99 68 1.64 −3 −16 −11
30 88.97 7 86 59 86.96 10 104 71 2.01 −3 −18 −12
31 88.54 7 89 61 86.23 10 109 74 2.31 −3 −20 −13
32 87.92 7 94 64 85.51 10 114 77 2.40 −3 −20 −13
33 87.56 8 97 66 85.48 10 116 79 2.08 −2 −19 −13

have size

w′ = 3 × 2n−2.

We now make this more explicit. For k ∈ {0, . . . , n} and
i ∈ {0, . . . , 2k − 1}, let

Sk,i = {i × 2n−k, . . . , (i + 1) × 2n−k − 1}
denote the set of leaves in the ith level-k subtree of Bw. Thus
the level-(n − 2) subtrees are precisely the size-four blocks

{0, 1, 2, 3}, {4, 5, 6, 7}, . . . , {w − 4,w − 3,w − 2,w − 1}.
From each such block we choose the first three qubits as
controls. This yields the control set

C = {4 j, 4 j + 1, 4 j + 2 : j = 0, . . . , 2n−2 − 1},
which has cardinality |C| = 3 × 2n−2 = w′.

TABLE VIII. Comparison of FT8 cat state preparation protocols
at physical error rate p = 0.1%.

w This work Recursive [26] �

RA d CX Q RA d CX Q RA d CX Q

16 94.27 6 44 31 93.16 10 52 36 1.11 −4 −8 −5
17 94.20 7 45 32 93.12 9 54 38 1.09 −2 −9 −6
18 93.49 7 50 35 93.08 9 56 40 0.41 −2 −6 −5
19 93.04 7 53 37 92.77 9 60 43 0.27 −2 −7 −6
20 92.39 7 58 40 92.46 9 64 46 −0.07 −2 −6 −6
24 90.87 7 70 48 90.66 9 80 56 0.22 −2 −10 −8
25 90.50 7 73 50 90.16 10 83 58 0.34 −3 −10 −8
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TABLE IX. Comparison of FT9 cat state preparation protocols at
physical error rate p = 0.1%.

w This work Recursive [26] �

RA d CX Q RA d CX Q RA d CX Q

18 93.49 7 50 35 92.81 10 58 41 0.68 −3 −8 −6
19 93.05 7 53 37 92.50 10 62 44 0.55 −3 −9 −7

The remaining task is to choose an ancilla cat state prepa-
ration circuit and a permutation mapping the control qubits in
C to the ancilla qubits. For the ancilla, we use a tree structure
Tw′ that is analogous to Bw, except that at the lowest level the
leaves are grouped into triples rather than pairs. Equivalently,
Tw′ is obtained by first forming binary trees on each triple of
leaves and then recursively combining these triple blocks in a
balanced binary tree. For example, T6 is given by

We now construct the desired permutation in two steps.
Step 1: Local scrambling. Within each pair of adjacent

control triples, we swap the first qubit of the first triple with
the first qubit of the second triple. Writing the control qubits
in the order induced by C, this gives the permutation

σ1 =
2n−3−1∏

k=0

(6k, 6k + 3).

The role of σ1 is to ensure that the three control qubits orig-
inating from a single size-four subtree of the data are not
mapped into a single size-three subtree of the ancilla. Oth-
erwise, a propagated weight-four data error and a propagated
weight-three ancilla error could already cancel in a way that
violates FT3.

A natural but incorrect idea is to apply this same local
scrambling recursively at higher levels of the tree. Figure 9
illustrates why this fails for w = 32: although no highlighted
subtree on the left is mapped directly onto a single subtree
on the right, a size-16 subtree of the data is mapped into two
size-6 subtrees of the ancilla. Consequently, one can find two
weight-6 errors on the ancilla side that cancels the propagated
error while leaving a residual weight-16 error on the data.
Thus this recursive version of σ1 is not FT3.

Step 2: Global distribution of triples. The previous example
suggests the correct design principle: the image of every data
subtree should be distributed across the ancilla tree as evenly
as possible. After applying σ1, we therefore redistribute the
control triples so that triples from the first half of the data
are mapped to the even-numbered triple blocks of the ancilla,
while triples from the second half are mapped to the odd-
numbered triple blocks.

FIG. 9. Non-FT3 partial transversal CNOT. A size-16 subtree is
mapped to two different size-6 subtrees giving an error configuration
that would cancel on the CNOT.

Formally, let the control indices be numbered 0, . . . ,
w′ − 1. We define

σ2(i) =

⎧⎪⎪⎨
⎪⎪⎩

i + 3

⌊
i

3

⌋
, i < 3 × 2n−3

i − 3 × 2n−3 + 3

(⌊
i − 3 × 2n−3

3

⌋
+ 1

)
, i � 3 × 2n−3.

This maps the first half of the control triples to triple blocks

0, 2, 4, . . . , 2n−2 − 2

of the ancilla and the second half to triple blocks

1, 3, 5, . . . , 2n−2 − 1.

For w = 32, this permutation is shown in Fig. 10(a).
The permutation σ2 eliminates the higher-level clustering

problem described above: the three control qubits from any
given data size-four subtree are sent into ancilla triple blocks
that belong to different larger subtrees. After applying σ2,
the only remaining problematic cancellations are the obvious
local ones, namely, those where a data triple is mapped di-
rectly to a single ancilla triple block. These are precisely the
cancellations removed by σ1.

We therefore define the final permutation as

σ = σ1 ◦ σ2.

For w = 32, the combined permutation is shown in Fig. 10(b).
σ actually also already ensures that no combination of four

subtrees cancel out, which makes this construction FT4 as
well.

The above construction is already sufficient for FT4. Intu-
itively, the distribution enforced by σ2 prevents large subtrees
of the data from concentrating inside too few subtrees of the
ancilla, while σ1 rules out the remaining local weight-three
cancellations. As a result, no combination of four propagated
subtree faults can cancel on the ancilla side while leaving
an uncorrectable residual error on the data. Hence the partial
transversal CNOT defined by σ is FT4.

For cat state sizes that are not powers of 2, one may obtain
a fault-tolerant construction by truncating the corresponding
trees, i.e., by removing leaves from Bw and Tw′ to obtain the
required sizes.
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FIG. 10. The permutations σ2 and σ for w = 32. (a) The permutation σ2 for the w = 32 case distributes the three groups from the first half
of the data cat state to the even-numbered three groups of the ancilla and those from the second half to the odd-numbered three groups. (b)
Concatenating σ1 with σ2 results in the permutation on the right, which is FT4.

Finally, note that the circuits produced by the combi-
natorial search of Sec. V do not in general use ancilla
states prepared with the Tw′ structure. Instead, the search
finds the smallest ancilla size w′ for which there exists a
partial transversal CNOT to an ancilla prepared using the bal-

anced binary-tree circuit Bw′ . This is why the search-based
constructions can sometimes require fewer ancilla qubits than
the explicit construction given here. For w = 2n, however,
the circuits found by the search match the qubit count of the
present construction.
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