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We introduce a novel tableau-based classical simulation method for quantum computation, formulated within
the phase-space framework of the extended stabilizer theory of closed noncontextual operators. This method en-
ables the efficient classical simulation of a broader class of quantum circuits beyond the stabilizer formalism. We
identify additional families of input states that are efficiently simulatable within this framework, going beyond
stabilizer states, and implement the simulator and benchmark its performance on basic quantum algorithms,

including the hidden shift and Deutsch—Jozsa algorithms.
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I. INTRODUCTION

Classical simulation—the task of performing quantum al-
gorithms using classical computation—plays a central role in
understanding the computational power of quantum systems
relative to their classical counterparts [1]. Although simulat-
ing universal quantum circuits is widely believed to require
exponential classical resources, various methods have been
developed that perform efficiently in specific regimes. Our
work introduces such a method: a tableau algorithm that ex-
tends stabilizer tableau techniques to handle a broader class of
circuits.

A well-known tractable regime is described by stabilizer
circuits, which encompasses stabilizer input states, Clifford
unitaries, and Pauli measurements—optionally with classical
feed-forward and randomness. The celebrated Gottesman—
Knill (GK) theorem [2] provides a tableau algorithm that can
efficiently simulate stabilizer circuits in the number of qubits.
This tableau algorithm was later improved by Aaronson and
Gottesman (AG) [3], who also, in that seminal work, extended
these methods to a broader class of circuits going beyond
stabilizer theory.

Among the extensions of the stabilizer formalism beyond
Clifford operations, quantum computing with magic states
(QCM) [4] provides an alternative framework for simulat-
ing non-Clifford circuits via the injection of magic states.
Alongside the stabilizer rank methods introduced by Bravyi
and collaborators [5-7], quasiprobability methods have been
a key tool in systematically studying the classical simula-
tion of QCM and its complexity. Initially based on Wigner
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functions in the odd local-dimensional case [8], the ex-
tension of Wigner-like quasiprobability representations to
qubits [9,10] ultimately led to the phase space method of
Raussendorf ef al. [11]. Central to this approach are the so-
called closed noncontextual (CNC) operators, which form the
qubit phase space and generalize stabilizer states.

For qudits of odd-local dimension, it is possible to at-
tribute to every Pauli observable a deterministic outcome,
which makes it possible to define the corresponding Wigner
phase point operators [12]. This is not possible for qubits
due to the emergence of state-independent contextuality, a
phenomenon manifested in the Mermin square paradox [13].
The CNC phase space thus consists of operators that assign
deterministic outcomes to subsets of Pauli observables such
that a Mermin-type paradox is not encountered. These objects
have also found applications in characterizing the quantum
advantage of variational quantum eigensolvers (VQE) through
the use of contextual subspace methods [14-16].

The general principle of quasiprobabilistic methods is to
express the initial quantum state of QCM as a quasiprob-
abilistic mixture of a fixed set of reference operators. The
overhead of classical simulation is then measured by a mono-
tone called the robustness, defined with respect to the chosen
reference operators, as formulated by Pashayan et al. [17].
One prominent example is due to Howard and Campbell [18],
who used stabilizer states in their quasiprobabilistic model. In
that setting, the robustness of magic—the associated magic
monotone—characterizes the minimal amount of negativity
needed to represent a magic state and, in turn, controls the
cost of classical simulation.

Similar ideas have been applied using CNC operators as the
reference set to quantify the overhead of classical simulation
in the resulting quasiprobability representation. Raussendorf
et al. [11] found that this overhead is smaller than in the
stabilizer case, providing evidence for improved efficiency
in Born rule estimation. Moreover, CNC operators admit
positive representations for a larger set of states than prob-
abilistic mixtures of stabilizer states, enabling efficient weak
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simulation of a broader class of circuits than stabilizer circuits.
Determining the precise boundary of this broader class re-
mains an open question. These two advantages of phase-space
simulation over stabilizer simulation motivate the continued
study of phase-space methods for qubits.

In this work, we introduce a tableau method for the phase-
space simulation, called the phase-space tableau or CNC
tableau. Our phase-space tableau method extends the stabi-
lizer tableau by incorporating additional structure beyond the
standard stabilizer and destabilizer components. Specifically,
the standard qubit phase space—defined as Pauli operators
modulo scalars—is decomposed into a stabilizer part, a desta-
bilizer part, and an additional Jordan—Wigner component,
which is a special type of fermionic transformation. Under
a Pauli measurement, each of these three components is up-
dated according to rules that refine the standard stabilizer
update procedure. The asymptotic complexity of our simula-
tion scales quadratically in the number of qubits in both space
and time, just as that of the AG simulation (Theorem 2).

In AG, the improved version of the GK simulator [3], there
are two update cases depending on whether the measured
Pauli operator lies inside or outside the stabilizer group of the
state. Similarly, the original CNC update rules of [11] also
involve two cases. In contrast, our update rules are divided
into four cases (Case I-IV), more closely mirroring and refin-
ing the three cases considered in Ref. [3] for mixed stabilizer
states. Our analysis shows that, in previous formulations [11],
the update of a maximal CNC does not necessarily preserve
maximality. In contrast, our update rules ensure that maximal
CNCs map to maximal CNCs under Pauli measurement—a
feature absent from earlier versions.

Much like standard stabilizer methods, the phase-space
tableau introduced here can also be used to efficiently sim-
ulate contextual behaviors arising from the qubit stabilizer
subtheory; see also Ref. [19]. Our phase-space tableau re-
quires O(n?) bits of memory (Theorem 2) and so provides a
concrete method of classical simulation that asymptotically
saturates the memory lower bound given by Karanjai et al. in
Ref. [20]. Moreover, the same framework connects the poly-
hedral phase-space picture to an operational model: we extend
stabilizer circuits to a larger class of efficiently simulatable
circuits whose input state is a variational noncontextual eigen-
state [16] and whose subsequent dynamics consist of stabilizer
operations (Clifford unitaries and adaptive Pauli measure-
ments), thereby going beyond the usual stabilizer boundary
of efficient classical simulation.

Our CNC tableau simulator is implemented in Ref. [21].
We compared its performance to implementations of the
AG tableau algorithm and benchmarked it on basic quantum
algorithms, including the hidden-shift and Deutsch—Jozsa al-
gorithms.

II. PERFORMANCE ANALYSIS
A. CNC tableau in a nutshell

Our simulator uses CNC operators as classical keys to
represent quantum states. For an n-qubit system, these keys
are parametrized by an integer 1 < m < n. As in the stabilizer
tableau, the stabilizer S and destabilizer D components are

recorded; in addition, the CNC tableau contains a Jordan—
Wigner component W.

A classical key in our CNC simulator is represented by a
2n x (2n + 1) binary tableau of the form

D yp
S ys |,
W oyw

where the D and S components are (n — m) X n matrices, and
the W component is a 2m x n matrix, each with separate X
and Z parts. The final column, labeled y, contains a single
bit that records the phase. Although our keys take positive m
values, setting m = 0 recovers the original stabilizer tableau
of AG.

A stabilizer circuit consisting of a sequence of Pauli mea-
surements interspersed with Clifford unitaries is simulated
by updating the tableau representation above according to
specific quantum-mechanical rules. For Clifford unitaries, the
updates are analogous to those for stabilizer states and are
implemented via the action of a binary symplectic matrix. The
main novelty of our simulator lies in the treatment of Pauli
measurements. These are handled by update rules divided into
four distinct cases:

Case I. Similar to the deterministic case of AG.

Cases Il and IIl. New probabilistic updates (more in-
volved).

Case IV. Similar to the probabilistic case of AG.

This four-case structure refines the improved stabilizer
tableau method of AG. It is a novel feature of our phase-space
tableau simulation and can be regarded as a next-generation
extended stabilizer-theory tableau algorithm refining the orig-
inal stabilizer tableau approach.

B. Simulation experiments

We now perform an in-depth analysis of the performance
of the CNC tableau, drawing comparisons to the CHP sim-
ulator [3]—based on the AG tableau—where relevant. We
highlight two key observations for interpreting the results of
our simulation experiments:

(O1) A distinguishing feature of our tableau method is
that it supports the measurement of general multiqubit Pauli
observables. As a result, the CNC approach has an intrin-
sic quadratic-time overhead required to check which update
rule to apply (Lemma 7) among Cases I-IV. In contrast,
CHP requires only linear time in n to determine whether a
computational-basis measurement will yield a deterministic
or random outcome.

(02) A novel ingredient in our simulation is the intro-
duction of an additional parameter m. Two extreme cases are
illustrative:

(i) When m = 0, the tableau reduces to the stabilizer
tableau, and only Cases I and IV are performed, corre-
sponding to deterministic and random outcomes.

(i1)) When m = n, only Cases II and III are performed.
These cases are more computationally demanding than
Cases I and IV, and thus their higher frequency increases
simulation overhead.

032409-2



PHASE-SPACE TABLEAU SIMULATION FOR QUANTUM ...

PHYSICAL REVIEW A 113, 032409 (2026)

0.08

0.06

0.02

500 1000 1500 2000 2500

(a)

0.08 1 —— B=0.6
B=038
0.074 —— B=1.0
—— B=12
0.06

0.05

0.03
0.02

0.01

e

500 1000 1500 2000 2500

0.00

n
(b)

FIG. 1. Panels show the tested average measurement time 7" in
seconds as a function of the qubit count n for random Clifford
circuits, consisting of | Snlog, n| gates on n qubits, simulated using
our model [21]. (a) Fixed B = 1, varying m. (b) Varying B, fixed
m = n/2. Simulations were run on an Apple M1 Pro MacBook Pro
with 16 GB RAM.

To evaluate the performance of our simulator, we conduct
the following computational experiment, following the setup
of [3]:

(1) Fixn,m,and 8 > 0.

(2) Apply |Bnlog, n] Clifford gates—H; (Hadamard), S;
(phase), and CX;; (controlled-NOT)—each chosen with prob-
ability 1/3.

(3) Measure each qubit in the computational basis in se-
quential order.

In Ref. [3] the parameter § is varied, revealing a “phase
transition” in which the simulation shifts from roughly linear
to quadratic runtime. This behavior is due to the increased
number of calls to the row product operation as f—that is,
the number of Clifford unitaries—increases [22]. The CNC
tableau simulation, by contrast, is less sensitive to changes
in B as demonstrated in Fig. 1(b). This reduced sensitivity is
largely due to the intrinsic quadratic overhead required simply
to determine which update case to apply (O1). Nonetheless,
the CNC simulation is not entirely insensitive to S, since
in realistic scenarios, Case I and Case II updates are more
efficient than Case III and Case IV updates, and the former
occur less frequently as § increases (O2).
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FIG. 2. Panels show the tested average measurement time 7" in
seconds as a function of the qubit count n for random Clifford
circuits, consisting of | 8nlog, n] gates on n qubits, simulated using
our model [21] and (a) our model [21] with m = 0 and (b) CHP
implementation of Gidney [23]. Both simulations were run on an
Apple M1 Pro MacBook Pro with 16 GB RAM.

Next, we ran this experiment for a fixed value of g =1
and with n ranging from 200 to 2400 in increments of 200.
For each n we chose for m the values 0, 1, n/4, n/2, 3n/4,
and n. We find that increased m results in increased runtime,
likely because with increased m there are more applications
of the Case II and Case III update rules (02), which are more
complex as compared with Case I and Case IV, respectively;
see Fig. 1(a).

When we fix m = 0, the CNC tableau has the same struc-
ture as the AG tableau, apart from an additional row that
contains only zero entries in this case. We compared the
performance of our CNC simulator with m = 0 to a Python
implementation of the AG tableau due to Craig Gidney [23].
Our results are shown in Fig. 2. Numerically, we find that
our implementation is considerably more performant (note
the vertical-axis scaling), an interesting feature given that our
Case I and Case IV parallel the deterministic and random
update rules of stabilizer simulation.

III. RESULTS AND OUTLINE

The remainder of the paper is organized as follows: In
Sec. IV, we review the necessary background on stabilizer
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theory and CNC operators—the constituents of the phase
space—and recall the robustness measure that quantifies the
overhead of classical simulation.

In Sec. V, we connect the polyhedral phase-space picture to
an operational model by introducing the CNC circuit class and
identifying a family of variational noncontextual states that lie
in the CNC polytope, and are therefore efficiently classically
simulatable.

Section VI develops the symplectic theory of CNC op-
erators, beginning with the Jordan—Wigner decomposition
(Definition 4), which provides the symplectic foundation for
our classical keys parametrized by (n, m). We then give a dif-
ferent symplectic proof of the classification of maximal CNC
operators (Theorem 1)—a result first observed in Ref. [11]
and originally proved using graph-theoretic methods. Addi-
tional details of our proof are provided in Appendix A.

In Sec. VII, we first recall the original update rules of the
phase-space framework [11], which divide into two cases.
We then present our key observation that these rules can be
refined into four distinct cases (Cases I-1V). Case III intro-
duces an additional issue, overlooked in Ref. [11], in which
the update may break the maximality property of the CNC
operator, resulting not in a single phase space point but in a
uniform probabilistic mixture [Eq. (35)]. This section forms
the technical backbone of our tableau algorithm.

In Sec. VIII, we introduce the CNC tableau and present the
full details of the four update rules, translating the technical
results of the previous section into the tableau framework.
These update rules are significantly more sophisticated than
those of the stabilizer tableau simulation. To verify the rules
and perform experiments, we implemented our tableau algo-
rithm in Ref. [21]. A quick overview of the tableau structure
and an analysis of its performance are given in Sec. II.

Section IX provides further details on our simulation
method and the underlying algorihtm including pseudocode
presented in Appendix B.

IV. THE PHASE SPACE

In this section, we review stabilizer theory [24] and its
extension based on closed noncontextual (CNC) operators, as
introduced in Ref. [11].

A. Stabilizer theory

We consider a system of n qubits modeled by a Hilbert
space H = (C?)®". Given a bit string a = (ax, az) € E,,
where E, := 73", a Pauli operator is a Hermitian operator of
the form

T, = i?Wx ™z, (1)

where ¢ : E,, — Z4 is a phase function that is conventionally
chosen to be ¢(a) = axaz. Here, we have adopted the nota-
tion X% = X@1 @ ... ® X@ with a similar notation for
VAR

The vector space E, has a symplectic form defined by
[a, b] = axbz + azbx where the dot product is the usual
dot product over Z,. Pauli operators T, and T, then satisfy
T,T, = (=D T, T, and thus commute if and only if the
corresponding symplectic form [a, b] = 0 and anticommute

otherwise. The product of commuting Pauli operators satisfies
T,T, = (—1)P@DT, ;. see for example Ref. [25]. Using our
phase convention 8 has an explicit form given by

¢(a) + ¢(b) + 2(azby) — p(a® b) 2
> ,

where @ denotes addition in Z, and other operations are over
Zy.

The Pauli group P, is given by the set of operators
{£1, £i} x {T, : a € E,} with matrix multiplication as the
group operation. Its quotient with respect to its center (il)
is denoted P,. This group is isomorphic to E,. The n-qubit
Clifford group is the normalizer of the Pauli group with phases
quotiented out:

Bla,b) =

_{UelUH) : UPU' =P,)

Cl,: -
(1 : 6 € R)

3)
We can further identify the quotient group Cl,/P, with the
symplectic group Sp,,(Z>), the matrix group of invertible
linear maps E,, — E, that preserve the symplectic form. That
is, there is a surjective group homomorphism

¢ : Cl, = Spy,(Z2).

In fact, any Clifford unitary Uy acts by conjugation on Pauli
operators according to

UsT,UJ = £Tya),

where S is a symplectic map.

A subspace I C E, is called isotropic if for every a, b €
I we have that [a, b] = 0. The orthogonal complement / L
of an isotropic subspace I consists of all elements that
commute with I. Note that I C I*+. Moreover, if dim(/) =
n — m then dim(/*) = n + m and dim(7) + dim(I*) = 2n =
dim(E,). An isotropic subspace is called maximal if [ = [ L
i.e., it is self-dual. A stabilizer code is a projector,

I = |;—|Z(—1>f<“>ra,
ael

where [ is an isotropic and s : I — Z; is a value assignment.
When [ is maximal, then ITj is precisely a stabilizer state. At
the other extreme, when I = (a), we denote the corresponding
projector as ITS, where s represents the value in Z, assigned
to a. By Witt’s lemma, the symplectic group acts on the set
of isotropic subspaces of fixed dimension in a transitive way.
Similarly, the action of the Clifford group on the stabilizer
projectors of fixed rank is transitive.

B. Closed noncontextual operators

Closed noncontextual operators provide a natural extension
of the stabilizer theory.

Definition 1. A subset Q C E, is called closed if, for every
pair a, b € Q satisfying [a, b] = 0, it follows that a + b € Q.
For a closed set €2, a function y : Q — 75 is called a value
assignment if, for all commuting a, b € €2, the relation

y(a+b)=y(a)+y(b)+ Bla,b), “4)

holds, where B(a, b) is defined in Eq. (2). A closed subset
Q C E, that admits such a value assignment is called a closed
noncontextual (CNC) set.
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The structure of CNC sets was extensively studied in
Ref. [11]; see also Ref. [14]. We call a CNC set maximal if
it is not contained in any other CNC set. Given a CNC set €2
and a value assignment y : Q@ — Z, (sometimes called a CNC
pair), we define a unit trace Hermitian operator

1
Al = > Z(—l)”(”)Ta. 5)
aeQ

Operators of this form are called CNC operators. Stabilizer
states are particular examples of CNC operators.

C. Classical simulation

CNC operators span the space of unit trace Hermitian op-
erators. In particular, any quantum state p can be expressed by
an affine mixture of maximal CNC operators. Thus, these op-
erators form a Clifford covariant finite state space that can be
used for a sampling-based classical simulation algorithm [11].
This algorithm belongs to a class of sampling algorithms on
the set of vertices of an operator-theoretic polytope. Let SP,
denote the stabilizer polytope defined as the convex hull of
n-qubit stabilizer states. The dual of this polytope, denoted by
A, provides a probabilistic algorithm for universal quantum
computation [26]. Furthermore, it was also shown for all n
that CNC operators with maximal 2 are vertices of the A
polytopes. Let CP,, denote the CNC polytope defined as the
convex hull of the CNC operators. It is not difficult to show
(see Corollary 2) that stabilizer states are not maximal CNC
operators and thus they lie in CP,, so that

SP, C CP, C A,.

Classical simulation based on the CNC state space ex-
tends and improves the classical simulation based on stabilizer
states. As demonstrated in Ref. [11], the update of CNC op-
erators under Clifford unitaries and Pauli measurements can
be efficiently simulated on a classical computer. In Ref. [11],
they demonstrate this using the characterization of CNC sets
(described in more detail below) as a union of isotropic
subspaces, each of which can essentially be updated via a
stabilizer tableau. The goal of the present work is to refine
the analysis of [11], making the implementation and compu-
tational efficiency of the update rules more explicit.

The amount of negativity required to represent any quan-
tum state p as an affine mixture of maximal CNC operators is
less than when using stabilizer states. This is quantified by the
robustness measure

Wp) = min W, (©)

where p = )", W,()A, is an affine mixture and the sum is
over CNC pairs labeled by «. The robustness is a monotone
under Clifford unitaries and Pauli measurements [11] and is
upper bounded by Ny, the analogous measure using stabilizer
states [18]. In fact, for any n-qubit quantum state p, these
measures are related by [11]

R(p) < Ns(p) < (@n+ 1)AR(p).

By the arguments in Ref. [17], the CNC phase space therefore
yields an (up to quadratic in n) improvement in sampling
overhead for Born rule estimation over the stabilizer state

TABLE I. Robustness values for the CNC and stabilizer phase
spaces with n < 4 qubits. CNC robustness for n = 4 is not exact and
was obtained using a subset of CNC operators in the optimization
problem. For best known upper-bounds on the robustness of magic,
see Ref. [27].

IT) T)®? T)® |T)®*
Re 1.000 1.000 1.283 <2172
9Rs 1414 1.748 2219 2.863

phase space. Furthermore, all operators lying in CP, can
be efficiently classically simulated in the weak sense and in
Sec. V we identify a class of nonstabilizer quantum states
lying in CP,, for all n. These gains in efficiency motivate the
implementation of our tableau algorithm.

V. EXTENDED STABILIZER CIRCUITS
A. The CNC circuit class

On the operational side, the stabilizer circuit class can be
extended, reflecting the geometric picture on the polytope
theoretic side. We define the CNC circuit class to consist of
those quantum circuits initiated at a quantum state contained
in the CNC polytope, transformed under Clifford unitaries,
and operated on by (adaptive) Pauli measurements. Stabilizer
circuits are contained in this class. Identifying this circuit
class and comparing it to other efficiently simulatable circuit
classes, such as matchgate circuits [28-30], is of fundamental
importance. The polyhedral point of view provides a geo-
metric approach to determining the boundary of this new
efficiently simulatable circuit class extending the stabilizer
circuits.

The description of the CNC polytope given above is a V
description, since it is specified as the convex hull of finitely
many operators. An H description, by contrast, describes the
polytope via its facet-defining inequalities, and can offer a
more direct characterization of the quantum states satisfying
these constraints. Passing between these descriptions is a du-
ality problem that is notoriously difficult in general. Since the
number of CNC operators exceeds the number of stabilizer
states, one expects this facet or vertex enumeration task to be
harder than the corresponding enumeration for the A poly-
topes, which are dual to the stabilizer polytope.

As noted in Ref. [11], the families of quantum states cur-
rently known to lie in the CNC polytope are quite restricted.
For single-qubit systems, the CNC polytope is a cube contain-
ing the Bloch sphere; in particular, every single-qubit quantum
state lies in the CNC polytope. For two qubits, the magic state
|T)®? is known to lie in the CNC polytope; see Table 1. More
generally, if p,, belongs to the m-qubit CNC polytope, then

U (T ® pu)U"

belongs to the n-qubit CNC polytope for any n-qubit Clifford
unitary U and any (n — m)-qubit stabilizer projector IT,_,,.
This follows from the fact, proved in Ref. [31], that for any
maximal m-qubit CNC operator AY,, the operator

UM ® AL)UT O]
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is a maximal n-qubit CNC operator. Beyond these specific
cases, relatively little is known about which quantum states
lie in this polytope.

B. Variational noncontextual states

Next, we identify a family of quantum states in the
CNC polytope that generalizes the Bloch-sphere picture for
single qubits. These states are constructed from the non-
contextual states appearing in contextual variational eigen-
solvers [16,32].

We restrict attention to maximal CNC operators A, whose
nontrivial Pauli terms in the expansion pairwise anticommute.
Let {a;, as, ..., azy+1} denote the corresponding nonzero la-
bels in Q2. (Equivalently, €2\ {0} is an anticommuting set in
the sense of Sec. VI.) Define

1 2n+1
A(f) = (1 + Z f(a; )Ta,>

Then

1 2n+1
AN =5, <11+ > flanT, )

1 ~
= 5(1 + IFI1ACH)
= 2o I1I°CF) + 1 TT' (),

where | f] is the Euclidean norm, f(a,) = f@@)/Ifll, s =
(I + (=1DIf1)/2", and IT°(f) denotes the projector onto the
As eigenspace of A(f) Here we use that A(f)2 =1, so its
eigenvalues are 1. The operator A(f) is a quantum state if
and only if all its eigenvalues are non-negative; equivalently,

Ifl <1 (8)

We apply this criterion to probabilistic mixtures of CNC op-
erators A}, as the value assignment y ranges over all choices.
Each assignment can be identified with an element of Z%”’L' ,
since we may freely assign signs +1 to the nontrivial Pauli
operators appearing in the expansion of a maximal CNC op-
erator.

Let p be a probability distribution on the set of all value
assignments on €2; equivalently, a distribution on Z%”“. For
eachi € {l,...,2n+ 1}, let p|; denote the ith marginal of p,
where p|;(0) is defined by

Z p(si, ...,

STaeeosSimts SitlseesS241€2Z2

Si—15 0, Sig1, v, $2041)-

Then p|; is a probability distribution on Z,, with p|;(1) =1 —

pli(0).
Proposition 1. The probabilistic mixture

Ap =) P()AL
Y

is a quantum state if and only if the expectation vector E(p) =
(Ey, ..., Exyqr), with E; := 2 p|;(0) — 1, satisfies

IE(pI < L. €))

Proof. We write A, in the form A(f), where f(a):=
>, p(y) (=1)"@. Then

2

=1 > [ Do pr)(=1y@

| as\ {0} \ ¥

2n+1

= | Y (pli(0) = pli(D))’
\ i=1

2n+1

= Z E?
i=1

= E()I.

The claim now follows from Eq. (8). |
Note that as p ranges over all probability distributions on
Z%”H, the expectation vectors E(p) fill out the hypercube
[—1, 17>+t ¢ R¥*!. Thus, the condition (9) is simply the
requirement that E (p) lies in the unit ball B>**! ¢ R>**1,
We now describe the boundary case ||[E(p)| =1, ie
E(p) € §2"_In this case, the eigenvalues of A(f) are

1
)\.()Z—_]and)\.l ZO,

on

and hence the corresponding quantum state can be written as
n%E

A, = %, E(p) € §*". (10)

Projectors of the form I1°(E) with ||[E| = 1 coincide with
the projectors onto the noncontextual subspaces appearing in
contextual variational eigensolvers. For n > 2 these are not
stabilizer projectors [16], while for n = 1 this construction
reduces to the familiar Bloch-sphere picture with S2.

Moreover, the states in Eq. (10) do not, in general, lie in the
stabilizer polytope SP,,. To see this, note that for any stabilizer
state o, the expectation vector (Tr(o T, ), ..., Tr(o T,,,,,)) lies
in {%eq, ..., £es,11}, where e; denotes the ith standard basis
vector. Therefore, for any stabilizer mixture p = ), gx ox We
have

2n+1 2n+1

D ITeeT)l =)

i=1 i=1

> Tr(oiT,)
k

2n+1

<Y @ Y Tl < 1
k

i=1

by the triangle inequality and the fact that each stabilizer
state contributes at most one nonzero entry, of magnitude
1. Applying this to p = A, yields the necessary condition
ZZ"H |Ei(p)| <1 for A, to lie in the stabilizer polytope.
Under the boundary constraint ||[E(p)|| = 1, this inequality
holds if and only if E(p) = de; for some j. In this special
case, A, is a Pauli eigenstate (hence a stabilizer state). By
contrast, if E(p) has at least two nonzero components, then
> i1Ei(p)| > 1, and so A, cannot be expressed as a proba-
bilistic mixture of stabilizer states; equivalently, it lies outside
SP,,.
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We can extend the above construction to any maximal
CNC operator A’é of type (n, m), where 1 < m < n, using
the closure property in Eq. (7). In particular, any quantum
state that arises as a probabilistic mixture of type (n, m) CNC
operators can be written as

1
p(p) = 5, UM ® L,,(p)HU", (11)

n

where I1,,(p) := TI°(E(p)) for some probability distribution
p on Z3"! with E(p) € $*". Since the state p(p) admits
a probabilistic CNC representation, any circuit in the CNC
circuit class initialized in p(p) can be efficiently simulated by
the CNC tableau algorithm.

VI. STRUCTURE OF THE PHASE SPACE

In this section, we introduce the symplectic preliminar-
ies required for constructing the tableau algorithm. The key
concept is a different decomposition of the symplectic vector
space E, = Z%” into stabilizer, destabilizer, and Jordan—
Wigner components, which we refer to as a Jordan—Wigner
decomposition. This decomposition allows us to encode ad-
ditional information in our tableau, extending beyond the
stabilizer tableau.

A. Jordan-Wigner decomposition

A set of elements

S={a,...,ay} CE,
is called an anticommuting set if its elements pairwise anti-
commute, i.e., [a;,a;] =1 for all i # j. An anticommuting
set is called a maximal anticommuting set if it is not strictly
contained in any other anticommuting set.

We begin with some basic observations on maximal anti-
commuting sets; see also Ref. [33].

Lemma 1. For an anticommuting set S with N = |S] even,
the sum b = vaz 1 a; is nonzero and adding this element to the
set results in a maximal anticommuting set.

Proof. If N =0, then § = {0} is clearly maximal. So,
assume N > 0. If b =0 then ay = Zf:,l a; and [ay, a;] =
Zy;ll[aj,a,-] =0 for i=1,...,N—1. Therefore b is
nonzero. Adding this element to the set gives a maximal
anticommuting set since any other element that anticommutes
with all the a;’s commutes with b. |

For an anticommuting set S and an element ¢ € E,, we
define

A.={a; | [ai,cl=1,i=1,...,N},
C.={a;i|lai,c]=0,i=1,...,N} (12)

Note that the definition of these sets also depends on S, which
is omitted from the notation for clarity.
Proposition 2. An anticommuting set S is maximal if and
only if vaz , @; = 0. Furthermore, in this case, N must be odd.
Proof. First, assume that S is maximal and b = Zf]: | i
Lemma 1 implies that N is odd. Let ¢ € E, be such that

[b, c] = 1. Then,

N
[b.c]=) laicl= Y la.cl=1,
i=1

ac A,

which implies that |A.| is odd and |C.| is even since N is
odd. The element d = ¢ + Zaec,, a satisfies [d, a;] = 1 for
alli=1,...,N and d € S. This contradicts the maximally
of S. Hence, no such c exists, and this means b = 0. For the
converse, assume that b = Zf\': ,a; = 0.By Lemma 1, N must
be odd. Since we have ay = Zﬁ\;l a; and |S\{ay}| is even,
Lemma 1 implies that S is maximal. |

Notice that S is linearly dependent if and only if there
exists a nonempty I C {1, ..., N} such that Zie[ a; = 0. The
latter condition is equivalent to {a;};c; being a maximal an-
ticommuting set by Proposition 2. Therefore, we have the
following:

(1) If S is maximal, then any subset of S with size N — 1
is linearly independent.

(2) If S is not maximal, then S is linearly independent.

As a consequence, we can see that the maximum size of an
anticommuting set is 2n + 1. These max-sized anticommuting
sets are particularly important for our discussion.

Definition 2. An anticommuting set of 2n + 1 elements,
{ai, ..., a1}, 1s called a Jordan-Wigner (JW) set, and its
elements are referred to as JW elements. Any 2n JW elements
form a basis of E,, that we call a JW basis.

We typically choose the first 2n JW elements as the basis
so that the remaining element a,+ is the sum of the JW basis
elements.

Lemma 2. Any anticommuting set that is not maximal can
be extended to a JW set.

Proof. Let Sy = {ay, ..., ay} be a nonmaximal anticom-
muting set. If N = 2n then the result directly follows from
Lemma 1. Therefore, we are done if we can show that Sy
can be extended to an anticommuting set Sy = Sy U {ay+1}
that is not maximal when N < 2n. If N is odd, there exists
any1 € E, suchthat [ay,1,a;] = 1foralli € {1,..., N}since
Sy is not maximal. Since N + 1 is even, the extended set Sy
is not maximal by Lemma 1. Now if N is even, then we can
find an element c € E, \ {(ay, ..., ay) since N < 2n. We can

construct
e+ gen a if|Cclisodd
ayy1 = ¢+ 4cc.a  if|Cc|is nonzero and even
c if |C.] = 0.
It is easy to see that [ayy1,a;] =1 for all i € {1,...,N}.
So, {ai,...,an,an+1} is an anticommuting set. More-

over, va: +11 a; # 0 since otherwise it would imply that ¢ €
(ai,...,an). Hence, {ay, ..., ay, ay+1} is not maximal. W

Definition 3. The Jordan—Wigner (JW) transform of a
symplectic basis {e;, f;}i_, is given by the anticommuting set:

ay=e, a=/fi,

andfori=2,...,n,

i—1 i—1

Wi =ei+ Y (et fi), an=fit+ ) (e+fi) (13)

k=1 k=1
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Conversely, the inverse JW transform of an anticommuting

set{aj, ..., ay,} yields the symplectic basis {e;, f;}I_,, defined
by

er=a;, fi=a,
andfori=2,...,n,

2i—-2 2i—2
e=ay1+ Y a. fi=ai+ )y a. (14)
k=1 k=1

These transformations are inverses of each other. So,
(ar, ...,am) = (e, fi,..., e, fp) in both cases. The JW
elements associated with the canonical symplectic basis
{zi, xi}izil are called the canonical JW elements. Moreover,

., @) (15)

is a symplectic vector space of dimension 2k.
Lemma 3. Any b € E, can be expressed in the JW basis as

W:(al,..

2n

b= kaak, (16)

k=1
where v, = [a2,+1 + ag, b].
Proof. We have
[azn+1 + ax, bl
= [a1, ] + -+ + [ak-1, b] + [ak+1, b] + - - - + a2, D]

2n

=i v v e+ Q= D)

i=1
2n
= Vi e v vt )
i=1

= Vi,

2 2
where we used @z = Dy ax and [ag, bl = v+ > 2, v

in the second equality.

It is convenient to write vy,41 = [d2,+1, D], sO that v, =
Vouy1 + lag, bl

Corollary 1. For b € E,, let A;, and C,, be the sets defined
in Eq. (12) with respect to a JW set. Then,

b Ya= Y,
tlE.Ah a’ech

and |Ap| is even.
Proof. Using Eq. (16), we have

2n
b= E Vi Ay
k=1

2n 2n
= Vou41 E ay + E [ax, blay
k=1 k=1

= Vopt1@2n+1 + E a,
uEAb

where Ab = 'AIZ\ {azu+1}. Now if ap,y1 ¢ Ap, then Vopt] =
0 and A, = A, So, b= ZaeAh a. If azy1 € Ay, then

IL (I/)L

FIG. 3. The intersections and sums of the subspaces in a JW
decomposition: W NI =0,W @I =1*,WNI =0, and W DI =
("

voup1 = 1 and A, = Aj U {az,41} which gives

b:a2n+1+2a=2a.

acA, ac Ay

Since Y7 a; = 0, we have D aea, @+ Dwee,@ =0, and
this implies b = )", ., @'. Lastly, if | A;| is odd, then a1 €
A, since asz,q = 21221 a;. If | A,| is even, then ay,y1 ¢ Ap.
Hence, |.A;| is even.

Now, we come to the main definition of this section.

Definition 4. A Jordan—Wigner decomposition for E, of
type m consists of

(1) an isotropic subspace I,,—,, C E, of dimension n — m,

(2) asubspace W,,, C I'- of dimension 2m such that W, N
Lim = 0 and W2 @l —p = Ij—_np

(3) an isotopic subspace I,_, C E, of dimension n —m
suchthatZ/_, NIt =0and1_,®&Ws, = I._ )"

The subspaces in the pair (I,_,,, I, _,,) will be referred to as
conjugate isotropic subspaces.

We write

E,=I_,®W,® I,/,_m

for a decomposition of type m. Subscripts indicating the di-
mensions will usually be omitted to simplify the notation. The
relationship between these components is depicted in Fig. 3.
Note that we have

InaH*=w.

Lemma 4. Given conjugate isotropic subspaces I and 7',
we can choose a basis {ej, ..., e,_,} and {fi, ..., fu_m}, re-
spectively, such that

lei, fi] = dij,

where | <i,j <n—m.

Proof. 1t is a well-known fact in stabilizer theory that for
b ¢ I+, we can make a change of basis so that only one of the
basis vectors anticommute with b, and the rest commute [24].
Let A be the minimum of the set {1 < i < n—m| [e;, b] = 1}.
Then, we can write

I={e,....em)
5= {e,- +e, if[e, bl =1landi# A (17)
e; otherwise.

We apply this change of basis first with b = f;, and apply
another change of basis with b = f,, and so on. Note that since
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fi’s pairwise commute we obtain the desired commutation
relations. ]

Such a basis will be called a conjugate basis. Note that
given {e;}!_}" the conjugate basis is unique.

The JW decomposition of type m associated with the
choices I ={(z1,...,20—m), I' = (x1, ..., %_m), and W =
(ai,...,ar,), where the JW basis is obtained from
{Zn—mti> Xn—m+i}ir, using Eq. (13), is called the canonical JW
decomposition. Note that W can be identified by E,, once the
indices of the basis vectors are shifted down by n — m.

Lemma 5. Let E =1® W &I’ be a JW decomposition of
type m and {a;}?", be a JW basis for W = E,,. For b e W,
write Ay = {ai, ..., ay} C W and define {&;}, by

a=banda; =a;, i=2,...,2t.

Let {é;, f,}?; , be the symplectic basis of W associated with
{a;}, given by Eq. (14). Then, there exists a JW decomposi-
tion for W of type m — t:

W=JoWalJ,
such that
(1) J = (élAv"'séIA)’
@ I =fr. fo), )
3) {b+axyi1,...,b+ az,}isaJW basisof W = E,_,.

Moreover, J ®J' = (ay, ..., axy).

Proof. Notice that {¢;}?, is an anticommuting set and
ay =Y ;' & since Y., a=>b. Explicitly, ¢ and f; are
defined as follows:

2i—2
ey =ay and e; = ay;_ +Zflk, (18)
k=1
and
2i-2
fi=twand fi=dn+ ), (19)
k=1
where i =2,...,¢t. So, J and J' are conjugate isotropics

andS=J®J = {(a,...,ay) = {ay,...,ay) is a symplec-
tic subspace with a symplectic basis {&;, ﬁ-}ﬁzl. Since {a;}?",
is a basis of W, we have W =S & (a1, - ., aom). Since
beSwehave W =S@®W where W = (b+ay41,...,b+
ary). Lastly, notice that {b + a1, ..., b+ ayy} is pairwise
anticommuting since Cp = {az+1, .-, am+1}.- Hence, {b+
241, - .., b+ ay,}is a JW basis for W. [ ]

Given an isotropic subspace I = (e, ..., e,—) a JW de-
composition (Definition 4) can be obtained by the following
(efficient) procedure: To begin, consider a linear map L :
Z%” — 757" such that ker(L) =1 L. The corresponding (n —
m) x 2n matrix over Z, will also be denoted by L. We now
outline an efficient procedure for obtaining a JW decomposi-
tion. To construct a basis for I* =1 ® W:

(1) Use Gaussian elimination (GE) to solve the set of
homogeneous linear equations Lx = 0,_,,. This yields a set
of vectors {vy, ..., Vpim}-

(2) Use GE once again to identify 2m vectors

{vij,..., v} from {ey,...,e,—n} that are linearly
independent.
We now have that It = (ey, ..., €y_m, Vi, - . ., Uy, ). Due

to the rank-nullity theorem, we have that E, = ker(L) &

Im(LT) wherein we identify the (n — m)-dimensional sub-
space I' = Im(L") as the basis conjugate to I. In practice, we
can construct a basis for I’ as follows:
(1) Use GE to determine the linearly independent columns

{fi,..., fa—m} of L.

(2) Obtain a basis {f, ..
LT f; since L|; is injective.

As described in Eq. (14), we can obtain a JW
set for W by first identifying a symplectic basis W =
(ef,....en, fi..... [n), then constructing a;’s for i=
1, ..., 2m and setting az,+1 = lefl a; (Lemma 1). This can
be achieved efficiently using symplectic Gram-Schmidt or-
thogonalization (SGSO) [34,35]. Moreover, the procedure
outlined in Lemma 4 is a special case of SGSO in which the
decomposition W+ = I @ I’ is given, and thus is also efficient.
The protocol as a whole is, in turn, efficient as well since the
most expensive subroutines are GE and SGSO, both of which
are polynomial-time algorithms.

<y fu—m} C I’ according to f; =

B. Classification of CNC sets

The original classification of CNC sets in Ref. [11] (see
also Ref. [14]) was based on graph-theoretic methods. In
this section, we provide an alternative proof using symplec-
tic techniques, centered on our notion of JW decomposition
(Definition 4).

We begin with the observation that anticommuting sets
together with isotropic subspaces can be used to build CNC
sets. We begin with the observation that if y is a value as-
signment on an isotropic subspace J and J is contained in a
larger isotropic subspace J', then the value assignment can be
extended y : J' — Z,. Let I be an isotropic subspace of E,
and {ai, ..., ay} be an anticommuting set in /. Then,

N
Q=Ju& (20)
k=1

where I, = (ax, I) is a CNC set. To see this, first observe that
the closedness property under commutation is clear. To con-
struct a value assignment, start from a value assignment y; :
I — 7, and extend it to each [; to obtain value assignments
Vi : Iy = Z5. Then the family {yk}fc\':l of value assignments
that match on I defines a value assignment y : Q — Z5.

The classification theorem says that the converse of this
observation is also true. Let us start by considering a closed
subset 2. We write

Q) ={aeQ|[a,b]=0YVbeQ), 1)

and call this isotropic subspace the center of 2. Assume that
dim (I(2)) = n —m. Then we can write [(Q)F =1(Q) ®
W (2) where W (£2) is a 2m-dimensional symplectic subspace
in a JW decomposition. When there is no confusion, we
simply write / and W for the subspaces associated with the
closed subset. Using the closedness of €2, we can write it as
a union of isotropic subspaces of the form (a, I) where a €
€\ I. Note that the difference is empty when Q2 = I. Also,
(a,I) = (a, I) for every a € Q2 \ I where a is the projection of
a onto W. Therefore, we can write 2 as in Eq. (20), where
a, € W\ {0} for all k and (ax, I) # (a;,I) for k # [. Prov-
ing that {a;, ..., ay} forms an anticommuting set requires
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additional work, which we defer to Sec. A. The proofs of the
following two results can be found there.

Theorem 1. Let Q C E, be a CNC subset. Then there ex-
ists an anticommuting set {aj, ..., ay} C W(£2) such that

N
Q= Jla. 1), (22)
k=1
where 1 < N <2m+ 1 and dim (/(2)) = n — m for some
1<m<n
Corollary 2. The maximal CNC sets are precisely those
that have a decomposition as in Eq. (22) with N = 2m + 1.
We call a maximal CNC set 2 of type (n, m) if I(2) has
dimension n — m and N = 2m + 1 in Eq. (22). For each such
Q there exists a symplectic isomorphism « : E, — E, such
that

(X(I) == (Zla MR ] Zn—m)v
ally = (x1,..., Xo—m),
o({afit!) = fap, (23)
where {&,-}f;”fr Uis the JW set associated with the symplectic

basis {X,—m+i, Zn—m+i}r ;. Hence Sp,,(Z,) acts transitively on
the set of maximal CNC sets of type (n, m).

The surjective group homomorphism ¢ : Cl, — Sp,,(Z>)
implies there exists a Clifford unitary U, € Cl, such that
¢(U,) = o. Moreover, the phases associated with the con-
jugation action of U, on the Pauli operators {Tvi}izi1 where
{v;}?", is a (not necessarily symplectic) basis of E, can be
chosen freely [36]. Therefore, for each maximal CNC set 2
of type (n, m), there exists a Clifford unitary U, such that
) ® Ag) U, (24)

Aé = UO; (H?Z],...,anm
where € is a maximal CNC of type (m, m) and O refers to
the value assignment that assigns the value O to each element
in the corresponding set. Conversely, a (n—m)-qubit stabilizer
state and an m-qubit CNC operator can be composed—i.e.,
tensored as in Eq. (24)—to produce an n-qubit CNC operator.

This lets us compute the number of phase point operators;
see [[37], Theorem 5]. The number N, ,, of maximal CNC sets
of type (n, m) is given by

Nn,m - Nn—mNm,ma

where
(1) N,_,, is the number of isotropic subspaces of dimen-
sion n — m:

n—m 4n—k+1 -1

Noem =
2k —1

k=1
(2) Ny is the number of maximal CNC sets of type
(m, m), i.e., the number of distinct sets of JW elements:
S A
Nm,m _ | pZm( 2)' 7
’ Cm+1)!
where [Sp,,(Zy)| = 2" [T/, (4/ — 1).
Additionally, the number M, ,, of maximal CNC operators
of type (n, m) is given by

Mn.m = Nn,mVn,m s

where V,, , is the number of value assignments on a CNC set
of type (n, m):

174 _ 2/1+m+1
nm — .

C. Enlarging to maximal CNC
Given a CNC set

N
Q= Ulk,
k=1

where I, = {ay, I), dim(/) =n —m, and N < 2m + 1, there
are two ways to enlarge to a maximal CNC set:

(1) Assume that N = 2/ + 1 for some 1 <[ < m. For an
isotropic subspace J C I of dimension t = m — [ satisfying
I NJ =0, we can construct a maximal CNC set € defined by

2041
o=
k=1
where I, = (ay,I) and T =1@ J. After choosing a basis
J={en—mi1,--.,€n_mis} We can also construct the value
assignments 7 : € — Z,. Such value assignments are of the
following form: For s € Z, we define the value assignment

y % 5(a) = {V(“)’ @€ (25)

Siy a =& _pyi-
Note that, on other Pauli elements, the values are automati-
cally determined.

(2) Next, we provide an enlargement where the center is
fixed but the size of the anticommuting set is increased. Com-
plete the set {ay, ..., a;} to a JW set. It is only possible when
{ai, ..., a;} is not maximal, and we can do this by following
Algorithms 1 and 2 in Ref. [33]. Let + = 2(m — [). Then, for
s € Z),, we define

_Jy@@), aec
v xsa) = {Si, a = azi4+1+i- (26)

VII. THE UPDATE RULES

In this section, we describe the update rules for CNC oper-
ators, as defined in Eq. (5). Under a Pauli measurement 7, a
CNC operator AY, is updated to a probabilistic mixture of CNC
operators. For the update rules of AY,, we need the following
notation:

(1) Given b € 2, we write y+[b,-]: Q2 — Z, for the
value assignment defined by a + y (a)+[b, a].

(2) Given b e E, \ 2, we write Q2(b) for the closed set
defined by

Q) = )+ b NQ,

and for r € Z, we write y xr : Q(b) - Z, for the value
assignment defined by

_ Jv(a),
yHr(a) = {y(b+ a)+r + Bb. a),

ae b NQ
acb+ (bt NQ.

Alternatively, y * r can be described as the unique value as-
signment determined by y * r(b) = rand y *x r(a) = y(a) for
aeb)tnNQ.
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If the outcome r € 7, is observed, the update of a CNC
operator under measurement of a Pauli operator 7}, is given by
the following formula [11]:

y y+b.]
Sropmiatde peQ
Ly (D) 2 (27)

AL, =
5AG0: b ¢ Q.
So, there are two cases for the update rule determined by
whether b € Q.

This formula generalizes the well-known update of a sta-
bilizer projector under a Pauli measurement. Let / be an
isotropic subspace of E, and s be a value assignment on /.
Then

Sr,.s'(b)l_[;7 bel
M, =1 )
KO}~
W H;E“g), bé¢l.

Next, we refine the update rule given in Eq. (27) as a
preparation for the tableau representation in Sec. VIII. We
have the following containment of subspaces:

IChcQcltCE,

where I, = (ag, I). The refined update rules will break into
four cases:

(1) Casel b el,

(2) Casell. b e I \1I,

(3) Caselll. be -\ Q;

(4) CaselV.b ¢ I+,

For our simulation, we consider only maximal CNCs. So,
assume that 2 is a maximal CNC set of type (n, m). Then,
Theorem 1 implies that {ay, ..., ay,+1}isaJWsetin W(Q2) =
(ai, ..., ay,). Using this, we can distinguish the first three
cases by the number of JW elements that anticommute with b.
Note that |.A4;] is even by Corollary 1.

Lemma 6. For b € I+, let us define the integer

_ 14

Ny >

Then, we have three cases:

(1) b elifandonlyif N, = 0.

(2) b € I;\I if and only if N, = m.

(3) beIt\Qifandonlyif 1 < N, < m — 1.

Proof. Part (1): Note that (Q) = I'*. Then we can see that
b eI if and only if all JW elements commute with b, i.e.,
|Ap] = 0. Part (2): It is clear that if b € I} \ I then N, = m.
Now, Let N, = m and b denote the projection of b onto W.
Then b = a; for some k by Lemma 3 which implies b € I, \ 1.
Part (3) holds in the remaining case, i.e., b does not belong to
Q if and only if | 4| # 0, 2m. |

Cases I and II fall under the case b € Q2 of Eq. (27), and the
CNC set remains the same under update, although the value
assignment may not. Cases III and IV require more work.
Given a maximal CNC set 2, we consider the associated JW
decomposition (I, I’, W) where

I = (el,...,enfm),
I, == <f], -'~7ﬁ1—m)5
W= (Cl],---»a2m)-

The bases {¢;}7-|" and {f;}/_}" are chosen to be conjugate
(Lemma 4).

(a) Case III. Let b e I*\ Q and © be a maximal CNC
set. We begin by reindexing the JW elements so that

A, =lai,...,ay},where 1 <t < m — 1. Then, observe that
I(b) = (ey, ..., en—_m, b). When we compute 2(b), we imme-
diately find that
2m+1
Qb= | ko). (28)
k=2t+1

where I;(b) = (ay, I(b)). A conjugate basis can be given so
that I(b) = {f1, ..., fu_m, a} for some a € A;. The CNC set
Q(b) is maximal if and only if = 1.

Example 1. The smallest number of qubits for which max-
imality fails in the update rules is n = 3. For m = 3, consider
the maximal CNC determined by the 2m 4 1 = 7 mutually
anticommuting elements

a =xi, a2 =21,

a3 =y +x, a=Yy +2,
as=yi+y+x3, ac=y1+y2+2,
ar=y1+y>+y3.

For b = x| + x, + x3, we obtain t = | A,|/2 = 2, and
QD)= (I, x1) U, y1 +22) UL, y1 +¥2 +x3),

where I = (x; + x» + x3). The resulting CNC set Q(b) is not
maximal.

If t > 1, as in the example above, then we construct a
maximal CNC by enlarging its center (see Sec. VIC). The
maximal CNC set

2m+1
Qwy= ) Lo (29)
k=2t+1
containing 2(b) and the corresponding conjugate bases are
described as follows:

(D) 1Y = (fi, ..

BN fnfert) where

F_ ﬁ,(n,m), n—m+1<i<n—m+t
fi= { fi otherwise, (30)
and
IS . 61
T e+ il @+ o). 2<i<t,
() I(b) = (@1, ..., &y—_m) where
__Jéi—w-myy n—m+1<i<n—m+t
€= {ei, otherwise, (32)
and
b i=1
Ai — El i . R ) 33
¢ {az,-_l LY@+ fo, 2<i<n O

where b is the projection of b onto W found using b =
D oaed, @ = Dyec,@ from Corollary 1 and the fact that

[b, a;] = 0 if and only if [b, a;] for all i.
(3) Ik(b) = (ax, I(b)) where

a = b+ ay, (34)
andk =2t +1,...,2m+ L.
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This construction comes directly from Lemma 5 and the
corresponding equations Eqs. (18) and (19).

Given the description of Q(b) in Eq. (29) and its subset
Q(b) in Eq. (28), a value assignment ' on Q(b) can be
extended to Q(b) by choosing values s; € Z, for the basis
vectors ¢; where 2 < i < ¢. This gives the value assignment
y’ x s described by the construction in Eq. (25). Then, we can
write the Case III update rule as follows:

(y*r)%s
, , 1 ZseZ”' AQ b
MAYTT, = 5;—_1“. (35)
(b) Case IV. Now, we turn to the final update rule. Let b ¢
I+ and  be a maximal CNC set. The maximal CNC set

2m—+1
Qb) = | J 1.
k=1
with the corresponding conjugate bases are described as fol-

lows: Let A be the minimum of the set {l <i<n—m|
[ei, b] = 1} of indices.

(1) IBY ={(fi,..., fo—m) Where
B €, i=A
fi=qfite, if[fi,0]=1 (36)
fis otherwise.
) I(b) = (e, ...,e,_m) Where
b, i=A
ei=1e +e,, if[e,bl=1andi# A 37
e, otherwise.

(3) L(b) = (ax, I(b)) where

_ {ak +e,, iflar,b]l=1
ay =

., if [z, b] = 0, (38)

andk=1,...,2m+ 1.

This construction relies on the basis transformation de-
scribed in Eq. (17).

We conclude this section with a remark on Case III. If the
CNC set after the measurement is not maximal, we apply
the first enlargement procedure described in Sec. VIC. As
we demonstrate next, this is the only feasible method for
achieving a maximal CNC, since the alternative approach—
enlarging the JW elements—is not possible. Let Q2 C E, be
a maximal CNC set with dim(/) = n — m and JW elements

{ai, ..., ayns1}- Then, after measuring b € [ L\ @ (reindex
JW elements such that A, = {ay, ..., ay}), we have the CNC
set
2m+1
Q) = Juw),a)= J a®), ),
aeCy k=2t+1

where 1(b) = (I, b) is the center of Q(b). Let W be a sym-
plectic subspace such that I(b)* = I(b) @ W. Then, we claim
that any choice of an anticommuting set {1, . .., G2m—r)+1} C
W N Q such that

2m—t)+1

aby= |J ) a)

k=1

is maximal. To see this, first note that

2m+1
dYa= Y a=belb)
aeCy k=2t+1
Additionally, without loss of generality we have that a; =
¢y + ay i forsomec, € [(b)wherek =1,...,2(m —1t)+ 1.
This gives
2(m—1)+1

Z € 1(b),
k=1

and W N I1(b) = 0 implies
2m—t)+1

Z = 0.
k=1

Therefore, by Proposition 2 {a, . .
anticommuting set in W.

., @(m—r)+1} 1 @ maximal

VIII. THE TABLEAU REPRESENTATION

In this section, we introduce our phase-space tableau, also
referred to as the CNC tableau, and describe its update rules.
These rules are implemented in Ref. [21]; see Fig. 1.

A. The phase-space tableau

As shown in Theorem 1, a maximal CNC set 2 has the
form
2m—+1

Q= &
k=1

where I = I(2) is the center, I, = (ax, I),and {ay, ..., aynt1}
isaJW setin W = W(2). Here we chose a JW decomposition
E,=1®W @I associated with the CNC set Q where I’
is a conjugate isotropic. Our goal is to construct a tableau
representation for € and a value assignment y on this CNC
set given by a matrix whose rows encode the conjugate basis
vectors and the JW elements.

For an element a € E, expressed as a = Y . (o;x; + Bizi)
we write

R@a) = (a1, ..., 00, B1, .-, Bn)
for the row vector consisting of the coefficients. For a matrix
M we write M; , for its ith row vector.
Definition 5. Given a JW decomposition E, =1 ®@W & I
of type m together with a basis {ey, ..., e,—,} for I, a con-
jugate basis {fi, ..., fu_m} for I’, and an associated JW set

{ay, ..., ayny1} for W, we define a (2n) x (2n + 1) matrix
R(f), I<i<n—m
7;,* = R(ei—(n—m))v n—m+1 g i < 2(” - m)
R@2em), 20 —m)+1<i<2n+]1

called a tableau representation of type m for the JW decom-
position of type m. We denote the ith row of the tableau by
Ri =T .

We separate the matrix 7 = Tg into three parts:

(1) The destabilizer part 7 |p defined by

(Tlp)ix =R,

where 1 <i<n—m.
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(2) The stabilizer part 7 |s defined by

(T|S)i,* = Rn—m—H’

where 1 <i<n—m.
(3) The Jordan-Wigner part T | defined by

(T1aw )i = Rogu—my+i»

where 1 <i<2m+1.

Next, we extend the tableau to include a value assignment
y : Q — Z,. The values of y on the basis of I and the JW
elements are recorded in the last column. In the destabilizer
part, we extend the value assignment with zero values for
convenience, even though these values are irrelevant to the
simulation algorithm.

Definition 6. A tableau representation for a maximal CNC
pair (€2, y) is the matrix 7. obtained from a tableau repre-
sentation of the associated JW decomposition by appending a
column consisting of the value assignments to the basis ele-
ments; thatis, (73 );; = Tijfor 1 < j<2n,1<i<2n+1,
and

0, I<i<n—m
(73/)[,2n+1 = V(ei—(n—m))a n—m+1 < i g 2(” - m)
Y(@i2-my)s 2m—m)+1<i < 2n+l.

If the maximal CNC has type (n, m), we say that the tableau
T4 is of type m.

A simple algorithm to construct the tableau for a given
maximal CNC operator A}, is provided in Algorithm 3. For
notational simplicity, we write T = 75 . The rows of this
matrix are denoted by R; and they have the form

Ri = (R, s1),

where R; is the ith row of 7" and s; is the value assigned by y
to the corresponding Pauli element. Similarly, we partition 7~
into destabilizer, stabilizer, and JW parts:

Tlos  Tlss  Tlhw.

Example 2. Let I=1{(z1,...,Z0-m), I'={x,...,
Xn—m}, and {aj,...,az,+1} denote the corresponding JW
set. We wish to depict the corresponding tableau. For
convenience, let us group together even and odd elements ay;
and ay;_1, respectively. We have

II‘L*m

Ii’l—Wl

A
B

S

m m

Here 1,, is a row vector of m ones, I,_,, is an (n — m) x (n —
m) identity matrix, and empty spaces represent matrices of all
zeros of the appropriate dimensions. A and B are m x m lower
triangular and strictly lower triangular matrices, respectively,
satisfying

i<
otherwise

I, i<j

and B;; = {0, otherwise.

Example 3. Consider CNC tableaus 7 and 7' of type
(n, m) and (', 0), respectively. These tableaus are of the form

D D
S ys|and | S vy |,
W v

where the y indicate phase bits. Following Eq. (24), their
composition, i.e., the tensor product, is given by the tableau

D
D/
N Vs
N 2%
w Yw

B. Updating the phase-space tableau

Just as in the stabilizer tableau approach, a CNC tableau
can be updated either through the deterministic action of
Clifford unitaries or the probabilistic action of Pauli measure-
ments. The rules for updating under Clifford action are exactly
the same as in the stabilizer approach. The n-qubit Clifford
group Cl, is generated by the Hadamard and phase gates H;
and S; that act nontrivially only on a single qubit, where

11 1 1 0
sl femas=[s ¢

together with the two-qubit cnot entangling gate CX, =
[0Y(Ol ® I, + |1){1], ® X;, where ¢ and ¢ are the control and
target qubits. Recall that there is a surjective group homomor-
phism ¢ : Cl, — Sp,,(Z>). By surjectivity, the images of the
Clifford generators by h; := @(H,;), s; := ¢(S;), and cx; :=
¢(CX,) themselves generate the symplectic group Sp,,,(Z).
The rules for updating under the action of A;, s;, or cx
(together with keeping track of the phase bit) are the same
as those given in Ref. [3]. Supposing a circuit consists of L
Clifford gates, these updates can be performed in O(nL) time.
Next, we turn to the update rules for the Pauli measure-
ments. Given a € E, and s € Z,, consider the row vector

H =

R(a) = (R(a), 5),

obtained by appending to R(a) the value s as the last column
entry. Given another element b € E, and value r € Z,, we can
compute the commutator and the B function [see Eq. (2)] as
follows:
T 0 1
[a, b] = R(a)wR(b)" , where w = <I 0),

and

1 n
Pla.b) =5 [Z [R(@)iR(@)itn + R(D)iR(D)itn]

i=1

+2 ) [R@)inR(b)i]

i=1

~ Y [R@ @& ROI{R@ & R(b)]i+n):|- (39)

i=1
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We define the row product operation between two rows:
R(a) * R(b) = [R(a) + R(b), s + r + B(a, b)]. (40)

Notice that the computation of f(a, b) requires O(n) steps so
that the row product itself also has O(n) complexity in total.

Our first task is to identify which of the measurement cases
from Sec. VII apply.

Lemma 6. For a maximal CNC set 2 and b € E,, checking
which of the cases (i) b € I, (ii) b € I/, (iii), b € I'* /R, or
(iv) b ¢ I'- occurs can be performed in O(n?) time.

Proof. To determine which update rule to apply for b € E,
we must compute the symplectic form of R(b) with each
row of Tg. We mainly use Lemma 6 to distinguish the
cases. It suffices to perform the matrix multiplication 7 (b) =
Ta @ R(b)T, which can be done in O(n?) time. Once we have
computed the symplectic forms, we observe that a Pauli ele-
ment b € Q must satisfy either (i) b € I or (ii) b € I; \ I for
some unique k =1,...,2m + 1. The former occurs if and
only if b commutes with all rows n — m+1 to 2n 4 1, whereas
the latter occurs if and only if b commutes with rows n —
m+ 1 to 2(n — m) plus one additional row in 2(n — m) + 1
to 2n 4+ 1. On the other hand, if b¢ Q2 then we have either
(iii) b € I+ \ Q or (iv) b ¢ I'+. The latter happens if and only
if b anticommutes with any element in rows n —m + 1 to
2(n — m), whereas the former occurs if » commutes with all
rows n —m to 2(n — m) but anticommutes with 2¢ rows in

We are now ready to describe the update rules for the
tableau representation using the results of Sec. VII. Consider a
maximal CNC set 2 and suppose we perform a measurement
of a Pauli operator [38] 7, with outcome r,. Let b be the
Ero_jection o_fb onto W. Then we define R(b) = (R(b), rp) and
R(b) = (R(D), rp).

Case I. b € I: Deterministic outcome r, = y(b) and de-
terministic tableau update 75 + T, i.e., tableau remains
untouched.

Case II. b € I} \ I: Deterministic outcome r, = y(b) and
probabilistic tableau update 7 + T/ or T ~— T ]
with equal probability.

CaseIIl. b € I+ \ Q: Sample r;, € Z, uniformly as the out-
come. Sample s = (s2,...,8) € Z’z_' uniformly at random to

update the tableau 7/ > 77" as follows: First, order the

Q)

rows of 7 |;w in such a way that the new rows R/, ..., R},
satisfy

1, 1<i<2t

RoR®b) =1, S %
R () 0, otherwise.

We make the assignment

2m+1

Ry < Y R,
i=2+1

which computes R(b) using Corollary 1 that we use in place
of R(b). Then, the new tableau has type m — ¢ and is given by

2(n—m)+ 1to2n+ 1. | using Lemma 5 as
J
(R,,0), i=n—m+1
Fp)%S 2k—2 .

(Tam”|p)iy = { Ry + 357 R,0), i=n—m+k k=21
(73’ |D)i . otherwise,
(R}, 1p), i=n—m+1

(T e = { Ry + P Rysi), i=n—mtkk=2,....1
(T&1s), . otherwise,

(T(y*rb)*s

Q(b) |JW)i,*

Case IV. b ¢ I+: Sample r;, € Z, uniformly as the outcome
and update the tableau 75 > 7" as follows: Let A be the
minimum of the indices satisfying

(73 |s)i,*wR(b)T =L

Then,
Rk-ﬁ-n—m, i=A
R(b), i=A+n—m
( 9(2?7),',* =R *R,, RowRD)T =1,
i#MA+n—m
R;, otherwise.

Let us discuss how these updates are implemented in prac-
tice.

Case I. The outcome r}, is deterministic and can be com-
puted directly from Tq(b) using the destabilizer entries in the

=R, ,; * R(b) where 1 <i<2(m—1)+1.

(

first n — m rows. Similar to the stabilizer tableau [3], we have
that

n—m

R(b) = Y [R(D), RRin-m-

i=1

Introduce an additional row of scratch space and com-
pute R(b) = R;, 1y * Riyynm* - *Riy1n_, where iy €
{1,...,n—mj} is such that [R(D), R;] is nonzero. The deter-
ministic outcome r, = y (b) is the phase bit of R(b).

Case II. This follows similarly to Case I with the only
difference that

n—m

R(b) = R; + Y [R(b). RilRi1n—m

i=1
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for some unique j e {2(n—m)+1,2n+ 1} such that
[R(b), R;] = 0. From this R(b) and r, = y(b) can be com-
puted.

Case III. This case is somewhat more involved. Detailed
pseudocode can be found in Algorithm 1. Recall first that
R(b) anticommutes with 2¢ (1 <t <m —1) rows in T |y.
Letting K = 2(n — m), these 2t rows are moved to rows

K +1,..., K+ 2t. Next, we make the assignment
2n+1
RK+1 < Z R,’,
i=K+2r+1

which computes R(b) using Corollary 1 and assigns it to the
(K + 1)strow. Randomly choose r;, € Z; as the outcome. The
new stabilizer is I§K+1 = (Rk+1, 1p) and the new destabilizer
is Rgin» = (Rg42,0). For i=2,...,2t we do as follows.
Introduce a row of scratch space R(S) initialized at R(S) =
Rg+1 + Rky> and randomly choose s; € Z,. We make the
reassignments:

Ri42i-1 < Rg42i-1 + R(S),
Ri12i-1 = (Rg42i-1, 51)s
Rk 121 <= Ri+2i + R(S),
Rk 42 = (Rg42i, 0),
R(S) <= R(S) + Rx12i—1 + Rk,

which are now the ith new stabilizer and destabilizer, respec-
tively. For all i > K + 2¢ we update the rows as

R,‘ < R,‘ * RK+1.

We complete the update by making in-place modifications to
the tableau, such that, for i =1, ..., the rows RK+2i are
in positions n —m + 1 to n — m + t and rows Ri0i_1 are in
positions K +¢ + 1 to K + 2t.

Case IV. Here b ¢ I+ and thus R(b) anticommutes with
one or more stabilizer rows. The update proceeds in a fashion
similar to stabilizer theory. We identify a stabilizer row with
least index A such that [R(b), R;] = 1, then foralli ¢ {A, A —
n + m} such that [R(b), R;] = 1 we make the reassignment

Ri <~ ﬁi * R}u

which is similar to Eq. (17), and this guarantees that R(b)
anticommutes only with R, (and possibly R; _,,). Make a
random choice r, € Z,. We now make the updates

Ry_yim < R, and R, < (R(D), 1)

to the destabilizer and stabilizer, respectively. Pseudocode can
be found in Algorithm 2.
Theorem 2. The following statements are valid for the
CNC tableau:
(1) A CNC tableau can be encoded using O(n?) bits of
memory.
(2) The update of a CNC tableau under:
(a) Clifford unitaries can be performed in O(n) time,
(b) Pauli measurements can be performed in on?)
time.
Proof. We adopt a notion of complexity in which a basic
computational step consists of bitwise multiplication or ad-
dition. The proof of the first statement follows from the fact

that our CNC tableau is a (2n+ 1) x (2n + 1) matrix over
7, requiring 4n> 4+ 4n + 1 bits, which has a linear memory
overhead increase over the stabilizer tableau. The update un-
der Clifford unitaries follows in analogy to the stabilizer case,
with an O(1) increase due to the additional row that we keep in
memory. Let us turn to the analysis of the measurements. First,
by Lemma 7, it takes O(n?) rather than O(n) time to check
which of the measurement updates to perform. For Cases I
and II, we simply require the procedure for outputting the
deterministic outcome, which requires O(n) row product oper-
ations and thus O(n?) operations in total. Generating the new
stabilizer and destabilizer in Case III rows requires summing
O(t) rows, thus O(nt) basic operations and on?) operations
in the worst case. Updating the commuting JW rows in Case
III requires performing O(m —t) row product operations,
which has O(n?) complexity in the worst case. Finally, Case
IV requires us to, in the worst case, update n 4 m rows that an-
ticommute with R(b), which requires O(n(n + m)) operations.
In all cases, scratch space used is O(n). Hence the overall
memory complexity is O(n?). [ |

IX. PHASE-SPACE TABLEAU SIMULATION

For classical simulation of QCM we consider an initial
n-qubit quantum state expanded using CNC operators as a
generally quasiprobabilistic mixture

p= W@,

where o runs over our phase space points which consists
of all maximal (n, m) CNC pairs. This initial state may be
completely general; for example, it could be a pure magic state
or its approximation if one is willing to tolerate some error in
the computation.

Adaptive stabilizer operations necessary for universal
quantum computation can be described using instruments;
see, i.e., Ref. [39]. For Hilbert spaces H and /C, an instrument
@ with outcome set ¥ consists of completely positive linear
operators ®° : L(H) — L(K) for all s € ¥ such that & =
Y sex ®*is a quantum channel. Sequences of instruments can
be composed and satisfy the channel condition

v- ¥

SEX | XXX

(q)TO-“Oq)])s:\I-’NO--'O\Il].

We consider instruments consisting of Pauli measurements
and Clifford gates, optionally with classical feedforward and
adaptivity, that can be given a Kraus decomposition

DY(A) =V, IT) AT}V,

where A € L(H) is an arbitrary linear operator and V, is a
Clifford unitary for s; € Z;. Observe that nonadaptive Clifford
unitaries can always be absorbed into the definition of Vj,.
These instruments are referred to as completely stabilizer
preserving instruments and the corresponding channels are
a subset of simulable completely stabilizer-preserving chan-
nels [40]. An important class of examples includes gadgets
that deterministically implement non-Clifford gates by per-
forming adaptive stabilizer operations acting on a magic state
input [41].
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A. Classical simulation of QCM

There are two distinct sampling-based classical simulation
tasks one can perform, depending on whether W, represents
a proper probability distribution or not. In the former case,
we perform a weak simulation [42,43], in which the output of
the simulation is samples from the true quantum-mechanical
probability distribution obtained via the Born rule. When neg-
ativity is present, however, one cannot directly sample from
W,, and a weak simulation is not possible. One instead aims in
this case to estimate Born rule probabilities using the methods
of Ref. [17]; see also Ref. [18].

1. Weak simulation

Let us consider a sequence ®i,..., Py of n-qubit sta-
bilizer instruments. Quantum states p for which W, is a
probability distribution lie in CP,, the CNC polytope given
by the convex hull of maximal n-qubit CNC operators. Weak
simulation proceeds by first sampling an initial phase space
element o from the probability distribution W,,. Each stabi-
lizer instrument ®; induces a stochastic map «;—; — (s;, ¢;),
where the pair (s;, ;) is sampled from a conditional probabil-
ity distribution Qy, , ;. This distribution is determined by

q)i(Aot,-,l) = Vs, Ha,-Aa,-,l Ha,- Vs,vv

and Eqgs. (27) and (35), up to a known Clifford unitary. Here
;-1 = (21, yi—1) denotes the phase-space element sampled
after the application of ®;_;.

In practice, these stochastic maps are implemented using
the phase-space tableau so that a stabilizer instrument &;
induces an efficient tableau update 7,_, — 7. Note that the
outcome can be retrieved from the tableau. Our procedure
for weak simulation using the phase-space tableau is given
in Algorithm 4. Correctness of our algorithm follows from the
correctness of our update rules and Theorem 3 of Ref. [11]. If
W, can be efficiently sampled from, then the efficiency of our
tableau update rules (Theorem 2) makes explicit the efficiency
of Algorithm 4.

2. Born rule estimation

Suppose that p is an n-qubit quantum state that does not lie
in CP, and that W is a stabilizer channel with decomposition
into stabilizer instruments ®q, ..., ®7 so that ¢ = ZJ(CI)T o
---0 @), as above. In many cases of interest, the initial state
is a magic state and ¥ implements a unitary coming from
a universal gate set on a subset of the qubits. We wish to
estimate the Born rule probability

px) == Tr[IT"W(p)]
= Z W, (a)Tr[ T W(A,)], (41)
aeV

where IT* = |x) (x| ® I, is a computational basis measure-
ment (stabilizer projector) on the first k < n qubits for a fixed
outcome x € Z%. This can be rewritten as an expectation value

px) =Y Wy(@)- Exla),

aeV
with
E(x|or) = sign(a)||W, 1 p(x|e),

and where o («) is the sign of the weight W, («), [|W, || is the
negativity of the quasimixture, and p(x|o) = Tr[TT*W(Ay)] is
the probability of obtaining x given an initial phase-space
element . The average is taken with respect to the normalized
probability distribution Wp () = Wy (a)|/IW,1l1.

We pursue a sampling-based approach to estimating p(x)
using the methods of Refs. [17,18]. Fix a number M of sam-
ples and consider the estimator

1 .

PO = o ZE
where E; = E(x|o;) and «; is the ith initial sample. In many
practical cases, it is efficient to estimate Ei since we can
efficiently sample from the probability p(x|e¢;) using the
phase-space tableau, as in weak simulation, and then use a
poly(n) subroutine to produce an estimate up to the desired
precision [44].

Central to the estimation procedure (Algorithm 5) is that
p(x) is an unbiased estimator of the Born rule probability p(x)
whose value is bounded by +||W,|;. Hoeffding’s inequal-
ity [45] then implies that to estimate p(x) within an additive
error € with probability 1 — § requires a number of samples
given by

2
M > é—znwpn%log(z/a).

Each run of the circuit can be performed in poly(n) time, so
the dominant contribution to the complexity of estimation is
the number of samples M, which scales with ||W, ||%. When the
decor?position is optimal, the sample complexity scales with
R(p)”.

B. Phase-space simulation of quantum algorithms

As a proof of concept, we tested our phase-space tableau
approach [21] on two families of deterministic quantum
algorithms—one solving the hidden shift problem [46], while
the other solves the well-known Deutsch-Jozsa problem [47].
In particular, we used quasiprobabilistic methods to estimate
the Born rule probability of a fixed deterministic outcome, as
described above.

1. Hidden shift algorithm

In recent years, the hidden shift quantum algorithm [46]
has become widely used to benchmark methods for classically
simulating Clifford+7 circuits [5-7,48,49]. This algorithm
was originally introduced by Roetteler in Ref. [46] to solve
the hidden shift problem and to demonstrate an oracle sepa-
ration between the complexity classes BQP and P. A circuit
implementation of the hidden shift oracle was given by Bravyi
and Gosset in Ref. [6] using the {Z, CZ, CCZ} diagonal gate
set. An appealing feature of the hidden shift algorithm is that
one can control both the number of qubits n and the number of
non-Clifford gates m so that there are instances of the problem
that are solved by Clifford-dominated circuits with large n
and relatively small m, a task which is impractical using state
vector simulation.

For our family of oracles, we first fix positive integers x and
v 2 3k, with n = 2v and ¢ = 2«. The parameter « controls
the total number of CCZ gates. Consider also a hidden shift
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string x = (x1, ..., x,) € Z as well as a pair of Maiorana-
McFarland bent functions f, f': Z) — {£1} such that f” is
the Walsh-Hadamard transformation of the shifted version of
f. We then have that

lx) = U|0), where U = H®"OpH®"O;H®".

The oracles are n-qubit diagonal unitary operators that can be
constructed explicitly according to

0y = (]_[ czi,,-+v> (0,®1,),

i=1

and

Of' = (1_[ CZi,i+v) (]]-v ® OE)Z('X)

i=1

Here Z(x) =Z" ® --- ® Z* is an n-qubit unitary and O,
is a v-qubit diagonal unitary corresponding to an arbitrary
Boolean function g : Z) — Z,. For our purposes, we choose
O, to be of the form

c—1
0, =[]CCZj, j, ) Where ji =k+jc (k=1,2,3).
j=0

If n > 3v then one can perform an arbitrary unitary on the
remaining qubits using diagonal Clifford gates drawn from
{Z,CZ}.

2. Deutsch-Jozsa algorithm

The Deutsch-Jozsa problem [47] is among the first ex-
amples of a problem whose quantum solution shows an
exponential separation from the corresponding classical solu-
tion. Here we give a brief overview of the quantum algorithm;
for additional details, see Ref. [24]. We are promised that
a Boolean function f : 75 — Z, is either constant or bal-
anced, and we are given access to an oracle Oy which is an
(n + 1)-qubit unitary operator whose action on the computa-
tional basis is given by O¢ly, z) = |y, z+ f(y)) with y € Z
and where the sum is taken modulo 2. Implementing the
unitary U = H®"O;H®"*D we have a final quantum state
given by |¢) = U|0, 1) wherein (¥ |(TT° ® 1)|¥) =0, 1 if f
is balanced, constant, respectively.

Our explicit construction of the oracle Oy is as follows: Fix
some positive integer ¢ and let n > 3c. We consider Boolean
functions f : Z5 — Z, whose polynomial degree is at most
quadratic in the inputs. When f is constant, we simply take
f(y) =0 forall y € Z so that Oy is just the identity. For the
balanced case, we take

c—1 n
f) = Zyj.yjz +¥j; + Z V-
Jj=0

k=3c+1

The function f is readily seen to be a balanced function since
it is a sum of balanced functions with disjoint domains in Z3.
To implement the quantum oracle, recall first that the action
of CX and the Toffoli gate CCX on the computational ba-
SiS 18 CXe.r[Yes i) = |Ves Yo + Ye) and CCXe, ¢y 1|Yeys Yeys Y1) =
[Yers Yess Y& + Ve, Ye,)» respectively. We then have that the

unitary implementing the oracle Oy is given by

c—1 n
Or = HCClevjz,js CXjt 1_[ CXy;.
J=0 k=3c+1

To our knowledge, the Deutsch-Jozsa algorithm has not pre-
viously been used to benchmark Clifford4-7 circuits. One
advantage of our Deutsch-Jozsa oracle over that used in the
hidden shift algorithm is that ours is more flexible in its use of
non-Clifford gates, since it can allow for any number of CCX
gates, while the hidden shift oracle always requires an even
number of CCZ = (1 1® H)CCX (1 ® 1 ® H) gates.

3. Numerical implementation and results

We used our publicly available code in Ref. [21] to obtain
Born rule estimates for the hidden shift and Deutsch-Jozsa
circuits. For a quantum circuit with n qubits and m T gates
our initial state in QCM will be given by

p =10)(0] @ (IT){TH*",
where
1
V2

and |0) is n-qubit all-zero state. It suffices, in fact, to decom-
pose the m-fold tensor product of |T)(T| as a quasimixture
of CNC operators since the tensor product of a CNC opera-
tor with a stabilizer state (Example 3) is once again a CNC
operator.

Suppose that a CNC decomposition Wc(k) is found for k-
fold tensor product of |T') and that stabilizer decompositions
WS(Z) and WS(Z) are found for £-fold and z-fold tensor products
of the |T) state, respectively, such that m = k + rf + z, for
some non-negative integers r, z. We then have that the sample
complexity scales as

IT) =TI+) = —=(10) + €7/ 1)),

1 k)2 £) 2. 22
M~ e—zuwc( WSO W3,

For fixed k the asymptotic scaling follows the stabilizer part
of the decomposition with the CNC part giving a constant
improvement over using stabilizer states alone. For practical
implementations, we were able to obtain a CNC decomposi-
tion for k = 4 and stabilizer decompositions with £ = 4 and
z < 3. Precise numerical values of robustness can be found
in Table I. We used these decompositions to estimate Born
rule probabilities for the hidden shift and Deutsch-Jozsa algo-
rithms; see Table II.

X. CONCLUSION

In this paper, we introduce a novel tableau representation
for the phase-space simulation algorithm based on closed
noncontextual (CNC) operators, which can be viewed as a
generalization of stabilizer states. The resulting simulation
algorithm efficiently simulates a broader class of quantum
circuits beyond stabilizer circuits. In particular, we show that
any quantum computation with magic states (QCM) initial-
ized in a variational noncontextual eigenstate and acted on by
stabilizer operations lies within this class. The complexity of
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TABLE II. Simulation results for (a) hidden shift algorithm
withx = (1, ..., 1) € Z} and (b) Deutsch-Jozsa algorithm with x =
(0,...,0) € Z5. The run-time 7 is given in seconds. See Ref. [21]
for implementation details.

)
noom e 5 Wl M ) )

4 01 01 311 579626 1284 1.010
106 14 01 01 311 579626 19022 1.000

14 0.01 01 31.1 57962672 127688 0.997

(b)

noom e 5 Wh M W )
4 7 0.1 01 482 13914 13 0.000
104 7 01 01 4382 13914 373 0.000
4 7 001 01 482 1391418 1314 0.000
104 7 001 01 4382 1391418 36817  0.000
7 14 01 01 311 579626 1162 0.000
107 14 01 01 311 579626 18199  0.000
7 14 001 01 31.1 57962672 36816  0.000

our simulator scales similarly to the well-known Gottesman—
Knill stabilizer tableau simulation. We have implemented our
simulator in Ref. [21] and benchmarked it on basic quantum
algorithms, including the hidden shift and Deutsch—Jozsa al-
gorithms.

The phase-space simulator is part of a more general class
of simulators based on polytope-theoretic methods. These
methods can be utilized to provide a systematic approach to
the problem of identifying quantum resources responsible for
quantum advantage. The A polytope and the corresponding
simulator introduced in Ref. [26] are the first examples of a
probabilistic representation of universal quantum computation
on a finite state space. Our phase space points are also vertices
of the A polytope, specifying a region of efficiently simulat-
able quantum states. However, discovering more vertices of A
can extend this region. Therefore, the systematic and refined
analysis of the symplectic structure of the qubit phase space
presented in our work serves as an important step in identi-
fying additional combinatorial structures, e.g., see Ref. [50],
that can be used for efficiently describing and updating more
A vertices.

On the other hand, exploring computational models
beyond QCM, such as measurement-based quantum compu-
tation [51], introduces a new family of polytopes that provide
a probabilistic representation of quantum theory; see Ref. [52]
for the local Pauli simulator. The tableau method introduced
in this work may be extended to incorporate newly dis-
covered types of vertices, ultimately expanding the region
of efficiently simulatable quantum states and encompass-
ing a broader class of quantum circuits. As more vertices
are discovered, the simulation polytope expands, leading to
a decrease in the corresponding robustness measure. This,
in turn, improves efficiency when the algorithm is initial-
ized with a quasiprobabilistic representation of the resource
state.
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APPENDIX A: PROOF OF CNC CLASSIFICATION

Lemma Al. Let py, p2, p3, ps € E, satisfying

[p1, p2] = [p1, P31 = [p2, pal = [p3, p4a]1 = 0,

(A1)
[p1, pa]l = [p2, p3] = 1.

Then there is no CNC set that contains {p1, p2, p3, Pa}.
Proof. Let Q be a CNC set that contains {pi, p2, p3, pa}
and y : Q — Z, be a value assignment on 2. By closedness,
we know that py + pa, p1 + p3. p2 + pa, p3 + ps € 2. Let
y(pi) = a; foralli € {1,2,3,4} and @ = 37, ;. Then,

(=T, T, T, T,
= (D =D P PIT NI DP P PIT, )
= ()t PP, (=Dt Pt )
— (_])y(m+pz)+V(p3+p4)Tpl+pzT

P3tpa

— (—1\VP1+p2)+y(p3+ps)+B(pi1+p2.p3+ps)
=(-=1 Tp|+pz+p3+p4

— (_1\V(P1+p2t+p3+ps)
= (=D Tp|+pz+pz+m'

By similar calculations, we also find that
+patpit
(_l)anl Tpansz = (_1)y(p1 b p4)Tp1+pz+ps+p4-

After cancellations, these imply that 7,,7,, = T,,T,, which
is a contradiction because we assumed [p;, p3] = 1. Hence,
there is no such CNC set. [ |

Corollary Al. Let q1, q2, g3, g4 € 2 for some closed sub-
set Q2 C E,. If any of the following conditions are satisfied, 2
is not a CNC.

(D g1, 921 = [92, 931 = [g1,94] =0  and
(92, a1 = [g3. q4] = 1.

() [g1,921 = 192,431 =0 and
(92, 4] = [g3. g1 = L.

Proof. (i) Since Q2 is closed, we have q; + q4,q> +
g3 € Q. Taking p1 = q3, po =q2+q3, p3=q1 +qa, ps =
q4 satisfies Eq. (Al). (ii) We have q; + g2, q» + g3 € Q by
closedness. Taking py =q1 + @2, p2 = q2, P3 = q4, psa =
q> + g3 satisfies Eq. (Al). |

Lemma A2. Let Q C E, be a CNC set and a4, a;, a3 € Q.
If [a1, a;] = [az, a3] = 0 and a, ¢ I(2) then [a;, a3] = 0.

Proof. Assume that [a;, ay] = [az, a3] = 0 and a, ¢ 1(R2)
but [a;, az] = 1. Take as € 2. There are eight possibilities for
the tuple ([a1, a4, [az, a4], [a3, as]). We need to show that all
of them are impossible. We show it in five cases.

(D) [a2,a4] =0:

g1, 3] =

g1, 93] =[q1,94] =
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We have [a;, a;] = 0 for all i € {1, 3, 4}. Since a; ¢ 1(X2),
there exists b € 2 such that [b, ay] = 1. Let n; = [a;, b], n3 =
las, b]. Then taking p; = a1 + naz, po =az, p3 =b, ps =
nsay + as satisfies Eq. (A1).

(2) ([ai, as4], laz, as4), a3, a4]) = (0, 1, 0):

Taking p; = a; for all i € {1, 2, 3, 4} satisfies Eq. (A1).

(3) (a1, aal, laz, a4, [as, as]) = (0, 1, 1):

Taking g; = a; for all i € {1, 2, 3, 4} satisfies case (i) of
Corollary Al.

(4) ([al7 a4]7 [612, 04], [Cl3, a4]) = (1’ 17 O)

By symmetry, (iii) also proves this case.

(5 (a1, asl, laz, a4, [as, as]) = (1,1, 1):

Taking g; = a; for all i € {1, 2, 3, 4} satisfies the case (ii)

of Corollary Al.
Hence, all of the cases are impossible, and we have a
contradiction. |

Proof. Let us write I =1(2) and W =W(Q). If Q =
I then choosing N =1 and a; =0 gives the desired de-
composition. So, assume that Q % I(2) and N > 2. Let
~ be the relation on {ay,...,ay} defined as x ~y if and
only if [x, y] = 0. Clearly, it is reflexive and symmetric. By
Lemma A2, ~ is also transitive. Therefore, ~ is an equiva-
lence relation on the set {ay, ..., ay}. This set is partitioned
into equivalence classes under ~. Moreover, 2 7% [ implies
that there are at least two equivalence classes. Let xi, xp
be two distinct elements in the same equivalence class, i.e.,
[x1, x2] = 0. Then, x; 4+ x, % 0 belongs to 2 by closedness
and [x, x; + x2] = [x2, x; + x2] = 0 implies x; + x, must lie
in the equivalence class containing x; and x;. Since there
are at least two equivalence classes, there must exist y €
{ar, ..., an} \ {x1, %2, x1 + x2} such that [x{,y] =[x, y] =
[x; + x2, y] = 1. However, this is not possible since [x; +
x2,¥] = [x1,¥] + [x2, y]. So, there cannot be an equivalence
class of ~ with size greater than 1. Therefore, all equivalence
classes of ~ are singletons, which means {ay, ..., ay} is an
anticommuting set. Since W is a 2m-dimensional symplectic
vector space and {ay, ..., ay} is an anticommuting set in W

we must have N < 2m + 1. |
Proof of Corollary 2. First assume that Q2 =1. Let [ =
(e1,...,e,) and define J = (ey, ..., e,_1). Then there exists

a symplectic subspace W of dimension 2 such that J* =
J @ W. Clearly, {e,} is an anticommuting set in W that is not
maximal. Therefore, we can extend it to a JW set {e,, a1, a,}
in W by Lemma 2. Then Q2 = (e,,, J) U (a;,J) U (ap,J) is a
CNC containing /.

Next, assume that 1 < N < 2m + 1. If {ay, ..., ay} is not
a maximal anticommuting set, then we can extend it to a JW
set {ai,...,an,an+1, - .., a1} of W by Lemma 2. Then,
we see that Q = UZTI {ar, I) is a CNC set that strictly con-
tains 2. So 2 is not maximal. If {a, ..., ay} is a maximal
anticommuting set, then N = 2/ + 1 for some 1 </ < m and
ayyl = leil a;. So, we have ay . € S ={ay,...,ay) for
some symplectic subspace S of dimension 2/. Since W and
S are symplectic subspaces, we can find conjugate isotrop-
ics J,J' and write a JW decomposition W =S @ J & J'. We
have J* = S @ J. Define Q = Uil:ll(ak,f) where I =10 J.
We can see that © is a CNC set that strictly contains 2.
So, © is not maximal. Therefore, maximal CNC sets have
N =2m+1.

Lastly, we show that if N =2m + 1 for some 1 <m < n

then © is a maximal CNC. Assume that {ai, ..., ayu+1} is
an anticommuting set in I+ and Q = UiZTI (ax, I). Let a;

be the projection of a; onto W. Then {ay, ..., ay,+1} is an
anticommuting set in W and Q = Ui'ﬁf](ak,l ). Let € be
a maximal CNC set such that Q C Q. Denote 1(2) by T
and W() by W. Let dim(/) =n —m for some 1 < m <
n. Then there exists an anticommuting set {by, ..., byut1}
in I+ such that = ;™" (b, I). Since {ay, ..., am1)
is an anticommuting set, each a; must be in a different
isotropic subspace (b, I ). Hence, we must have /i > m. Also,
Q| = 2m 4+ 2)2""" < (2 + 2)2" " = || implies m > .
Therefore, m = /i, which implies Q = Q. Hence, Q is
maximal. n

ALGORITHM 1. Algorithm for simulating measurement out-
come and tableau update when b € I+ \ Q.

Input: Current tableau TY, Measurement basis R(b),
commutation information 7g(b).
Output: Updated tableau 72?;;””“ and outcome 7.
1. Reorganize JW Elements:
« Identify indices of commuting and anticommuting JW
elements using T (D).
* Compute 1 < 5 |Ay|.
» Swap rows in the tableau to place anticommuting elements in
the first 2¢ rows.
2. Generate New Stabilizers and Destabilizers:
e Let K = 2(n — m) and randomly sample the measurement
outcome r;, € Z5.
* First Stabilizer and Destabilizer:
—Fori=K+2t+1,...,2n+ 1:
- Riy1 < Rx11 + R _
—Rgy1 < (Rgy1, 1) and R o <= (Rg42, 0).
* Generate Remaining New Stabilizers and Destabilizers:
— Introduce extra row: R(S) <— Rgy1 + Rx 2.
—Fori=2,...,1:
- Randomly choose s; € Z,.
- Destabilizer: Rx.; < Rgi2 + R(S),
RK+21’ < (Ri42i, 0).
- Stabilizer: Rg7;—1 < Rix12i-1 + R(S),
Ry aic1 < (Rgqaio1, i)
- Update R(S) < R(S) + Ri+2i-1 + Ri+2:-
3. Update Commuting JW Elements:
eFori=K+2t+1,...,2n+1:
“Ri < Rox Ryy.
4. Rearrange Stabilizers and Destabilizers:
* Organize rows as follows

—Rows 1, ..., n — m are the previous destabilizer rows.

—Rowsn—m+1,...,n—m++t are the new
destabilizerrows K +2i (i =1, ...,1).

—Rowsn—m—+t+1,...,2(n —m) +t are the previous

stabilizer rows.
—Rows2(n—m)+t+1,...,2[n— (m — t)] are the new
stabilizerrows K +2i — 1 (i =1,...,1).
» Update type:
—Update m <—m —t.
¢ Return: Updated tableau and measurement outcome ;.
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APPENDIX B: PSEUDOCODE FOR THE ALGORITHMS ALGORITHM 3. (Continued).

This appendix collects pseudocode for the subroutines to
implement the phase-space tableau simulation and update
rules. Algorithms 1 and 2 give the measurement-step update
of the extended tableau and the sampled outcome in the two

4. Construct the Tableau:
* Construct tableau 7 as follows (note that the phases of the
destabilizers are not important):

nontrivial measurement regimes, namely when the measured fi *

Pauli label b lies in I+ \ Q and when b ¢ I+, respectively. Al- : Destabilizer

gorithm 3 constructs an initial tableau from a given maximal Fom %

CNC operator by extracting bases for the center /, its desta- e y(e)

b{l1zer compk?ment, and th(? Jordan—Wigner (JW) elemer}ts. T = : : Stabilizer

Finally, Algorithms 4 and 5 implement the resulting sampling . V(@)

procedures: weak simulation by iterated instrument updates, ';lm v (le';

and additive-precision estimation of Born-rule. . . TW elements
A2m+1 v (a2m+1)

. 14
ALGORITHM 2. Algorithm for simulating measurement out- - Return: Tableau 7g .

come and tableau update when b ¢ I+,

Input: Current tableau 7_3 Measurement basis R(b),
commutation information 7q(b).
Output: Updated tableau 7_’5'(’;;’3 and outcome 7.
1. Find Minimum Anticommuting Stabilizer:

* A <= min{i + n — m};_|" such that [R,, R(b)] = 1.
2. Modify Anticommuting Rows:

e For eachrowi ¢ {A,A —n+ m}:

—If[R;,R(b)] = 1 then R; < R; R,

3. Update Stabilizer and Destabilizer:

* New Destabilizer: R; 1, < R;. @ o

* New Stabilizer: Lo N

— Randomly sample the measurement outcome r, € Z,. ?l;g]):ll:hf:z(r;f (;utgz?ngng sit {Zl’ ~oo 8Tl
— R < (R(b). ). ' Py '

2. Sample initial tableau 7;0 from W,.
3.Fori=1,...,T:

* For instrument ®;, update tableau 7;,._1 — 7;.

* Obtain outcome s; from tableau update: £ < £ U {s;}.
4. Output L.

ALGORITHM 4. Algorithm for weak simulation using the
phase space tableau.

Input: Initial distribution W, > 0. Stabilizer instruments

4. Return: Updated tableau and measurement outcome 7.

ALGORITHM 3. Algorithm for creating a tableau from given
maximal CNC operator A%,

Input: Maximal CNC operator AY,.
Output: Tableau 77 .
1. Find the Stabilizer:
¢ Define [ as the center of €2, i.e., the set of all elements that
commute with every element of €2.

'.Find a basis {el., REE €,—m} forl. ALGORITHM 5. Algorithm for producing additive-precision
2. Find the Destabilizers: ) ] estimates of Born rule probabilities.
* Extend {ey, ..., e,_,} to a symplectic basis {ey, fi, ..., €, fn}
of E, using symplect}c Grarp—Schmldt orthqggnall/zatlon' Input: Initial distribution W, > 0. Stabilizer instruments
* Then {f;, , fa—m} 1s a basis for the destabilizer /. o ® . Number of samples M
3. Find JW elements: o P '

Output: Estimate of p(X).

* Define the symplectic subspace W as 1. Tnitialize estimator p < 0.

W= (en7m+] s fn7m+1a cees en.a fn) 2.Fori=1,...,M:
* Let Py be the orthogonal projection onto W and set -
/ * Sample «; from W,.
Q' =Q\I . A A
- * Estimate E;: E; < E(x|o;).
e Initialize JW := {}. eh piE
*Fori=1to2m+1: 30511 utlz/M "
— Choose @; € Q' and compute a; = Py (a;). ) put p/mt.

—Add g; to JW.
— Remove all elements that commute with a; from Q’.
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