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Temporal nonclassicality in continuous-time quantum walks
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Quantum walks represent a paradigmatic framework to explore and manipulate quantum behaviors. In this
paper, we investigate the genuinely quantum features of continuous-time quantum walks by combining a
single-time and a multitime quantifier of nonclassicality. On the one hand, we consider the quantum-classical
dynamical distance DQC(t ), which measures the departure of the time-evolved quantum state of a continuous-
time quantum walk from the classical state of a random walk on the same graph. On the other hand, we
analyze the joint probability distributions associated with sequential measurements of the walker’s position,
assessing their violation of the classical Kolmogorov consistency conditions via a dedicated quantifier K̄ (t ).
We demonstrate a quadratic short-time scaling of K̄ (t ), which differs from the known linear scaling of DQC(t ),
but, as the latter, is fully determined by the degree of the initially occupied node and is independent of the
global graph topology. At longer times, instead, K̄ (t ) exhibits a pronounced topology-driven behavior: it is
strongly suppressed on complete graphs while remaining finite and oscillatory on cycles, in contrast with the
almost topology-independent asymptotics of DQC(t ). We then extend the analysis to Markovian open-system
dynamics, focusing on dephasing in the position basis (Haken-Strobl model) and in the energy basis (intrinsic
decoherence). Site dephasing drives both quantifiers to zero, with the decay of K̄ (t ) controlled by the spectral
gap of the corresponding Lindblad generator. By contrast, energy-basis dephasing preserves a finite asymptotic
value of K̄ (t ), depending on the overlap structure of the Laplacian eigenspaces with the site basis. Our results
demonstrate that distinct notions of nonclassicality lead to qualitatively and quantitatively different assessments
of how quantum a given walk is, pointing at the intricate nature of temporal quantum correlations in networked
quantum systems under realistic decoherence.

DOI: 10.1103/11ty-bsfy

I. INTRODUCTION

Continuous-time quantum walks (CTQWs) are the quan-
tum analog of classical continuous-time random walks [1–4].
Since their introduction, CTQWs have found application
across a variety of research areas, including universal quan-
tum computation [5–7], quantum algorithms [8–12], quantum
transport [13–18], and as probes of graph topologies [19–22].
Experimentally, CTQWs have been realized in different phys-
ical platforms, such as waveguide arrays [23–27], trapped
ions [28], microwave [29], and photonic settings [30,31]. Ex-
perimental realizations, together with the growing range of
applications, have motivated interest in identifying and quan-
tifying the genuinely quantum features of CTQWs, as well
as in understanding how such features manifest in realistic
settings.
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In this context, quantum behaviors are typically under-
stood as distinctive features in the evolution of the walker’s
position probability distribution, a paradigmatic example be-
ing the doubly peaked distribution for a quantum walker on
a line, which contrasts with the Gaussian distribution of a
classical walker [32–34]. Along this line, the comparison
of the evolutions of, respectively, the quantum state of a
CTQW with a classical random-walk probability distribution
is used not only to discriminate between quantum and classi-
cal walks, but also to quantify their difference. For instance,
the quantum-classical dynamical distance DQC(t ) measures
how the quantum evolution deviates from a classical random
walk on the same graph via quantum fidelity [35].

This kind of approach relies on the comparison between
the quantum walker’s state at a given time and the position
probability distribution of a specific classical walk, which
is defined on the same graph and fixes a diagonal structure
on the position basis; however, it does not account for the
comparison of the quantum walk with any possible classi-
cal walk. In fact, it has been shown that, for various types
of random walks, the population distribution generated by a
quantum walk can be reproduced by suitable classical walks,
if one allows time inhomogeneity or memory in the transition
probabilities [36–39].

From a broader perspective, quantum predictions can be
unambiguously discriminated from any classical prediction by
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looking at multitime probabilities, associated with sequential
measurements at different times. This is the key idea behind
the Leggett-Garg inequalities [40–44], and it is based on the
possibility, that is present only at the classical level, of ac-
cessing the value of any observable without disturbing it and
without disturbing the value of any subsequently measured
observable. In other terms, classically, and only classically,
measuring and not making any selection according to the
measurement outcome (more pictorially, measuring and not
reading the outcome) can be the same as not measuring at
all independently from which observable is being measured.
Within the context of sequential measurements at different
times, this property of classical systems is expressed by the
Kolmogorov consistency conditions, i.e., the defining prop-
erties of classical stochastic processes [45], whose violation
then reveals genuinely quantum temporal behaviors [46–52].
Indeed, among many different applications, the Leggett-Garg
inequalities [53] and the Kolmogorov consistency conditions
[54,55] have been used to witness quantum behaviors also in
(discrete-time) quantum walks.

In this work, we make an extended comparison of
the signatures of nonclassicality in CTQWs witnessed by
the quantum-classical dynamical distance DQC(t ) and the
multitime nonclassicality captured by the violation of the
Kolmogorov consistency conditions. The latter is quantified
by examining the two-time joint probability distributions and
by introducing a time-averaged Kolmogorov violation K̄ (t ),
obtained by integrating over the intermediate measurement
time. Our analysis includes both closed- and open-system
[56] dynamics of the walker. For the latter, environmental
effects are modeled in a fully Markovian framework, where
the dynamics is fixed by a Lindblad master equation [57,58]
and the multitime probabilities by the quantum regression
formula [56,59–62]. We find that the two quantifiers show
quite different behaviors. At short times, they display distinct
scaling laws: DQC(t ) grows linearly with time, while K̄ (t ) ex-
hibits a quadratic scaling; yet both depend only on the degree
of the initial node, independently of the global graph topol-
ogy. For unitary walks, at long times the quantum-classical
distance is known to converge to a topology-independent
asymptotic value [35], whereas our analysis reveals that K̄ (t )
exhibits a pronounced topology-driven behavior: it is strongly
suppressed on complete graphs while remaining finite and
oscillatory on cycles. Moving to the open-system scenario,
we show that site-basis dephasing drives K̄ (t ) to zero, while
energy-basis dephasing preserves a finite long-time value,
contrary to DQC(t ), even in the absence of spectral degeneracy
of the Laplacian that fixes the graph.

The remainder of the paper is organized as follows. In
Sec. II, we briefly recall the theoretical framework of CTQWs
and introduce the quantum-classical dynamical distance as a
benchmark single-time quantifier. Section III presents the def-
inition of multitime probabilities for an open quantum system
in the Markovian regime, as well as the Kolmogorov-based
measure of temporal nonclassicality and its main properties.
Section IV provides a detailed analysis of nonclassicality
in unitary quantum walks, emphasizing universal trends and
topology-induced effects. Section V extends the discussion
to open quantum walks with either site- or energy-basis de-
phasing, focusing in particular on the presence or absence

of residual nonclassicality in the long-time regime. Finally,
Sec. VI summarizes our main findings and outlines perspec-
tives for future research.

II. UNITARY AND OPEN-SYSTEM DYNAMICS
OF CONTINUOUS-TIME QUANTUM WALKS

We start by fixing notation for CTQWs, graph Laplacians,
and the open-system models used throughout the paper. These
ingredients provide the starting point for both the single-time
and the multitime nonclassicality introduced later.

A. Unitary dynamics

A CTQW describes the unitary evolution of a quantum
particle in a discrete position space. The positions that the
walker can occupy, together with their connections, are math-
ematically represented by a graph G(V, E ), where V and E are
the sets of vertices and edges, respectively [1–4]. The Hilbert
space of the quantum walker is spanned by the basis vectors
{|k〉}N−1

k=0 which correspond to localized states on the N sites
of the graphs. The dynamics of the walker is governed by a
Hamiltonian H that encodes the topology of the underlying
graph. A common choice for H is the graph Laplacian L, such
that the Hamiltonian is a real symmetric matrix:

H = rL, (1)

where r > 0 is the transition rate. The off-diagonal elements
of the Laplacian L are Ljk = −1 if vertices j and k are
connected and Ljk = 0 otherwise, while the diagonal en-
tries are Lj j = d j , with d j denoting the degree of node j.
Graphs where each node has the same degree dj = d for all
j = 0, . . . , N − 1 are called regular graphs.

The parameter r acts as a temporal scaling factor; in the
following we set r = h̄ = 1, making both time and energy
dimensionless. Moreover, we focus on two regular graph
topologies, representatives of low and maximal connectivity:
the cycle and the complete graph. The Laplacian matrices of
both graphs are circulant [63], which enables an analytical
treatment. For graphs with N vertices, the Laplacian eigen-
vectors for both topologies are given by the discrete Fourier
modes:

|ψk〉 = 1√
N

N−1∑
j=0

ei 2π
N k j | j〉, k = 0, . . . , N − 1. (2)

These states correspond to delocalized wave functions whose
spatial probability distributions are uniform over all sites.

In the cycle graph each node is connected to its two near-
est neighbors, making it suitable to describe systems with
nearest-neighbor interactions. The degree of each vertex is
d = 2, thus making it the least connected topology among
regular graphs. Its Laplacian eigenvalues are

λ
(cycle)
k = 2−2 cos

(
2πk

N

)
, k = 0, 1, . . . , N − 1. (3)

In contrast, in the complete graph each vertex is connected to
all other nodes, with vertex degree d = N − 1. It has maxi-
mal connectivity, and it corresponds to systems with all-to-all
interactions. The Laplacian of the complete graph has two
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distinct eigenvalues:

λ
(compl)
k = N (1 − δk0), k = 0, 1, . . . , N − 1 (4)

where δk0 is the Kronecker delta. The zero eigenvalue corre-
sponds to the ground state while the eigenvalue N corresponds
to the remaining (N − 1) orthogonal states that span the de-
generate subspace. The walker evolves under the action of the
unitary evolution operator U (t ) = e−iLt , so that, assuming a
quantum walk initially localized at node |ν〉, the state at time
t is

|ψν (t )〉 =
∑

k

αkν (t )|k〉, (5)

where the transition amplitudes between nodes are given by
αkν (t ) = 〈k|e−iLt |ν〉. Equation (5) describes the unitary evo-
lution of a closed system.

B. Open-system dynamics

When the walker interacts with an external environment,
the dynamics becomes nonunitary due to decoherence and dis-
sipation effects. In experimental implementations of quantum
walks, such interactions with the environment are unavoid-
able. This raises the crucial question of whether, and to what
extent, the open-system dynamics degrade the quantum char-
acteristics of the evolution, so that a thorough understanding
of decoherence effects in CTQWs is essential for their reliable
use.

To deal with open-system dynamics, the state of the system
has to be described by a density operator ρ(t ), whose time
evolution is governed by a quantum master equation. We
restrict our analysis to Markovian open-system dynamics, so
that the time evolution of the density operator is fixed by the
Lindblad master equation [56–58]

ρ̇(t ) = L[ρ(t )] = −i[L, ρ(t )] + D[ρ(t )], (6)

where D is the dissipator defined by

D[ρ] =
N2−1∑
k=1

γk

(
GkρG†

k − 1

2
{G†

kGk, ρ}
)

, (7)

which accounts for the decoherence and dissipation induced
by the interaction with the environment. The formal solu-
tion of Eq. (6) can be written as ρ(t ) = eLt [ρ(0)], with
ρ(0) = |ν〉〈ν| the initial condition that we will fix throughout
our analysis. In Eq. (6), the coefficients γk � 0 are positive
rates and the Gk are operators that describe the impact of
the interaction with the environment on the open system’s
dynamics. In this work we focus on two important, but differ-
ent, decoherence mechanisms: decoherence described by the
Haken-Strobl master equation [64] and intrinsic decoherence,
i.e., corresponding to dephasing in the energy eigenbasis of
the system Hamiltonian [65].

The Haken-Strobl master equation describes the dynamics
of a quantum system interacting with a local environment that
induces dephasing in the site basis. It is widely used to study
excitation transport in systems coupled to phonons, in pho-
tosynthetic complexes and light-harvesting networks [66–68].
In this model, environmental fluctuations cause random detun-
ings of onsite energies that do not affect population transfer,

but only coherences. The Haken-Strobl operators are local
site projectors Gk = |k〉〈k| for k = 0 . . . N − 1. If we assume
a uniform dephasing rate γk = γ for all sites, the Lindblad
master equation simplifies to

ρ̇(t ) = −i[L, ρ(t )] + γ

(
N−1∑
k=0

ρkk (t )|k〉〈k| − ρ(t )

)
, (8)

where ρkk′ (t ) = 〈k|ρ(t )|k′〉 denotes the state in the node basis.
Equation (8) shows that the dephasing term suppresses all the
off-diagonal elements of the density matrix at rate γ , indepen-
dently of the distance between sites, whereas the populations
ρkk (t ) remain unaffected and evolve only under the coherent
Hamiltonian dynamics.

The second decoherence mechanism we consider induces
pure dephasing in the energy eigenbasis of the Hamiltonian.
The corresponding master equation is obtained from the Lind-
blad equation with a single Lindblad operator coinciding with
the system Hamiltonian (Laplacian) and can be written as

ρ̇(t ) = −i[L, ρ(t )] − γ

2
[L, [L, ρ(t )]], (9)

with γ acting again as the decoherence rate. The solution of
Eq. (9) is given by [69]

ρ(t ) =
∑
λ,λ′


λρ(0)
λ′e−i(λ−λ′ )t− γ

2 (λ−λ′ )2t , (10)

where we introduced the eigenvalues of the Laplacian and
the projectors into the corresponding eigenspaces: given the
eigenbasis {|ψk〉}k=1,...,N ,

L|ψk〉 = �k|ψk〉, (11)

one has


λ =
∑

k:�k=λ

|ψk〉〈ψk|. (12)

Populations in the energy eigenbasis are left unchanged by the
evolution in Eq. (10), while coherences decay exponentially.
For nondegenerate eigenstates, the decay rate increases with
the energy gap |λ − λ′|. This model is often referred to as
intrinsic decoherence, and it was originally introduced to de-
scribe stochastic quantum jumps in time [65] and used in the
context of qubit systems [70,71] and driven quantum systems
[72].

C. Quantum-classical dynamical distance

The evolution of a QW on a given graph is fundamentally
different from its classical counterpart, i.e., a random walk. A
continuous-time random walk describes the stochastic motion
of a classical particle over a graph, characterized by the Lapla-
cian L, which fixes the transition probability from site ν to site
k at time t according to

pkν (t ) = 〈k|e−Lt |ν〉. (13)

In the quantum setting, the state of the classical walker at
time t can be represented by a diagonal density matrix, whose
diagonal entries correspond to the classical transition proba-
bilities:

EC (t ) =
∑

k

pkν (t )|k〉〈k|, (14)
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FIG. 1. Schematic illustration of a multitime measurement pro-
tocol: the quantum walker is sequentially measured at different times
t1, t2, . . . , tn, yielding joint probability distributions that can be used
to quantify temporal nonclassicality.

where we assume a localized initial condition at node ν, i.e.,
pkν (0) = δkν . Relying on this, a single-time measure, called
the quantum-classical dynamical distance DQC(t ), has been
introduced to quantify the difference between classical and
quantum dynamics on the same graph [35,73]: it is defined as

DQC(t ) := 1 − min
ρ0

F [EC (t ), ρ(t )], (15)

where ρ0 is a localized initial state, ρ(t ) is the corresponding
quantum state evolving according to Eq. (6) and F (ρ1, ρ2) =
[Tr
√√

ρ1ρ2
√

ρ1 ]2 is the quantum fidelity between two states.
Note that in regular graphs all nodes are equivalent, so that
any localized initial state satisfies the minimization condition
in Eq. (15).

The quantity DQC(t ) quantifies the deviation between the
quantum and classical evolutions at time t : DQC(t ) = 0 only
when the two dynamics yield indistinguishable probability
distributions, indicating that the QW single-time probabilities
coincide with those obtained for a classical walker whose
evolution is ruled by the same Laplacian. In this sense, the
quantum-classical distance can be used as an operational mea-
sure of quantumness of the walker dynamics.

III. MULTITIME NONCLASSICALITY

In the previous section, we focused on the single-time
probability distributions of a CTQW and a notion of nonclas-
sicality associated with them. Here we move to a multitime
perspective and consider the joint outcome statistics for
sequences of measurements performed at different times, as-
sessing their departure from a classical stochastic description
(see Fig. 1).

A. Kolmogorov-based quantifier of multitime nonclassicality

Again, we start with the case of a unitary evolution of
the walker. Hence, consider a quantum walk initialized in
the state ρ(0), evolving unitarily under Ut = e−iLt , and a
(discrete-value) observable

X =
∑

x

x �x, (16)

where �x is the projector onto the eigenspace associated with
the outcome x. Performing projective measurements of X at
times t1 � t2 � · · · � tn, the joint probability distribution of
getting the sequence of outcomes x1, x2, . . . , xn is given by

Pn(xn, tn; . . . ; x1, t1) = Tr
{
Mxn Utn−tn−1 . . .Mx1 Ut1ρ(0)

}
,

(17)

where we introduced the superoperators

Utρ = UtρU †
t , Mxρ = �xρ�x, (18)

implying that each superoperator acts on everything at its
right.

Having defined the family of multitime quantum prob-
abilities, we now turn to the criterion that we will use to
discriminate them from multitime classical probabilities, i.e.,
from the joint probability distributions associated with classi-
cal stochastic processes. Such a criterion is provided by the
Kolmogorov consistency conditions, which are (along with
positivity and normalization) necessary and sufficient con-
ditions that a family of joint probability distributions must
satisfy in order to be reproduced by an underlying classical
stochastic process [45]. Explicitly, given any n-time joint
probability distribution Pn(xn, tn; . . . ; x1, t1) for any sequence
of outcomes {xn, . . . , x1} at any sequence of times tn � · · · �
t1, the Kolmogorov consistency conditions are given by

Pn−1(xn, tn; . . . ;���xk, tk ; . . . ; x1, t1)

=
∑

xk

Pn(xn, tn; . . . ; xk, tk ; . . . ; x1, t1), (19)

that is, marginalization over the outcome, i.e., measuring and
not performing any selection according to the measurement
outcome, at any time tk is equivalent to not performing any
measurement at that time. This reflects the classical (ideal)
picture that measurements simply reveal preexisting proper-
ties of the system. In contrast, in quantum mechanics also
nonselective measurements can change the state of the system,
thereby disturbing the subsequent evolution and leading to a
violation of the Kolmogorov consistency conditions.

In this work we restrict our analysis to two-time proba-
bilities, on the one hand because violations of Kolmogorov
consistency conditions already manifest at the two-time level,
which is therefore the minimal setting required to reveal mul-
titime nonclassicality. On the other hand, the number of joint
probabilities to be computed grows rapidly with the number of
times, and multitime experiments beyond two points become
increasingly demanding, so that focusing on the two-time
case provides the clearest and most tractable insight into the
nonclassicality of quantum walks. Hence, to quantify devia-
tions from classical consistency conditions, we introduce the
following Kolmogorov nonclassicality quantifier:

K (s, t ) = 1

2

∑
x

∣∣∣∣∑
y

P(x, t ; y, s) − P(x, t )

∣∣∣∣, (20)

where y is the outcome of the observable X at the interme-
diate time s and x is the outcome of the same observable
at the final time t � s. Now, K (s, t ) is the Kolmogorov
distance between the probability distributions, respectively,
{∑y P(x, t ; y, s)}x and {P(x, t )}x. The former can be collected
by performing both the measurements at time s and at time t
and then summing over the possible values of the intermediate
measurement, while the latter is associated with a single mea-
surement at time t . Furthermore, since K (s, t ) is a distance
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between probability distributions, it follows that

0 � K (s, t ) � 1, (21)

with K (s, t ) = 0 if and only if the two distributions coincide,
i.e., if the measurement at time s is effectively noninvasive at
the level of outcome statistics at time t and the Kolmogorov
consistency condition is satisfied.

Indeed, the two-time quantifier K (s, t ) depends on the
choice of the intermediate time s. To remove this arbitrariness
and to ease the comparison with the one-time quantum-
classical distance DQC(t ), we consider its time-averaged value
over s ∈ [0, t],

K̄ (t ) = 1

t

∫ t

0
K (s, t ) ds. (22)

Operationally, K̄ (t ) is the expected Kolmogorov violation
when the intermediate measurement time is drawn uniformly
at random in the interval [0, t]. Since K (s, t ) � 0 for all
s ∈ [0, t], a strictly positive value K̄ (t ) > 0 certifies genuine
two-time nonclassicality within [0, t].

B. Open-system multitime probabilities and quantum
regression formula

When dealing with decoherence, i.e., when considering the
walker as an open system, we will restrict to the Markovian
regime, where the dynamics is generated by the Lindblad
master equation (6). Not only that, but we will also express the
multitime probabilities using the quantum regression formula
[56,59–62], which ensures that the multitime probabilities
evolve under the same dynamical map that governs the quan-
tum state evolution; the validity of the quantum regression
formula can be seen as a strong requirement of Markovianity
[74].

Explicitly, for projective measurements at times s and t � s
of the observable X of an open system whose dynamics is
fixed by the Lindblad generator L, the quantum regression
formula reads as

P(x, t ; y, s) = Tr
[
Mx eL(t−s)MyeLsρ(0)

]
; (23)

note that, compared to the closed-system definition in
Eq. (17), we simply replaced the unitary evolution with the
superoperator eLt that fixes the evolution of the open-system
state, a simple recipe that cannot be applied beyond the
Markovian regime [62,74]. The one-time probability associ-
ated with a single measurement at time t is indeed given by

P(x, t ) = Tr
[
MxeLtρ(0)

] = Tr
[
�x eLtρ(0)

]
. (24)

Introducing the full-dephasing superoperator 
,


ρ =
∑

y

�yρ�y, (25)

which describes the effect of a nonselective projective mea-
surement of X at time s, and using the semigroup composition
law

eLt = eL(t−s)eLs, t � s � 0 (26)

the two-time Kolmogorov quantifier in Eq. (20) can be equiv-
alently written as

K (s, t ) = 1

2

∑
x

∣∣Tr
[
�x eL(t−s)(ρ(s) − 
ρ(s))

]∣∣. (27)

This equation is the starting point of the evaluation of K (s, t ),
along with its time-averaged version K̄ (t ), that will be carried
out in the next sections for CTQWs on different graphs, both
in the unitary case (where simply Lρ = −i[H, ρ]) and in the
presence of Markovian decoherence.

Before doing that, we note that Eq. (27) implies that
K (s, t ) is convex in its dependence on the initial state. Given
ρ(0) = λρ1(0) + (1 − λ)ρ2(0) with 0 � λ � 1, linearity of
the dynamics and of the trace implies that the corresponding
probabilities are convex combinations of those generated by
ρ1(0) and ρ2(0) and then, since the Kolmogorov distance is
convex with respect to each of its arguments, one has indeed

Kλρ1+(1−λ)ρ2 (s, t ) � λKρ1 (s, t ) + (1 − λ)Kρ2 (s, t ). (28)

For this reason, we will always focus on the case of an initial
site-localized state ρ(0) = |ν〉〈ν|. Besides ensuring that there
are no initial coherences with respect to the measurement ba-
sis, so that K (0, t ) = 0, thus isolating temporal nonclassicality
from preparation-induced one, due to Eq. (28) the choice of
an initial localized pure state captures the extremal behavior
of the nonclassicality quantifier.

IV. MULTITIME NONCLASSICALITY IN UNITARY
QUANTUM WALKS

We first analyze the nonclassicality of quantum walks
in the case of a closed-system unitary dynamics. We study
the Kolmogorov nonclassicality quantifier K (s, t ), along with
its time average K̄ (t ), and we determine its topology-
independent short-time behavior, as well as intermediate and
long-time behaviors that instead carry signatures of the spe-
cific topology of the walk, further comparing the multitime
nonclassicality with the single-time nonclassicality as quanti-
fied by the quantum-classical dynamical distance DQC(t ).

A. Universal short-time behavior

Expanding the unitary evolution operator to second order
in time, we see that the one-time probabilities at short times
are given by

P(x, t ) = |〈x|e−iLt |ν〉|2

= δxν − δxν (L2)xνt2 + L2
xνt2 + O(t3), (29)

while the two-time probabilities can be written as

P(x, t ; y, s) = |〈x|e−iL(t−s)|y〉|2|〈y|e−iLs|ν〉|2

= δxyδyν − δyν
(
δxy(L2)xy − L2

xy

)
(t − s)2

− δxy
(
δyν (L2)yν − L2

yν

)
s2 + O(t3), (30)

so that the marginals read as∑
y

P(x, t ; y, s) = δxν − δxν (L2)xν (t2 + 2s2 − 2st )

+ L2
xν (t2 + 2s2 − 2st ) + O(t3). (31)
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Replacing Eqs. (29) and (31) in the definition of K (s, t )
[see Eq. (20)] and using (L2)xx = dx + d2

x and
∑

x �=ν L2
xν = dν ,

we obtain the universal short-time behavior of the nonclassi-
cality quantifier

K (s, t ) = 2dν (st − s2) + O(t3), (32)

along with the short-time scaling of its time-averaged version
[see Eq. (22)]

K̄ (t ) = 1
3 dνt2 + O(t3). (33)

At very short times the walker has only started to delocalize
from the initial site ν. As a consequence, the unitary dynamics
builds coherences between |ν〉 and its nearest neighbors. The
larger the number of such neighbors, i.e., the higher the local
degree dν , the richer this initial coherent superposition and
the stronger the ensuing violation of Kolmogorov consistency
when an intermediate measurement is performed. Remark-
ably, in this early-time regime the evolution is insensitive
to global features of the graph: different topologies sharing
the same local degree yield the same leading nonclassicality.
Therefore, short-time Kolmogorov nonclassicality is topolog-
ically universal and entirely controlled by local connectivity.
The parabolic dependence on s, peaking at s = t/2, reflects
that the disturbance induced by the intermediate measurement
is maximal when it occurs halfway through the evolution.

B. Beyond short times: topology-driven behavior

The previous analysis showed that, in the short-time
regime, the degree of the initial node plays a key role
in enhancing multitime nonclassicality, as captured by the
Kolmogorov-based quantifiers. This might suggest that in-
creasing the overall connectivity or the number of nodes
might generally enhance nonclassicality in quantum walks.
However, this intuition does not hold at longer times. In fact,
the behavior of the Kolmogorov-based quantifiers at larger
temporal scales depends on the topology of the graph.

In particular, we study how the time-averaged quantity
K̄ (t ) varies with the number of nodes N for the two graph
topologies introduced earlier, namely, the complete and the
cycle graphs (see Fig. 2).

In the complete graph, increasing the number of nodes
leads to a clear reduction in the average nonclassicality.
This behavior originates from the fact that, as N grows, the
walker tends to remain in the initial node with increasingly
high probability, thereby suppressing temporal interference
effects. This trend is consistent with the analytic expression
of the transition probabilities for a CTQW on a complete
graph [13]:

|〈x|e−iLt |y〉|2 =
{

4
N2 sin2

(
N
2 t
) =: Pout(t ) for x �= y,

1 − (N − 1)Pout(t ) for x = y.
(34)

In fact, using these transition probabilities, the Kolmogorov
quantifier can be written as

K (s, t ) = (N − 1)|Pout(t − s) + Pout(s)

−NPout(t − s)Pout(s) − Pout(t )|, (35)

FIG. 2. Time-averaged Kolmogorov nonclassicality K̄ (t ) as a
function of the number of nodes N , for complete graphs (a) and cycle
graphs (b), in the case of a unitary dynamics.

which leads to

K (s, t ) = (N − 1)
16

N3

∣∣∣∣N4
[

sin2

(
N (t − s)

2

)
+ sin2

(
Ns

2

)

− sin2

(
Nt

2

)]
− sin2

(
N

2
(t − s)

)
sin2

(
N

2
s

)∣∣∣∣.
(36)

In the large-N limit, the oscillations of the transition probabil-
ities Pout(t ) are suppressed, and the system tends to remain in
the initial state with high probability. As a consequence, clas-
sical features dominate, and the Kolmogorov nonclassicality,
along with its time average, approaches to zero as 1/N as N
increases. This suppression is not just a consequence of the
large node degree of the graph, but rather of the specific spec-
tral structure of the Laplacian of the complete graph, whose
high degeneracy effectively confines the dynamics close to the
initial node as N grows.

Conversely, for the cycle graph, the time-averaged nonclas-
sicality K̄ (t ) exhibits persistent oscillations that do not vanish
for large N , indicating a more robust form of nonclassical
temporal correlations. This behavior can be explained by con-
sidering the explicit expression for the transition probabilities
of the CTQW on the cycle graph. Using the eigenvalues and
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eigenvectors in Eqs. (2) and (3) one finds [75]

|〈x|e−iLt |y〉|2 = 1

N2

∣∣∣∣∣
N−1∑
k=0

e−2i(1−cos( 2πk
N ))t e

2iπk(x−y)
N

∣∣∣∣∣
2

, (37)

which converge to

lim
N→∞

|〈x|e−iLt |y〉|2 = |Jx−y(2t )|2, (38)

where Jn(τ ) = 1
2π

∫ π

−π
ei(τ sin θ−nθ )dθ is the Bessel function of

the first kind. This shows that temporal oscillations persist for
arbitrarily large N , so that nonclassical temporal correlations
remain visible in the cycle graph.

These results demonstrate that higher connectivity does not
necessarily correspond to stronger temporal nonclassicality.
Rather, it is the graph topology, not just the number of edges,
that determines the persistence or suppression of temporal
nonclassicality in the long-time regime. Our results indeed
point to the fact that nonclassicality of a quantum walk is
not a unique notion. Single-time and multitime criteria probe
different resources that can lead to different assessments of
the same physical system. The high connectivity of complete
graphs is favorable in quantum algorithms, such as the spatial
quantum search [8], that involve single-time measurements.
By contrast, if one is interested in the persistence of temporal
quantum correlations, our results show that complete graphs
suppress multitime nonclassicality as captured by K (s, t ) and
its time average K̄ (t ), whereas cycles sustain long-lived tem-
poral nonclassicality. This suggests that cycles may be more
favorable for sequential-measurement tasks that benefit from
robust multitime nonclassicality, such as randomness certifi-
cation from temporal correlations [76].

C. Comparison with the quantum-classical distance

To assess in a quantitative way the difference between
single-time and multitime criteria of nonclassicality, we now
compare the time-averaged Kolmogorov nonclassicality K̄ (t )
with the quantum-classical dynamical distance DQC(t ) re-
called in Sec. II C.

First, we show that the two notions of nonclassicality do
not satisfy a hierarchy, meaning that neither of the two implies
the other. Consider the simplest scenario of a two-site system
with Laplacian

L =
(

1 −1
−1 1

)
, (39)

and localized initial state, say |ν〉 = |1〉. The one-time proba-
bility for the CTQW is given by

P(1, t ) = |〈1|e−iLt |1〉|2 = 1
2 (1 + cos(2t )), (40)

and P(0, t ) = 1 − P(1, t ); for the classical random walk on
the same graph, the transition probabilities are instead given
by [see Eq. (13)]

p1,1(t ) = 〈1|e−Lt |1〉 = 1
2 (1 + e−2t ) (41)

and p0,1(t ) = 1 − p1,1(t ). At time t∗(≈ 0.65) such that
e−2t∗ = cos(2t∗), the quantum and classical distributions
are then equal, so that the quantum-classical distance
[see Eq. (15)] is equal to zero, DQC(t∗) = 0. For the same

FIG. 3. Time-averaged Kolmogorov nonclassicality K̄ (t ) (solid
lines) and dynamical distance DQC(t ) (dashed lines) for complete
graphs with different N . (Inset) Short-time behavior.

model, we have the Kolmogorov quantifier

K (s, t ) = 1
2 |sin(2s) sin(2(t − s))|, (42)

and its time average for t ∈ [0, π/2] reads as

K̄ (t ) = 1

8t
(sin(2t ) − 2t cos(2t )), (43)

so that K̄ (t∗) �= 0. We conclude that even though the quantum
and classical random walks fixed by Eq. (39) provide the
same one-time probability distributions at time t∗, there is no
classical process whose (two-time) statistics reproduces the
quantum statistics associated with sequential measurements of
the walker position, i.e., Eq. (17), as testified by the violation
of the Kolmogorov consistency conditions.

Conversely, K̄ (t ) = 0 certifies multitime classicality, i.e.,
existence of a classical stochastic model reproducing all mul-
titime statistics. However, DQC(t ) compares the CTQW with
the fixed random walk e−Lt on the same graph: the classical
model realizing K̄ (t ) = 0 needs not coincide with that par-
ticular random walk; an explicit example of this is given in
Sec. V A.

Going back to the general short-time behavior of the Kol-
mogorov quantifier [see Eq. (33)], we note that it shares
with the quantum-dynamical distance DQC(t ) its universal
nature and dependence only on the degree of the initial node
dν in the short-time regime, but DQC(t ) scales linearly with
time [35], DQC(t ) = dνt + O(t2), rather than quadratically.
On the other hand, their asymptotic behaviors are markedly
different. For long times, the dynamical distance converges
to a topology-independent value [35] DQC(t ) −→ 1 − 1

N for
t → ∞, solely determined by the size of the system, while
the behavior of K̄ (t ) at long times is strongly influenced by
the global topology of the graph. As previously discussed,
for the complete graph increasing the number of nodes may
reduce the multitime nonclassicality, highlighting a nontrivial
and topology-sensitive structure underlying temporal quan-
tum correlations. These findings are summarized in Fig. 3,
where DQC(t ) and K̄ (t ) are plotted as a function of time for
different values of N .

V. DECOHERENT QUANTUM WALKS

We now extend our analysis to continuous-time quantum
walks in an open system setting, where the dynamics is
nonunitary due to interactions with an external environment.

042212-7



LUPPI, BENEDETTI, AND SMIRNE PHYSICAL REVIEW A 113, 042212 (2026)

This framework enables us to explore how decoherence and
dissipation affect temporal nonclassicality, as captured by the
Kolmogorov quantifiers.

A. Decoherence in the position basis

We first consider dephasing in the position basis, described
by the Haken-Strobl model introduced in Sec. II, which pro-
vides a natural testbed to study how site-basis decoherence
impacts temporal nonclassicality.

Starting with the short-time regime, we expand the density
operator in powers of time:

ρ(t ) = eLtρ(0) = ρ(0) + t Lρ(0) + t2

2
L2ρ(0)

+ t3

3!
L3ρ(0) + · · · . (44)

For an initially localized state ρ(0) = |ν〉〈ν|, the first-order
term reduces to the unitary contribution −i[L, ρ(0)], so that
the dissipative part of the Lindblad generator starts contribut-
ing nontrivially at second order. In particular, one has

L2ρ(0) = −[L, [L, ρ(0)]] − iγ
∑

k∈NN(ν)

(|k〉〈ν| − |ν〉〈k|),

(45)
where the sum runs over the nearest neighbors of the initial
node ν, NN(ν). In fact, at short times coherences are gener-
ated only between the initial node and its directly connected
neighbors, and it is precisely these newly formed coherences
that are damped by the dissipator. Nevertheless, these correc-
tions remain confined to the off-diagonal entries of ρ(t ) at
this order, and therefore do not affect the measured proba-
bilities. The first corrections to the populations and hence to
the Kolmogorov quantifier appear only at third order, via the
mixed pathway that transfers coherence loss into population
dynamics. Directly referring to the time-averaged quantifier,
the short-time analysis (see Appendix A) provides us with the
expansion

K̄ (t ) = 1
3 dνt2 − 1

6γ dνt3 + O(t4); (46)

as anticipated, decoherence affects violation of the Kol-
mogorov conditions from the third order in time, and it leads
to a reduction of Kolmogorov nonclassicality.

Moving beyond the short-time regime, the complete be-
havior of the Kolmogorov nonclassicality quantifier K̄ (t ) is
shown in Fig. 4, for the cycle and complete graph. We can
observe the damping induced by decoherence (compare with
Fig. 2) and that the differences between the two topolo-
gies are progressively less pronounced for stronger dephasing
rates. Importantly, in both cases we have a convergence to a
classical behavior on long times. In fact, the time-averaged
Kolmogorov quantifier satisfies the bound (see Appendix A)

K̄ (t ) �
√

N

μ2t
(1 − e−μ2t ), (47)

where −μ2 < 0 is the spectral gap of the Lindbladian L, i.e.,
the largest nonzero real part of the eigenvalues of L, with
[see Eqs. (6) and (8)]

L[ρ] = −i[L, ρ] + γ (
 − I)[ρ]. (48)

FIG. 4. Kolmogorov nonclassicality under Haken-Strobl dephas-
ing for cycle (a) and complete (b) graphs, for N = 7.

This means in particular that position-basis decoherence
suppresses the multitime nonclassicality identified by the
Kolmogorov consistency conditions for any graph topology,
on a timescale that is at most 1/μ2. While in the weak-
dephasing regime μ2 is expected to be of the order of γ ,
for strong depashing, coherences decay on a much shorter
timescale and the dynamics becomes effectively classical at
the level of populations, so that μ2 depends on the interplay
between the Laplacian spectral gap and the dephasing rate
[68]. More specifically, for γ � λF , where λF is the Fiedler
value (second smallest eigenvalue of L), adiabatic elimina-
tion yields an effective classical diffusion for the populations
ṗ(t ) = −(2/γ )Lp(t ), whose slowest relaxation mode scales
as μ2 ∼ 2λF /γ .

While the long-time convergence to classicality for po-
sition decoherence is shown also by the quantum-classical
distance [69], the transient behaviors of K̄ (t ) and DQC(t ) can
be radically different. To illustrate this, let us consider the
limit situation where decoherence acts so strongly that it in-
stantly destroys coherences, so that the open-system evolution
coincides with the full dephasing map 
. Indeed, any initial
state that is diagonal in the position basis will remain diagonal,
actually it will not evolve at all, neither it will be modified by
a nonselective measurement of the position, so that K (t ) = 0
for any t . On the other hand, DQC(t ) is nonmonotonic as a
function of γ : it decreases with γ up to a threshold value and
then increases again; even when decoherence dominates over
the unitary dynamics and effectively freezes the walker near
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its initial node, the classical random walk continues to spread
over the graph, until it reaches the steady-state distribution.

B. Decoherence in the energy basis

As a second case study of the impact of decoherence,
we consider pure dephasing in the energy eigenbasis of the
Hamiltonian; crucially, in contrast with the previous case,
now decoherence occurs on a basis that is different from the
measurement basis.

Again, we start from the short-time regime and at first order
in time we have

Lρ(0) = −i[L, ρ(0)] − γ

2
[L, [L, ρ(0)]]. (49)

In this case, decoherence already affects the probabilities at
first order in time and, as shown in the Appendix B, the
Kolmogorov quantifiers are influenced by decoherence al-
ready at second order, in contrast with the position-basis case
where they appear only at third order. With site dephasing, the
dissipator must first wait for the unitary dynamics to create
coherences, then damp them, and finally feed changes back
into the populations, hence the extra power of t . With energy
dephasing, by contrast, decoherence acts directly on the en-
ergy coherences to which K is sensitive; symmetry removes
the linear term, leaving an O(t2) correction. Explicitly, the
short-time expansion reads as

K̄ (t ) = 1

12

∑
x

∣∣∣∣Ax + γ 2

4
Bx

∣∣∣∣t2 + O(t3), (50)

where we introduced the quantities

Ax = 〈x|L2
H [ρ(0)]|x〉,

Bx = 〈x|L2
H (I − 
)L2

H [ρ(0)]|x〉, (51)

with LH [ρ] = −i[L, ρ] the Hamiltonian part of the dissipator;
note that the sum

∑
x |Ax| is exactly 4dν , then for γ = 0 we

recover the unitary expansion of K̄ (t ).
The full behavior of the Kolmogorov nonclassicality quan-

tifier is shown in Fig. 5. While the oscillations are suppressed
more and more with growing value of the dephasing rate γ ,
nonzero nonclassicality can survive on long times, for both
the cycle and the complete graphs. In Appendix B, we derive
closed-form expressions for the asymptotic values of the time-
averaged Kolmogorov quantifier. For a complete graph, we get

lim
t→∞ K̄ (t ) = 2 (N − 1)(N − 2)

N3
, (52)

while for a cycle graph

lim
t→∞ K̄ (t ) =

⎧⎨
⎩

(N−1)2

N3 , N odd,

2 (N−2)2

N3 , N even.
(53)

In both cases, the asymptotic nonclassicality decreases with N
while remaining strictly positive for any finite value of N > 2.

The nonzero asymptotic nonclassicality can be understood
starting from Eq. (10): taking the limit ρ(∞) = limt→∞ ρ(t ),
all terms with λ �= λ′ are exponentially suppressed and one
obtains

ρ(∞) =
∑

λ


λρ(0)
λ, (54)

FIG. 5. Kolmogorov nonclassicality under decoherence in the
energy basis for cycle (a) and complete (b) graphs with N = 5 nodes.

where the 
λ are the projectors into the Laplacian eigenspaces
defined in Eq. (12). In other terms, intrinsic decoherence acts
on long times as a full dephasing [compare with Eq. (25)] but
with respect to the Laplacian eigenbasis: coherences between
different eigenspaces are erased, while coherences within
degenerate eigenspaces are preserved. Importantly, even for
a nondegenerate spectrum, the asymptotic state ρ(∞) will
not be diagonal in the site basis, that is, the measurement
basis, since Laplacian eigenvectors are typically delocalized.
The site-basis coherences that survive at long times are the
reason behind the violation of the Kolmogorov consistency
conditions since their destruction by an intermediate (nonse-
lective) measurement will have an impact on the subsequent
statistics. An explicit example of a nondegenerate Laplacian
with residual nonclassicality K̄ (t ) for t −→ ∞ is reported in
Appendix B.

Finally, note that for both the complete and the cycle graph
the asymptotic value of DQC(t ) depends only on N , and it
coincides with the asymptotic value in the unitary case for
N → ∞ [69]. Our results for K̄ (t ) display a similar feature:
energy-basis dephasing suppresses the oscillatory contribu-
tions but leaves the 1/N scaling unchanged [compare with
Eq. (36)]. Thus, intrinsic decoherence primarily damps tem-
poral oscillations without modifying the large-N structure of
either quantifier, whereas site dephasing drives both DQC(t )
and K̄ (t ) to zero. In particular, for intrinsic decoherence the
contrast between the O(1) asymptotics of DQC(t ) and the
vanishing O(1/N ) behavior of K̄ (t ) highlights the greater
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sensitivity of multitime nonclassicality to noise and Hilbert-
space dimension. Notably, however, the origin of the asymp-
totic values differs for the two quantifiers: for intrinsic
decoherence, a nonzero long-time DQC is tied to residual
coherence within degenerate Laplacian eigenspaces (and thus
disappears in the absence of such degeneracies), whereas K̄ (t )
is controlled by the overlap structure of Laplacian eigenspaces
with the site basis and can remain nonzero even for nondegen-
erate spectra.

VI. CONCLUSIONS

In this work, we have investigated temporal nonclassicality
in continuous-time quantum walks by means of a multitime
quantifier of the violations of the Kolmogorov consistency
conditions, comparing it with a single-time quantifier of the
distance between the dynamical evolutions of classical and
quantum walks. Our comparison underscores the operational
nature of nonclassicality: its detection and quantification de-
pend on the probing protocol, and single-time benchmarks
versus multitime tests may lead to markedly different assess-
ments.

For unitary quantum walks, we showed that the Kol-
mogorov quantifier exhibits a short-time scaling that depends
only on the local connectivity of the initial site, while
its behavior at longer times is strongly influenced by the
graph topology. In particular, we found qualitatively differ-
ent regimes for cycle and complete graphs, reflecting the
distinct spectral properties of their Laplacians. We then ex-
tended the analysis to open-system dynamics, focusing on
two paradigmatic decoherence mechanisms. For site-basis
dephasing described by the Haken-Strobl master equation,
we derived a bound showing that the time-averaged Kol-
mogorov quantifier vanishes asymptotically for any connected
graph. This confirms that, in this case, decoherence suppresses
temporal nonclassicality in the long-time limit. In contrast,
for energy-basis dephasing (intrinsic decoherence), we ob-
tained closed-form expressions for the asymptotic value of
the quantifier on both cycle and complete graphs, showing
that a finite long-time value can persist. The origin of this
residual nonclassicality can be traced back to the structure of
the Laplacian eigenvectors. Even when intrinsic decoherence
eliminates coherences between different energy eigenspaces,
it leaves the asymptotic state nondiagonal in the site basis
since the eigenvectors are delocalized. These results clarify
how different forms of decoherence affect multitime quan-
tum correlations in continuous-time quantum walks, and they
highlight the sensitivity of temporal nonclassicality to both
the graph topology and the nature of the environment-induced
noise.

Several interesting directions for future investigation re-
main open. On the quantum walk side, it would be interesting
to consider chiral quantum walks, i.e., quantum walks with
complex phases in the Laplacian. This is particularly rele-
vant for the study of multitime statistics, as chirality breaks
the time symmetry of transition probabilities and may lead
to qualitatively new temporal signatures. Another natural
extension concerns the analysis of more general evolutions, in
particular non-Markovian processes. The inclusion of mem-

ory effects in the multitime statistics would require a more
general approach, beyond the quantum regression formula,
but would allow for a more complete characterization of
the complex interplay between temporal correlations and
quantum behaviors. Finally, extending the analysis to mul-
titime probabilities with a generic number of intermediate
measurements might lead to the identification of a richer phe-
nomenology of genuinely quantum phenomena, which cannot
be captured when considering only two-time probabilities.
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APPENDIX A: DECOHERENCE IN THE POSITION BASIS

1. Short-time regime

We first derive the short-time expression of K (s, t ) in the
presence of site dephasing governed by the Haken-Strobl mas-
ter equation

L[ρ(t )] = LH [ρ(t )] + D[ρ(t )], (A1)

where

LH [ρ] = −i [L, ρ] (A2)

is the unitary Liouvillian generated by a real symmetric Lapla-
cian L, and

D[ρ] = γ (
 − I)[ρ] (A3)

is the dissipator part of the generator, with


[X ] =
∑

k

|k〉〈k| X |k〉〈k| (A4)

the full dephasing map in the position basis. For any operator
X diagonal in the position basis, D[X ] = 0 and LH [X ] is
purely off diagonal, i.e., 〈x|LH [X ]|x〉 = 0 for any x; for any
off diagonal X , D[X ] = −γ X . Consider the localized initial
state ρ(0) = |ν〉〈ν|, which is diagonal in the position basis.
Keeping track of whether terms are diagonal (Diag) or off-
diagonal (OffDiag) in the measurement basis, i.e., position
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basis, one has

L[ρ(0)] = LH [ρ(0)] (OffDiag),

L2[ρ(0)] = L2
H [ρ(0)]︸ ︷︷ ︸

Diag+OffDiag

+ DLH [ρ(0)]︸ ︷︷ ︸
−γLH [ρ(0)](OffDiag)

,

L3[ρ(0)] = L3
H [ρ(0)]︸ ︷︷ ︸
OffDiag

− γL2
H [ρ(0)]︸ ︷︷ ︸

Diag+OffDiag

+DL2
H [ρ(0)]︸ ︷︷ ︸

OffDiag

+ D2LH [ρ(0)]︸ ︷︷ ︸
OffDiag

. (A5)

We used the fact that, for an initial state diagonal in the
position basis, a real and symmetric Laplacian L, and mea-
surements performed in the same position basis, all odd
powers of the unitary Liouvillian produce purely off-diagonal
operators,

L2m+1
H [ρ(0)] ∈ OffDiag, ∀ m � 0. (A6)

To see this, note that LH [ρ(0)] = −i CH [ρ(0)], where
CL[X ] = [L, X ] denotes the commutator with the Hamilto-
nian, and Cn

L[X ] its n-fold application. Since both L and ρ(0)
are real matrices, Cn

L[ρ(0)] is real for all n, so that

Ln
H [ρ(0)] = (−i)n Cn

H [ρ(0)] (A7)

is purely imaginary for odd n. But then, since
〈x|eLH t [ρ(0)]|x〉 =∑n

1
n! 〈x|(LHt )n[ρ(0)]|x〉 must be real

for all times, the contributions from the odd orders vanish.
Expanding eLτ , with τ = t − s, and ρ(s) up to overall third

order in time, the operatorial part in Eq. (27) becomes

eLτ [ρ(s) − 
[ρ(s)]] =
(
I + τL + τ 2

2
L2 + τ 3

3!
L3

)

×
[
ρ(0) + sL[ρ(0)] + s2

2
L2[ρ(0)]

+ s3

3!
L3[ρ(0)] − 


[
ρ(0) + sL[ρ(0)]

+ s2

2
L2[ρ(0)] + s3

3!
L3[ρ(0)]

]]
+ O(t4). (A8)

Using ρ(0) − 
[ρ(0)] = 0, Tr[|x〉〈x| (Z − 
[Z])] = 0 for
any operator Z , and that L
[Z] is off diagonal for any Z , one
obtains up to O(t3) provided that ||Lt || � 1 [77]

〈x|eLτ [ρ(s) − 
[ρ(s)]]|x〉 =
(

τ s − γ

2
s τ (τ + s)

)
× 〈x|L2

H [ρ(0)]|x〉 + O(t4),
(A9)

so that [see Eq. (27)]

K (s, t )= 1

2
(t − s)s

(
1 − γ

2
t

)∑
x

∣∣〈x|L2
H [|ν〉〈ν|] |x〉∣∣+O(t4),

(A10)
with

〈x|L2
H [|ν〉〈ν|]|x〉 = −2(L2)xνδxν + 2L2

xν . (A11)

Recalling that (L2)νν = dν + d2
ν and that

∑
x �=ν L2

xν = dν , we
can write ∑

x

∣∣〈x|L2
H [|ν〉〈ν|]|x〉∣∣ = 4dν . (A12)

Hence, to third order in time,

K (s, t ) = 2dν s (t − s) − γ dν s (t − s) t + O(t4); (A13)

indeed, integrating this expression one gets Eq. (46). In the
unitary limit (γ = 0), Eq. (A13) reduces to (32).

2. Asymptotic regime

We now show that for any semigroup dynamics under the
Haken-Strobl master equation (8), with any connected graph
L, the time-averaged Kolmogorov quantifier K̄ (t ) is bounded
by

K̄ (t ) �
√

N

μ2t

(
1 − e−μ2t

)
, (A14)

where −μ2 < 0 is the spectral gap of the Lindbladian L,
i.e., the largest nonzero real part of its eigenvalues. In-
deed, this guarantees in particular that there is no asymptotic
Kolmogorov nonclassicality, K̄ (t ) → 0 for t → ∞, for deco-
herence in the position basis.

Proof. Starting from K (s, t ) as in Eq. (27), we have

K (s, t ) = 1

2

∑
x

∣∣〈x|(eL(t−s)[ρ(s)] − eL(t−s)
[ρ(s)])|x〉∣∣
� 1

2

∥∥ eL(t−s)[ρ(s)] − eL(t−s)[
[ρ(s)]]
∥∥

1

� 1

2

∥∥∥∥ eL(t−s)[ρ(s)] − I

N

∥∥∥∥
1

+ 1

2

∥∥∥∥ eL(t−s)
[ρ(s)] − I

N

∥∥∥∥
1

, (A15)

where the first inequality
∑

x |〈x|A|x〉| � ‖A‖1 follows from
[78] |Tr[UA]| � ‖A‖1 for all unitaries U , and in the second we
used the triangular inequality after summing and subtracting
the fully mixed state I/N . The latter is the unique steady state
for the generator defined by Eq. (8): Haken-Strobl dephasing
forces any stationary state to be diagonal, while connectivity
of the graph ensures uniqueness of I/N . In other terms, the
resulting semigroup dynamics is primitive and we can then
use the bound [see for example Eq. (1.2) of [79]]:∥∥∥∥eLt

[
ρ − I

N

]∥∥∥∥
1

�
√

Ne−μ2t , (A16)

where −μ2 < 0 is the largest nonzero eigenvalue of the Lind-
bladian L. We thus end up with

K (s, t ) �
√

Ne−μ2(t−s), (A17)

and, taking the average over the time s [see Eq. (22)], we get
Eq. (A14). �

APPENDIX B: DECOHERENCE IN THE ENERGY BASIS

1. Short-time regime

We derive the short-time expression of K (s, t ) in the pres-
ence of decoherence in the energy basis, described by the
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master equation

dρ(t )

dt
= −i[L, ρ(t )] − γ

2
[L, [L, ρ(t )]], (B1)

where γ denotes the decoherence rate. We start from the initial
state ρ(0) = |ν〉〈ν| and we keep track of the diagonal and off-
diagonal terms in the short-time expansion of eLtρ(0):

Lρ(0) = LHρ(0)︸ ︷︷ ︸
OffDiag

+γ

2
L2

Hρ(0)︸ ︷︷ ︸
Diag+OffDiag

,

L2ρ(0) = L2
Hρ(0)︸ ︷︷ ︸

Diag+OffDiag

+γ L3
Hρ(0)︸ ︷︷ ︸

OffDiag

+γ 2

4
L4

Hρ(0)︸ ︷︷ ︸
Diag+OffDiag

. (B2)

Proceeding in a similar way as for decoherence in the position
basis, we obtain

K (s, t ) = 1

2
s(t − s)

∑
x

∣∣∣∣Ax + γ 2

4
Bx

∣∣∣∣+ O(t3), (B3)

where we introduced the quantities

Ax = 〈x|L2
H [ρ(0)]|x〉, Bx = 〈x|L2

H (I − 
)L2
H [ρ(0)]|x〉.

(B4)

The sum
∑

x |Ax| is exactly 4dν [see Eq. (A12)], so that for
γ = 0 we recover the unitary expansion of K (s, t ); more-
over, in this case the lowest nontrivial order in t already
shows the effect of the dissipative term in the Lindblad
generator.

2. Asymptotic regime

Replacing Eq. (10) in (27), we have

K (s, t ) = 1

2

∑
x

∣∣∣∣∣ ∑
λ,λ′,λ′′,λ′′′

e−i(λ−λ′ )s− γ

2 (λ−λ′ )2se−i(λ′′−λ′′′ )(t−s)− γ

2 (λ′′−λ′′′ )2(t−s)〈x|
λ′′ (I − 
)[
λρ(0)
λ′]
λ′′′ |x〉
∣∣∣∣∣ (B5)

and then taking the average limt→∞ 1
t

∫ t
0 , only the terms with

λ = λ′ and λ′′ = λ′′′ survive, i.e.,

lim
t→∞ K̄ (t ) = lim

t→∞
1

t

∫ t

0
dsK (s, t ) = 1

2

∑
x

∣∣∣∣∣∑
λ

|〈x|
λ|ν〉|2

−
∑

y

∑
λ

∑
λ′

|〈x|
λ′ |y〉|2|〈y|
λ|ν〉|2
∣∣∣∣∣; (B6)

it is then convenient to define the matrix

Fx,y =
∑

λ

|〈x|
λ|y〉|2, (B7)

so that

lim
t→∞ K̄ (t ) = 1

2

∑
x

|(F − F 2)x,ν |. (B8)

3. Complete graph

For the complete graph, we have only two eigenvalues
λ = 0 and N , with the corresponding projectors satisfying

〈x|
0|y〉 = 1

N
, 〈x|
N |y〉 = δxy − 1

N
. (B9)

Hence,

Fx,y =
⎧⎨
⎩

2
N2 − 2

N + 1, x = y

2
N2 , x �= y

(B10)

i.e., the matrix F can be written in terms of the all-ones matrix
J and the identity matrix I as

F = αI + βJ, α = 1 − 2

N
, β = 2

N2
, (B11)

so that

F − F 2 = (α − α2)I + (β − β2N − 2αβ )J. (B12)

Replacing this expression in Eq. (B8), we end up with

lim
t→∞ K̄ (t ) = 1

2 |α − α2 + β − β2N − 2αβ|
+ (N − 1)|β − β2N − 2αβ|, (B13)

which coincides with Eq. (52).

4. Cycle graph

For the cycle graph, we can indeed still use Eqs. (B7) and
(B8), but now the projectors refer to the eigenvalues

λk = 2 − 2 cos

(
2πk

N

)
, k = 0, 1, . . . , N − 1 (B14)

where λ0 is nondegenerate and, if N is even, also λN/2 is non-
degenerate, while for k = 1, . . . , �N−1

2 � one has λk = λN−k ,
and eigenvectors

|ψk〉 = 1√
N

N−1∑
j=0

ei 2π
N k j | j〉; (B15)

the corresponding projectors are therefore


0 = |ψ0〉〈ψ0|,


k = |ψk〉〈ψk| + |ψN−k〉〈ψN−k|;
(

1 � k �
⌊

N − 1

2

⌋)
,

(B16)

and, if N is even, 
N/2 = |ψN/2〉〈ψN/2|.
By translational invariance Fx,y is a circulant matrix, i.e., it

depends only on d = (x − y) mod N . Using the explicit form
of the projectors, and introducing

M =
⌊

N − 1

2

⌋
,
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one finds

Fx,y = 1

N2

(
1 +

M∑
k=1

∣∣ei 2π
N kd + e−i 2π

N kd
∣∣2 + 1 + (−1)N

2

)

= 1

N
+ 2

N2

M∑
k=1

cos

(
4πk

N
d

)
, (B17)

and evaluating the finite trigonometric sum one gets

Fx,y =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

N−1
N2 , N odd and d �= 0,

N−2
N2 , N even and d �= 0,

2N−1
N2 , N odd and d = 0,

2(N−1)
N2 , N even and d = 0 or d = N

2 .

(B18)

From this, since also F 2 is a circulant matrix with

(F 2)x,0 =
∑

y

Fy,0Fx,y, (B19)

we get

(F − F 2)x,y =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−N−1
N3 , N odd and d �= 0,

− 2(N−2)
N3 , N even and d �= 0,

(N−1)2

N3 , N odd and d = 0,

(N−2)2

N3 , N even and d = 0 or d = N
2 .

(B20)

Inserting this into Eq. (B8), we finally arrive at [compare with
Eq. (53)]:

lim
t→∞ K̄ (t )

=
⎧⎨
⎩

1
2

[ (N−1)2

N3 + (N − 1) (N−1)
N3

] = (N−1)2

N3 , N odd

1
2

[
2 (N−2)2

N3 + (N − 2) 2(N−2)
N3

] = 2(N−2)2

N3 , N even.

(B21)

5. A nondegenerate graph with limt→∞ K̄(t ) > 0

In this subsection we provide an explicit example showing
that spectral degeneracies of the Laplacian are not necessary
for a nonzero asymptotic time-averaged Kolmogorov quanti-
fier under energy-basis dephasing (intrinsic decoherence), for
site-localized initial states and site measurements.

Consider the line graph P3 (three sites in a line 1−2−3),
with Laplacian

L =
⎛
⎝ 1 −1 0

−1 2 −1
0 −1 1

⎞
⎠; (B22)

the eigenvalues and eigenvectors of L are

λ = 0 : |φ0〉 = 1√
3

(1, 1, 1)T, (B23)

λ = 1: |φ1〉 = 1√
2

(1, 0,−1)T, (B24)

λ = 3: |φ3〉 = 1√
6

(1,−2, 1)T. (B25)

Since the spectrum is nondegenerate, the corresponding pro-
jectors are 
λ = |φλ〉〈φλ| and thus [see Eq. (B7)]

Fx,y =
∑

λ∈{0,1,3}
|φλ(x)|2 |φλ(y)|2. (B26)

A direct calculation yields

F =

⎛
⎜⎜⎝

7
18

2
9

7
18

2
9

5
9

2
9

7
18

2
9

7
18

⎞
⎟⎟⎠, F − F 2 =

⎛
⎜⎜⎝

1
27 − 2

27
1

27

− 2
27

4
27 − 2

27
1
27 − 2

27
1

27

⎞
⎟⎟⎠.

(B27)

Therefore, from Eq. (B8) one obtains that for ν = 1 or 3,
limt→∞ K̄ (t ) = 2

27 , while for ν = 2, limt→∞ K̄ (t ) = 4
27 : the

graph P3 has a nondegenerate Laplacian spectrum, yet it ex-
hibits a strictly positive asymptotic time-averaged multitime
nonclassicality for site-localized initial conditions and site
measurements under energy dephasing.
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