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Quantum batteries can be charged by performing a work “instantaneously” in the limit
of a large number of cells, achieving a so-called quantum advantage. In general, the
work exhibits statistics that can be represented by a quasiprobability in the presence of
initial quantum coherence in the energy basis. Here, we show that these two concepts
of quantum thermodynamics, which apparently appear disconnected, can show a simple
relation. Specifically, if a certain work distribution shows negativity asymptotically in the
limit of a large number of cells and in a certain time interval, then we surely get a quantum
advantage in the charging process. In particular, we prove this for a direct charging protocol
performed with a class of charging Hamiltonian operators.

DOL: 10.1103/xwk6-qzzw

I. INTRODUCTION

Quantum batteries [1-3] are thought of as quantum systems capable of storing energy. This
energy can be used to perform useful work, e.g., through a cyclic change in some parameters
of the quantum system [4]. The maximum extractable work is called ergotropy [5] and can be
related to some quantum features of the initial state, e.g., quantum correlations [6—10] and quantum
coherence [11-13]. This amount of work can also be extracted without generating entanglement
during the process [14]. Furthermore, all operations that do not generate this useful work have
recently been investigated [15]. Regarding battery charge, when the battery is formed by N cells
(or copies) the duration time tends to zero as N increases, and thus a quantum advantage is
achieved [16—18]. There are several proposals for the realization of quantum batteries, e.g., by using
many-body interactions in spin systems [19], with a cavity assisted charging [20-26], in disordered
chains [27], and fermionic Sachdev-Ye-Kitaev interactions [28-31], to name a few. In particular,
rescaled Sachdev-Ye-Kitaev interactions [32,33], where the (correlated) disorder is chosen in order
to asymptotically saturate the Bhatia-Davis bound [34], allow to achieve an optimal and extensive
quantum advantage.

On the other hand, the work done exhibits statistics that satisfies fluctuation theorems [35,36]
when it is taken into account with a two-point measurement scheme [37—40], for an incoherent
initial state. If there is initial quantum coherence with respect to the energy basis, a no-go theorem
[41] indicates that the statistics can be represented with some quasiprobability distribution [42—44],
i.e., a normalized distribution that also takes negative [45,46] or complex [47] values. This can
be seen as a consequence of the presence of quantum contextuality [48]. Concerning the form
of the quasiprobability, it can be derived by starting from some axioms, e.g., the first law of

“Contact author: gianluca.francica@ gmail.com
Published by the American Physical Society under the terms of the Creative Commons Attribution 4.0

International license. Further distribution of this work must maintain attribution to the author(s) and the
published article’s title, journal citation, and DOI.

3070-2240/2026/1/000093(14) 000093-1 Published by the American Physical Society


https://orcid.org/0000-0003-0483-2739
https://ror.org/00240q980
https://crossmark.crossref.org/dialog/?doi=10.1103/xwk6-qzzw&domain=pdf&date_stamp=2026-08-13
https://doi.org/10.1103/xwk6-qzzw
https://creativecommons.org/licenses/by/4.0/

GIANLUCA FRANCICA

thermodynamics. For weak conditions, no unique quasiprobability distribution is selected, but we
get a class of quasiprobability distributions [49,50]. A description in terms of quasiprobabilities
allows one to perform an optimization with a utility function [51,52], i.e., based on higher moments
of the work, and fluctuation theorems can also be formulated [53]. However, it is not clear what
the role of quasiprobability of work in the charging quantum advantage is, where the duration time
plays a key role. Here, we try to answer this question.

To do this, we start by introducing the charging process in Sec. II, which is usually known as
the direct charging protocol [3], and a class of work quasiprobability distributions, identified by a
parameter ¢, in Sec. III. For our purposes, we focus only on this charging protocol without going
beyond the sudden quench setting or generic noise charging models, and we do not take into account
alternative definitions of work. In particular, we give an intuitive simple calculation in Sec. III A.
This suggests that there can be some relation between the negativity of some work distribution
and the charging quantum advantage. This relation subsists for the work done in a certain time
subinterval of the process and not for any time subinterval. Furthermore, although there is a quantum
advantage, the ¢ = 0, 1 quasiprobability distribution takes positive values, thus in this relation the
work distribution is not negative in a representation-independent sense. Hence, we explain how the
negativity of a certain work quasiprobability distribution in a certain time interval gives a sufficient
condition to achieve quantum advantage in Sec. IV. In detail, this negativity survives in the limit
of a large number of cells, suggesting that the process is strongly quantum. We further investigate
this result with the help of a hybrid model in Sec. V. In the end, we summarize and discuss possible
applications of our result in Sec. VI.

II. CHARGING PROCESS

In order to introduce the charging process, we focus on a quantum battery having N cells and
the free Hamiltonian Hy = vazl h;, where h; is the local Hamiltonian of the ith cell. In our process,
the battery is initially prepared in the ground state of Hy, which is |Ey) = |0)®", with |0) such that
h;]0) =0 forall i =1,..., N. Thus, the lowest energy of the Hamiltonian Hy is EI(I)lin =Ey,=0.
For simplicity, we assume that the ground state is not degenerate. The charging process leads the
system to the final state |y (7)) = U; o|¥(0)), where U, o is the unitary operator of time evolution
generated by the time-dependent Hamiltonian H (¢), with ¢ € [0, 7] such that H(0) = H(t) = Hy.
For simplicity, let us focus on a time-dependent Hamiltonian such that H(t) = Hy fort = 0, T and
H(t) = H, for t € (0, 7). This situation can be realized by performing two sudden quenches at
the initial (r+ = 0) and final (# = t) times. In this case, the unitary operator of time evolution is
Uyo= e~ when t € (0, 7). We consider a Hamiltonian H; such that [H;, Hy] # 0 in order to
achieve a nontrivial dynamics with a final state |y (7)) o |E}), where |E}) is the highest excited
state of Hy, with energy E| = El?m ~ N, since we have |E;) = |1)®V, where |1) is the eigenstate
of h; with maximum energy. For simplicity, we assume that the highest excited state is not
degenerate. Thus, at the end of the process, we get a fully charged battery. In order to optimize
this charging process, we want to minimize the duration time t of the process. To do this, the
choice of the charging Hamiltonian H; is typically constrained by some conditions, e.g., the gap
AE| = Enax — Enin between the maximum and minimum eigenvalues of H;, which are E,x and
E'vin, is not larger than the gap AE, = El?m between the maximum and minimum eigenvalues of Hy,
which are E0 ~ N and E®. = 0. If no interactions between cells are allowed (parallel charging),
the charging Hamiltonian has the form H; = Zi v;, where v; is a local operator of the ith cell, and
we get a minimum duration time t that remains constant and nonzero as N — oo. On the other hand,
if interactions are allowed, e.g., terms like }, ;. Ajjy.i, Viy ® Vi, ® - - - ® v;, may be present in
the Hamiltonian H;, we can outperform the parallel charging case, getting a duration time T — 0 as
N — 00, and thus we achieve a charging quantum advantage.

In order to give a sufficient scaling argument for a quantum advantage such that t — 0 as N —
00, we note that the average work done in the process in general is W = (Hy),; — (Hp)o. In general,
we define (X); = Tr{X p(#)} for any operator X and a density matrix p(z). In our case, ¢t € [0, t] and
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p(t) is the time-evolved pure state p(t) = |1p(t))(1p(t)| with [{ (1)) = U, 0| (0)), so that (X), =
(Y (@)X ¥ (1)). In particular, we have (Hp), = ) (e it p.e~it1y, which can be expanded in a series
of powers in 7 by using the Baker-Campbell-Hausdorff formula, i.e., (Ho), = Y _;(Hih;H) Yot? 4 -

where we noted that [ (0)) = |Ey) and Ey = E®. = 0. Since | (7)) « |E;) for our process, we get

min

%=—2H1hm o= D 1)

where we note that the series is convergent. We emphasize that before to perform the limit N — oo,
we have to sum the infinite series, since the two limits are not interchangeable in general. To see
how 7 scales with N, we can use Eq. (1), which of course is satisfied for some duration time t, i.e.,
7 is a solution of Eq. (1). Thus, if for some k the coefficient of the kth term is unbounded, i.e.,

Wik
2N

i

— 00, 2)

as N — oo, then T — 0 since the series in Eq. (1) converges to the sum E;/N ~ O(1), so that
the series is bounded as N — 0. To understand this, we define the function w(N) as the smallest
function such that | )", wy /N | < w(N) for all k. We define the function f(x) =), apx®, with
ar =y wix/ (N(w(N))), such that ay tends to a finite constant (or zero) in the limit N — oo for
all k. Then, © = x*/w(N), where x* ~ O(1) is the solution x = x* of f(x) = E1/N, so that T — 0 if
w(N) — oo. By noting that | Y, wp| = (HiHoH, )9, we get that if (H)HyH,)o/N — oo as N — 00
then T — 0. Thus, in this case, there is a quantum advantage.

III. QUASIPROBABILITY DISTRIBUTION

Having introduced our charging process, let us focus on the work done in a time interval [z}, #;]
for a generic out-of-equilibrium process generated by a time-dependent Hamiltonian H (¢). We are
considering a time interval [t|, #,] different from the one previously considered, which was [0, t],
since we will focus on #; € [0,%,) and t, € (0, T] in our charging process, later in the paper. In
general, the statistics of the work can be represented by some quasiprobability distribution, and for
our purposes, we focus on

pgw) =Y Re(E} | o) |EFNE] (U] |EZNER [Unn [Ef)(w — Ef + B} + (1 = 9E}), (3)
i,7.k

where ¢ is a real number, p(#;) is the density matrix at time ¢ = ¢;, and instantaneous eigenvalues
E! and eigenstates |E]) are defined by the spectral decomposition H(t) = ), E}|E)(E]|. We recall

. . . . —i 2 . . .
that the time-evolution operator is obtained as U,,,, = Te i HOIWhere T is the time ordering

operator. Thus, the moments of the work are defined as (w") = f w"py(w)dw. In particular, the
first three moments read (w) = ((H'™)(t;) — H(t1)))s,, (w?) = (H™(t;) — H(#1))?),,, and

(w?) = (H™ () — Ht)) )y, + HH @) + HP (), [H(t), H* (1)1),,

=3q(1 — @) {[H(t1), [H(t), H(t2)11),,5 )

where the average is calculated with respect to p(#)) as (X), = Tr{X p(¢)} for any operator X and
we define HH)(1,) = U,;,IH (2)U,,..,- We note that only the first two moments do not depend on the
parameter g, whereas the higher moments, which will play a key role in our analysis, depend on the
particular representation chosen, i.e., on the value of g. This quasiprobability distribution p,(w) is
the only quasiprobability distribution that satisfies some conditions [50] (it reproduces the two-point
measurement scheme for incoherent initial states and gives the values for (w) and (w?) of above) and
helps us to understand what the work statistics in the quantum regime is. When the quasiprobability
distribution p,(w) also takes negative values, we can get some advantage. As noted in Ref. [52],
when there is negativity, the moments are not constrained by the Jensen’s inequality. Then, given
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a strictly increasing function f(w) that is concave, i.e., such that f'(w) > 0 and f”(w) <0, if
pqg(w) = 0 for all w, from the Jensen’s inequality we get the lower bound

(w) = 71 f))). (&)

If f(w) = aw + b, with a > 0, this bound is trivially saturated, but for a function f(w) such that
min,, — f”(w)/f'(w) > ¢ for a given ¢ > 0, the bound cannot be saturated and if the bound is
violated then there is negativity. We can refer to f(w) as utility function, as usual. Thus, when
(w) is negative for some work extraction processes, we can get a larger amount of work extracted
w.y = —(w) that goes beyond the bound given by the utility f(w), provided that these processes
show quasiprobability distributions of work also taking negative values. However, differently from
the case discussed, it is not clear how the negativity of the quasiprobability can be related to the
charging quantum advantage, which involves the duration time t and the work moments seem to
play no role.

In the end, we note that negativity can be measured with N = [ |p,(w)|dw, which is larger than
1, ie, N > 1, if and only if pq(w) takes also negative values [54]. We define the characteristic
function yx,(u) = (™), such that the quasiprobability distribution is achieved by performing the
Fourier transform p,(w) = % f e‘i“’”xq(u)du. We get x,(u) = %(Xq(u) + Xi_4(u)), where

Xq(l/l) — Tr{efiuqH(t])Utl’Op(O)UtT’Oefiu(lfq)H(tl)eiuH(H)(tz)}’ (6)

where we consider p(#;) = Uzl,OP(O)UzT,o and #; € [0, 1p), 1, € (0, t]. Thus, negativity can be in-
ferred experimentally by measuring the characteristic function x,(u) through an interferometric
measurement scheme (see, e.g., Ref. [49]). For instance, we can consider a detector that is a qubit in
the initial state pp(0) with Hamiltonian Hp = wp|e){e|. We consider H; = —§,|e){(e| + 54|g) (g| and
Hj = —é,le) (el + 8;|8)(gl, where |g) is the ground state of the qubit and |e) is the excited state. Thus,
if the total Hamiltonian is H,,(t) = H(t) + Hp + 6(t —t1)H(t;) ® H; + §(t — h)H (1) ® H], the
coherence of the qubit at the final time t reads

(€|,OD(T)|g) — <e|IOD(O)|g>e—iwanr{ei5L,H(z])Utlyop(O)UtT’oeiBgH(h)ei(éé-&-éé)H(m(Iz)}’ (7)

from which we can determine X, (u).

A. Quantum advantage and work quasiprobability

To explain the intuition behind our main result, we focus on the charging process of Sec. II
with Hy = A(|E){Eo| + |Eo){(E1]). In this case, the time-evolved state is |1 (¢)) = cos(wt/2)|Ey) —
isin(wt /2)|E;), where w = 2X. The duration time is T = 7 /w, so we get the final state | (7)) =
—i|E}) and the battery is fully charged. If A — oo as N — oo, then T — 0 and there is a quantum
advantage. Let us examine the statistics of the work done in a time interval [7,, #,]. For #; = 0, there
is no coherence with respect to the energy basis at the initial time ¢;, then the work distribution is a
probability distribution. For #; € (0,1%,) and t, < 7, we get H(t;) = H(t,) = H; and since the time
evolution is generated by H;, we get a trivial situation with a probability distribution for the work.
In contrast, the case #; € (0, 7) and t, = T appears to be more interesting. In particular, fort; = 7/2
and #, = 7, it is easy to see that the work quasiprobability distribution p,(w) reads

1
po(w) = Zi:;k;ma(w — Ei + E) + 8p,(w), (8)

where E. are the only eigenvalues of H; different from zero and |EL) are the corresponding
eigenstates. In detail, we define
1

(qu(w) = 4

E (=D S(w — B+ gEy + (1 — Q)E_) + 8(w — Ex + gE_ + (1 — q)EY)),
k=0,1
(©))
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which, of course, also takes negative values. Then, the quasiprobability distribution p,(w) is a
probability distribution for ¢ = 0, 1, explicitly po(w) = 38(w — E; + E_) + 38(w — E; + E;). In
contrast, for g # 0, 1, p,(w) also takes negative values due to the term 6 p,(w). Thus, the charging
quantum advantage appears to be related to the negativity of p,(w). However, negativity does not
depend on the support of p,(w), while T ~ 1/ depends on the scaling of A with N. Then, there is
no relation between the magnitude of negativity and the degree of quantum advantage. In particular,
the negativity achieved is not related to a violation of a Leggett-Garg inequality, which is always
satisfied (see Appendix A).

IV. MAIN RESULT

In the following, we consider the charging process of Sec. Il with #; € (0, t) and #, = 7. We get
the characteristic function x,(u) = %(Xq(u) + Xi1—4(u)), with

Xq(u) — <e—iu(l—q)H| eique—iuqu )_“ (10)

which does not depend on the particular value of #. Furthermore, the cumulant generating func-
tion is defined as G,(u) = In x,(u) and the nth cumulant is k, = (—i)”G;")(O). For example, for
q = 1/2, we get x1,2(u) = Xi,2(u). In particular, since X,2(—u) = Xl*/z(u), the Fourier transform
of Xi,>(u) takes real values, and thus p;,»(w) is a real-valued distribution. In contrast, for g = 0,
we get xo(u) = Xo(u) = X;(u) = eEnax (¢~H1)_ This means that the quasiprobability distribution
for ¢ =0 is equal to the probability distribution of an observable. Then, the cumulants «, of
the work for g = 0 that are higher than the first cumulant «; are equal to the cumulants «;,
of the Hamiltonian —H; coming from the generating function G'(u) = In{e~™"),, which are
k! = (=i)"G'™(0). In particular, the first cumulants are x| = —(H, ), k5 = (H?); — (H;)2, and
K} = —(Hf)r + 3(H12),(H1)T — 2(H1)§. Since the first two moments do not depend on g, we see
that the first two cumulants «,, are the same for any value of g. Thus, from the expression derived
for xo(u), we get k1 = E  — (H)); and k» = «5. In particular, the first cumulant «; is the average

max
work done in the interval [¢1, t,]. In contrast, the third cumulant reads

K3 = iy — 6q(1 — q)(Hi HoH\ )., (11)

where we defined the operation of inversion of the spectrum of a hermitian operator X as X =
Xmax — X, where X, is the maximum eigenvalue of X, so that Hy, = EI?MX — Hy. If the eigenvalues
of Hy are equal to the eigenvalues of Hy, this operation can be realized through some unitary operator
Uy that squares to the identity, i.e., Hy = UiHoU;, with U? = 1.

In general, we define g,(u) such that

X, () = €"Fr N8a®), (12)

The variance of the work distribution depends on g’{;(O) and is nonzero if and only if g’é (0) £ 0.
We note that gq(O) is imaginary, g’q/(O) can be complex, and g} /2(0) is real, g /2(0) = —k3/N. In
particular, for g = 1/2, the cumulant generating function is Gy ,(u) = quI?m + Ngi2(u) and k,, =
(—i)"N g(ln/)2 (0) for n > 2. We define the quasiprobability distribution

Pg(w) = VNpy(vVNw). (13)

We aim to analyze the properties of the asymptotic formula of this distribution as N — oo. Its
characteristic function is %,(u) = [ ™ p,(w)dw = x,(u/~/N). Thus, p,(w) can be represented
with a binned histogram, overcoming the delta peaks contained in the distribution. Since the length
of the support of p,(w) scales as VN, we can consider a number M ~ +/N of bins in the histogram.
In particular, the histogram ﬁg(w) can be obtained from the characteristic function as explained in
Appendix B. We proceed by giving a formal cumulant argument similar to the proof of the central
limit theorem. Basically, as we will see, under certain circumstances the main nonzero contribution
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for g = 1/2 comes from a neighbourhood of the mean value, as N — oo. If | gEI”)(O)| <oasN —
oo for all n, then we get

u NI EY INT g Ot LYoy
X,( = ) ~ eVt 5 2} (14)

2

from which we note that the skewness is O(N ’%) and tends to zero as N — oo. By neglecting
O(N‘%) terms, from Eq. (14) we get

| exp ((«/waE,(,]]ax“Ngﬁ,(o))z )
2Ng, (0
py(w) ~ ——Re i , (15)
N NEAQ)
which for g = 1/2 reduces to the Gaussian
(VNw—E}, +iNg, 12 (0))?
1 exp( NG (0 )
Pryp(w) ~ —— 40 (16)
2 _3/1,/2(0)

The same result is derived by noting that the cumulants corresponding to the quasiprobability
distribution p,(w) are &, = kn/N3.If |g;")(0)| < 00 as N — oo for all n, then &, < O(N’%) for
n > 3. Then, &, — 0 as N — oo for n > 3 and the function gq(u/«/ﬁ), appearing in Xq(u/\/IV),
can be replaced by a quadratic polynomial in « in the limit N — oo, and thus we achieve Eq. (15).
We note that the rate at which p;,,(w) approaches the asymptotic Gaussian in Eq. (16) is dictated by
the largest error term. Then, the difference between p;,,(w) and the asymptotic Gaussian in Eq. (16)
tends to zero no slower than 1/4/N as N — oo for all w in the support. This matches the well-known
Berry-Esseen theorem. Then, for values of w where the Gaussian tends to zero as N — oo, even if
Pi2(w) can take negative values, p,2(w) tends to zero no slower than 1/+/N as N — oo. Thus,
Pg(w) is positive for g = 1/2 as N — 00, i.e., p1,2(w) = 0 in the limit N — oo for all w in the
support, and also takes negative values for g # 1/2 if gé(O) is not real. Therefore, for g = 1/2 if

P12(w) < 0 for some w as N — oo, then g(1n/)2(0) is unbounded for some #, i.e., |g(1”/)2(0)| — 00 as

N — oo for some n. Similarly, if g’é(O) is real, from Eq. (15) we get p,(w) ~ p12(w). Thus, in this
case, if p,(w) < 0 for some w as N — oo, then ggl”)(O) is unbounded for some 7.

In order to proceed with the analysis, we define the class C of systems that are lattice models with
local dimension d and total number of sites N. The Hamiltonian reads H; = ), vx, where vy =0
if |X| > r for some . We assume that there are k terms in the sum over X, with k < N. Moreover,
we assume that ||H || ~ N and ||vx|| ~ A. In the end, we assume that the order of the interactions
is m ~ r”, where v is the dimension of the lattice, i.e., we assume that for |X| < r the nonzero vy
are

vy = )"iliz'"imvill ® Uizz ®---® UZ:, (17)

with m ~ r", where X = {ij, ip, ..., i} and A;;,..;, ~ A, and [vi"k, Hy] # 0 for all local operators
v} on the site i;. For simplicity, we also assume that (vf)o = (vf), = 0 for all k and ir. All these
assumptions define the class C.
We start to focus on systems with charging Hamiltonian H; € C such that (1) 3/N is bounded as
N — oo. Then, from Eq. (11), we get the following sufficient condition to get a quantum advantage.
Lemma 1. For Hy € C, when |«}|/N < ooas N — oo, if |k3|/N — ocoas N — oo, then t — 0.
Proof. If |k3|/N — 0o as N — oo, then, from Eq. (11), we get (H HyH,)./N — oo, since
k%/N is bounded. In particular, this can happen only for g # 0, 1. In the end, we note that the term
(H\HyH, ) in k3, appearing for g # 0, 1, scales as (H,HyH, )o. To show this, we consider H; € C.
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The charging Hamiltonian reads H; = )y vyx. By noting that ;|1 (0)) = 0, we get

(HiHoHi)o= Y (vxhivx)o. (18)

i.X,X'lieXnX’

Furthermore, since (vf‘k Yo = O for all k and i, we get

(HiHoHi)o = ) (vxhivx)o. (19)

i.XlieX
Similarly, by noting that &, (7)) = 0, we get

(H\HoHy): = Y (vxhivy)s, (20)

i, X, X'lieXNX’

and, since (v,’;)f = 0 for all k and i;, we get

(H\HoH): = ) (vxhivx):. @1
i.XlieX

Then, since both sums in Egs. (19) and (21) involve the same number of positive numbers, which
scale as A%, we get (H\HyH,); ~ (HiHyH,)o. In particular, we get the equality (H,HyH,), =
(H1HoH, )¢ if the inversion symmetry U;HU; = H, is satisfied. Then, from the sufficient scaling
argument of Sec. II, we get t — 0. ]
Furthermore, when condition (1) is satisfied, for any Hamiltonian H, € C, for ¢ # 0, 1, if

lg5"(0)] — oo as N — oo for some n, then |g;/(0)| — oo.

Proof. We have to show that |g’é’(0)| < oo for N — oo implies |g£]”)(0)| < oo for N — oo for
all n. To show this, we consider H; € C. We get

N~ (IHy || < Y llox|l ~ Ak (22)
X

Thus, Lk > ¢N for some positive constant c¢. From Eq. (21), if the order of the interactions is m ~ r",
we get

(HiHoH); = Y (vxhivx): ~ 2%r'k. (23)
i,X|ieX
Then, if condition (1) holds, since k3 = iN(g/c;’(O), we get |g’;(0)| > c'A*r’k/N for ¢ # 0,1, and
thus A2r'k/N < oo. Since Ak > cN, we get g5/ (0)] = ¢"r"N/k, then r'N/k < oo. If N/k — oo,
|g’q”(0)| — 00, then 1 < N/k < oo and thus r < oo. Then, vy is local and the state
V() = e oemiath )= (24)

is short range entangled [55], thus can be expressed as a tensor product state with finite bond
dimension. For v = 1, we get the matrix product state

g = Y Ay Ay lir -+ iy), (25)
I1,..0IN
where A;, are Dy_; x Dy matrices with Dy < 0o as N — oo. Similarly, the state
[Y1-g(—u)) = =0 eV (26)
can be expressed as
[W1-g(=w) = D Bij++Bjlir-in), 27)

Uyeeey N
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where B;, are Dy_; x Dy matrices, with D < oo as N — oo. The overlap between these two states
reads

(Vi—g(—)[Fg) = Y B Bl A; - A, (28)

By performing a singular value decomposition, the matrix A;, can be expressed as A;, = U; A, Vlk‘,
where U;, and V;, are unitary matrices and A; = Zj a;,.jlej)(e;|, with a; ; > 0, thus A; =
Zj a,-k,j|a§k,j)(aik,j|, with Ia;w-) =U,le;) and la;, ;) = Vile;). In particular, for u =0, we get

A, = di,1le1)(e1|. Similarly, B;, = Zj b,-k,j|b§k,j)(b,-k,j|, then from Eq. (28) we get

N

(Y1 g (=) g () ~ [ awbrtalar—1)(bilbi,_,), (29)

k=2

where a; and by, are certain optimal elements in the sets {a;, ;} and {b;, ;}, e.g., we can have (but not
necessarily) ay = max;, ;ja; ; and by = max;,_;b; j,suchthatay = by = 1and |ay) = |ax) = |bi) =
|b}.) = |eq) for u = 0. Then, by noting that,

1 -
8q(1) = In(yr1 (=) | Wg(u)) (30)

we get g,(u) ~ % > gq.x (1), where g, 4(0) = 0, thus g(0) ~ 0(1) for all n. For v > 1, the proof
is completely similar. u
In contrast, when condition (1) is not satisfied, i.e., x5 /N is unbounded, for H; € C we gett — 0,
and there is a quantum advantage. In general, for H; € C we have the following lemma.
Lemma 2. For H, € C, if |k|/N — oo as N — oo for some n > 2, then t — 0.
Proof. To show this, we consider H; € C. Given X such that |X| < r, the number of X’ such that
IX'| <rand X NX' # @ isr < ar’ for some positive constant a, then

= Y (oror)e— (xdelo)e GD
X, X' | XNX' 0
S kr/)\'z’ (32)
=Y —{uxuxvn)e + 3oxun) (ve)e — 200 (ox)e(ox)e, (33)
X X' X"\ XNX'NX"#£)
|K§| S kr’2)»3, (34)

and so on. If ||H|| ~ N, then A > N/k, thus for n > 2, |«/|/N < (¥ A)""'kA/N, with kA/N > 1.
Hence, if |k, |/N — oo as N — oo for some n > 2, then we can have (1) kA/N < oo and A — o0,
(2) kA/N — oo and ¥'A > 0, or (3) kA/N — oo and ¥'A — 0. Similar to Eq. (23), if the order of the
interactions is m ~ r", we have

(HiHoH)o = Y (vxhivx)o ~ 3°r'k, (35)
i.XlieX

thus (H\HoH,)o/N ~ r’A*k/N > ¢'r’A*k/N, so that if |«/|/N — oo for some n > 2, then

(HiHoH,)o/N — oo [if (1) or (2) holds the proof is straightforward, if (3) holds it is enough

to note that 'A > (#’A)*"!] and thus from the sufficient scaling argument of Sec. II we get

T — 0. |
Thus, we deduce our main result, which is the following theorem.

Theorem 1. For the charging process of Sec. II, for #; € (0, ) and #, = 7, and for any charging
Hamiltonian H; € C, if for ¢ = 1/2 the asymptotic rescaled quasiprobability distribution of the
work w done in the time interval [t,, #,] also takes negative values, i.e., pi2(w) < O for some w as
N — o0, then T — 0 as N — o0, and thus there is a quantum advantage in the charging process.
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Furthermore, for g # 1/2, if g/(;(O) is real and p,(w) < O for some w as N — oo, then T — 0 as
N — oo.

Proof. For H, € C, if condition (1) is not satisfied, from Lemma 2 we get t — 0. In contrast, if
condition (1) is satisfied, then, if p;/»(w) < 0 for some w as N — oo, |g’,”/2(0)| — oo as N — oo.
Thus, |k3|/N — oo and from Lemma 1 we get T — 0. For g # 1/2, if g,;(O) is real, the proof is
analogous. ]

Basically, the theorem guarantees that, in some circumstances, if p;,, shows negativity that does
not vanish in the limit of a large number of cells N — oo, then we get a quantum advantage with
7 — 0 in this limit. We observe that the quasiprobability distribution for ¢ = 1/2 plays a key role
since g (0) is surely real for ¢ = 1/2. For g # 1/2, negativity survives in the limit N — oo if g/ (0)
is complex although t does not tend to zero as N — oo. Of course, we note that the converse of
theorem 1 does not hold, since, in principle, we can achieve x3/N unbounded for a non-negative
probability distribution p,,>(w), thus negativity gives just a sufficient condition to achieve t — 0.
We show this with the help of a specific example in the next section.

To explain the origin of this quantum advantage, we note that the presence of negativity in
P12(w) implies a nonlocal charging Hamiltonian H;. Thus, the quantum advantage in this case
is due to the nonlocal structure of H;. To understand this, we consider a lattice model with local
dimension d and total number of sites N. If H, is a r-local Hamiltonian, then H; = )_ vy, with
vy =0if |[X| > r.If r < coas N - oo, we get

(HiHoH )| <D Y D Huxhivg)e] < (36)

i Xl|ieX X'|ieX’

for some constant c. Then, since «;/N is bounded, «3/N is bounded. Similarly, g(l"/)z(O) is bounded

for all n. Then, if p;,(w) < 0 for some w as N — oo, then g(") (0) is unbounded for some n,
which implies that » — oo as N — oo, i.e., the charging Hamlltoman H, is nonlocal. This charging
Hamiltonian generates strong quantum coherence during time evolution; otherwise, the quasiproba-
bility distribution tends to be positive (in this case, it reproduces the two-point measurement scheme
probability distribution). Therefore, physical causes of this quantum advantage could be sought in
these elements.

V. EXAMPLE

We focus on a local Hilbert space (of a single cell) having dimension d = 2. Thus, we consider
h; = €o(of + 1)/2, where o7, alrv, and o7 are the local Pauli matrices of the ith cell. We consider the
charging Hamiltonian of Ref. [19]

k-1
Hy =X Z ®ic107j4i + A Oit Oy @37
=0

where the second term is absent for s = 0, with N = kr + s, where k = [N/r], 0 < s < r, and [x] is
the integer part of x. For s = 0, the time-evolved state is

Y (@) = e M10)2N = @ Zj|v,(0)), (38)

where

[V (@) =1 = pt) @ 10)rj4i — i/ P{) ®iy [1)rjtis (39)

with p(t) = sin?(At). The local states |0); and |1); are the eigenstates of o}, with eigenvalues —1
and 1, respectively. For s > 0, the time-evolved state is

[ (1)) = @9 (1)), (40)
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FIG. 1. The histogram p ,(w) of the quasiprobability distribution p,»(w). We put N = 1000, r = [N*7],
A =r,and ¢y = 1. We divide the support in a number M = [«/IV ] of bins, and the normalization of the plotted
quasiprobability histogram is such that the sum of the heights of the bins is one. In the left panel, we put @ = 0,
and in the right panel we put o = 1.

where

[V (@) = 1 = p®) & 0)rkri — i/ P(E) ®iy |1 vk (41)

Thus, the final time is

il 42)
T=—.
2
For s = 0, the maximum and minimum eigenvalues of H; are E,x = Ak and E,i, = —Ak, then their

difference is AE| = 2X1k. In contrast, for s > 0 we get AE| = 2A(k + 1) due to the partial block.
Requiring AE; ~ N as N — oo, we get A ~ r, and thus 7 ~ 1/r. Then, if r — co as N — oo we
get T — 0 and thus a quantum advantage. We note that H; € C, then Theorem 1 applies. For this
model, for #; € (0, ) and #, = 7, from Eq. (10) we get in the limit N — oo

X, (1) ~ " (., (u) — s,(u)e” 0N, 43)

where E° = Ne, cq(u) = cos(Agu) cos(A(1 — q)u), and s,(u) = sin(Aqu) sin(A(1 — q)u). Thus,

max

g4(u) reads

1 .
8¢(u) ~ —In(cg(u) = sq(u)e™""), (44)

from which we get g,(0) = 0, g/(0) = —A%/r ~ r,and £7/(0) = 6ig(1 — q)éor* ~ r?. Furthermore,
U = ®§V:10,?‘ and U;H,U; = H;. Then, condition (1) is satisfied. In order to calculate p,(w), we
consider g,(u/+/N) as N — oo. If r/s/N — 0 as N — oo, then g,(u/~/N) ~ —1%u*/(2rN), so
that

VN Nw-E?
g 20-2“13}( , (45)

pg(w) ~
Pa 2no
with 02 = NA?/r. Then, Pq(w) is a Gaussian, p,(w) > 0 althoughz — 0if r - coas N — oo. In
contrast, if r/ VN — oo as N = o0, P12(w) also takes negative values as shown in the left panel
of Fig. 1.

Finally, it is interesting to investigate whether the negativity is robust to perturbations. To do this,
we consider a perturbation H,, = o vazl o, so that the charging Hamiltonian reads H| = H; + H),.
For r — 00 as N — oo, at the final time in Eq. (42) the final state is | (1)) ~ |1)®N +O(1/r),
thus the battery tends to be fully charged as N — oco. Concerning the quasiprobability distribution
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pi2(w), we get

1 . ,
g12(u) ~ - In (] o ()12 (u) = Bija(u) — (af p () s1/2()e™""), (46)
where
a1/2(u) = cos*(au/2) — e~ sin*(au/2), 47)
Bi/2(u) = i sin(Au)(—isin(au)(1 + e~"0)/2)". (48)

As shown in the right panel of Fig. 1, negativity persists for this commuting perturbation and for the
displayed parameters.

VI. CONCLUSIONS

We showed how the quantum advantage is connected to the quasiprobability of the work done
in a subinterval of the charging process. If there is some negativity in a quasiprobability (g = 1/2)
of the work done, then there is a quantum advantage. Thus, the ¢ = 1/2 quasiprobability plays a
privileged role, while for g # 1/2 negativity can survive although the duration time does not tend
to zero. In particular, for g = 1/2, if negativity survives in the limit of a large number of cells, the
distribution shows superextensive cumulants, which implies that a quantum advantage is achieved.
Basically, under the assumptions used in the proof, the negativity signals nonlocal interactions in
the charging Hamiltonian, giving the quantum advantage in the charging of the battery. For these
models, this is related with the generation of quantum coherence and entanglement during time
evolution. In contrast, from the point of view of the work statistics, the work always admits a
representation (¢ = 0) that is a probability distribution (of an observable). We hope that this can help
us to better understand the origin of the quantum advantage with a charging time that tends to zero
in the limit of a large number of cells, where quantum effects should be very strong. Furthermore, it
remains an open problem whether we can check whether the quantum advantage has been achieved
by looking at the negativity of a work distribution. In particular, the latter should be measured
without destroying the final state of the battery, and a nondemolition diagnostic of the relevant
quasiprobability is not supplied here and remains outside the scope of the paper.

DATA AVAILABILITY

There are no publicly available research data or software supporting this manuscript. Requests
for further information or data should be sent to the authors.

APPENDIX A: LEGGETT-GARG INEQUALITY

Let us focus on the work w done in the time interval [z;, ], with #; € (0, 7). We can consider
the works w, and w;, done in the time intervals [0, t] and [0, #;]. Since p(0) is incoherent with
respect to the energy basis, these works have the probability distribution p(w;) = > ik DiDkid(wy —
E; + El-o), with t = 7, t;, where p; = (E,Q|,o(0)|E,Q) and py; = |(E,§|U,,0|El-0)|2. Thus, if p,(w) <0
for some w, then there is no joint probability distribution p(w,, wy, ), since w = w, — wy, and thus
p(we, wy,) is such that f S(w — wr + wy)p(we, wy, )dw.dw,;, = p,(w). Furthermore, if there exists
a joint probability distribution p(w-, wy, ), we obtain the inequality for the covariance

((wewy,) — (we)(wy, )| < ov04,, (A1)
where 0,2 = (wf) — (w,)?. This inequality can be expressed in terms of the variance o> = (w?) —
(w)? as

ol + 0, — 0’| <20.0,, (A2)
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which recalls a Leggett-Garg inequality [56,57]. Actually, Leggett-Garg inequalities concern macro-
realism and the existence of suitable multitime probability distributions, not merely the displayed
covariance bound. In particular, Eq. (A2) does not depend on ¢ and thus on the quasiprobability
representation chosen. Therefore, if the inequality in Eq. (A2) is violated, then there is no joint
probability p(w., w;, ) and we can get a distribution p,(w) that is negative for some w. It is easy
to check that for the charging process under consideration, the inequality is not violated, since
o7 =0 and 0 = o>. However, this does not exclude the fact that p,(w) is negative for some w.
Furthermore, we note that for ¢ = 0 the quasiprobability distribution po(w) is non-negative, so there
is a joint probability distribution p(w-, wy, ). This explains why the inequality is satisfied.

APPENDIX B: HISTOGRAM

To determine the histogram pZ(w) of the quasiprobability distribution of work p,(w) from
the characteristic function y,(u), we consider the intervals [, = [w, — Aw/2, w, + Aw/2], where
w, = nAw, with n integer. Then, we can determine the histogram by calculating the probability

Aw . UAWY\ i
Pn :qu(w)dw = —/Xq(u)smc( )e "du, (B1)
1 27'[ 2

n

where sinc(x) = sin(x)/x. Thus,

Phw) =" puxa(w), (B2)

where x,(w) = 1 forw € I, and y,,(w) = 0 for w ¢ I,. To calculate the integral, we can focus on the
interval [-27K/Aw, 2w K/Aw], with K large enough. Of course p,(w,) ~ p,/Aw for Aw small
enough. In the end, we note that the histogram ﬁZ(w) of the rescaled quasiprobability distribution
DPq(w) is defined in the same way, and of course has the same form of pg(w) if the support is divided
in the same number of bins.
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