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We formulate a weighted-Wasserstein framework for curvature statistics of cosmologi-
cal large-scale structure. A coarse-grained density defines a weighted reference measure
whose relative-entropy response separates into kinematic and density-induced Bakry-
Émery contributions. On a Euclidean background, the latter is governed locally by
HR = −∇2 ln ρR; finite windows define density-weighted directional responses, while fi-
nite synthetic dimension subtracts a non-negative score-alignment deficit. The controlled
local limit recovers the eigenvalue-threshold classification of the smoothed log-density
Hessian, not a general equivalence with density-Hessian or gravitational-tidal classifiers.
Independent smoothing and probe scales define a resolution flow. Controlled tests recover
quadratic tensors to relative accuracy 10−9 or better and confirm O(ε) and O(ε2) con-
vergence. In a periodic three-dimensional Zel’dovich mock, the specified six-direction
transport tensor matches its direct finite-window reference with subpercent median error
and directional correlation above 0.999 995. Rotated and enriched probe designs reveal
appreciable finite-window eigenvalue and classification dependence, distinct from esti-
mator error; a converged angular projection still has a nonquadratic directional residual.
Under thinning to fsamp = 1/16, the six-direction internal error remains below 0.3%, while
density reconstruction dominates the total error. At the fiducial radius, this finite-window
observable has approximately 30% lower normalized sampling error than the pointwise
log-density Hessian, each relative to its own full-sampling reference. In the Gaussian-linear
limit, curvature spectra are differential transforms of two-point statistics; finite-window
and finite-dimensional observables retain additional profile and directional information
beyond that limit.

DOI: 10.1103/yrgj-rb72

I. INTRODUCTION

Cosmological large-scale structure forms through the amplification of density fluctuations by
gravitational instability and their nonlinear evolution, and exhibits characteristic geometric struc-
tures such as voids, sheets, filaments, and halos (e.g., Refs. [1–3]). These structures are closely
related to the statistical properties of the matter distribution as well as to the environmental
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dependence of galaxy formation and baryonic physics, and their quantification and classification
remain central problems in cosmology. Various theoretical and numerical methods have been
proposed for this purpose (e.g., Refs. [4–6]).

Many conventional approaches are based on the local differential structure of the density or grav-
itational potential fields. For example, cosmic web classifications using the Hessian of the density
field or the tidal tensor identify voids, sheets, filaments, and halos through the sign structure of
eigenvalues [7–9]. Methods based on velocity fields and shear tensors are also widely used [10,11].
While these approaches characterize geometric structures, they do not explicitly incorporate global
mass rearrangement or transport effects. Correlation functions and power spectra likewise encode
amplitude correlations rather than the transport paths by which matter is rearranged [1,3,5].

In recent years, the Wasserstein distance from optimal transport theory has emerged as a powerful
tool for comparing probability distributions and analyzing their geometry [12,13]. In cosmology, it
has been applied to reconstruct initial conditions from galaxy distributions and to Lagrangian-based
structure analysis (e.g., Refs. [14–17]). Combined with topological data analysis, it has also been
used to compare summaries from persistent homology (e.g., Refs. [18–20]). These studies show
that Wasserstein distance effectively captures morphological differences between distributions (e.g.,
Ref. [21]). On a finite domain, normalizing a positive matter density defines an element of P2(M )
without altering its spatial morphology. For the quadratic cost, W 2

2 is the minimum mean-squared
displacement between normalized mass profiles, while their total mass or mean density can be
retained separately as an amplitude observable.

However, existing approaches largely use the Wasserstein distance as a comparison metric
without exploiting the intrinsic geometric structure of the probability measure space P2(M ), in
particular, its curvature. In optimal transport theory, this space possesses a rich geometry in
which Ricci curvature is defined via the geodesic convexity of entropy [22–24]. This formulation
is closely related to Otto’s formal Riemannian structure [25] and the gradient-flow formulation
of the Jordan-Kinderlehrer-Otto scheme [26], providing a unified description of diffusion and
curvature. The Wasserstein Hessian of relative entropy separates into a non-negative kinematic term
generated by velocity gradients and a weighted Ricci-curvature term determined by the background
metric-measure geometry. Isolating the latter is essential when entropy convexity is used to define
a curvature observable.

Discrete analogues such as Ollivier-Ricci curvature define curvature via Wasserstein distances
between local measures [27–29]. While useful for network and discrete data analysis, they differ
fundamentally from curvature defined on continuous measure spaces via entropy convexity and its
second variation. Morphological analysis that directly uses the continuous geometric structure of
P2(M ) remains largely unexplored.

From this viewpoint, cosmological large-scale structure can be regarded not merely as a density
field, but as the deformation of mass distributions within Wasserstein geometry (e.g., Ref. [21]).
Its morphology can then be characterized through responses to controlled rearrangements as well
as through static configurations. This provides a transport-geometric description of morphology
distinct from conventional differential or statistical approaches.

Figure 1 summarizes the construction. A normalized coarse-grained density defines the weighted
background and local-probe measures, while a controlled deformation generates a diagnostic
Wasserstein geodesic whose relative-entropy response separates into kinematic and density-induced
components.

Gravitational dynamics supplies the cosmological density field ρR, whereas the controlled
Wasserstein geodesic probes the fixed density-weighted geometry and is not identified with physical
time evolution.

We isolate the density-induced Bakry-Émery contribution from the total normalized entropy
response. For the weighted measure defined by the coarse-grained density, the Euclidean curvature
tensor is HR = −∇2 ln ρR. Controlled probes define its finite-transport response K (∞)

ρ,ε and infinitesi-

mal directional limit K (∞)
eff , while the N-Bakry-Émery tensor yields a non-negative score-alignment

deficit �K (N ).
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FIG. 1. Overview of the finite-scale curvature construction. A coarse-grained density ρR defines the
weighted background measure mR and its normalized local probe μ(R)

x . A controlled deformation generates
the end point measure ν (R,v)

x,ε and a diagnostic Wasserstein geodesic. The response decomposes as C (∞)
ent =

C (∞)
kin + K (∞)

ρ,ε and approaches the density-induced tensor HR = −∇2 ln ρR in the small-deformation and local-
window limit. The schematic eigenvalue signatures of HR yield the log-density-Hessian classification into
voids, sheets, filaments, and halos.

The controlled small-deformation and local-window limit recovers the classification defined
by the smoothed log-density Hessian, rather than classifiers based on the density-Hessian or
gravitational-tidal tensor in general. Their relation is made explicit in Sec. V B. At finite displace-
ment and probe radius, the transport and finite-dimensional responses retain information about the
surrounding density profile. Their tensor representation and threshold classification also depend on
the chosen probe directions and weights. We validate estimator fidelity, finite-window interpretation,
sampling robustness, and this separate directional-design dependence using controlled potentials
and a cosmological mock.

To our knowledge, no previous work has directly applied entropy-based Ricci curvature in
Wasserstein geometry to the quantitative analysis of cosmological large-scale structure. The present
framework places log-density-Hessian classification in a weighted-Wasserstein geometry and ex-
tends it to controlled finite-window transport responses.

The organization of this paper is as follows. In Sec. II, we review the foundations of opti-
mal transport and measure-space geometry. Sections III–VI separate the entropy and curvature
responses, localize them to finite windows, construct morphology indicators, and develop their
operational estimation and validation. In Sec. VII, we discuss the implications of the framework and
present our conclusions and outlook. The Appendixes provide the comparison-geometric derivation
of finite-dimensional volume distortion and technical results on the local limit, scale dependence,
curvature statistics, and supplementary numerical diagnostics.

II. FUNDAMENTALS OF OPTIMAL TRANSPORT AND GEOMETRY OF MEASURE SPACES

A. The optimal transport problem: Monge and Kantorovich

The optimal transport problem provides a framework for describing the rearrangement of prob-
ability distributions [12,30,31]. Given probability measures μ, ν ∈ P2(M ), Monge’s formulation
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seeks a map T : M → M satisfying

ν = T#μ (1)

that minimizes ∫
c(x, T (x)) μ(dx). (2)

Here, T#μ denotes the pushforward measure defined by

(T#μ)(A) = μ(T −1(A)). (3)

Kantorovich introduced a relaxed formulation based on a coupling π ∈ �(μ, ν):

inf
π∈�(μ,ν)

∫
M×M

c(x, y) π (dx dy). (4)

Here, �(μ, ν) is the set of probability measures on M × M with marginals μ and ν, so that π (A ×
M ) = μ(A) and π (M × B) = ν(B) for measurable sets A, B ⊂ M. This formulation allows mass
splitting and ensures the existence of an optimal plan under standard lower semicontinuity and
moment assumptions. In the quadratic cost case c(x, y) = d (x, y)2, the optimal value defines the
squared Wasserstein distance. For M = Rd with quadratic cost and absolutely continuous μ, the
optimal plan is induced by an almost-everywhere unique transport map [12].

B. Probability measures and the Wasserstein distance

Let P (M ) denote the set of probability measures on a separable metric space (M, d ). The subset
with finite second moment is

P2(M ) =
{
μ ∈ P (M )

∣∣∣∣ ∫
M

d (x0, x)2 μ(dx) < ∞
}
. (5)

The reference point x0 ∈ M is arbitrary, and the definition is independent of its choice.
For μ, ν ∈ P2(M ), the Wasserstein distance is defined by

W2(μ, ν)2 = inf
π∈�(μ,ν)

∫
M×M

d (x, y)2 π (dx dy). (6)

This distance represents the minimal cost required to rearrange μ into ν and defines a nontrivial
geometric structure on P2(M ) [12]. When d has dimensions of length, W 2

2 is the minimum
mean-squared displacement. For locally normalized cosmological measures, it characterizes profile
rearrangement rather than total mass, which may be retained separately; no interpretation as a
physical action or gravitational energy is assumed.

C. Wasserstein geodesics and displacement interpolation

If (M, d ) is a complete separable geodesic space, then (P2(M ),W2) is also geodesic. For μ0, μ1 ∈
P2(M ), there exists a geodesic {μt }t∈[0,1] satisfying

W2(μs, μt ) = |t − s|W2(μ0, μ1). (7)

When M = Rn and an optimal map T exists,

μt = ((1 − t )Id + tT )#μ0 (8)

defines the displacement interpolation. On a Riemannian manifold,

μt = (Ft )#μ0, (9)

Ft (x) = γx(t ), (10)

with γx a constant-speed minimizing geodesic connecting x and T (x).
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These geodesics provide a natural notion of interpolation in measure space and play a central
role in defining curvature through entropy convexity. In the present application, a prescribed
local deformation defines a diagnostic Wasserstein interpolation rather than the physical trajectory
generated by gravity.

D. Entropy and its gradient flow

Let (M, d, m) be a metric-measure space with fixed reference measure m, and write μ = q m. Its
Kullback–Leibler (KL)-type relative entropy is

E∞(μ | m) =
∫

M
q ln q dm. (11)

For M = Rd , m = dx, and μ(dx) = ρ(x)dx, this becomes E∞(μ | dx) = ∫Rd ρ ln ρ dx. We suppress
the fixed reference measure when no confusion can arise.

Its Wasserstein gradient flow satisfies

∂μt

∂t
= −∇W2E∞(μt | m). (12)

In the unweighted Euclidean case m = dx, the continuity equation

∂ρt

∂t
+ ∇ · (ρtvt ) = 0 (13)

and velocity field

vt = −∇ ln ρt (14)

give

∂ρt

∂t
= �ρt . (15)

Thus, the gradient flow of entropy coincides with the heat equation [26,32].
More generally, let dmV (x) = e−V (x)dx and write μt = qt mV = rt dx. The gradient velocity is

vt = −∇ ln qt = −∇(ln rt + V ), and the corresponding equations are

∂qt

∂t
= �qt − ∇V · ∇qt , (16)

∂rt

∂t
= �rt + ∇ · (rt∇V ). (17)

Thus, the same relative-entropy gradient flow is the Witten heat flow for qt and the Fokker-Planck
flow for rt ; it describes variational measure-space geometry rather than gravitational evolution.

E. Curvature-dimension condition and entropy convexity

The curvature-dimension condition CD(K, N ) encodes a Ricci lower bound K and a synthetic
dimension bound N . In the smooth weighted setting, it is represented by the weighted Ricci tensor
introduced in Sec. III.

In metric-measure spaces, curvature is defined via entropy convexity along Wasserstein
geodesics [22–24]. We use the relative entropy in Eq. (11). The CD(K,∞) condition is as follows.

Definition II.1 [CD(K,∞)]. A metric-measure space (M, d, m) satisfies CD(K,∞) if, for any
μ0, μ1 ∈ P2(M ) with finite relative entropy, there exists a Wasserstein geodesic {μt }t∈[0,1] such that

E∞(μt | m) � (1 − t )E∞(μ0 | m) + t E∞(μ1 | m) − K

2
t (1 − t )W2(μ0, μ1)2. (18)
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This inequality quantifies curvature through entropy variation. For finite N , the Rényi-type
entropy is

EN (μ | m) = −
∫

M
q1− 1

N dm. (19)

In the smooth or nonbranching setting, write μi = qim for optimally coupled end points and let γt

be their geodesic. The CD(K, N ) interpolation inequality is

q−1/N
t (γt )� (1 − t )βK,N

1−t (r)1/N q−1/N
0 (γ0) + t βK,N

t (r)1/N q−1/N
1 (γ1), (20)

where r = d (γ0, γ1). The coefficient βK,N
t (r) describes curvature-dependent transverse-volume

distortion; its comparison-geometric derivation is given in Appendix A.
Unlike CD(K,∞), the finite-dimensional condition retains this distance-dependent coefficient

and is not obtained by copying the quadratic entropy-convexity deficit. Together, the two conditions
link entropy convexity, weighted Ricci curvature, and volume distortion. In the next section, we
separate the total entropy response from the weighted-curvature component of its second variation.

III. ENTROPY-CONVEXITY RESPONSE AND EFFECTIVE RICCI CURVATURE

Section II introduced the Wasserstein geometry and entropy functionals used below. We now
distinguish the normalized geodesic-convexity response of entropy from the Ricci-curvature com-
ponent of its second variation, which also contains a kinematic deformation term. This formulation
uses, in the reverse direction, the characterization of Ricci curvature in optimal transport the-
ory [22–24], and provides a framework in which curvature is regarded as a deformation property of
probability distributions.

The KL-type entropy is associated with CD(K,∞), whereas the Rényi-type entropy encodes the
volume distortion entering CD(K, N ); the finite-dimensional condition is therefore not obtained by
copying the quadratic infinite-dimensional formula.

A. Wasserstein geometry and KL-type entropy

We consider the probability measure space (P2(M ),W2) introduced in the previous section. Let
μ = q m, with q = dμ/dm, and use the relative entropy E∞(μ | m) defined in Eq. (11). We suppress
the fixed reference measure when no confusion can arise; the distinction between q and m becomes
essential when the cosmological density defines the weighted background geometry.

When viewed along a Wasserstein geodesic {μt }t∈[0,1] connecting μ0, μ1 ∈ P2(M ), the change
of entropy reflects not only the values of the density but also the geometry of mass rearrangement
by optimal transport. What expresses this point most clearly is Otto’s formal Riemannian geometry.
From Otto’s standpoint, P2(M ) is regarded as a formal infinite-dimensional Riemannian manifold,
and geodesics are described by a velocity field vt satisfying the continuity equation

∂

∂t
μt + ∇ · (μtvt ) = 0. (21)

In particular, along the geodesic direction one can write vt = ∇φt , and the norm of its tangent vector
is given by

‖μ̇t‖2
W2

=
∫

M
|vt |2 dμt . (22)

Under this formal metric, the fact that the Hessian of the entropy functional E∞ carries curvature
information constitutes the core of the notion of curvature in measure space.

At a general geodesic parameter t ∈ (0, 1), the convexity deficit (1 − t )E∞(μ0) + t E∞(μ1) −
E∞(μt ) is a natural quantity that measures the strength of the geodesic convexity of entropy.
Normalization by W 2

2 (μ0, μ1) gives a curvature-scale response whose finite-displacement value can
retain higher-order dependence on the displacement amplitude.
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Definition III.1 (KL-type normalized entropic convexity response). For μ0, μ1 ∈ P2(M ) and a
Wasserstein geodesic {μt }t∈[0,1] connecting them,

C (∞)
ent (μ0, μ1; t ) ≡ 2

t (1 − t )W 2
2 (μ0, μ1)

[(1 − t )E∞(μ0) + t E∞(μ1) − E∞(μt )]. (23)

This is the total entropy-convexity response along the chosen geodesic; it is not yet the Ricci-
curvature contribution because its short-geodesic limit also contains a non-negative kinematic term.

Furthermore, under the curvature-dimension condition CD(K,∞),

E∞(μt | m) � (1 − t )E∞(μ0 | m) + t E∞(μ1 | m) − K

2
t (1 − t )W 2

2 (μ0, μ1) (24)

holds, and therefore

C (∞)
ent (μ0, μ1; t ) � K (25)

follows. Thus, the response inherits the CD curvature bound, while its kinematic and weighted-
curvature components must still be separated.

B. Otto structure, second variation, and Bochner-type representation

To isolate the curvature component, specialize to a smooth d-dimensional weighted Riemannian
manifold (M, g, mV ) with dmV = e−V dvolg. The reference measure mV is held fixed along the
diagnostic Wasserstein geodesic, and we write μt = qt mV . Using the continuity equation, one
obtains

∂E∞(μt | mV )

∂t
=
∫

M
〈∇ ln qt , vt 〉 dμt . (26)

Differentiating along the Wasserstein geodesic and integrating by parts gives

∂2E∞(μt | mV )

∂t2
=
∫

M
[‖∇vt‖2 + RicV (vt , vt )]dμt , (27)

where ∇vt is the covariant derivative of the velocity and RicV ≡ Ric + ∇2V is the Bakry-Émery
Ricci tensor [12,22,33]. The two terms are, respectively, the kinematic deformation and the curva-
ture of the weighted background geometry.

For a nonvanishing tangent velocity v, define their normalized contributions by

S[μ; v] ≡
∫

M ‖∇v‖2 dμ∫
M |v|2 dμ

, (28)

K (∞)
eff [μ; v] ≡

∫
M RicV (v, v) dμ∫

M |v|2 dμ
. (29)

Here, S is the normalized strain contribution and K (∞)
eff is the averaged Bakry-Émery curvature in

the selected transport direction.
Let {μs}s∈[0,ε] be a Wasserstein geodesic with μ0 = μ and initial velocity v0, and reparametrize

it on [0, 1] as μ̂t = μtε. For fixed t ∈ (0, 1),

lim
ε→0

C (∞)
ent (μ0, με; t ) = S[μ; v0] + K (∞)

eff [μ; v0]. (30)

The total response and the effective Ricci curvature are therefore distinct; the latter is obtained only
after removing the kinematic term.

Furthermore, this structure is closely connected with the Bochner inequality and the �2 operator.
On a smooth Riemannian manifold, if one takes the generator to be

L = � − ∇V · ∇, (31)
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then in the notation of Bakry-Émery,

�( f ) = 1
2 [L( f 2) − 2 f L f ] = |∇ f |2, (32)

�2( f ) = 1
2 [L�( f ) − 2�( f , L f )] (33)

are defined. In this case, the Bochner identity gives

�2( f ) = ‖∇2 f ‖2 + RicV (∇ f ,∇ f ). (34)

Here, RicV = Ric + ∇2V is the Bakry-Émery-type Ricci curvature. Therefore, the inequality �2 �
K� simultaneously expresses the lower bound of Ricci curvature and the convexity control of the
diffusion semigroup [12,33].

For v = ∇ f , the two terms in the Bochner identity coincide with the kinematic and weighted-
curvature contributions in Eq. (30); the total entropy Hessian must therefore not be identified with
its Ricci component.

C. Cosmological density as a weighted reference measure

Let ρR(x) > 0 be a smooth cosmological density field coarse-grained at scale R. The same
symbol is used here for the coarse graining and local-probe scales; they are separated as (
, R)
in the operational analysis. On a finite or periodic domain M, define

ZR ≡
∫

M
ρR(x) dvolg(x), (35)

pR(x) ≡ ρR(x)

ZR
, (36)

dmR(x) ≡ pR(x) dvolg(x) = e−VR (x)dvolg(x), (37)

VR(x) ≡ − ln pR(x). (38)

At fixed R, these background quantities remain unchanged while the probe measure is transported.
Since ZR is spatially constant, the derivatives of VR equal those of − ln ρR.

For the Euclidean cosmological background, Ric = 0, and the density-weighted Bakry-Émery
tensor is

RicVR = −∇2 ln ρR ≡ HR. (39)

Thus, the log-density Hessian is the weighted Ricci tensor of the normalized cosmological density,
rather than an additional assumption applied to the entropy response.

For a local-probe measure μ and nonzero direction v, define

K (∞)
eff [μ; v; R] ≡

∫
M HR(v, v) dμ∫

M |v|2 dμ
. (40)

Equation (30) then applies with this density-induced curvature. It is the weighted Ricci term already
present in the Otto-Bochner decomposition, not an a posteriori subtraction introduced to recover
HR.

D. Finite-dimensional extension: Rényi-type entropy and CD(K, N)

The KL-type entropy E∞ corresponds to the infinite-dimensional limit. In contrast, in order to
incorporate a finite dimension N explicitly, it is natural to introduce the Rényi-type entropy EN

defined in Eq. (19), with q = dμ/dm. Here, the notation EN is adopted in order to make explicit
that E∞ and EN are situated within the same theory of entropy convexity. Its role is to encode
finite-dimensional volume distortion through CD(K, N ), not to define an independent high-density
weighting of the cosmological field.
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The curvature-dimension condition CD(K, N ) asserts that density deformation along a Wasser-
stein geodesic is controlled by the volume distortion coefficient βK,N

t . For a geodesic γt matched by
optimal transport,

q−1/N
t (γt ) � (1 − t )βK,N

1−t (r)1/N q−1/N
0 (γ0) + t βK,N

t (r)1/N q−1/N
1 (γ1) (41)

holds. Here,

r = d (γ0, γ1) (42)

is the distance between the pair of points matched by transport, and t ∈ [0, 1] is the geodesic
parameter. Therefore, βK,N

t (r) represents the distortion of the volume element at position t along
a geodesic of length r. For example, in the case K > 0,

βK,N
t (r) =

[
sin(tr

√
K/(N − 1))

t sin(r
√

K/(N − 1))

]N−1

(43)

holds. This is the model-space transverse-volume distortion; its comparison-geometric derivation is
given in Appendix A.

What rewrites this comparison-geometric information in the language of entropy is the geodesic
convexity of EN . Because the finite-dimensional condition retains βK,N

t (r) explicitly, its curvature is
not obtained from an uncorrected quadratic midpoint deficit parallel to the KL-type formula.

For a smooth d-dimensional weighted Riemannian manifold with dmV = e−V dvolg and N > d ,
the corresponding tensor is

RicV,N ≡ Ric + ∇2V − 1

N − d
∇V ⊗ ∇V. (44)

Under the usual regularity assumptions, CD(K, N ) is equivalent to RicV,N � Kg, and RicV,N →
RicV as N → ∞ [22,24,34].

Definition III.2 (Finite-dimensional directional effective Ricci curvature). For a nonvanishing
tangent velocity v and N > d , define

K (N )
eff [μ; v] ≡

∫
M RicV,N (v, v) dμ∫

M |v|2 dμ
. (45)

The finite- and infinite-dimensional curvatures satisfy

K (∞)
eff [μ; v] − K (N )

eff [μ; v] = 1

N − d

∫
M〈∇V, v〉2 dμ∫

M |v|2 dμ
� 0. (46)

Finite dimensionality therefore subtracts a non-negative directional score-alignment term rather than
enhancing high-density regions generically.

For the cosmological weighted measure of Sec. III C,

RicVR,N = HR − 1

N − d
∇ ln ρR ⊗ ∇ ln ρR. (47)

Accordingly,

K (N )
eff [μ; v; R] = K (∞)

eff [μ; v; R] − 1

N − d

∫
M 〈∇ ln ρR, v〉2 dμ∫

M |v|2 dμ
. (48)

The correction vanishes pointwise at a stationary density point but can remain nonzero after finite-
window averaging because the score field need not vanish throughout the surrounding region.
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E. Entropy convexity as a unified framework

The KL-type and Rényi-type entropies encode complementary aspects of curvature-dimension
geometry: The former yields the Otto-Bochner decomposition, while the latter retains finite-
dimensional volume distortion through RicV,N and βK,N

t . More specifically, E∞ is associated with
relative-entropy gradient flow, the Otto metric, the Bochner identity, and CD(K,∞), whereas EN is
associated with Jacobi comparison, finite-dimensional volume distortion, and CD(K, N ).

Equation (30) separates the total normalized response into S + K (∞)
eff , while K (N )

eff is obtained by
replacing RicV with RicV,N . Thus, C (∞)

ent , K (∞)
eff , and K (N )

eff are, respectively, the total response and
its infinite- and finite-dimensional curvature components. Their cosmological tensors are given in
Eqs. (39) and (47).

Furthermore, this standpoint naturally connects to the issues of coarse graining, scale depen-
dence, and finite resolution that will be considered later. Changing R changes the weighted geometry
(mR,VR) and hence its Bakry-Émery tensors; the resulting scale dependence concerns directional
curvature observables rather than abstract entropy deficits.

IV. LOCAL EFFECTIVE CURVATURE AND OBSERVABLES

We now localize the entropy and curvature responses of Sec. III to finite spatial probes. At
fixed background geometry, the total finite-transport response contains both kinematic deformation
and density-induced curvature, whereas the latter is isolated by the potential-energy component of
relative entropy.

A. Local-probe measures and controlled transport directions

At fixed analysis scale R, the coarse-grained density ρR, weighted reference measure mR, and
potential VR are held fixed. The same symbol is used here for density coarse graining and probe
radius; the two scales are separated in the operational analysis.

For a point x ∈ M and a scale R > 0, consider the geodesic ball with respect to the distance
function d ,

BR(x) = {y ∈ M | d (x, y) < R}. (49)

Its normalized restriction defines the local-probe measure

μ(R)
x (dy) = 1BR (x)(y)

mR(BR(x))
dmR(y). (50)

Here, mR specifies the background geometry and μ(R)
x the region over which it is probed. A

normalized smooth non-negative window may replace the top-hat restriction.
An arbitrary end point measure can compare local distributions but does not isolate a prescribed

directional curvature. We therefore choose a smooth velocity v = ∇φ near BR(x) and, in the flat
spatial setting used below, define

Tε,v (y) = y + εv(y). (51)

We take ε > 0 sufficiently small that this is an optimal quadratic-cost map; a sufficient local
condition is I + ε∇2φ 
 0. The end point measure is

ν (R,v)
x,ε = (Tε,v )#μ

(R)
x . (52)

Denote the connecting Wasserstein geodesic by {μ(R,v,ε)
x,t }t∈[0,1]. For the displacement interpola-

tion generated by Eq. (51),

μ
(R,v,ε)
x,t = (Ttε,v )#μ

(R)
x , (53)

Ttε,v (y) = y + tεv(y). (54)
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The background quantities (ρR, mR,VR) remain fixed along this diagnostic interpolation. Define the
squared transport distance by

W2
x,R(v, ε) ≡ W 2

2

(
μ(R)

x , ν (R,v)
x,ε

)
. (55)

B. Finite-scale entropic and density-induced responses

At the midpoint t = 1/2, the total normalized KL-type response is

C (∞)
ent (x; R, v, ε) ≡ 8

W2
x,R(v, ε)

[
1

2
E∞
(
μ(R)

x

∣∣mR
)+ 1

2
E∞
(
ν (R,v)

x,ε

∣∣mR
)− E∞

(
μ

(R,v,ε)
x,1/2

∣∣mR
)]

. (56)

This is the total finite-scale entropy response and still contains the deformation-field contribution.
On the flat background, write η(dy) = rη(y) dvolg(y) and define

Evol(η) ≡
∫

M
rη(y) ln rη(y) dvolg(y), (57)

VR(η) ≡
∫

M
VR(y) η(dy). (58)

The relative entropy then has the canonical decomposition

E∞(η | mR) = Evol(η) + VR(η). (59)

The midpoint response of Evol defines the finite-scale kinematic contribution

C (∞)
kin (x; R, v, ε) ≡ 8

W2
x,R(v, ε)

[
1

2
Evol
(
μ(R)

x

)+ 1

2
Evol
(
ν (R,v)

x,ε

)− Evol
(
μ

(R,v,ε)
x,1/2

)]
, (60)

which is non-negative whenever the relevant entropies are finite.
The potential-energy component defines the density-induced response

K (∞)
ρ,ε (x; R, v) ≡ 8

W2
x,R(v, ε)

[
1

2
VR
(
μ(R)

x

)+ 1

2
VR
(
ν (R,v)

x,ε

)− VR
(
μ

(R,v,ε)
x,1/2

)]
. (61)

Equations (59)–(61) yield the exact decomposition

C (∞)
ent (x; R, v, ε) = C (∞)

kin (x; R, v, ε) + K (∞)
ρ,ε (x; R, v). (62)

Thus, K (∞)
ρ,ε is selected by the relative-entropy decomposition rather than by an ad hoc subtraction.

Define the velocity normalization; under the optimality assumption, the corresponding transport
cost is

Dv (x; R) ≡
∫

BR (x)
|v(y)|2 μ(R)

x (dy), (63)

W2
x,R(v, ε) = ε2Dv (x; R). (64)

The kinematic response then satisfies

lim
ε→0

C (∞)
kin (x; R, v, ε) = S

[
μ(R)

x ; v
]
. (65)

Assuming sufficient regularity and using ∇2VR = −∇2 ln ρR ≡ HR, expansion of the potential
midpoint deficit gives

K (∞)
ρ,ε (x; R, v) = 1

Dv (x; R)

∫
BR (x)

v(y)�HR(y)v(y)μ(R)
x (dy) + O(ε). (66)

000201-11



TSUTOMU T. TAKEUCHI

Hence, the infinitesimal density-induced curvature is

K (∞)
eff (x; R, v) ≡ lim

ε→0
K (∞)

ρ,ε (x; R, v) = 1

Dv (x; R)

∫
BR (x)

v(y)�HR(y)v(y)μ(R)
x (dy). (67)

The finite-transport form Eq. (61) can be evaluated from VR = − ln pR without estimating HR

pointwise; the Hessian average appears only in the controlled small-deformation limit.

C. Finite-dimensional curvature correction and sensitivity

For N > d , the finite-dimensional tensor is

RicVR,N = HR − 1

N − d
∇ ln ρR ⊗ ∇ ln ρR. (68)

Define the non-negative score-alignment functional

Gv (x; R) ≡
∫

BR (x)
[v(y) · ∇ ln ρR(y)]2μ(R)

x (dy). (69)

The directional finite-dimensional curvature is therefore

K (N )
eff (x; R, v) ≡

∫
BR (x) RicVR,N (v, v) μ(R)

x (dy)

Dv (x; R)

= K (∞)
eff (x; R, v) − Gv (x; R)

(N − d )Dv (x; R)
. (70)

Finite dimensionality thus subtracts a non-negative directional score-alignment term. It can be en-
hanced by steep gradients, and it may remain nonzero over a finite window even when ∇ ln ρR(x) =
0 at its center.

D. Indicators as observables

Define the non-negative finite-dimensional deficit by

�K (N )(x; R, v) ≡ K (∞)
eff (x; R, v) − K (N )

eff (x; R, v) = Gv (x; R)

(N − d )Dv (x; R)
� 0. (71)

When the infinite-dimensional curvature is bounded away from zero, its relative magnitude is

R(N )(x; R, v) ≡ �K (N )(x; R, v)∣∣K (∞)
eff (x; R, v)

∣∣ , ∣∣K (∞)
eff (x; R, v)

∣∣ > Kmin. (72)

The threshold Kmin > 0 avoids an unstable ratio near zero curvature.
The observable hierarchy is now explicit: C (∞)

ent is the total finite-transport response, C (∞)
kin its

kinematic part, K (∞)
ρ,ε its density-induced finite-transport part, K (∞)

eff the corresponding infinitesimal
curvature, and �K (N ) the finite-dimensional score-alignment deficit. The ratio R(N ) measures the
last quantity relative to the infinite-dimensional curvature.

For point data, these observables require a positive reconstructed reference density. The potential
expectation entering K (∞)

ρ,ε is directly evaluable for weighted samples, whereas the entropy responses
require either a regularized density or a discrete relative entropy defined with respect to a common
reference measure. The operational construction is developed in Sec. VI.

The next section specializes v to affine and rank-one probes for morphology classification.
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V. CLASSIFICATION OF COSMOLOGICAL LARGE-SCALE STRUCTURE BY LOCAL
EFFECTIVE CURVATURE

The primary classification uses the density-induced finite-transport response K (∞)
ρ,ε and its in-

finitesimal curvature limit K (∞)
eff . The total entropy response is retained only as a diagnostic because

it also contains the kinematic term, while �K (N ) and R(N ) provide secondary finite-window score-
alignment indicators. The construction is summarized in Fig. 1.

A. Basic principles and simple local models

Voids, sheets, filaments, and halos are distinguished by the principal expansion and contraction
directions of the density-weighted geometry. For each structure, we approximate the local density
distribution in a form in which geometric characteristics appear explicitly.

In voids, the density is low at the center and increases toward the surroundings. As a local model,
ρR(x) � ρ0(1 + ε|x|2) with ε > 0 is adopted. This is a distribution in which the density is minimal
at the origin and increases isotropically.

Sheets have one concentrated normal direction and two approximately extended in-plane direc-
tions. Writing the normal coordinate as x⊥, a simple model is

ρR(x) � ρ0 exp

(
− x2

⊥
σ 2

⊥

)
. (73)

It is approximately uniform within the sheet.
Filaments have anisotropic structures elongated in one direction. Decomposing the coordinates

as

x = (x‖, x⊥), (74)

one can approximate ρR(x) � ρ0 exp(−|x⊥|2/σ 2
⊥). This is a structure that is nearly uniform along

the filament direction and has contraction only in the perpendicular directions.
Since halos have strongly concentrated structures, ρR(x) � ρ0 exp(−|x|2/σ 2) is used as an

approximation. This distribution contracts isotropically, and the density gradient is steep toward
the center.

These are local curvature models, not globally normalized cosmological profiles.

B. Local quadratic approximation and density-induced curvature

At a general point x, expand the coarse-grained log-density as

ln ρR(y) = ln ρR(x) + gR(x)�(y − x) − 1
2 (y − x)�HR(x)(y − x) + O(|y − x|3), (75)

where

gR(x) ≡ ∇ ln ρR(x), (76)

HR(x) ≡ −∇2 ln ρR(x). (77)

The score term permits evaluation away from extrema and vanishes at a stationary point.
The field whose Hessian is classified must be specified. For the same smooth positive density at

fixed smoothing scale,

−∂i∂ j ln ρR = −∂i∂ jρR

ρR
+ ∂iρR ∂ jρR

ρ2
R

. (78)

The gradient term generally prevents equivalence with the sign-reversed density Hessian. At a
stationary point it vanishes, so the two tensors are related by the positive factor ρ−1

R and have
the same zero-threshold inertia. Their eigenvalue amplitudes, and classifications using the same
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nonzero numerical threshold, need not agree. The gravitational-tidal tensor is instead the Hessian
of the gravitational potential obtained from the field equation, not of the log-density. Thus, the
four morphology names describe a common eigenvalue-counting rule, not an identity between these
different classifiers throughout the volume.

For the local measure μ(R)
x , consider the affine deformation

Tε,A(y) = x + (I + εA)(y − x). (79)

Assume

A = A�, (80)

I + εA
 0. (81)

Then, Tε,A is the gradient of a convex quadratic potential and defines a controlled optimal-transport
probe, with ν (R,A)

x,ε = (Tε,A)#μ
(R)
x .

Writing z = y − x, define the second moment about the prescribed probe center by

�(R)
x ≡

∫
BR (x)

zz� μ(R)
x (dy). (82)

It equals the covariance only when x is the probe barycenter.
Define the positive normalization

DA(x; R) ≡ Tr
(
A�(R)

x A�). (83)

For a nondegenerate probe, DA(x; R) > 0, and optimality of the affine map gives

W 2
2

(
μ(R)

x , ν (R,A)
x,ε

) = ε2DA(x; R). (84)

The density-induced effective curvature is

K (∞)
eff (x; R; A) = 1

DA(x; R)

∫
BR (x)

z�A�HR(y)Azμ(R)
x (dy). (85)

It is therefore a transport-weighted finite-window average of the curvature tensor.
If HR(y) = HR(x) + O(R) within the probe, then

K (∞)
eff (x; R; A) = Tr

[
HR(x)A�(R)

x A�]
DA(x; R)

+ O(R). (86)

The finite-transport response correspondingly satisfies

K (∞)
ρ,ε (x; R; A) = Tr

[
HR(x)A�(R)

x A�]
DA(x; R)

+ O(R + ε). (87)

Thus, the quotient arises from the density-induced response, not from the total entropy response
containing the kinematic term.

In particular, if one chooses

A = ee� (88)

for a unit vector e, the directional curvature is defined by

K (∞)
eff (x; R; e) ≡ K (∞)

eff (x; R; A = ee�). (89)

Since A�(R)
x A� = (e��(R)

x e)ee�, the finite-window response is

K (∞)
eff (x; R; e) = 1

e��
(R)
x e

∫
BR (x)

〈z, e〉2[e�HR(y)e]μ(R)
x (dy). (90)

It averages directional curvature over the local mass profile.
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Whenever e��(R)
x e > 0,

K (∞)
eff (x; R; e) = e�HR(x)e + O(R). (91)

No isotropy assumption on �(R)
x is required. The finite-transport counterpart is K (∞)

ρ,ε (x; R; e) =
e�HR(x)e + O(R + ε); it provides a finite-displacement realization without requiring a pointwise
Hessian estimate.

C. Directional finite-dimensional curvature correction

For the same affine probe, define the score-alignment functional

GA(x; R) ≡
∫

BR (x)
[(Az) · ∇ ln ρR(y)]2μ(R)

x (dy). (92)

For N > d ,

K (N )
eff (x; R; A) = K (∞)

eff (x; R; A) − GA(x; R)

(N − d )DA(x; R)
. (93)

Equivalently, the non-negative deficit is

�K (N )(x; R; A) ≡ K (∞)
eff (x; R; A) − K (N )

eff (x; R; A) = GA(x; R)

(N − d )DA(x; R)
� 0. (94)

For A = ee�, define

De(x; R) ≡
∫

BR (x)
〈y − x, e〉2μ(R)

x (dy), (95)

Ge(x; R) ≡
∫

BR (x)
〈y − x, e〉2[e · ∇ ln ρR(y)]2μ(R)

x (dy). (96)

The directional deficit is

�K (N )(x; R; e) = Ge(x; R)

(N − d )De(x; R)
. (97)

It measures finite-window alignment between the probe direction and the log-density score, not
density amplitude alone; it can remain nonzero even when the score vanishes at the window center.

D. Characteristics of each structure

In the local quadratic approximation, the curvature matrix is written as

HR(x) = diag(λ1, λ2, λ3), λ1 � λ2 � λ3. (98)

Introduce a common threshold λth � 0 and define

N+(x; R) ≡
3∑

a=1

1[λa(x; R) > λth]. (99)

The four classes are

N+ = 0: void,

N+ = 1: sheet,

N+ = 2: filament,

N+ = 3: halo or cluster. (100)
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The sign classification has λth = 0; for a positive threshold, schematic zeros denote directions that
do not exceed the threshold rather than exact zero eigenvalues.

Here, the counted eigenvalues belong specifically to HR; the labels do not assert agreement with
a density-Hessian or tidal-web classification.

Void. Since the density is minimal at the center, the local model gives HR(0) = −2εI . For λth = 0,
all principal curvatures are negative and N+ = 0. A nearly spherical interior has weak anisotropy
and score deficit, whereas a steep boundary can increase �K (N ).

Sheet. For Eq. (73), HR = diag(0, 0, 2/σ 2
⊥). Hence, N+ = 1, with strong anisotropy and a deficit

concentrated along the sheet normal.
Filament. For anisotropic structures,

HR = diag

(
0,

2

σ 2
⊥

,
2

σ 2
⊥

)
, (101)

and the curvature differs significantly depending on direction. Along the filament direction it is
nearly zero, whereas in the perpendicular directions, it takes finite positive values. Thus, N+ = 2;
both curvature anisotropy and the score deficit are primarily transverse.

Halo. For a centrally concentrated structure,

HR = 2

σ 2
I, (102)

and all eigenvalues are positive and large. Therefore, the curvature is strong in all directions and
isotropic. Thus, N+ = 3. For a spherical finite window, �K (N ) is approximately isotropic; it vanishes
at the stationary center only in the strict pointwise limit.

The eigenvalue count determines the primary morphology, while �K (N ) and R(N ) quantify finite-
window profile steepness.

E. Construction of classification indicators

Let {ea}m
a=1 sample the unit sphere and satisfy

1

m

m∑
a=1

eae�
a = 1

d
I. (103)

For this set of directions,

K
(∞)

(x; R) = 1

m

m∑
a=1

K (∞)
eff (x; R; ea), (104)

K
(N )

(x; R) = 1

m

m∑
a=1

K (N )
eff (x; R; ea) (105)

are defined as the mean curvatures. Furthermore, anisotropy is defined by

A(∞)(x; R) = max
a

K (∞)
eff (x; R; ea) − min

a
K (∞)

eff (x; R; ea), (106)

A(N )(x; R) = max
a

K (N )
eff (x; R; ea) − min

a
K (N )

eff (x; R; ea). (107)

The direction-averaged deficit is

�K
(N )

(x; R) ≡ 1

m

m∑
a=1

�K (N )(x; R; ea) = K
(∞)

(x; R) − K
(N )

(x; R) � 0. (108)

Its anisotropy is

A(N )
� (x; R) ≡ max

a
�K (N )(x; R; ea) − min

a
�K (N )(x; R; ea). (109)
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When |K (∞)| is bounded away from zero, define

R(N )
(x; R) ≡ �K

(N )
(x; R)

|K (∞)
(x; R)|

, |K (∞)
(x; R)| > Kmin. (110)

This ratio of averaged observables need not equal the average of the directional ratios.
The local limits are

K
(∞)

(x; R) = 1

d
TrHR(x) + O(R), (111)

A(∞)(x; R) = λmax(x; R) − λmin(x; R) + O(R), (112)

where the second relation assumes extrema over the full unit sphere; a finite direction set approxi-
mates the eigenvalue spread.

Thus, N+ sets the primary class, K
(∞)

records the mean expansive or contractive signature, A(∞)

measures directional anisotropy, and �K
(N )

with A(N )
� characterizes the magnitude and directionality

of the finite-window score correction.
When directional curvature is evaluated by the direction-dependent deformation

Tε,e(y) = y + ε〈y − x, e〉e, (113)

sheets and filaments produce strongly directional responses, while approximately spherical voids
and halos are nearly isotropic. The finite-transport response converges to the Hessian signature
locally but retains finite-window potential information.

A full-rank direction set defines the finite-scale tensor representation in Sec. VI, but algebraic
completeness does not imply isotropic angular quadrature. In particular, the minimal six-direction
design below does not satisfy Eq. (103); its raw directional mean is not a uniform angular mean. At
finite radius, the reconstructed tensor’s eigenvalues and classes inherit the design dependence. The
total entropy response may be retained as a deformation diagnostic, but its sign is not used alone for
morphology because it includes the non-negative kinematic term.

VI. OPERATIONAL ESTIMATION AND CONTROLLED VALIDATION

This section translates the density-induced curvature into an operational estimator for gridded
fields, particle realizations, and reconstructed tracers. We distinguish the density-smoothing scale 


from the probe radius R; the earlier one-scale notation is recovered by setting 
 = R.

A. From density contrast to local-probe measures

Let δ̂
(y) be a density-contrast field reconstructed or smoothed at scale 
, with positive density

ρ̂
(y) = ρ̄[1 + δ̂
(y)] > 0. (114)

Here, ρ̄ is the mean matter density for a simulation; for a tracer catalog, selection correction and
positive reconstruction are understood. Any regularization or density floor must be documented and
varied in stability tests.

On a finite or periodic domain M, define

Ẑ
 ≡
∫

M
ρ̂
(y) dy, (115)

p̂
(y) ≡ ρ̂
(y)

Ẑ


, (116)

V̂
(y) ≡ − ln p̂
(y). (117)
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Because additive constants cancel from the midpoint deficit, − ln ρ̂
 may be used equivalently when
only the potential response is required.

For quadrature nodes {yi}nx
i=1, cell weights �Vi, and a non-negative window WR, define

ωi(x; R, 
) ≡ WR(yi − x) p̂
(yi )�Vi∑nx
j=1 WR(y j − x) p̂
(y j )�Vj

. (118)

The discrete local probe is

μ̂(R;
)
x ≡

nx∑
i=1

ωi(x; R, 
)δyi . (119)

A top-hat reproduces the theoretical ball restriction, while a smooth compact or Gaussian window
reduces discontinuities as nodes enter or leave the probe.

Since local normalization removes the window mass from the transport geometry, retain the
complementary amplitude observables

M̂ (R;
)
x ≡

nx∑
i=1

WR(yi − x )̂ρ
(yi )�Vi, (120)

δ̂
(R;
)

x ≡
∑

i WR(yi − x )̂δ
(yi )�Vi∑
i WR(yi − x)�Vi

. (121)

B. Finite-transport curvature estimator

Let A = A� satisfy I + εA 
 0, set zi = yi − x, and define

yi(t ) ≡ x + (I + tεA)zi, 0 � t � 1. (122)

The end point measure transports the same weights to yi(1).
The discrete transport normalization is

D̂A(x; R, 
) ≡
nx∑

i=1

ωi(x; R, 
)|Azi|2. (123)

For the prescribed optimal affine pairing, the quadrature transport cost is

Ŵ 2
2,A(x; R, 
, ε) = ε2D̂A(x; R, 
). (124)

For an empirical measure without a certified pairing, this cost must be checked against, or replaced
by, a numerical optimal-transport solution.

Define the potential midpoint deficit by

Q̂A(x; R, 
, ε) ≡
nx∑

i=1

ωi(x; R, 
)

[
V̂
(yi ) + V̂
(yi(1))

2
− V̂
(yi(1/2))

]
. (125)

Interpolating V̂
 at the deformed positions gives

K̂ (∞)
ρ,ε (x; R, 
; A) ≡ 8 Q̂A(x; R, 
, ε)

Ŵ 2
2,A(x; R, 
, ε)

= 8 Q̂A(x; R, 
, ε)

ε2D̂A(x; R, 
)
. (126)

For completeness, the affine Jacobian gives the kinematic response

Ĉ (∞)
kin (x; R, 
; A) = 8

ε2D̂A(x; R, 
)

[
ln det

(
I + ε

2
A
)

− 1

2
ln det (I + εA)

]
, (127)
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and hence

Ĉ (∞)
ent = Ĉ (∞)

kin + K̂ (∞)
ρ,ε . (128)

A symmetric estimator reduces the leading displacement bias. With y±
i = x + (I ± εA/2)zi,

define

K̂ (∞)
ρ,ε,sym(x; R, 
; A) ≡ 8

ε2D̂A(x; R, 
)

∑
i

ωi

[
V̂
(y−

i ) + V̂
(y+
i )

2
− V̂
(yi )

]
. (129)

For a smooth potential, the one-sided and symmetric truncation errors are O(ε) and O(ε2), respec-
tively.

A direct short-geodesic reference, evaluated from the same smooth interpolant, is

K̂ (∞)
eff (x; R, 
; A) ≡ lim

ε→0
K̂ (∞)

ρ,ε (x; R, 
; A) =
∑nx

i=1 ωi(x; R, 
)(Azi )�[∇∇V̂
](yi )(Azi )

D̂A(x; R, 
)
. (130)

Unlike the finite-ε estimator, this reference uses no midpoint difference. Equation (130) assumes
differentiation and transport evaluation of the same smooth potential. In the gridded mock, the direct
reference uses spectral derivatives of the reconstructed potential, whereas off-grid transport values
use cubic interpolation. Their finite-resolution difference is included in the measured internal error;
exact equality at fixed grid spacing is not assumed. The implementation is specified in Appendix E 1.

Define the score-alignment numerator

ĜA(x; R, 
) ≡
nx∑

i=1

ωi(x; R, 
)[Azi · ̂∇ ln ρ
(yi )]
2. (131)

For N > d , the finite-dimensional estimator is

�̂K
(N )

(x; R, 
; A) ≡ ĜA(x; R, 
)

(N − d )D̂A(x; R, 
)
� 0, (132)

K̂ (N )
eff (x; R, 
; A) ≡ K̂ (∞)

eff (x; R, 
; A) − �̂K
(N )

(x; R, 
; A). (133)

The Hessian and score must be derived consistently from the same reconstructed density and
smoothing scale, with the differentiation and interpolation operations stated explicitly. In the peri-
odic tests, both are obtained by spectral differentiation. The Bakry-Émery parameter N is unrelated
to the number of particles in the probe.

C. Reconstruction of the finite-scale response tensor

Define the pointwise log-density Hessian by

Hpoint (x; 
) ≡ ∇∇V̂
(x) = −∇∇ ln ρ̂
(x). (134)

The same differentiation and interpolation operator must be used at the probe center and quadrature
nodes.

For unit directions E = {ea}m
a=1, set Aa = eae�

a . The finite-transport and direct finite-window
responses are

k̂transport,a(x; R, 
, ε) ≡ K̂ (∞)
ρ,ε (x; R, 
; Aa),

kwindow,a(x; R, 
) ≡ K̂ (∞)
eff (x; R, 
; Aa) = 1

D̂Aa (x; R, 
)

nx∑
i=1

ωi(x; R, 
)
(
e�

a zi
)2

e�
a Hpoint (yi; 
)ea.

(135)

The second quantity is the direct reference for the same weighted probe and must have positive
denominator.
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Using common directional weights wa, reconstruct

Ĥ (E )
transport (x; R, 
, ε) ≡ arg min

H=H�

m∑
a=1

wa
[̂
ktransport,a − e�

a Hea
]2

,

H (E )
window(x; R, 
) ≡ arg min

H=H�

m∑
a=1

wa
[
kwindow,a − e�

a Hea
]2

. (136)

The directional design must have full rank on symmetric tensors. Because the direction enters both
the spatial weighting and the normalization in Eq. (135), the complete finite-window response
need not be a single quadratic form. Consequently, H (E )

window, its eigenvalues, and its threshold
classifications depend in general on the specified directions and weights. This is distinct from a
joint change of spatial coordinates, under which the same tensor transforms covariantly and retains
its eigenvalues. Comparing transport and direct tensors for the same design establishes estimator
fidelity, not invariance under replacing that design. The fixed-field tests in Appendix E 6 quantify
the resulting eigenvalue and classification sensitivity and separately check angular convergence and
estimator error.

In three dimensions, a minimal algebraically determined design is

e1 = (1, 0, 0)�, e2 = (0, 1, 0)�, e3 = (0, 0, 1)�, (137)

e12 = e1 + e2√
2

, e13 = e1 + e3√
2

, e23 = e2 + e3√
2

. (138)

For either response set q = {qi, qi j}, define

[R6(q)]ii ≡ qi, (139)

[R6(q)]i j ≡ qi j − qi + q j

2
, i < j. (140)

Thus, Ĥ (6)
transport = R6(̂ktransport ) and H (6)

window = R6(kwindow). The reconstruction is exact for the six
supplied values and represents all directions only when the response is a quadratic form.

At fixed 
, the two controlled limits are

lim
ε→0

Ĥ (E )
transport (x; R, 
, ε) = H (E )

window(x; R, 
),

lim
R→0

H (E )
window(x; R, 
) = Hpoint (x; 
). (141)

They require smooth interpolation, nondegenerate normalization, and adequate resolution; a con-
stant quadratic Hessian is recovered exactly in the noiseless construction.

The local limit is specifically the log-density Hessian in Eq. (134), with the qualifications in
Eq. (78). At finite spatial resolution, the derivative and interpolation approximations must also be
controlled, as described above.

For any of these tensors, write the ordered eigenvalues as λ1[X ] � λ2[X ] � λ3[X ] and define

CX (x) ≡
3∑

a=1

1[λa[X (x)] > λth]. (142)

The values 0, 1, 2, 3 denote void, sheet, filament, and halo or cluster, using one common threshold
for all comparisons.

The reconstructed transport mean curvature and anisotropy are

K̂ tr ≡ 1

d
TrĤ (E )

transport, (143)

Âtr ≡ λmax
[
Ĥ (E )

transport

]− λmin
[
Ĥ (E )

transport

]
. (144)
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Replacing the tensor gives the corresponding finite-window and pointwise invariants; the two limits
in Eq. (141) must remain distinct.

D. Simulation benchmark and quantitative diagnostics

A benchmark must hold fixed the reconstructed density, 
, the probe window, direction set,
interpolation and differentiation operators, classification threshold, and evaluation sample. It then
compares the three objects defined above: the transport reconstruction, the direct finite-window
response tensor, and the pointwise Hessian.

Layer I: Estimator fidelity. Within one reconstructed field, compare k̂transport,a with kwindow,a

and Ĥ (E )
transport with H (E )

window, using the same reconstruction operator. The residual measures finite-ε,
interpolation, quadrature, conditioning, and tensor-fit errors. For an overdetermined design, the
raw directional responses should also be compared because a tensor fit can conceal nonquadratic
residuals.

Layer II: Observable departure. The finite-window departure from the pointwise Hessian is

D(E )
window-point (x; R, 
) ≡ H (E )

window(x; R, 
) − Hpoint (x; 
). (145)

This is not estimator error. Directionally, it compares kwindow,a with kpoint,a = e�
a Hpointea. A stable

nonzero departure after Layer-I convergence is finite-window information and may be examined
with the local amplitude and score-alignment observables.

Replacing E at fixed field and scales defines another observable comparison, not a Layer-I error.
Its eigenvalue and class changes must be interpreted using the margin of the relevant finite-window
tensor, not the pointwise-Hessian margin.

Layer III: Sampling robustness. For sampled field s and a fixed full-sampling reconstruction,
the internal comparison is Ĥ (s)

transport versus H (s)
window; field degradation is H (s)

window versus H (full)
window; the

end-to-end comparison is Ĥ (s)
transport versus H (full)

window; and pointwise-Hessian sampling compares H (s)
point

with H (full)
point . Thus, each observable uses its own full-sampling reference, which is numerical rather

than continuum truth.
Let Neval = |I|. For directional families X and Y , define

rdir (X,Y ; I, E ) ≡ Corr i∈I
a=1,...,m

[kX,a(xi ), kY,a(xi )]. (146)

Layer I uses transport and window responses; Layer II uses window and pointwise responses.
For tensor observables, with Y as reference, define

E (X → Y ; I ) ≡
[∑

i∈I ‖X (xi ) − Y (xi )‖2
F∑

i∈I ‖Y (xi )‖2
F

]1/2

. (147)

The arrow points to the reference. We use the shorthand Etransport→window and Ewindow→point for Layers
I and II; the sampled-field specializations are defined below.

The median regularized per-point discrepancies reported for Stage 3 are distinct from this aggre-
gate norm; their normalization is specified in Appendix E 1. The additional design comparisons use
Eq. (147).

The class-agreement fraction is

fclass(X,Y ; I ) ≡ 1

Neval

∑
i∈I

1[CX (xi ) = CY (xi )]. (148)

The compared pair should always be named explicitly. The jointly normalized transition matrix is

MY →X
ab (I ) ≡ 1

Neval

∑
i∈I

1[CY (xi ) = a]1[CX (xi ) = b], a, b ∈ {0, 1, 2, 3}. (149)
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Rows are the reference classes. The transport-window matrix assesses Layer I, whereas the
pointwise-to-window matrix records Layer-II morphology transitions.

A convincing validation distinguishes three regimes. Controlled local convergence takes ε →
0 and R → 0 at fixed 
. A resolved finite-window response has Etransport→window � 1 while
Ewindow→point is stable and may be nonzero. Sampling degradation increases Efield, Etotal, and EHessian,
even if the internal estimator error remains small.

E. Finite samples, boundaries, and uncertainty

For a regularized field and certified convex affine probe, the estimator requires only local
quadrature and interpolation. Arbitrary empirical couplings instead require a discrete or regularized
optimal-transport solve.

The density must remain positive, the potential and derivatives must be adequately interpolated,
and each probe direction must satisfy

D̂A(x; R, 
)< Dmin (150)

only at rejected locations. The directional design condition number should also be monitored, with
the same accepted directions used for the transport and direct-reference tensors.

Periodic simulations permit wrapping. For finite surveys, one may restrict probes to the mask
interior, renormalize truncated windows, or use matched random catalogs; the same boundary
operator must be applied to transport, finite-window, and pointwise branches.

Bootstrap, Poisson, posterior, or jackknife realizations may be propagated through all three
tensors and their classes. For X ∈ {transport, window, point}, define

P̂X (C = c | x) ≡ 1

B

B∑
b=1

1
[
C(b)

X (x) = c
]
. (151)

The observable label separates uncertainty within one classifier from systematic transitions between
finite-window and pointwise classifications. Operationally, one density reconstruction supplies the
finite-transport estimator, the direct finite-window reference, and the pointwise-Hessian branch;
repeating them for sampled and full-sampling fields preserves the three-layer comparison.

F. Controlled validation on analytic and nonquadratic mocks

Controlled three-dimensional potentials test exact quadratic recovery, finite-displacement con-
vergence, grid refinement, transition stability, and rotational covariance. Stage 1 uses quadratic
fields; Stage 2 uses a quartic perturbation to separate estimator convergence from finite-window
observable departure; and Stage 2b tests grid and rotation stability. In Stages 2 and 2b, “exact
finite-window reference” means the analytic six-direction reference, not a direction-independent
tensor for an arbitrary field. The complete results are summarized in Table I.

The exact polynomial potentials, coefficient families, rotations, grid and displacement scans, and
classification thresholds are given in Appendix E 1, including Eq. (E1) and Table II.

The tests recover quadratic curvature exactly to numerical precision, verify the expected one-
sided and symmetric convergence orders, and identify a stable displacement-resolution regime. They
also confirm that finite-window class transitions are observable departures rather than estimator
failures. The cosmological test below replaces the analytic target with a direct numerical reference.

G. Cosmological mock and finite-window curvature

We next used a periodic three-dimensional Zel’dovich mock with Ng = 128, Np = 1283,
Lbox = 200 h−1 Mpc, and �x = 1.5625 h−1 Mpc. The smoothing scale was 
 = σG = 4�x =
6.25 h−1 Mpc, the probe radii were R/�x = (8, 12, 16), and the displacement parameters were
η = (1, 1.5, 2).
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TABLE I. Controlled validation of the finite-window transport estimator. Stage 2 convergence is measured
against the exact analytic finite-window reference for the six-direction design, whereas the finite-window-
observable row compares that reference with the central pointwise Hessian.

Stage Validation target Setting Quantitative result Interpretation

1 Exact quadratic
response

Analytic potential 256/256 classes; maximum
directional error 6.99 × 10−11;
maximum tensor relative error
8.64 × 10−11

Finite-transport normalization and
six-direction tensor reconstruction
recover the exact quadratic
curvature.

1 Exact quadratic
response

Cubic-grid
potential

256/256 classes; maximum
directional error 9.41 × 10−10;
maximum tensor relative error
1.03 × 10−9

The quadratic response remains
accurate after cubic-grid
interpolation, including rotated
tensors and near-threshold
eigenvalue configurations.

2 One-sided
estimator
convergence

Analytic quartic
potential

pK = 1.030 and pH = 1.030;
transport-window class
agreement: 98.25%

The directional and tensor biases
relative to the exact analytic
finite-window reference follow the
expected first-order asymptotic
scaling.

2 Symmetric
estimator
convergence

Analytic quartic
potential

pK = 2.000 and pH = 2.000;
transport-window class
agreement: 99.75%

Symmetrization removes the leading
odd contribution and yields the
expected second-order asymptotic
scaling relative to the exact
analytic finite-window reference.

2 Finite-window
observable
departure

α = 0.20 R/L0 = 0.8: window-point class
agreement 0.875, sheet →
filament;
R/L0 = 1: window-point class
agreement 0.500, sheet →
filament and filament → halo

Finite-window curvature contains
scale-dependent geometric
information beyond the central
pointwise Hessian. These class
transitions are properties of the
exact analytic finite-window
reference, not estimator failures.

2b Grid and
displacement
calibration

Ng = 65, 97, 129 Ng = 65: ε = 0.20, η = 1.71–2.13,
maximum tensor relative error
5.48 × 10−4;
Ng = 97: ε = 0.10, η = 1.28–1.60,
maximum tensor relative error
1.94 × 10−4; Ng = 129: ε = 0.10,
η = 1.71–2.13, maximum tensor
relative error 1.36 × 10−4

The practical
displacement-resolution regime is
η = O(1), approximately
1 � η � 2. The interpolation floor
decreases under grid refinement.

2b Transition
stability

Ng � 97 Stable class signatures: 6/6;
robust transitioned rows: 12/12;
all fine-grid transitions exceed ten
threshold-margin units

The sheet-filament transition near
R/L0 = 0.8 and the sheet-filament
and filament-halo transitions at
R/L0 = 1 are stable on the two
finer grids.

2b Rotation
covariance

Axis-aligned vs
covariantly
rotated control

Maximum tensor residual
3.63 × 10−3 over all grids and
1.20 × 10−3 for Ng � 97

Rotating both the curvature tensor
and the linear score yields the
expected covariant response to the
grid-accuracy level.

The initial spectrum, seed, density reconstruction, probe window, and derivative/interpolation
settings are specified in Appendix E 1. The periodic mock uses λth = 0 and N = 6; N is the synthetic
Bakry-Émery dimension, not a particle count.
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FIG. 2. Periodic Zel’dovich mock used for validation: a representative smoothed-density slice and its
pointwise log-density-Hessian void, sheet, filament, and halo classification.

The evaluation set contained 96 pointwise-stable points, balanced among the four pointwise
log-density-Hessian classes, and 32 additional pointwise-boundary points for threshold diagnostics.
These names refer to selection by the pointwise-Hessian margin and do not imply stability of a
finite-window or alternative-design classification. Figure 2 shows the smoothed field and pointwise
log-density-Hessian classification.

Using the six-direction design, we evaluated Hpoint (x; 
), H (6)
window(x; R, 
), and Ĥ (6)

transport
(x; R, 
, η). Here, “direct” means evaluation from the reconstructed curvature field rather than a
finite-ε midpoint difference; it does not denote continuum truth.

Transport-window agreement was uniformly high: The directional correlation exceeded
0.999 995, the stable-sample median tensor error was 0.19%–0.37%, and class agreement was
approximately 97.9%–100%. The smallest error occurred at η = 2 (Fig. 3).

The direct finite-window tensor nevertheless differed from the pointwise Hessian. For R/�x = 8,
12, and 16, class agreement was 0.6458, 0.2917, and 0.2083, while the median normalized tensor
departure was 0.5795, 0.9322, and 1.1287. This radius-dependent difference belongs to Layer II.

Figure 4 shows the structured pointwise-to-window transitions and the complementary finite-
dimensional score-alignment deficit.

FIG. 3. Estimator fidelity on the cosmological mock. (a) Directional transport vs direct finite-window
response. (b) Tensor error vs η. (c) Transport-window class agreement. All comparisons use the same six-
direction design; they do not test invariance under changing that design.
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FIG. 4. Finite-window information beyond the pointwise Hessian. (a) Window-point tensor departure.
(b) Pointwise-to-window class transitions. (c) Finite-dimensional score-alignment deficit. The tensor and class
comparisons refer to the specified six-direction construction.

The central result is

Ĥ (6)
transport (x; R, 
, η) � H (6)

window(x; R, 
),

H (6)
window(x; R, 
) �= Hpoint (x; 
). (152)

Thus, the transport construction estimates the six-direction finite-window response, not the
pointwise Hessian at finite R; the latter is recovered only in the resolved local limit of Eq. (141).

This high estimator fidelity does not make the finite-window classification independent of its
directional design. The fixed-field audit in Appendix E 6 finds an aggregate tensor difference of
0.2141 and class agreement of 88/96 between the 96-axis and original six-direction direct fits at
R/�x = 8, with larger differences at the two larger radii. In contrast, transport errors relative to
each tested design’s own direct reference remain 0.2707%–0.3238% at R/�x = 8 and η = 2. These
results separate observable-design dependence from numerical estimator error.

H. Finite-sampling robustness

We thinned the full-particle catalog with nested Bernoulli samples fsamp = (1, 1/2,

1/4, 1/8, 1/16). Each nonunit fraction used eight replicates; 
, the evaluation points, and the full
catalog were fixed. Rebuilding the full catalog reproduced all Stage 3 tensors and classes to machine
precision before thinning.

All tensors below use E6, with common spatial and scale arguments suppressed. Superscripts (s)
and (full) denote sampled and full-sampling reconstructions. Define

Dest = Ĥ (s)
transport − H (s)

window,

Dfield = H (s)
window − H (full)

window,

DHess = H (s)
point − H (full)

point ,

Dtotal = Ĥ (s)
transport − H (full)

window

= Dest + Dfield. (153)

For a difference Di and reference Href,i, use

E (D; Href ) ≡ E (Href + D → Href ; I ) =
[ ∑

i∈I ‖Di‖2
F∑

i∈I ‖Href,i‖2
F

]1/2

. (154)
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FIG. 5. Finite-sampling robustness for the stable sample and η = 2. Medians and interquartile ranges
summarize eight replicates. (a) End-to-end transport and pointwise-Hessian errors, each relative to its own
full-sampling reference. (b) Sampled-full class agreement. (c) Sampled-full directional correlation.

Accordingly,

Einternal ≡ E
(
Dest; H (s)

window

)
,

Efield ≡ E
(
Dfield; H (full)

window

)
,

EHessian ≡ E
(
DHess; H (full)

point

)
,

Etotal ≡ E
(
Dtotal; H (full)

window

)
.

The tensor identity is exact, although these normalized norms need not add linearly.
At fsamp = 1/16, the internal errors for R/�x = (8, 12, 16) were 2.78 × 10−3, 2.66 × 10−3,

and 2.30 × 10−3. Directional correlation remained above 0.999 995 and transport-window class
agreement was unity, showing that the estimator floor did not amplify sampling noise.

Figure 5 summarizes the sampling dependence of the end-to-end errors, sampled-full classi-
fication agreement, and sampled-full directional correlations. The end-to-end error was instead
dominated by field reconstruction: At the same fraction, Efield and Etotal were both approximately
(0.180, 0.217, 0.202) across the three radii (Fig. 6).

For every nonunit fraction and radius, Etotal < EHessian. At fsamp = 1/16, their ratios were 0.700,
0.834, and 0.792 for R/�x = 8, 12, and 16; the fiducial radius therefore gave an approximately 30%
reduction. At that radius, the correlations were 0.988 and 0.974, and class agreements were 0.911
and 0.849, for the finite-window and pointwise observables, respectively.

FIG. 6. Error decomposition at R/�x = 8 and η = 2. (a) Internal, field-reconstruction, and total errors.
(b) Etotal and EHessian. (c) Their ratio for all probe radii.
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Combining nonunit fractions selected R/�x = 8 as the fiducial radius. Increasing η from 1.5 to 2
lowered the internal error by 15%–22% but changed the total error by less than 0.3%. The empirical
scaling E ∝ f −α

samp with α � 0.65 and median coefficients of determination near 0.99 characterizes
this mock and reconstruction pipeline, not a universal Poisson law.

The Stage 4 result is

Etotal � Efield � Einternal, Etotal < EHessian. (155)

The second relation compares two distinct observables with their own full-sampling references.
Supplementary displacement, boundary, morphology, finite-dimensional, and spectral-margin tests
are presented in Appendix E.

The sampling-error reduction applies to the original six-direction observable under this recon-
struction and thinning protocol. The multidirection audit does not repeat the thinning experiment
and does not establish the same advantage for every directional design.

I. Practical parameter choices and scope

For this mock, the adopted operating point is

ηfid = 2,

Rfid = 8�x = 12.5 h−1 Mpc, (156)


fid ≡ σG = 4�x = 6.25 h−1 Mpc.

The value ηfid = 2 optimizes numerical accuracy and has no dynamical interpretation. The selected
radius minimizes the combined normalized errors over the tested grid but is conditional on 
,
resolution, realization, and radius range.

The full catalog is a numerical reference, not continuum truth. The stable sample supplies the
primary statistics, while the boundary sample tests threshold sensitivity and was selected using the
pointwise-Hessian margin. No density-floor activation occurred, and the Bakry-Émery dimension
N was held independent of particle number.

The test assumes a periodic box, uniform thinning, fixed Gaussian smoothing, and common
evaluation points. Survey masks, variable completeness, radial selection, redshift-space distortions,
anisotropic uncertainties, and finite-volume boundaries require a survey-specific forward operator
and renewed full-sampling calibration.

Within this scope and for the specified six-direction design, the transport estimator accurately
recovers its direct finite-window response; end-to-end uncertainty is dominated by density re-
construction; and that finite-window observable is more robust to thinning than the pointwise
log-density Hessian under their respective full-sampling comparisons. Directional-design sensitivity
is quantified separately in Appendix E 6.

VII. DISCUSSION AND CONCLUSIONS

A. Local limit and Hessian structure

The framework separates the total entropy-convexity response from the density-induced Ricci-
curvature contribution. The exact finite-transport and short-geodesic decompositions are given in
Eqs. (30) and (62): The kinematic term depends on the chosen deformation, while the curvature
term probes the fixed weighted background geometry.

For a flat Euclidean or periodic background, the cosmological density defines the Bakry-Émery
tensor HR = −∇2 ln ρR through Eq. (39). A rank-one probe averages e�HRe over the complete local
mass profile [Eq. (90)] and approaches the pointwise Rayleigh quotient as R → 0 [Eq. (91)]. The
eigenvalue-threshold classifier of the smoothed log-density Hessian is therefore recovered in the
controlled small-deformation and local-window limit. Equation (78) distinguishes it from density-
Hessian classifiers, and no general equivalence with gravitational-tidal classifiers is implied. At
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finite R, the response is a distinct observable whose tensor representation and classification also
depend on the specified directional design.

The corresponding mean curvature and anisotropy approach the trace and eigenvalue spread of
HR through Eqs. (111) and (112). Finite synthetic dimension further subtracts the non-negative
deficit defined in Eq. (71). This term measures directional alignment with the log-density score over
the probe and supplements, rather than replaces, the Hessian eigenvalue classification.

B. Scale-dependent curvature and multiscale structure

The construction contains two independent scales: the density-smoothing scale 
, which fixes the
weighted background geometry, and the probe radius R, which selects the region over which that
geometry is sampled. The formal one-parameter notation corresponds to the diagonal choice 
 = R.
In the cosmological validation, 
 = σG = 4�x was held fixed while R/�x = (8, 12, 16) was varied,
thereby isolating the probe-window dependence.

Varying either scale defines a diagnostic resolution flow for a fixed cosmological realiza-
tion and must be distinguished from the physical dynamics that generated the density field.
Unlike Ricci flow, this does not describe temporal evolution of geometry, but rather a change
of resolution for a fixed cosmological realization. Changing 
 modifies the Bakry-Émery ten-
sor itself, whereas changing R alters the density-weighted finite-window response of that
tensor.

When component weights, component responses, or tensor eigendirections vary sufficiently with
scale, the reconstructed eigenvalues can evolve nonmonotonically and cross the classification thresh-
old. As a result, curvature and anisotropy may exhibit nonmonotonic behavior and even sign changes
due to the mixing of different structures. This implies that structure classification is intrinsically
scale dependent. A monotone mixture of two scale-independent scalar responses is not, by itself,
sufficient to generate nonmonotonicity. The tensor scale flow and its threshold-crossing conditions
are derived in Appendix C. From this viewpoint, cosmological structures are characterized not only
by fixed geometric types, but also by their trajectories under coarse graining and finite-window
probing.

C. Curvature statistics and observable content

By treating the local effective curvature as a random field, the present framework naturally leads
to a statistical description in terms of curvature. At linear order in a density contrast smoothed at
scale 
, the normalized pointwise trace is K

(1)
point = −(1/d )∇2δ
 and has zero ensemble mean on a

statistically homogeneous domain. Its density cross-spectrum is Pδ
K (k) = k2P
(k)/d , whereas its
autospectrum is PK (k) = k4P
(k)/d2, where P
 is the smoothed-density power spectrum. The full
tensor and finite-window transfer functions are given in Appendix D.

Thus, in the Gaussian-linear limit, curvature statistics are differential reweightings of conven-
tional two-point information rather than independent statistics. Beyond that limit, the logarithmic
transformation, density-weighted window normalization, and finite-transport response generate
nonlinear mode coupling. The finite-dimensional deficit begins quadratically in the score field
and lowers the effective curvature, so its statistics probe directional profile steepness rather than
a generic high-density enhancement.

Operationally, the finite-transport response is evaluated from the reconstructed potential V̂


along the controlled interpolation and does not require a pointwise Hessian estimate. The direct
finite-window and pointwise branches are used as distinct references in the three-layer validation of
Sec. VI.
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D. Numerical validation and operational robustness

The controlled tests summarized in Table I recover quadratic tensors to a relative accuracy
of 10−9 or better, confirm the expected O(ε) and O(ε2) convergence laws for the one-sided and
symmetric estimators, and identify the stable resolution range 1 � η � 2. They also show that
resolved finite-window class transitions are observable departures rather than estimator failures.

In the periodic Zel’dovich mock, the transport reconstruction matched the direct finite-window
reference with directional correlation above 0.999 995 and median tensor error of 0.19%–0.37%.
The finite-window tensor nevertheless differed substantially from the pointwise Hessian as the probe
radius increased, establishing the two relations summarized in Eq. (152).

The additional direction tests show that replacing the design can produce substantially larger
tensor and classification changes than these internal errors. A uniformly weighted angular projec-
tion converges under angular refinement, but retains a nonzero residual relative to the complete
directional response. Thus, the finite-window tensor is a specified quadratic summary, not a
direction-independent representation of that full response (Appendix E 6).

Under thinning to fsamp = 1/16, the internal estimator error remained below 0.3%, while the
end-to-end error was dominated by density reconstruction. At the fiducial radius, Etotal = 0.180
compared with EHessian = 0.259, an approximately 30% reduction when each observable is eval-
uated relative to its own full-sampling reference. The score-alignment deficit also retained strong
sampled-full correlation. These findings are summarized by Eq. (155). The comparison is restricted
to the original six-direction observable and the pointwise log-density Hessian, not every directional
design or cosmic-web classifier.

The numerical results therefore support the intended hierarchy: Layer I validates the finite-
transport estimator against the direct finite-window reference, Layer II measures finite-window
departure from the pointwise Hessian, and Layer III isolates degradation caused by sampling and
density reconstruction. Classification agreement must be interpreted jointly with tensor error and
eigenvalue margins.

E. Scope, implementation, and limitations

The framework is a diagnostic geometry of a simulated or reconstructed density field. It neither
replaces the gravitational dynamics that generated the field nor identifies the controlled Wasserstein
geodesic with a physical matter trajectory. The smoothing scale, probe radius, deformation, probe
directions and directional weights, interpolation scheme, and eigenvalue threshold are part of the
observable definition and must be reported and calibrated.

A positive density reconstruction is required because V = − ln p must remain finite. Local
normalization isolates spatial profile geometry and removes the window mass, which should be
retained separately when amplitude information is required. The potential response can be evaluated
directly for weighted discrete probes, whereas the total and kinematic entropy responses require
a regularized density or a discrete relative entropy defined with respect to a common reference
measure.

The present calibration uses a periodic box, uniform Bernoulli thinning, fixed Gaussian smooth-
ing, and the full catalog as a numerical reference rather than continuum truth. At finite ε, the
response depends on the chosen transport path and numerical resolution. Survey masks, varying
completeness, radial selection, redshift-space distortions, tracer bias, and anisotropic uncertainties
must therefore be incorporated through a survey-specific forward operator and a new full-sampling
calibration.

F. Outlook

The controlled program has established the basic consistency and numerical viability of the
estimator. The immediate next step is to apply the same hierarchy to realistic survey mocks in which
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masks, selection functions, redshift-space distortions, tracer bias, and measurement uncertainties are
propagated through the density reconstruction and reference-measure construction.

A systematic exploration of the two-scale plane (
, R) is also important. Independent variation
of 
 and R would separate changes in the weighted background tensor from changes in its finite-
window sampling and would identify structures that persist or undergo resolved threshold crossings
under coarse graining.

Because the curvature is defined as a response, the framework may also connect naturally
with symmetry-response and separate-universe-type analyses. Long-wavelength perturbations can
modify the reference potential, local-probe measure, and directional response separately, suggesting
a route to environmental response and large-scale bias.

The connection with peak statistics requires care. For a smooth positive density, stationary points
of ρR and ln ρR coincide, and at such a point HR = −ρ−1

R ∇2ρR; hence, HR and the sign-reversed
density Hessian −∇2ρR have the same inertia, with the zero-threshold qualification discussed in
Sec. V B. The unweighted Kac-Rice operator is correspondingly invariant:

|det HR|δ(d )
D (∇ ln ρR)�(HR) = |det(−∇2ρR)|δ(d )

D (∇ρR)�(−∇2ρR).

The logarithmic representation therefore does not by itself define a new unweighted peak point
process at fixed smoothing scale. New peak observables must instead arise from finite-window
transport, scale evolution, explicit weighting, or changes in the underlying probability law.

In conclusion, the work establishes a consistent separation of total entropy response, kinematic
deformation, density-induced Bakry-Émery curvature, and finite-dimensional score alignment. The
log-density-Hessian classifier is recovered as a controlled local limit. At finite radius, the response
retains surrounding-profile information, while its tensor summary requires an explicit directional
design and can be complemented by a converged angular projection and its nonquadratic residual.
For the original six-direction construction, the finite-window observable is more robust than the
pointwise log-density Hessian under the tested thinning conditions, each relative to its own full-
sampling reference.

These results provide a mathematically defined and numerically validated bridge between
weighted-Wasserstein geometry and cosmological morphology. Extending that bridge to observa-
tional data now requires survey-specific forward modeling and calibration rather than a change in
the underlying estimator hierarchy.
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APPENDIX A: DERIVATION OF THE VOLUME DISTORTION COEFFICIENT β
K,N
t BY

JACOBI FIELDS

This Appendix summarizes the comparison-geometric origin of the volume distortion coefficient
βK,N

t used in Sec. III D. The geometric dimension d = dim M determines the actual d − 1 trans-
verse Jacobi fields, whereas the synthetic dimension N enters the weighted curvature-dimension
comparison and need not be an integer [34].
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1. Jacobi comparison and transverse volume deformation

Let γ : [0, r] → M be a unit-speed minimizing geodesic on a d-dimensional Riemannian mani-
fold. On the orthogonal bundle γ̇ ⊥, define Rγ (s)w = R(w, γ̇ (s))γ̇ (s). The transverse Jacobi tensor
Y satisfies

D2Y
ds2

+ Rγ Y = 0, Y(0) = 0,
DY
ds

(0) = I⊥. (A1)

Before the first conjugate point, jγ (s) = det Y(s) > 0 is the transverse volume density. Writing

S ≡ DY
ds

Y−1, θ ≡ TrS = d

ds
ln jγ , Σ ≡ S − θ

d − 1
I⊥, (A2)

the Jacobi equation gives the Riccati and trace equations

DS
ds

+ S2 + Rγ = 0,

dθ

ds
+ θ2

d − 1
+ ‖Σ‖2

HS + Ric(γ̇ , γ̇ ) = 0. (A3)

Thus, Ricci curvature controls volume deformation together with the non-negative shear contribu-
tion. For uγ = j1/(d−1)

γ ,

d2uγ

ds2
= −Ric(γ̇ , γ̇ ) + ‖Σ‖2

HS

d − 1
uγ ,

Ric � Kg �⇒ d2uγ

ds2
+ K

d − 1
uγ � 0. (A4)

2. Model spaces and the distortion coefficient

For κ ∈ R, let

sκ (r) ≡

⎧⎪⎨⎪⎩
sin(

√
κ r)√
κ

, κ > 0,

r, κ = 0,
sinh(

√−κ r)√−κ
, κ < 0,

(A5)

so that s′′
κ + κsκ = 0, sκ (0) = 0, and s′

κ (0) = 1. The scalar comparison from Eq. (A4) yields, before
the first model conjugate point,

jγ (tr)

t d−1 jγ (r)
�
[

sK/(d−1)(tr)

t sK/(d−1)(r)

]d−1

, 0 < t � 1. (A6)

The corresponding synthetic comparison coefficient for N > 1 is

βK,N
t (r) ≡

[
sK/(N−1)(tr)

t sK/(N−1)(r)

]N−1

. (A7)

The Euclidean radial factor has been divided out, so β0,N
t (r) = 1. For K > 0, the formula is used for

r < π
√

(N − 1)/K and extended by the standard +∞ convention beyond the first model conjugate
point; at r = 0, it is defined by continuity. When N is noninteger, βK,N

t is a comparison coefficient
and not the determinant of N − 1 literal Jacobi fields.
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3. Weighted transport Jacobians and CD(K, N)

Consider a smooth weighted manifold dm = e−V dvolg of geometric dimension d , with N > d
and

RicV,N ≡ Ric +∇2V − 1

N − d
∇V ⊗ ∇V. (A8)

Let Ft (x) = expx(tξx ) be the regular interpolation maps of a smooth optimal transport and set rx =
|ξx| = d (x, F1(x)). The Jacobian relative to m is

J m
t (x) ≡ exp [V (x) − V (Ft (x))] det dFt (x). (A9)

If μt = qt m = (Ft )#μ0, weighted mass conservation gives

qt (Ft (x))J m
t (x) = q0(x). (A10)

Under RicV,N � Kg, the sharp weighted Jacobi comparison is expressed through

τ
(t )
K,N (r) ≡ t1/N

[
sK/(N−1)(tr)

sK/(N−1)(r)

](N−1)/N

= t
[
βK,N

t (r)
]1/N

, (A11)

and yields [
J m

t (x)
]1/N� τ

(1−t )
K,N (rx )

[
J m

0 (x)
]1/N+τ

(t )
K,N (rx )

[
J m

1 (x)
]1/N

. (A12)

Combining this inequality with Eq. (A10) gives

qt (Ft (x))−1/N� (1 − t )
[
βK,N

1−t (rx )
]1/N

q0(x)−1/N + t
[
βK,N

t (rx )
]1/N

q1(F1(x))−1/N . (A13)

This is the smooth-map form of the CD(K, N ) density interpolation used in Sec. III D; integration
with respect to the optimal end point coupling gives the corresponding Rényi-entropy inequality.
Thus, βK,N

t compares weighted transport-volume deformation with the constant-curvature model. It
should not be identified with the local score-alignment deficit �K (N ), and N is neither the number
of Jacobi fields nor the number of particles.

APPENDIX B: LOCAL LIMIT OF THE FINITE-WINDOW CURVATURE RESPONSE

This Appendix establishes the local relation among the finite-transport estimator, the direct finite-
window response, and the pointwise log-density Hessian. The density-smoothing scale 
 and probe
radius R remain distinct. On a curved background, Hpoint below is replaced by the corresponding
Bakry-Émery tensor.

1. Local expansion and probe moments

Let ρ
 > 0 be smoothed at scale 
, and define

V
 ≡ − ln p
 = − ln ρ
 + constant,

s(
)
x ≡ ∇ ln ρ
(x), (B1)

Hpoint (x; 
) ≡ ∇∇V
(x) = −∇∇ ln ρ
(x).

For z = y − x,

V
(x + z) = V
(x) − [s(
)
x

]�
z + 1

2 z�Hpoint (x; 
)z + O(|z|3). (B2)

The linear score term is retained at a general point; it cancels from the quadratic midpoint response
and therefore does not obstruct the Hessian limit.
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Let WR(z) = R−dW (z/R), where W is non-negative, centered, and isotropic, with∫
Rd

W (u) du = 1,∫
Rd

uW (u) du = 0, (B3)∫
Rd

uu�W (u) du = c2I, c2 > 0.

The density-weighted probe is

dμ(R;
)
x (x + z) ≡ WR(z)ρ
(x + z)

Z (R;
)
x

dz,

Z (R;
)
x ≡

∫
Rd

WR(z)ρ
(x + z) dz. (B4)

Writing m(R;
)
x = ∫ z dμ(R;
)

x and �(R;
)
x = ∫ zz� dμ(R;
)

x , the centered even window gives

m(R;
)
x = c2R2s(
)

x + O(R4),

�(R;
)
x = c2R2I + R4M (
)

x + O(R6). (B5)

Thus, the score shifts the probe barycenter at order R2, while the leading second moment is isotropic;
no Gaussian approximation is required.

2. Direct response and the two-step local limit

For a fixed affine probe A, define the normalization and curvature numerator by

DA(x; R, 
) ≡
∫

|Az|2 dμ(R;
)
x ,

NA(x; R, 
) ≡
∫

(Az)�Hpoint (x + z; 
)(Az)dμ(R;
)
x . (B6)

Whenever DA(x; R, 
) > 0, the direct response is

K (∞)
eff (x; R, 
; A) ≡ NA(x; R, 
)

DA(x; R, 
)
. (B7)

For a constant Hessian, this is the exact quadratic reference. For a smooth field and the centered
even window,

K (∞)
eff (x; R, 
; A) = Tr[Hpoint (x; 
)AA�]

Tr(AA�)
+ O(R2).

For the rank-one probe A = ee�, this becomes

K (∞)
eff (x; R, 
; e) = e�Hpoint (x; 
)e + O(R2). (B8)

An asymmetric or off-centered window can instead produce an O(R) correction.
For a sufficiently smooth potential and nondegenerate transport normalization, the one-sided and

symmetric finite-transport responses satisfy

K (∞)
ρ,ε = K (∞)

eff + O(ε), K (∞)
ρ,ε,sym = K (∞)

eff + O(ε2). (B9)

000201-33



TSUTOMU T. TAKEUCHI

Applying a fixed full-rank linear tensor reconstruction to the same directional design therefore gives

Ĥ (E )
transport (x; R, 
, ε) = H (E )

window(x; R, 
) + O(ε),

H (E )
window(x; R, 
) = Hpoint (x; 
) + O(R2). (B10)

The first remainder becomes O(ε2) for the symmetric estimator. The finite-transport error and the
finite-window departure are therefore distinct even when both limits are ultimately taken.

3. Directional invariants and finite-dimensional correction

Averaging rank-one responses uniformly over Sd−1 gives

K
(∞)

(x; R, 
) = 1

d
TrHpoint (x; 
) + O(R2). (B11)

The corresponding directional variance is

Ve
[
K (∞)

eff

] = 2

d (d + 2)

[
Tr
(
H2

point

)− (TrHpoint )2

d

]
+ O(R2). (B12)

The variance measures the squared norm of the traceless Hessian and vanishes precisely for an
isotropic pointwise tensor.

For N > d , define the score-alignment numerator by

GA(x; R, 
) ≡
∫

[Az · ∇ ln ρ
(x + z)]2dμ(R;
)
x . (B13)

The finite-dimensional deficit is then

�K (N )(x; R, 
; A) ≡ GA(x; R, 
)

(N − d )DA(x; R, 
)
� 0. (B14)

For A = ee�,

�K (N )(x; R, 
; e) =
[
e · s(
)

x

]2
N − d

+ O(R2),

K (N )
eff (x; R, 
; e) = e�

[
Hpoint (x; 
) − s(
)

x [s(
)
x ]�

N − d

]
e + O(R2). (B15)

The bracketed tensor is the Euclidean N-Bakry-Émery tensor. The correction is therefore a non-
negative score-alignment deficit that lowers the infinite-dimensional curvature.

4. Classification stability

Let λa(x; 
) be the eigenvalues of Hpoint (x; 
) and use the same threshold λth for the pointwise
and finite-window tensors. Define the pointwise margin by

mpoint (x; 
) ≡ min
1�a�d

|λa(x; 
) − λth|. (B16)

Weyl’s inequality gives the sufficient stability condition∥∥H (E )
window(x; R, 
) − Hpoint (x; 
)

∥∥
2< mpoint (x; 
). (B17)

Under this condition, Cwindow(x; R, 
) = Cpoint (x; 
). Hence, the two classifications agree in the
resolved local limit whenever the pointwise spectrum is separated from the threshold. Near a
classification boundary, a small finite-window departure can change the discrete class even when
the tensor difference is small.
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APPENDIX C: ASYMPTOTIC SCALE DEPENDENCE AND STRUCTURAL TRANSITIONS

This Appendix describes the dependence of the direct finite-window curvature response on the
probe radius R at fixed density-smoothing scale 
. Varying 
 changes the weighted background
geometry, whereas varying R changes the region over which that fixed geometry is sampled. The
scale flow considered here is therefore diagnostic rather than dynamical.

1. Small-radius response and tensor scale flow

Let μ(R;
)
x be the probe measure defined in Eq. (B4). For a nonzero affine probe matrix A, suppress

the common arguments (x; R, 
) and write the numerator and denominator of Eq. (B7) as

NA ≡
∫

(Az)�Hpoint (x + z; 
)(Az) dμ(R;
)
x (x + z),

DA ≡
∫

|Az|2 dμ(R;
)
x (x + z). (C1)

Then, K (∞)
eff (x; R, 
; A) = NA/DA. For a centered even window and a sufficiently smooth density,

DA = R2DA,2 + R4DA,4 + O(R6),

NA = R2NA,2 + R4NA,4 + O(R6). (C2)

The leading coefficients are DA,2 = c2Tr(AA�) and NA,2 = c2Tr[Hpoint (x; 
)AA�]. The fourth-order
terms contain both the density-weighted deformation of the probe moments and spatial derivatives
of the pointwise curvature.

Expanding the ratio gives

K (∞)
eff (x; R, 
; A) = K (0)

A (x; 
) + R2CA(x; 
) + O(R4),

K (0)
A (x; 
) ≡ Tr[Hpoint (x; 
)AA�]

Tr(AA�)
, (C3)

CA(x; 
) ≡ NA,4 − K (0)
A DA,4

DA,2
.

The occurrence of AA� is essential. For the rank-one probe Ae = ee�,

K (∞)
eff (x; R, 
; e) = e�Hpoint (x; 
)e + R2Ce(x; 
) + O(R4). (C4)

A constant Hessian gives Ce = 0; a nonzero correction therefore reflects spatial variation of the
curvature field and its density weighting.

Let E = {ea}m
a=1 be a fixed full-rank directional design and let RE be its linear tensor-

reconstruction operator. Applying it to Eq. (C4) yields

H (E )
window(x; R, 
) = Hpoint (x; 
) + R2B(E,
)

x + O(R4), B(E,
)
x ≡ RE

({
Cea (x; 
)

}m

a=1

)
. (C5)

At finite R, the correction may depend on the directional design because the complete response need
not be a single quadratic form. The design dependence disappears at leading order in the local limit.

2. Scale derivative and component mixing

Whenever the window family is differentiable in R, Eq. (C1) gives

∂

∂R
K (∞)

eff (x; R, 
; A) = (∂RNA)DA − NA(∂RDA)

D2
A

= ∂RNA − K (∞)
eff ∂RDA

DA
. (C6)
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A stationary scale is obtained when the numerator of this expression vanishes. Near R = 0, the
derivative is 2RCA + O(R3), but this local sign does not determine the behavior at larger radius. For
hard windows or discrete samples, apparent extrema must also be checked against radius refinement.

A component-resolved representation follows from any non-negative partition of unity {χq}Q
q=1

within the probe. Let NA,q and DA,q denote the numerator and denominator restricted by χq, and set
KA,q = NA,q/DA,q. Then,

K (∞)
eff (x; R, 
; A) =

Q∑
q=1

αA,q(R)KA,q(R), αA,q(R) ≡ DA,q(R)∑Q
p=1 DA,p(R)

,

Q∑
q=1

αA,q(R) = 1. (C7)

The weights are therefore determined by directional transport energy, not by component mass
fractions alone. For two components,

d

dR
K (∞)

eff (R) = α′(R)[K1(R) − K2(R)] + α(R)K ′
1(R) + [1 − α(R)]K ′

2(R). (C8)

A monotone weight mixing two scale-independent responses remains monotone. Genuine non-
monotonicity requires scale dependence of a component response, a nonmonotone effective weight,
more than two components, or direction-dependent mixing that alters the reconstructed tensor and
its eigendirections.

3. Eigenvalue flow and structural transitions

For fixed x, 
, and E , write H(R) = H (E )
window(x; R, 
). If λa(R) is a simple eigenvalue with

normalized eigenvector ua(R), then

dλa

dR
= ua(R)�H′(R)ua(R). (C9)

Thus, an eigenvalue need not follow any single fixed directional response because its eigenvector
may rotate. If the pointwise spectrum is simple, Eq. (C5) gives

λa(R) = λpoint
a + R2b(E,
)

a + O(R4),

b(E,
)
a ≡ [upoint

a

]�
B(E,
)

x upoint
a . (C10)

Near a degeneracy, the leading splitting is obtained by restricting B(E,
)
x to the degenerate eigenspace

rather than by using the nondegenerate formula.
The finite-window morphology is

Cwindow(x; R, 
) ≡
d∑

a=1

1[λa(R) > λth]. (C11)

Under continuous tensor flow, the class can change only when

λa(R∗) = λth (C12)

for at least one eigenvalue. In the small-radius regime, a simple crossing has the leading estimate

R2
∗ � λth − λ

point
a

b(E,
)
a

, (C13)

provided the right-hand side is positive and the expansion remains valid. A zero crossing of a fixed
directional response is neither necessary nor sufficient unless the direction follows the relevant
eigenvector and λth = 0.

Define the finite-window margin by

mwindow(x; R, 
) ≡ min
1�a�d

|λa(R) − λth|. (C14)
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Writing �H (E )
12 = H (E )

window(x; R2, 
) − H (E )
window(x; R1, 
), Weyl’s inequality gives the sufficient stabil-

ity condition ∥∥�H (E )
12

∥∥
2< mwindow(x; R1, 
). (C15)

Under this condition, the class is unchanged between R1 and R2. A resolved transition should
be inferred from tensor eigenvalues and threshold margins only after the transport estimator has
converged to the direct finite-window response. Finite-ε, interpolation, and sparse-sampling effects
belong to the other validation layers.

APPENDIX D: LINEARIZED CURVATURE STATISTICS
AND FINITE-DIMENSIONAL CORRECTIONS

This Appendix relates the pointwise and finite-window curvature fields to conventional density
statistics. The smoothing scale 
 and probe radius R remain distinct. Linear curvature is a differential
and windowed transform of the density contrast; nonlinear log-density terms, probe normalization,
and the finite-dimensional score-alignment deficit introduce higher-order mode coupling.

1. Linear pointwise-curvature statistics

Let δ be a statistically homogeneous and isotropic density contrast with zero mean and Fourier
convention

δ(x) =
∫

dd k

(2π )d
δ̃(k)eik·x,

Ẽδ(k )̃δ(k′) = (2π )dδD(k + k′)Pδ (k). (D1)

For a smoothing kernel W
,

δ
(x) ≡
∫

dd k

(2π )d
W̃ 
(k )̃δ(k)eik·x, (D2)

σ 2
j (
) ≡

∫
dd k

(2π )d
k2 j | W̃ 
(k)|2Pδ (k). (D3)

Gaussianity is unnecessary for the linear two-point relations below; it is needed only when higher-
order moments are reduced using Wick’s theorem.

For ρ
 = ρ(1 + δ
), define

Hpoint,i j (x; 
) ≡ −∂i∂ j ln [1 + δ
(x)],

Kpoint (x; 
) ≡ 1

d
TrHpoint (x; 
) = − 1

d
∇2 ln [1 + δ
(x)]. (D4)

Statistical homogeneity implies

EHpoint,i j (x; 
) = 0, EKpoint (x; 
) = 0. (D5)

The same spatial average vanishes on a periodic domain. Boundaries, masks, or inhomogeneous
selection can invalidate this translation-invariant statement.

To first order in δ
,

H (1)
point,i j (x; 
) = −∂i∂ jδ
(x), K

(1)
point (x; 
) = − 1

d
∇2δ
(x), (D6)

K̃
(1)

point (k; 
) = k2

d
W̃ 
(k )̃δ(k). (D7)
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Hence, the auto- and density-curvature cross-spectra are

P(1)
Kpoint

(k; 
) = k4

d2
| W̃ 
(k)|2Pδ (k), (D8)

P(1)
δ
,Kpoint

(k; 
) = k2

d
| W̃ 
(k)|2Pδ (k). (D9)

Thus, V (K
(1)
point ) = σ 2

2 /d2 and Cov (δ
, K
(1)
point ) = σ 2

1 /d . The positive k2-weighted integral is a cross-
covariance, not a one-point mean. In real space,

ξδ
K (r) = − 1

d
∇2

r ξ
(r), ξK (r) = 1

d2

(∇2
r

)2
ξ
(r). (D10)

2. Finite-window transfer and tensor reconstruction

For a centered even probe window and a unit direction e, define

M2,e(R) ≡
∫
Rd

WR(z)(e · z)2 dz, QR,e(z) ≡ WR(z)(e · z)2

M2,e(R)
,

∫
Rd

QR,e(z) dz = 1. (D11)

At linear order, density weighting of the normalized probe contributes only beyond first order
because the background curvature vanishes. Suppressing common Fourier-space arguments where
clear, the directional response and its transform are

k(1)
window,e(x; R, 
) =

∫
Rd

QR,e(z)e�H (1)
point (x + z; 
)e dz,

k̃(1)
window,e = (e · k)2 W̃ 
(k)Q̃R,e(k )̃δ(k). (D12)

The smoothing and probe scales thus enter through distinct filters. The corresponding spectra are

P(1)
window,e = (e · k)4| W̃ 
(k)|2|Q̃R,e(k)|2Pδ (k), (D13)

P(1)
window-point,e(k; R, 
) = (e · k)4| W̃ 
(k)|2Q̃R,e(k)Pδ (k), (D14)

P(1)
�wp,e = (e · k)4| W̃ 
(k)|2|Q̃R,e(k) − 1|2Pδ (k). (D15)

The second expression is the power spectrum of the linear window-point departure. It vanishes as
R → 0 and represents finite-window observable information rather than transport-estimator error.

For a full-rank directional design, let R a
i j denote the linear tensor-reconstruction coefficients.

Define

T (E )
i j (k; R, 
) ≡ W̃ 
(k)

m∑
a=1

R a
i j (ea · k)2Q̃R,ea (k). (D16)

The reconstructed field and its spectral covariance are

H̃ (E,1)
window,i j (k; R, 
) = T (E )

i j (k; R, 
)̃δ(k), P(E,1)
i jmn (k; R, 
) = T (E )

i j

[
T (E )

mn

]∗
Pδ (k). (D17)

Because the reconstruction reproduces quadratic forms on the adopted design, T (E )
i j → kik j W̃ 


as R → 0. At finite R, the transfer can retain design dependence because the complete directional
response need not be an exact quadratic form.

3. Nonlinear and finite-dimensional contributions

Beyond linear order, −∇∇ ln(1 + δ
) contains quadratic and higher powers of δ
. Density
weighting and normalization of the finite-window probe add further mode coupling. Their spectra
therefore depend on convolutions of the power spectrum and, for non-Gaussian fields, on higher
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polyspectra. Statistical homogeneity still enforces a zero mean for the exact pointwise log-density
Hessian.

For N > d , define the score-alignment numerator and deficit by

GA(x; R, 
) ≡
∫

[Az · ∇ ln ρ
(x + z)]2dμ(R;
)
x (x + z),

�K (N )(x; R, 
; A) ≡ GA(x; R, 
)

(N − d )DA(x; R, 
)
� 0. (D18)

The finite-dimensional curvature is K (N )
eff = K (∞)

eff − �K (N ). The correction is a non-negative score-
alignment deficit and is not generated by smoothing a Rényi-weighted density.

For A = ee�, the leading weak-field term and its homogeneous isotropic mean are

�K (N,2)
e (x; R, 
) = 1

N − d

∫
Rd

QR,e(z)[e · ∇δ
(x + z)]2dz. (D19)

Its homogeneous isotropic mean is E�K (N,2)
e = σ 2

1 (
)/[d (N − d )]. The deficit begins at quadratic
order and therefore does not alter the linear curvature spectrum. For a Gaussian density field, Wick’s
theorem gives an O(P2

δ ) convolution with two gradient weights; for a non-Gaussian field, its cross-
spectrum with the linear curvature also receives bispectrum contributions.

In the pointwise limit, statistical homogeneity gives

Ek(N )
point,e = − 1

N − d
E[e · ∇ ln ρ
]2 � 0, (D20)

EK
(N )
point = − 1

d (N − d )
E|∇ ln ρ
|2 � 0. (D21)

The negative finite-dimensional mean is distinct from the vanishing mean of the infinite-dimensional
pointwise curvature.

4. Interpretation and scope

At linear order, pointwise curvature statistics contain the same two-point information as the
smoothed density field, reweighted by spatial derivatives: The field and density cross-spectrum
carry k2, while the curvature auto-spectrum carries k4. The finite-window observable adds the
direction-dependent transfer Q̃R,e, and the finite-dimensional deficit adds a nonlinear score statistic
beginning at quadratic order.

Derivative weighting increases sensitivity to short wavelengths, but the ultraviolet response is
controlled by the smoothing and probe kernels. On a finite survey, masks, selection, and boundary
treatment convolve these spectra with the observational operator. The homogeneous relations above
therefore apply to observed data only after the same forward modeling and full-sampling calibration
used for the operational estimator.

APPENDIX E: SUPPLEMENTARY NUMERICAL DIAGNOSTICS

This Appendix specifies the numerical implementation and supplements the validation in Sec. VI.
After the setup, four diagnostics retain the original six-direction thinning experiment, with the
full-particle catalog as numerical reference and eight replicates at each nonunit sampling fraction.
The final subsection separately changes the probe directions in a fixed reconstructed field. The
comparisons preserve the distinction between internal estimator error, finite-window observable
dependence, and sampled-full reconstruction degradation.
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TABLE II. Parameter scans for the controlled tests. Ng is the number of grid nodes along each side, not the
synthetic dimension.

Stage Ng R/L0 ε

1 65 0.4, 0.6, 0.8, 1.0 0.02, 0.05, 0.10, 0.20
2 65 0.25, 0.40, 0.60, 0.80, 1.00 0.025, 0.05, 0.10, 0.20, 0.30
2b 65, 97, 129 0.80, 1.00 0.025, 0.05, 0.10, 0.20, 0.30

1. Numerical setup and reproducibility

a. Controlled potentials. The following specifies the archived implementation settings for the
controlled tests and the periodic mock. Writing z = y − x, the controlled fields use

V (z) = V0 + b�z + 1

2
z�H0z + α

4L4
0

|z|4. (E1)

The positive density is proportional to e−V . Here, L0 = 1 in computational units, b =
(0.15,−0.10, 0.05)/L0, and the grid covers [−3L0, 3L0]3, including both end points. Stage 1 sets
α = 0; Stage 2 uses α = 0.05 and 0.20, and Stage 2b uses α = 0.20. The central Hessian is H0 =
Q diag(λ)Q�. In the order void, sheet, filament, and halo, the dimensionless canonical spectra L2

0λ

are (−1,−1,−1), (0, 0, 1), (0, 1, 1), and (1, 1, 1); the finite-margin spectra are (−1.2,−0.8,−0.4),
(−0.4,−0.2, 0.8), (−0.3, 0.6, 1.0), and (0.4, 0.8, 1.2). Stage 1 uses both families, while Stage 2
uses the finite-margin family. Stage 2b restricts the main grid-refinement study to the finite-margin
sheet and filament cases. The orientations are Q = I and Q = Rz(15◦)Ry(40◦)Rx(25◦). In the main
rotated cases, b is fixed; the separate Stage-2b covariance control rotates both H0 and b, using the
sheet case at ε = 0.10.

The local controlled-test measure is a spherical top-hat restriction with grid weights proportional
to ρ and uniform cell volumes. Analytic evaluation uses the polynomial potential and its exact Hes-
sian. Grid evaluation uses cubic B-spline interpolation of V ; all requested nodes remain inside the
computational box. The controlled classification threshold is λth = 10−4L−2

0 . The finite-dimensional
score diagnostic uses N = 6 where evaluated.

For Stage 2b, the sheet cases use both listed radii and the filament cases use R/L0 = 1. The
covariance control uses both sheet radii.

b. Periodic mock and reconstruction. The initial Gaussian field is generated from real standard-
normal grid noise using NumPy’s default random generator with seed 20 260 807. Its Fourier
amplitudes are multiplied by the square root of the test spectrum

Ptest (k) ∝ k0.96

1 + (k/k0)4
exp[−(k/kc)4], (E2)

with k0 = 0.15 h Mpc−1, kc = 0.70π/�x, and the zero Fourier mode removed. This is a controlled
spectrum with a cold dark matter (CDM)-like shape, not a precision cosmological transfer function.
Its amplitude is set so that smoothing with the Fourier multiplier exp[−k2(4�x)2/2] gives a linear
density rms of 0.55. The displacement is �̃ = ik̃δ/k2, and the growth multiplier is unity. One particle
at each of the 1283 periodic lattice nodes is displaced and wrapped into a box of side 200 h−1 Mpc.

Periodic cloud-in-cell assignment is followed by Gaussian smoothing of width four cells, trun-
cated at four standard deviations, and normalization to unit mean density. A floor of 10−6 times the
mean is specified, followed by renormalization; it is inactive in the reported tests. The potential
is V = − ln ρ with its grid mean removed. The pointwise Hessian and score are computed by
spectral differentiation of that grid potential, whereas off-grid transport values use a periodic cubic
B-spline interpolant. The direct numerical reference and the transport estimator therefore use the
same reconstructed field but different numerical derivative/interpolation operations; their measured
internal residual includes the associated discretization effects. Density, potential, and derivative
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grids are stored in single precision in the archived implementation; Fourier operations, interpolation
coefficients, local sums, and tensor fits use double precision.

The cosmological probe uses the compact radial window WR(z) ∝ (1 − q)4(1 + 4q) for 0 � q =
|z|/R < 1, and zero otherwise. Integer grid offsets supply the quadrature, with weights proportional
to WRρ. The original direction set is the six-direction design specified in the main text. The
scans are R/�x = (8, 12, 16) and η = (1, 1.5, 2), using the symmetric transport estimator with
ε = η/(R/�x). The classification threshold is zero and the synthetic dimension is N = 6. Neither
is determined by the particle number.

The reference curvature scale is Hrms = [N−3
g

∑
grid ‖Hpoint‖2

F]1/2. Stable points have a mini-
mum eigenvalue margin of at least 0.05 times this scale; 24 points per class are drawn without
replacement. Eight boundary points per class are drawn from the 32 smallest-margin candidates not
already selected. Point selection uses seed 20 260 807 + 17. These definitions refer to the pointwise
classifier, not to every finite-window or angular-design classifier. The regularized per-point tensor
discrepancies summarized by their median in Stage 3 have denominator ‖Href (x)‖F + 0.05Hrms.
They differ from the aggregate normalized Frobenius error in Eq. (147), used for the thinning and
additional angular-design comparisons.

Thinning. Stage 4 holds the full-catalog realization, threshold, smoothing, and all evaluation
points fixed. In replicate b = 1, . . . , 8, seed 20 260 808 + b generates one uniform variate per
particle; retaining variates below fsamp gives nested catalogs with fsamp = (1/2, 1/4, 1/8, 1/16).
The full catalog supplies a deterministic reference. Both η = 1.5 and 2 are evaluated at the three
radii, and the subsequent operating-point choice is η = 2. Each sampled catalog is normalized and
reconstructed through the same pipeline, with the full-catalog threshold and curvature scale retained.
Error statistics and classifications are compared with the corresponding full-sampling observable,
not with continuum truth.

Tensor-error and class-agreement statistics are first computed within each thinning replicate and
then summarized by medians and interquartile ranges. The transport-to-Hessian error ratio is formed
within each replicate before aggregation. At full sampling, the pointwise-Hessian reconstruction
error vanishes up to roundoff, so the error ratio is not used there. The angular-design audit below
changes neither this thinning protocol nor its original six-direction target.

2. Controlled-displacement and boundary sensitivity

The controlled-displacement parameter η = εR/�x balances finite-displacement truncation
against interpolation resolution. Its direct diagnostic is the internal estimator error Einternal defined
in Sec. VI H, whereas the end-to-end error is dominated by sampled-field reconstruction.

The stable sample supplies the primary results. The boundary sample was selected by proximity
to the pointwise-Hessian threshold and need not lie near the finite-window classification boundary;
it therefore tests threshold and sample-selection sensitivity rather than a universal ordering of the
two observables.

Figure 7(a) isolates displacement sensitivity within the estimator, whereas panels (b) and (c) also
contain density-reconstruction and classification-margin effects.

3. Morphology dependence

The morphology-conditioned results in Fig. 8 use the same stable subsets as the Stage 3 analysis.
The errors Etotal and EHessian are each evaluated relative to the corresponding full-sampling reference
defined in Sec. VI H. Their ratio therefore compares normalized sampling robustness and is not a
direct tensor difference between the finite-window response and the pointwise Hessian.

Because the normalization uses the Frobenius energy of each reference tensor, a smaller relative
error can partly reflect a larger reference amplitude and does not by itself imply a smaller absolute
fluctuation.
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FIG. 7. Sensitivity to the controlled-displacement amplitude and evaluation-sample definition for R/�x =
8. (a) Internal estimator error for η = 1.5 and η = 2. (b) End-to-end tensor error for the stable and boundary
samples at η = 2. (c) Agreement of the finite-window transport classification with its full-sampling finite-
window reference. The boundary sample is selected using the pointwise-Hessian margin and therefore does
not define the finite-window classification boundary.

4. Finite-dimensional score-alignment robustness

The sampled score-alignment deficit �̂K
(N )

is defined in Eq. (133). Because both its log-density
gradient and transport normalization are reconstructed from the sampled field, its sampling sensi-
tivity is distinct from the finite-transport midpoint error and the pointwise-Hessian error.

Figure 9 compares the sampled and full-sampling deficits using the normalized root-mean-square
error (NRMSE), correlation, and gain through the origin, which respectively diagnose total relative
deviation, preservation of spatial ordering, and multiplicative amplitude bias. The Bakry-Émery
parameter N is fixed throughout the thinning sequence.

5. Classification margins and spectral stability

For X ∈ {window, point}, let m(full)
X (x) denote the minimum absolute distance of the eigenvalues

of H (full)
X (x) from the common threshold λth. At a fixed sampling fraction, the plotted agreement

probability is the fraction of the B thinning replicates that preserve the corresponding full-sampling
class.

FIG. 8. Morphology dependence of the finite-sampling results for stable evaluation points, R/�x = 8, and
η = 2. (a) End-to-end finite-window transport error Etotal. (b) Agreement with the full-sampling finite-window
class. (c) Replicate-wise ratio Etotal/EHessian, aggregated across the thinning realizations, with each observable
compared with its own full-sampling reference.
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FIG. 9. Robustness of the finite-dimensional score-alignment deficit under particle thinning for the stable
evaluation sample. (a) Normalized root-mean-square error (NRMSE). (b) Correlation with the full-sampling
reference. (c) Gain through the origin; the horizontal line marks unit gain. The full-sampling point is omitted
from panel (a), where the NRMSE vanishes identically. Here, N is the Bakry-Émery dimension parameter, not
the number of retained particles.

Using the end-to-end tensor difference D(b)
total defined in Eq. (153), define the worst-case spectral

certificate ratio by

qmax(x) ≡ max1�b�B

∥∥D(b)
total(x)

∥∥
2

m(full)
window(x)

. (E3)

Weyl’s eigenvalue perturbation inequality implies that qmax(x) < 1 is sufficient to preserve the
full-sampling finite-window class in every replicate. The condition is not necessary, so points with
qmax � 1 may also remain correctly classified.

The margin analysis in Fig. 10 separates continuous tensor error from the discrete response of
the threshold classifier: Near-threshold points can change class under small perturbations, whereas
large-margin points tolerate larger tensor errors.

Together, the four diagnostics isolate displacement calibration, morphology-dependent sampling,
reconstruction of the finite-dimensional deficit, and threshold stability. They reinforce the three-
layer validation without treating the finite-window transport tensor as an estimator of the pointwise
Hessian.

FIG. 10. Classification margins and spectral-norm stability at fsamp = 1/16, R/�x = 8, and η = 2.
(a) Transport agreement probability vs the full-sampling finite-window margin. (b) Pointwise-Hessian agree-
ment probability vs the corresponding full-sampling margin. (c) Transport agreement probability vs the
worst-case certificate qmax of Eq. (E3). The vertical line marks qmax = 1; points to its left are guaranteed to
preserve their class in all replicates, whereas the bound makes no converse claim.
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TABLE III. Fixed-field directional-design sensitivity on the 96 pointwise-stable locations. The tensor dif-
ference is E (H (A96 )

window → H (6)
window;I ), normalized by the aggregate Frobenius energy of the original six-direction

direct tensor. Class agreement also uses that original direct tensor as reference. The last column gives the range
over 12 rotated six-direction designs. These are observable-design differences, not transport-estimator errors.

96-axis class Changed Rotated six-direction
R/�x Tensor difference agreement locations agreement range

8 0.2141 88/96 = 0.9167 8/96 0.7917–0.8958
12 0.4371 74/96 = 0.7708 22/96 0.6458–0.7917
16 0.5161 66/96 = 0.6875 30/96 0.6042–0.7604

6. Directional-design dependence and angular resolution

A coordinate change and a change of probe directions in a fixed density field are different
operations. A covariant coordinate transformation preserves the eigenvalues of the same tensor;
replacing the directional design in Eq. (136) need not preserve its finite-window eigenvalues or
classes. We therefore tested design sensitivity separately from transport-estimator accuracy.

For this audit, the baseline was regenerated from the archived Stage 3 seed and settings.
All 102 comparisons with the archived printed log, including the four grid-wide class counts,
field diagnostics, and radius-displacement summaries, agreed at the stored print precision. This
verifies the recorded baseline statistics, not bitwise identity with the original particle archive. The
regenerated field, smoothing, window, threshold, and 128 evaluation locations were then fixed. The
96 pointwise-stable locations form the primary sample; the 32 pointwise-boundary locations are
analyzed separately. At R/�x = (8, 12, 16), we compared the original six-direction design E6, 12
proper rotations of E6, and angular quadratures with 24, 96, 384, and 1536 distinct unoriented probe
axes. All tensors were fitted in the same Cartesian frame. Rotations were generated using NumPy’s
default_rng with seed 20 261 021: Each four-component standard-normal vector was normalized
and interpreted, in the order (w, x, y, z), as a unit quaternion. The first three rotations were also
applied to the 24- and 96-axis designs.

a. Angular projection and diagnostics. For positive nodes μa and weights wa of an even-order
nμ-point Gauss-Legendre rule on [−1, 1], set φb = 2πb/nφ , with b = 0, . . . , nφ − 1. The probe
axes are eab = (

√
1 − μ2

a cos φb,
√

1 − μ2
a sin φb, μa) with weights wa/nφ . The pairs (nμ, nφ ) =

(6, 8), (12, 16), (24, 32), (48, 64) give the four quadrature sizes, denoted A24 through A1536. Re-
striction to positive μa uses the exact evenness kwindow(−e) = kwindow(e); the retained weights sum
to unity. The fits approximate

Hang ≡ arg min
H=H�

∫
S2

[kwindow(e) − e�He]2dσ (e), (E4)

where σ is normalized surface measure and the spatial and scale arguments are suppressed.
The 1536-axis fit is an auxiliary angular integration reference, not continuum-density truth or a
replacement for the original six-direction observable.

Design differences use E and fclass from Eqs. (147) and (148), with the original direct six-
direction tensor as reference. Angular convergence instead uses the direct A1536 fit as reference.
To test whether a converged tensor represents the full directional response, define

Rang[H] ≡
[∑

i∈I
∫
S2 [ki(e) − e�Hie]2dσ∑
i∈I
∫
S2 ki(e)2dσ

]1/2

, (E5)

where ki(e) = kwindow(xi; R, 
; e). All residuals use the same 1536-axis evaluation quadrature.
b. Design dependence and angular convergence. Table III shows appreciable design dependence

that grows over the tested radius range. Averaged over the 12 rotations, the original six-direction
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TABLE IV. Transport fidelity on the 96 pointwise-stable lo-
cations at R/�x = 8 and η = 2. Each design uses its own direct
reference; the error is the aggregate normalized Frobenius error.

Design Internal error Class agreement

E6 0.2707% 96/96
Rotation 1 0.3238% 96/96
Rotation 2 0.3102% 96/96
Rotation 3 0.3097% 96/96
A24 0.2969% 94/96
A96 0.2956% 95/96

class is retained in 84.64%, 71.18%, and 67.80% of the point-rotation comparisons, respectively.
The pointwise-stable selection does not guarantee a large finite-window classification margin. For
a reference design E , write mE (x) = mina |λa[H (E )

window(x)] − λth|. The same Weyl argument used in
Appendix B guarantees class preservation under a design change whenever the spectral norm of the
tensor difference is less than mE (x). No tested pair satisfying this sufficient condition changed class;
the converse is not required.

The 96-axis direct fits differ from the 1536-axis projection by aggregate relative tensor differ-
ences of 1.43 × 10−9, 8.44 × 10−8, and 6.11 × 10−7 at the three radii. The 384-to-1536 differences
are below 2.4 × 10−14. The unrotated and three rotated 96-axis designs yield the high-resolution
projection’s classes at all 96 primary locations and all three radii. These are angular-integration
convergence results within the fixed reconstructed field, not accuracies relative to an underlying
continuum density. Nevertheless, Rang[Hang] remains approximately 0.1094, 0.2378, and 0.2868,
compared with 0.2066, 0.4536, and 0.5562 for the original six-direction fit. A stable quadratic
projection therefore need not reproduce the complete directional response.

c. Estimator fidelity for each design. At R/�x = 8 and η = 2, we separately evaluated the
symmetric transport estimator for E6, its first three rotations, A24, and A96. Each transport tensor
was compared with its own design’s direct finite-window reference using the aggregate Frobenius
error of Eq. (147), not the median regularized per-point error used in the Stage 3 summary.

The internal errors remain 0.2707%–0.3238% (Table IV). The three mismatched design-location
pairs fail the corresponding spectral-norm class-preservation certificate; no certified pair changes
class. All six tested designs preserve their own direct-reference classes at all 32 pointwise-boundary
locations. Small estimator error and appreciable design dependence thus coexist without contradic-
tion.

The original thinning results remain statements about the fixed six-direction observable and
its full-sampling reference. Their sampling advantage has not been established for every angular
design, since the multidirection thinning experiments were not repeated. Applications seeking a
less orientation-sensitive quadratic summary should specify and check an angular quadrature while
retaining the nonquadratic residual as a separate diagnostic.
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