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The Dicke-Hubbard model, describing an ensemble of interacting atoms in a cavity,
provides a rich platform for exploring collective quantum phenomena. However, its poten-
tial for quantum thermodynamic applications remains largely uncharted. In this paper, a
close connection between superradiance phase transition and the quantum thermodynamic
applications of the Dicke-Hubbard model is established. Based on studies of the steady-
state superradiant phase transition in the Dicke-Hubbard model and the thermodynamic
mode of an Otto cycle with the Dicke-Hubbard model as the working substance, it is
demonstrated that the steady-state synergistic mechanism under high- and low-temperature
environments is the reason for the emergence of high-performance heat engines, while the
competitive mechanism leads to the appearance of high-performance quantum refrigera-
tors. A comparison of the thermodynamic behaviors of the Otto cycle with the Dicke model
and the Dicke-Hubbard model as working substances reveals that the multicavity-coupled
Dicke-Hubbard model achieves a higher coefficient of performance. These results not only
deepen our understanding of the energy conversion mechanism in nonequilibrium quantum
thermodynamics but also lay a theoretical foundation for the future experimental design of
high-performance quantum Otto heat engines and refrigerators.
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I. INTRODUCTION

The burgeoning field of quantum thermodynamics seeks to extend the principles of classical
thermodynamics to the quantum realm, revealing mechanisms for work extraction, refrigeration,
and energy transduction [1,2]. Among various paradigms, the quantum Otto cycle stands as a
fundamental and experimentally feasible model for a quantum heat engine [3,4]. By alternately
coupling a quantum working substance to a hot and a cold bath during an isochoric process and
modulating its Hamiltonian adiabatically, the cycle converts heat into useful work. The performance
of such an engine is intrinsically tied to the quantum properties of the working substance—such as
coherence, entanglement, and quantum criticality [5,6].
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Early theoretical and experimental studies have explored various systems as working substances.
In the aspect of theoretical research, it involves single spins [7–9], bosonic substances [10],
harmonic oscillators [11–13], few-level atoms [14,15], coupled spin systems [16–18], coupled spin-
3/2 [19], relativistic oscillators [20], Bose-Einstein condensates [21,22], and light-matter systems
described by the Jaynes-Cumming [23–26], quantum Rabi [27–32] models, anisotropic quantum
Rabi-Stark model [33], and Dicke model (DM) [34]. In the aspect of experimental research, the
quantum heat engines are realized in the platforms including superconducting circuits [35–39],
trapped ion systems [11,12,40,41], optomechanics [7,42], ultracold atoms [43,44], and nuclear
magnetic resonance [45–47].

While earlier findings provide foundational insights, the enhanced power output or unique
quantum advantages caused by many-body physics are not fully demonstrated. Recently, there
has been a growing interest in employing many-body systems, such as ultracold atoms in opti-
cal lattices [48] and interacting spin chains [49], where phenomena like superradiance and the
Bose-Hubbard phase transition have been shown to significantly boost engine performance or
induce new operational modes [50,51]. In fact, a growing number of theoretical studies have
demonstrated that collective effects and many-body correlations can significantly enhance the
performance of quantum heat engines and refrigerators [22,52–58]. Parallel experimental progress
has also been made, with quantum heat engines realized in cold atomic systems [59,60]. These
developments underscore the importance of understanding how collective light-matter interactions,
such as those in the Dicke-Hubbard model (DHM), can be harnessed for quantum thermodynamic
applications. Furthermore, the DM incorporates both many-body and superradiance physics as
well, which describes an ensemble of two-level atoms collectively coupled to a single-mode cavity
field [61]. This model exhibits a well-known superradiant quantum phase transition that can serve
as a potent resource for quantum thermodynamics [62]. On the other hand, the Bose-Hubbard
model, central to describing strongly correlated bosons in lattices, features a Mott insulator-
to-superfluid transition [63]. The synthesis of these two models—the DHM [64,65]—creates a
rich landscape where atomic hopping, on-site interactions, and collective light-matter coupling
compete and intertwine. This hybrid system offers a unique test bed for investigating how the
interplay between optical coherence and matter-wave correlations influences energy conversion
processes. The DHM itself has been experimentally realized in a recent breakthrough [66],
where a superradiant Mott insulator was observed, confirming the rich phase diagram of this
system.

In recent years, although extensive research has been conducted on the equilibrium and nonequi-
librium properties of the DHM, the potential of this model as a working substance for quantum
heat engines has not been fully explored and exploited. Specifically, a crucial point is that the
role of the superradiance phase transition in the working mode of thermodynamic cycles (such
as the Otto cycle) remains unclear and lacks in-depth research. This unresolved issue further
prompts us to explore a fundamental question in the field of quantum thermodynamics: What is
the origin of quantum heat engines and refrigerators? In this work, we address this question by
establishing a direct link between the steady-state quantum phases of the working substance and
the resulting operating mode of the Otto cycle, as elaborated in Sec. IV. Furthermore, it is worth
noting that the DHM is essentially a coupled system composed of multiple Dicke Models. Recent
study [34] confirms that the single-cavity DM can be effectively used to design high-performance
quantum Otto heat engines and refrigerators, which in turn leads us to a critical and research-worthy
question: Can the inherent multicavity coupling mechanism of DHM enhance the performance
of quantum heat engines and refrigerators beyond that of devices based on the single-cavity
DM?

This paper is organized as follows. Section II introduces the DHM, the extended bosonic coherent
state approach, and the quantum dressed master equation (DME). Section III introduces the quantum
Otto cycle. Section IV presents the results of the DHM and discussions. The comparison between
the DM and DHM is presented in Sec. V. A conclusion is made in Sec. VI.
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II. MODEL AND METHOD

A. The Dicke-Hubbard model

The Hamiltonian describing the DHM consisting of a single-mode light field interacting with
N identical two-level atoms and photon hopping between the nearest-neighboring cavity with the
strength J , is expressed as [67–70] (h̄ = 1)

Ĥ =
∑

i

Ĥi
Dicke − J

∑
〈i, j〉

(â†
i â j + â†

j âi ), (1)

where Ĥi
Dicke

denotes the Hamiltonian of DM at ith site, and is given by (h̄ = 1) [71,72]

Ĥi
Dicke = ω0â†

i âi + �Ĵ i
z + 2λ√

N
(â†

i + âi )Ĵ
i
x, (2)

where ω0 and � are the frequencies of the single mode and atoms, respectively, λ is the atom-
light coupling strength, â†

i (âi) denotes the creation (annihilation) operator of the bosonic field at ith
site, Ĵ i

x = 1
2 (Ĵ i

+ + Ĵ i
−) and Ĵ i

z are the pseudospin operators at ith site given by Ĵ i
± = ∑N

k σ̂ i,k
± , Ĵ i

α =
1
2

∑N
k σ̂ i,k

α , with σ̂α (α = x, y, z) being the Pauli operators. Index k labels atoms within the same
cavity. The pseudospin operators satisfy the commutation relation [Ĵ i

+, Ĵ i
−] = 2Ĵ i

z , [Ĵ i
z, Ĵ i

±] = ±Ĵ i
±, J

describes the interaction strength of the intercavity hopping. The DM has been extensively studied
due to its ability to undergo superradiance quantum phase transition at critical point λc = √

ω�/2.
It preserves the parity symmetry with parity operator P̂ = �iP̂i, where P̂i = exp{iπ	̂i} is the parity
operator of the ith site, and 	̂i = Ĵ i

z + â†
i âi is the total excitation number.

B. Extended bosonic coherent state approach

We can transform the DHM to an effective single-site DM by using the mean-field approxima-
tion. Specifically, the intersite photon hopping term in Eq. (1) is decoupled as â†

i â j = ψ∗âi + ψ â†
j −

|ψ |2, with ψ = 〈â〉 the superfluid order parameter. Therefore, the ith site Hamiltonian is given by

Ĥi = Ĥi
Dicke − zJ (ψ â†

i + ψ∗âi ) + zJ|ψ |2, (3)

where z is the number of nearest-neighbor sites, we set z = 3 for two-dimensional cavity lattice
[68,71,73] in this paper. Since real order parameter is considered, i.e., ψ = ψ∗, the reduced model
becomes site independent, resulting in the effective mean-field Hamiltonian (ĤMF)

ĤMF = ω0â†â + �Ĵz + 2λ√
N

(â† + â)Ĵx − zJψ (â† + â) + zJ|ψ |2, (4)

where the order parameter ψ is obtained from the self-consistent iteration of the ground state.
The DM has numerically exact solution by using extended bosonic coherent state approach

[74,75], which is used to obtain the numerical solution of Eq. (4) in a self-consistent way as well.
At first, we introduce the angular momentum operator Ĵy to perform a rotation transformation on
ĤMF, i.e., Ĥ s

MF = exp(iπ Ĵy/2)ĤMF exp(−iπ Ĵy/2). Thus, we have

Ĥ s
MF = ω0â†â − �

2
(Ĵ+ + Ĵ−) + (â† + â)

(
2λ√

N
Ĵz − zJψ

)
+ zJψ2. (5)

The corresponding eigenfunctions of Ĥ s
MF can be expressed in terms of the basis {|ϕm〉b ⊗ | j, m〉},

{| j, m〉, m = − j,− j + 1, . . . , j − 1, j} ( j = N/2) is the Dicke state for the two-level atoms. By
using the extended bosonic coherent state (see Appendix A for detailed derivation), we finally obtain
the eigenvalue equation

ω0
(
l − g2

n + zJψ2
)
cn,l − � j+n

Ntr∑
k=0

cn+1,kAn〈l|k〉An+1
− � j−n

Ntr∑
k=0

cn−1,kAn〈l|k〉An−1
= Ecn,l , (6)
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where the coefficients are An〈l|k〉An−1
=(−1)lDl,k and An〈l|k〉An+1

=(−1)kDl,k , with (see Appendix A
for details)

Dl,k = e−G2/2
min[l,k]∑

r=0

(−1)−r
√

l!k!Gl+k−2r

(l − r)!(k − r)!r!
, (7)

where G = 2λ

ω0
√

N
. In the following calculations, we select the truncation number Ntr = 50, which is

sufficient to give the convergent excited state energies with relative error less than 10−5 as shown in
Fig. 13. The behavior of the ground-state quantum phase transition of DHM was studied in Ref. [71]
by using an extended coherent state approach within mean-field theory. Reference [76] investigated
the quantum phase transition of light in the dissipative Rabi-Hubbard lattice under the framework
of the mean-field theory.

C. Quantum dressed master equation

We study the dissipative DHM where the mean-field Dicke model for the ith cavity is coupled to
two individual bosonic thermal baths with local dissipations. Consequently, the total Hamiltonian
Ĥtot under the mean-field approximation can be expressed as

Ĥtot = Ĥ s
MF + ĤB + V̂ . (8)

Here, the Hamiltonian of the thermal baths ĤB is expressed as

ĤB =
∑

u=q,c

∑
k

ωkb̂†
u,kb̂u,k, (9)

where b̂†
u,k (b̂u,k ) creates (annihilates) one phonon in the uth bath with the frequency ωk , u = q

refers to the qubit (atomic) bath and u = c to the cavity (photonic) bath. The interactions between
the Dicke system with thermal baths V̂ is specified as

V̂ = V̂c + V̂q, (10)

with

V̂q =
∑

k

(λq,kb̂†
q,k + λ∗

q,kb̂q,k )(Ĵ+ + Ĵ−)/
√

N, (11)

V̂c =
∑

k

(λc,kb̂†
c,k + λ∗

c,kb̂c,k )(â† + â), (12)

where λq,k (λc,k ) is the coupling strength between the atoms (photons) and the corresponding bath.
The uth thermal bath is characterized by the spectral function fq(c)(ω) = 2π

∑
k |λq(c),k|2δ(ω − ωk ).

In this paper, we specify fq(c)(ω) the Ohmic case to quantify the thermal bath, i.e., fq(ω) =
γqω/� exp(−ω/ωco), fc(ω) = γcω/ω0 exp(−ω/ωco), where γq(c) is the dissipation strength and
ωco is the cutoff frequency of thermal baths. ωco is considered to be large enough, so the spectral
functions are simplified as fq(ω) = γqω/�, fc(ω) = γcω/ω0.

We consider the case where the interaction between the DHM and thermal baths is weak. Under
the Born-Markov approximation, the quantum DME used for investigating the dissipative dynamics
of the density matrix is given by [76–80]

d

dt
ρ̂s = −i

[
Ĥ s

MF, ρ̂s
] +

∑
u;m<n

{
�nm

u nu(�nm)D[|φn〉〈φm|, ρ̂s] + �nm
u [1 + nu(�nm)]D[|φm〉〈φn|, ρ̂s]

}
,

(13)

where |φm〉 is the eigenfunction of the DHM under mean-field theory Ĥ s
MF as Ĥ s

MF|φm〉 = Em|φm〉,
�nm = En − Em is the transition frequency of two energy levels, the dissipator is
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FIG. 1. Schematic representation of the four strokes of an Otto cycle for the realization of a heat machine
based on the dissipative DHM. During the isochoric stroke the frequency of the working substance is held fixed
while interacting with a hot (cold) reservoir at temperature Th (Tc). Only heat is exchanged during this stroke.
In the two quantum adiabatic strokes the working substance is isolated from the reservoir and has its frequency
shifted, thus producing work. No heat is exchanged during this stroke. By controlling the parameters ω0, �, J ,
and λ of the model, the machine can work as a heat engine, refrigerator, heater, or accelerator.

D[Ô, ρ̂s] = 1
2 [2Ôρ̂sÔ† − ρ̂sÔ†Ô − Ô†Ôρ̂s], the dissipative rates are �

jk
u = fu(�nm)|Snm

u |2 =
γu�nm

ωu
|Snm

u |2, with ωc = ω0, ωq = �, Snm
q = 1√

N
〈φn|(Ĵ+ + Ĵ−)|φm〉, and Snm

c = 〈φn|(â† + â)|φm〉.
The Bose-Einstein distribution nu(�nm) = 1/[exp(�nm/Tu) − 1] accounts for thermal effects, Tu is
the temperature coupled with the environment.

In the eigenbasis, the dynamics of the population Pk = 〈φk|ρ̂s|φk〉 is given by

d

dt
Pk =

∑
u,k �=m

�km
u nu(�km)Pm −

∑
u,k �=m

�km
u [1 + nu(�km)]Pk, (14)

where �km
u = −�mk

u .
The steady state of the DHM is obtained by self-consistently solving the quantum dressed master

equation. The specific process is (1) given an arbitrary reasonable initial value to the order parameter
and solve Ĥ s

MF for eigenstates and eigenvalues; (2) find a temporary steady state ρss via the quantum
dressed master equation; and (3) update the order parameter ψ = Tr{ρssa} for the next-step iteration.
This procedure can be repeated until the converged steady state and order parameter are achieved.
All physical quantities can be calculated by the steady state.

It is important to emphasize that, unlike the standard master equation, quantum DME is ap-
plicable to arbitrary coupling strengths [76–79]. Our choice is fundamentally motivated by the
principles of open quantum systems and thermodynamic consistency. Unlike the local Lindblad
master equation, which naively applies dissipators directly to the bare operators â and Ĵx (Ĵz),
the quantum DME operates in the energy eigenbasis of the mean-field Hamiltonian Ĥ s

MF. By
resolving the bath correlation functions at the distinct transition frequencies �nm, the quantum
DME rigorously satisfies the Kubo-Martin-Schwinger condition. This guarantees that, in the weak
system-bath coupling limit, the steady-state populations converge asymptotically to the canonical
Gibbs distribution.

III. QUANTUM OTTO CYCLE

We employ the DHM as the working substance to engineer the four-stroke quantum Otto cycle,
which is composed of two adiabatic and two isochoric processes [4,81]. During the isochoric
process, the substance interacts with a hot (cold) reservoir at temperature Th (Tc), and the four-stroke
quantum Otto cycle has been shown in Fig. 1. The four strokes are, respectively, as follows:

Quantum isochoric process. The working substance as modeled by the mean-field Dicke Hamil-
tonian Hs

MF,h with frequency ω = ωh (ω = ω0 = �) is brought into contact with a hot reservoir at
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temperature Th. In this process, the system undergoes a Markovian evolution, which is described by
Eq. (13).

After a long enough evolution, the system will reach the only steady state ρ1 = ρss(Th) =∑
nPss

n (Th)|Eh
n 〉〈Eh

n | with dρ

dt = 0, where Pss
n (Th) is the corresponding population contact with hot

reservoir at temperature Th. The eigenstates |Eh
n 〉 and eigenvalues Eh

n of Hs
MF,h are obtained by using

the extended bosonic coherent state approach method [74] with frequency ω = ωh. During this
process, heat Qh is absorbed from the hot reservoir, without any work being done.

Quantum adiabatic expansion process. The system is isolated from the hot reservoir and the
energy levels are changed from Eh

n to Ec
n by varying the frequency from ωh to ωc (with ωh > ωc).

This process must be done slow enough to ensure that the populations Pss
n (Th) remain unchanged

according to the quantum adiabatic theorem. At the end of this adiabatic expansion, the state
becomes ρ2 = ∑

n Pss
n (Th)|Ec

n 〉〈Ec
n |. The eigenstates |Ec

n 〉 and eigenvalues Ec
n of Hs

MF,c are obtained
by using the extended bosonic coherent state approach method with frequency ω = ωc. During this
process, only work is performed, with no heat being exchanged.

Quantum isochoric process. The working substance with frequency ω = ωc and modeled by
the Hamiltonian Hs

M f ,c is now put into contact with a cold reservoir at temperature Tc < Th until
they reach thermal equilibrium. In this case, we have a change in the steady-state population
from Pss

n (Th) to Pss
n (Tc) (Pss

n (Tc) is the corresponding population contact with cold reservoir at
temperature Tc), while the eigenvalues Ec

n of the system remain unchanged, and the state becomes
ρ3 = ∑

n Pss
n (Tc)|Ec

n 〉〈Ec
n |. During this process, only heat is exchanged; heat Qc is released to the

cold reservoir, but no work is done.
Quantum adiabatic compression process. The system is isolated from the cold reservoir and

its energy levels are changed back from Ec
n to Eh

n by varying the frequency from ωc to ωh.
At the end of the process, the populations Pss

n (Tc) remain unchanged, the state becomes ρ4 =∑
n Pss

n (Tc)|Eh
n 〉〈Eh

n |, and only work is performed by the working substance, but no heat is ex-
changed.

Next, let us calculate the work and heat exchanged in each stroke. According to the first law of
thermodynamics, a quantum system with discrete energy levels can be written as

dU = δQ + δW =
∑

n

(
EndPss

n + Pss
n dEn

)
, (15)

where En are the energy levels of Ĥ s
MF and Pss

n are the populations at steady state. Accordingly, the
heat Qh (Qc) exchanges with the hot (cold) reservoir, and the net work W satisfies the following
relations (more details are presented in Appendix C) [82]:

Qh =
∑

n

Eh
n

[
Pss

n (Th) − Pss
n (Tc)

]
, (16)

Qc =
∑

n

Ec
n

[
Pss

n (Tc) − Pss
n (Th)

]
, (17)

W = Qh + Qc =
∑

n

(
Eh

n − Ec
n

)[
Pss

n (Th) − Pss
n (Tc)

]
. (18)

It is worth emphasizing the convention adopted here for the mean-field order parameter. In our
construction, the energy levels at corners 1 and 4 are those of the isochoric process in contact with
the hot reservoir, Hs

MF(wh; ψh), and those at corners 2 and 3 are those of the isochoric process in
contact with the cold reservoir, Hs

MF(wc; ψc), where ψh(ψc) is the self-consistent order parameter of
the hot (cold) steady state. Here, since the corner states are diagonal in the eigenbasis of these
Hamiltonians, one has Uk = Tr(ρkHMF, k) = ∑

n P(k)
n E (k)

n ; consequently, Eqs. (16) and (17) are
exactly the direct internal-energy differences Qh = U1 − U4 and Qc = U3 − U2, as shown explicitly
in Appendix C. As in any ideal Otto cycle, the states at the corners 2 and 4 are nonequilibrium states
whose populations are frozen from the preceding process, and ψ enters only through the energy
levels of the isochoric processes.
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TABLE I. Classification of working modes.

Working regimes Qh Qc W

Heat engine (E) >0 <0 >0
Refrigerator (R) <0 >0 <0
Heater (H) <0 <0 <0
Accelerator (A) >0 <0 <0

In the following calculations, we will adopt the following convention: Q > 0 (Q < 0) correspond
to absorption (release) of heat from (to) the reservoir while W > 0 (W < 0) correspond to work
performed by (on) the quantum heat cycle. There are only four working regimes allowed under
not violating the Clausius inequality with the first law of thermodynamics [83] as summarized in
Table I.

In addition, we will study the performances of quantum Otto heat engine and refrigerator, where
the performance of the heat engine is characterized by efficiency (marked by η), and its definition
is η = W

Qh
; the performance of the refrigerator is characterized by the coefficient of performance

(COP, marked by ξ ), which is defined as ξ = Qc

|W | .

IV. RESULTS AND DISCUSSIONS

First, we study the relationship between the superradiance phase transition and working mode of
the quantum Otto cycle. We have known that at zero temperature, the steady state of the system
will undergo a superradiant phase transition. In fact, such phase transition can occur at finite
temperatures as well. Figures 2(a) and 2(b) show the steady state |ψ | as functions of atom-light
coupling strength λ and intercavity hopping strength under temperatures Tc = 0.1 and Th = 0.4,
respectively. The dark blue regions denote the normal phase while others denote the superradiance
phase. When Tc = 0.1, it is seen that the superradiance phase covers a wide range of parameters,
which indicates that the system is prone to superradiance phase transition at low temperatures. For
the Th = 0.4 case, the normal phase significantly expands, and only in the region with large λ and
moderate J does the superradiance phase exist.

By comparing the results in Figs. 2(a) and 2(b), we can draw a common rule: When λ is
relatively small, regardless of whether the system is exposed to a low-temperature heat source
or a high-temperature heat source, the steady state remains in the normal phase. When λ is
relatively large, regardless of whether the system is exposed to a low-temperature heat source or a
high-temperature heat source, the steady state remains in the superradiance phase. Recent research
has found that when the working substance is at the verge of the second-order quantum phase
transition point, highly efficient quantum Otto heat engines can be achieved [6]. Inspired by this,
a question emerges: If, in an Otto cycle, the steady states of the systems in contact with high- and
low-temperature heat sources are all in the same quantum phase, would this synergistic mechanism
be conducive to the realization of the heat engine? Here, the phrase “synergistic mechanism” refers
to the situation where both hot and cold steady states lie in the same quantum phase. To answer this
question, we take Tc = 0.1 and Th = 0.4 to calculate the working mode of the quantum Otto cycle,
and the results are presented in Fig. 2(c). It can be seen that the working area of the heat engine
completely covers the regions of the normal phase and the superradiance phase. This indicates
that the synergistic effect of the low-temperature heat source and the high-temperature heat source
helps the Otto cycle to achieve the heat engine function. In addition, it can be observed that the
competition effect between low-temperature heat sources and high-temperature heat sources, i.e.,
the different steady-state properties at high and low temperatures, will give rise to a rich variety
of working modes, including the refrigerator, heater, accelerator, and heat engine. We have known
that both the synergistic mechanism and the competitive mechanism can trigger the heat engine.
Here, the phrase “competitive mechanism” refers to the case where they belong to different phases.
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FIG. 2. (a), (b) The steady-state order parameter |ψ | in λ-J parameter space under temperature Tc = 0.1
and Th = 0.4. (c) Phase diagrams of the working modes of quantum Otto cycle in the λ-J parameter space with
Tc = 0.1 and Th = 0.4. (d) The efficiency of the quantum Otto heat engine. The other parameters are N = 4,
ωh = 2ω, ωc = ω, and γc = γq = 10−4.

Then, under which mechanism is the working efficiency of heat engine higher? Regarding this issue,
we calculate the efficiency of the heat engine, and the results are presented in Fig. 2(d). It can be
seen that the high efficiency is mainly distributed in the area under the synergistic mechanism. In
particular, when the steady states at both low and high temperatures remain in the normal phase, the
efficiency is higher. This result tells us that if one wants the heat engine to work at high efficiency,
preparing the working substance in the normal phase is a much better choice.

Further, we study the influence of different heat source temperatures and atom-light coupling
strengths on the working mode of the quantum Otto cycle. Figure 3 shows the variation of the
working mode of the quantum Otto heat engine with the temperature Th of the high-temperature
heat source and the atom-light coupling strength λ under different low-temperature heat source
temperatures Tc. Different colors represent different working modes: dark blue is the heat engine
mode, light blue is the refrigerator mode, grass green is the heater mode, and yellow is the
accelerator mode.

From Fig. 3(a), we can see that the heat engine mode occupies most of the area with a relatively
small λ, indicating that when Tc is extremely low, the heat engine mode is easy to implement under
weak-coupling condition. The region of the refrigerator mode is narrow, existing only when λ is
small and Th is within a specific range, and its application scope is limited. As λ increases, the system
quickly enters the accelerator mode, indicating that under strong coupling, the Otto cycle is more
inclined to the accelerator function. Compared with the result of Tc = 0.1, the mode distribution
of Tc = 0.2 has changed significantly. As shown in Fig. 3(b), the mode range of the refrigerator
mode has been significantly expanded, performing outstandingly within the range of moderate λ and
moderate Th. Moreover, the area of the heater mode gets larger. The heat engine mode still dominates
in the smaller area of λ, but its relative proportion has slightly declined. The range of the accelerator
mode in the larger area of λ is wider than the result in Fig. 3(a). For a slightly larger Tc case, it is
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FIG. 3. Phase diagrams of the working modes of quantum Otto cycle in the Th-λ parameter space under
different Tc. (a) Tc = 0.1, (b) Tc = 0.2, (c) Tc = 0.4, and (d) Tc = 2. The color code stands for heat engine (dark
blue), refrigerator (light blue), heater (grass green), and accelerator (yellow). The other involved parameters
are N = 8, J = 0.01, ωh = 2ω, ωc = ω, and γc = γq = 10−4.

seen from Fig. 3(c) that the regions of the refrigerator, heater, and accelerator modes further expand,
while the working area of the heat engine is further compressed. For higher Tc, it can be seen from
Fig. 3(d) that the region of the refrigerator mode has significantly expanded, becoming one of the
core modes at this temperature. The region of the heat engine mode has narrowed, concentrating in
the regions with higher Th, and it almost disappears under strong coupling as well. Although the heat
engine, heater, and accelerator modes still exist, the working area is significantly smaller compared
to the results of Tc = 0.2 and Tc = 0.4, indicating that the higher Tc can suppress the three modes.

For different Tc, apart from causing differences in the distribution of working modes, they also
bring some commonalities. For instance, the region λ with a relatively high coupling strength is
mainly in the accelerator mode, indicating that strong coupling is the core trigger condition of
the accelerator mode and has nothing to do with Tc. Moreover, the heat engine mode is always
distributed within a relatively small λ and high Th, indicating that relatively weak coupling and
high-temperature heat source are fundamental conditions of the heat engine mode. The refrigerator
mode is always distributed within a relatively small λ and low high Th, indicating that relatively weak
coupling and lower heat source temperature are fundamental conditions of the refrigerator mode.
These results provide a reference for regulating the working mode of the quantum Otto cycle.

Furthermore, we analyze the efficiency of the quantum Otto heat engine. Figure 4 shows the
working efficiency of the quantum Otto heat engine in the Th-λ parameter space under different Tc

values. The color changes from yellow to green and then to blue, indicating that the work efficiency
decreases from high to low. Figure 4(a) shows the result of Tc = 0.1. It can be seen that the high
work efficiency range covers a large area of Th ≈ 0.5 ∼ 2 and λ < 1, and the efficiency is the
highest at moderate λ. When λ > 1, the efficiency drops significantly, indicating that the strong
atom-light coupling is not conducive to the operation of heat engine. Figure 4(b) shows the result of
Tc = 0.2. Similar to the result of Tc = 0.1, the high efficiency is mainly concentrated in the interval
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FIG. 4. The efficiency of the quantum Otto heat engine: (a) Tc = 0.1, (b) Tc = 0.2, (c) Tc = 0.4, and
(d) Tc = 2. Other involved parameters are N = 8, J = 0.01, ωh = 2ω, ωc = ω, and γc = γq = 10−4.

where λ < 1, and the efficiency is the highest when the value of λ is moderate. When the J gets
stronger (λ > 1), the efficiency declines, signaling again that the strong coupling is not conducive
to the operation of heat engine. For the Tc = 0.4 case, it is seen from Fig. 4(c) that the efficiency
distribution characteristics are similar to those of Tc = 0.1 and Tc = 0.2. The high efficiency appears
in the relatively weak-coupling region, and the strong coupling is not conducive to the realization
of the high-efficiency heat engine. The result of Tc = 2 is presented in Fig. 4(d). It can be seen that
the bright yellow interval moves up to Th ≈ 4 ∼ 5, but it is also distributed in the weak-coupling
region (λ < 1). When λ > 1, efficiency drops rapidly as well. Through the study of heat engine
efficiency, it has been clarified that weak coupling (λ < 1) is the key to high efficiency, while strong
coupling will lead to a decrease in efficiency. This result has guiding significance for the design of
high-efficiency quantum Otto heat engines.

In addition, we investigate the influence of different intercavity hopping strengths on the su-
perradiance phase transition at different temperatures, and compare the differences in output work
and efficiency under different J . The results are presented in Figs. 5(a)–5(d), respectively. As can be
seen from Fig. 5(a), the larger the J , the smaller the critical λ, indicating that the intercavity hopping
strength J can promote superradiance at low temperature. However, the variation trend of the phase
transition point is not very obvious as J further increases. Compared with the results in Fig. 5(a),
the superradiance phase transition point at high temperatures also shows a similar trend of change,
but the difference lies in that the superradiance phase transition point is more sensitive to the change
of J . At the same time, it can be seen that at high temperatures, the nonzero regions of the order
parameter |ψ | corresponding to different J significantly decrease, further verifying the suppression
effect of temperature on the superradiance phase transition. As can be seen from Fig. 5(c), under
the weak intercavity hopping condition, such as J = 0.01, the heat engine has the maximum output
work, while under the larger, such as J = 0.1, the peak output work is the lowest. However, if it is
necessary for the heat engine to have good output work, it is essential to adjust λ and J within an
appropriate range. Concretely, fixing λ in the weak atom-light coupling interval is a better choice.
Figure 5(d) reflects the working efficiency of the heat engine, and the inset magnifies the details of
the high-efficiency range. It can be seen that the peak of efficiency is not sensitive to the change of
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FIG. 5. (a), (b) The steady-state order parameter |ψ | as the function of atom-light coupling strength λ

under different hopping strength J . The temperature is taken as (a) Tc = 0.1 and (b) Th = 0.5. (c), (d) The
efficiency η and work W of the quantum heat engine as a function of the atom-light coupling strength λ for
different hopping strength J , keeping Tc = 0.1 and Th = 0.5. The other system parameters are given by N = 8,
ωh = 2ω, ωc = ω, and γc = γq = 10−4.

J . Adjusting λ and J within an appropriate range can enable the heat engine to operate with good
performance. Concretely, to ensure that the output work of the heat engine is no less than 0.04, it is a
better choice to set λ in the weak atom-light coupling region. When λ is set in the appropriate weak
or strong atom-light coupling regions, the heat engine can achieve at least a 0.5 working efficiency.

We also investigate the influence of different atomic numbers N on the superradiance phase
transition, output work, and efficiency, and the results are presented in Figs. 6(a)–6(d), respectively.
As can be seen from Figs. 6(a) and 6(b), the more N is, the smaller the critical λ of the phase
transition becomes, indicating that a greater number of atoms can promote superradiance phase
transitions. However, through comparison, it is found that the changing trend of the phase transition
critical point at high temperatures is more obvious than that at low temperatures. As can be seen
from Fig. 6(b), the superradiance phase transition will only occur when the number of atoms is large
and the atom-light coupling strength is very strong. Here, the suppression effect of temperature on
the superradiative phase transition is verified. As can be seen from Fig. 6(c), the output work of the
heat engine depends on the coordinated regulation of λ and N . When N is smaller, the peak value
of the output work is higher. Besides, we can see that regardless of whether the atom-light coupling
strength is weak or strong, the appropriate atomic number conditions can always be found to keep
the output work no less than 0.04. The phenomena are slightly different from those under different
J conditions. In Fig. 6(d), we can see that no matter it is the strong atom-light coupling or the weak
coupling, the appropriate atomic number conditions can always be found, which enables the heat
engine to have a good performance with a working efficiency no less than 0.5.

For our analysis, we recall the analytical results: ηλ=0 = 1 − ωc/ωh for efficiency and ξλ=0 =
ωc/(ωh − ωc) for COP of an Otto cycle when λ = 0, which corresponds to N qubits and a noninter-
acting bosonic mode. As observed from Figs. 4–6, for a broad range of couplings, η surpasses the
quantum Otto efficiency of a working medium with a harmonic spectrum ηλ=0 = 1 − ωc/ωh = 0.5.
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FIG. 6. (a), (b) The steady-state order parameter |ψ | as the function of qubit-boson coupling strength λ

under different qubit numbers with fixed hopping strength J = 0.01. The temperature is taken as (a) Tc = 0.1
and (b) Th = 0.5. (c), (d) The efficiency η and work W of the quantum heat engine as a function of the qubit-
boson coupling strength λ for different qubit numbers with fixed hopping strength J = 0.01, Tc = 0.1, and
Th = 0.5. The other parameters are ωh = 2ω, ωc = ω, and γc = γq = 10−4.

The results above are all based on the case of resonance. Now, we will investigate how detuning
δ = � − ω between the frequency � of each of the N qubits and the frequency ω of the field mode
in the cavity affects the efficiency of DHM. Figure 7 shows the efficiency for several values of δ; the
figure indicates that as δ increases, the efficiency value can surpass the resonance case, δ = 0, and
even approach the Carnot limit ηCarnot = 1 − Tc/Th = 0.8 marked by the horizontal gray solid line.

From some figures, we can clearly see some discontinuous jumps. Taking J = 0.01 as an example
for analysis, other discontinuous jumps can be analyzed in the same way. These jumps are most
evidently reflected in Fig. 8(b), which presents the output work W , the heat absorbed from the
hot bath Qh, and the heat released to the cold bath Qc as functions of the atom-light coupling
strength λ. Taking the specific point λ ≈ 0.55 as an illustration, one can observe that both W and
Qh undergo abrupt changes across this value, and consequently the efficiency η = W/Qh exhibits a
sharp discontinuous jump. This critical λ marks the superradiant phase transition of the dissipative
Dicke-Hubbard model: As λ crosses the transition point, the steady-state energy spectrum and popu-
lation distribution of the working substance change suddenly, causing simultaneous discontinuities
in Qh, Qc, and hence in W = Qh + Qc (with Qc < 0). The background color coding in Fig. 8(b)
further confirms that this jump coincides with the boundary between different operating modes (heat
engine, refrigerator, heater, and accelerator), indicating that the phase transition directly dictates the
abrupt change in the thermodynamic performance. Similar jumps occurring at other critical values
of λ can be attributed to the same physical mechanism.

To verify the thermodynamic consistency of the quantum Otto cycle, we evaluate the total entropy
production per cycle [3,84,85], �Stot = −Qh/Th − Qc/Tc. Figure 9 presents �Stot as a function of
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FIG. 7. The efficiency η of the quantum heat engine as a function of the qubit-boson coupling strength λ

for different detuning δ = � − ω between the frequency ω of the field mode in the cavity and the frequency �

of each of the N atoms with fixed hopping strength J = 0.01, Tc = 0.1, and Th = 0.5. The other parameters are
γc = γq = 10−4.

FIG. 8. (a), (b) Efficiency, work output, and heat as functions of the qubit-boson coupling strength λ with
fixed hopping strength J = 0.01. The background color coding represents different operating modes: heat
engine (blue), refrigerator (green), heater (yellow), and accelerator (red). The other parameters are ωh = 2ω,
ωc = ω, Tc = 0.1, Th = 0.5, and γc = γq = 10−4.
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FIG. 9. The total entropy production per cycle as functions of the qubit-boson coupling strength λ under
different hopping strength J . The other parameters are N = 8, ωh = 2ω, ωc = ω, Tc = 0.1, Th = 0.5, and
γc = γq = 10−4.

the atom-light coupling strength λ for different intercavity hopping strengths. For all values of J ,
�Stot is strictly non-negative across the entire parameter range, confirming that our dressed-master-
equation treatment yields thermodynamically consistent steady states. It confirms that our quantum
Otto cycle respects the second law of thermodynamics in all parameter regimes. Interestingly, for
small λ (the normal-phase regime), �Stot decreases monotonically from its maximum at λ = 0
to a minimum near λ = 0.5. This indicates that the cycle operates closer to the reversible limit
in the weak-coupling normal phase, consistent with our earlier observation that high heat engine
efficiency is achieved in this regime. For intermediate coupling strengths, the behavior of �Stot

depends sensitively on J; in the strong-coupling regime (λ � 1.0), �Stot initially grows with λ

reaching a maximum before decreasing. And for all J , �Stot tends to a finite asymptotic value as
λ → ∞, indicating that even in the deep strong-coupling limit, the cycle retains a finite level of
irreversibility.

V. COMPARISON BETWEEN DHM AND DM

The DM, as a representative model for describing the collective interaction between light and
matter, is widely used as the working medium of the quantum Otto cycle due to its unique collective
coupling effect and quantum phase transition characteristics, laying the foundation for studying
the core performance indicators such as output work and efficiency of quantum thermal devices
under collective interaction. The DHM, on the basis of the collective light-matter interaction of the
DM, introduces the local Hubbard interaction between light fields. The addition of this interaction
changes the collective excitation behavior of the system, resulting in significant differences in heat
exchange and work transfer during the thermodynamic process of the quantum Otto cycle using it
as the working medium compared with the traditional DM.

We first discuss the differences between the DM and the DHM in terms of their collective
excitation behaviors. Figure 10(a) shows the steady-state photon excitation number of the DM at
a high temperature Th = 0.5. It can be seen that the photon excitation number increases gradually
with the rise of the atom number. For the DHM at the same temperature, we observe a distinct
variation behavior. As shown in Fig. 10(b), the photon excitation number first decreases and
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FIG. 10. (a), (b) The steady-state average photon excitation number for DM and DHM with Th = 0.5,
respectively. (c), (d) The steady-state average photon excitation number for DM and DHM with Tc = 0.1,
respectively. (e), (f) The maximum efficiency ηmax as a function of the qubit-boson coupling strength λ for
different qubit numbers N . The involved parameters are J = 0.01, Tc = 0.1, Th = 0.5, ωh = 2ω, ωc = ω, and
γc = γq = 10−4.

then increases with an increasing atom number. For the low-temperature case with Tc = 0.1, the
excitation behaviors of the two models also exhibit discrepancies. From Fig. 10(c), it is found
that the variation behavior of the atomic excitation number with the atom number is consistent
with that at high temperature, also increasing gradually until saturation; for the DHM, however,
the variation trend of the photon excitation number with the atom number differs from that in its
low-temperature case. As illustrated in Fig. 10(d), the photon excitation number decreases gradually
with the increase of the atom number until saturation. Through comparison, the photon excitation
number at high temperature is obviously larger than that at low temperature, which indicates that
temperature exerts a significant influence on the steady-state photon excitation number. By the
rational control of temperature, the photon excitation and blockade of the DM and DHM can be
realized.

The discrepancies in collective excitation behaviors between DM and DHM lead to distinct
performance of the Otto heat engine when the two models are employed as the working medium.
In Figs. 10(e) and 10(f), we plot the variation of the maximum working efficiency ηmax of the Otto
heat engine with the atom number N for DM and DHM as the working medium, respectively. As
shown in Fig. 10(e), ηmax of the Otto heat engine with DM as the medium increases with the rise
of N . Figure 10(f) demonstrates that ηmax of the Otto heat engine with DHM as the medium first
decreases and then increases as N increases. In addition, we calculate the variation of the output
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FIG. 11. Comparing the output work and efficiency of DHM and DM as a function of the qubit-
boson coupling strength λ at different temperature ratios. The other parameters are ωh = 2ω, ωc = ω, and
γc = γq = 10−4.

work and efficiency of the Otto cycle with the atom-light coupling strength λ for the two working
media at different temperatures, with the results presented in Figs. 11(a)–11(f). A comparison of
Figs. 11(a) and 11(b), as well as Figs. 11(d) and 11(e), reveals that the DHM exhibits no obvious
advantages in terms of output work and heat engine efficiency, with its peak values lower than those
of the DM. With a further increase in the atom-light coupling strength, as seen in Figs. 11(e) and
11(f), the DHM shows a more pronounced disadvantage, with its peak values of output work and
efficiency decreasing significantly further. This indicates that the DM is more suitable than the DHM
for the design of high-performance Otto heat engine.

Given that the DM exhibits a distinct performance advantage over the DHM in Otto heat
engines, it becomes a question worthy of further investigation whether the two models follow a
similar trend in their performance for refrigerator applications. Based on this, we take the quantum
Otto refrigerator as the research framework in the following and systematically compare the key
performance metric of the refrigerator—the COP—when the DM and DHM are employed as the
working medium, respectively. Figure 12(a) shows the COP (denoted by ξ ) as a function of λ for the
DHM as the working medium with J = 0.05 and varying Th. Figure 12(b) presents the same quantity
ξ versus λ for the DHM under J = 0.1 and different Th. Figure 12(c) displays ξ as a function of λ

for the DM as the working medium with J = 0.1 and varying Th. A comparison of the COP results
shown in these three panels reveals that the COP of the Otto refrigerator with the DHM as the
working medium is significantly higher than that with the DM. This demonstrates that the DHM with
multicavity coupling is more suitable than the single-cavity DM for the design of high-performance
quantum Otto refrigerator. In addition, a comparison of the results in Figs. 12(a) and 12(b) shows
that the COP increases with an increase in J in the regime of stronger atom-light coupling, which
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FIG. 12. Comparing the COP of DHM and DM as a function of the qubit-boson coupling strength λ at
different temperature Th with fix Tc = 0.1. The other parameters are ωh = 2ω, ωc = ω, and γc = γq = 10−4.

indicates that enhanced intercavity coupling can further optimize the overall performance of the
quantum Otto refrigerator.

In addition, as observed in Fig. 12, it shows that the Otto COP ξλ=0 = ωc/(ωh − ωc) = 1 when
λ = 0, and as λ increases, the Dicke model as a working substance surpasses that of the decoupled
system used to fuel the quantum refrigerator. However, within these parameter spaces, it remains
less than the Carnot COP limit ξ < ξCarnot = Tc/Th − Tc.

VI. SUMMARY

In conclusion, this paper has taken the dissipative Dicke-Hubbard model as the research object
and constructs a quantum Otto cycle with the model as the working substance, to systematically
explore the intrinsic relationship between superradiance phase transition and the performance of
quantum heat engines and refrigerators. Using mean-field approximation, the extended bosonic
coherent state approach, and the quantum dressed master equation, we analyze the regulation
laws of parameters such as temperature, atom-light coupling strength, intercavity hopping strength,
and atom number on the working mode, efficiency, and coefficient of performance of the cycle.
The results show that the steady-state synergistic mechanism under high- and low-temperature
environments facilitates high-performance quantum heat engines, while the competitive mechanism
is more conducive to high-performance quantum refrigerators. High heat engine efficiency tends to
be achieved in the weak-coupling and normal-phase regions, whereas strong coupling easily drives
the system into the accelerator mode. Compared with the single-cavity Dicke model, the Dicke-
Hubbard model presents no obvious advantages in output work and efficiency of heat engines, but its
multicavity coupling structure significantly improves the coefficient of performance, making it more
suitable for constructing high-efficiency quantum refrigerators. Moreover, enhancing intercavity
hopping can further optimize refrigeration performance. In addition, intercavity hopping and atom
number can promote superradiance phase transition, while temperature suppresses it. This study
clarifies the energy conversion mechanism in nonequilibrium quantum thermodynamics, reveals the
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application potential of many-body quantum systems in quantum heat engines and refrigerators,
and provides solid theoretical support for the parameter optimization of high-performance quantum
thermal devices.

In recent years, cavity quantum electrodynamics (cavity QED) and superconducting circuit
QED have been widely recognized as ideal experimental platforms for realizing and simulating
the Rabi-Hubbard model and the Dicke-Hubbard model. This system exhibits a series of promi-
nent advantages: It can stably achieve strong and even ultrastrong light-matter coupling [86,87],
features highly controllable and continuously tunable system parameters, can be conveniently
extended to multisite lattice structures, allows precise introduction and regulation of dissipation
and environmental coupling, and can be directly applied to construct and characterize quantum
heat engines and quantum refrigerators. The rapid development and experimental breakthroughs of
cavity QED and circuit QED have provided unprecedented experimental potential for observing,
manipulating, and verifying superradiance quantum phase transitions in high-performance, highly
controllable advanced quantum architectures. Furthermore, the above unique advantages can be
further extended to more complex and strongly correlated coupled light-matter many-body systems,
whose quantum dynamics and nonequilibrium behaviors often exceed the simulation capability of
classical computers, offering an irreplaceable research approach for exploring many-body quantum
thermodynamics and energy conversion mechanisms. It is expected that in the near future, the
theoretical predictions we have made can be realized on these platforms.
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APPENDIX A: DERIVATION OF THE EXTENDED BOSONIC COHERENT STATE

By considering the displacement transformation Âm = â + gm, with gm = 2λm
ω0

√
N

− zJψ

ω0
, the

Schrödinger equation of Ĥ s
MF on the basis is given by

−� j+m |ϕm〉b| j, m + 1〉 −� j−m |ϕm〉b| j, m − 1〉 + ω0
(
Â†

mÂm − g2
m + zJψ2

)|ϕm〉b| j, m〉 = E |ϕm〉b| j, m〉,
(A1)

where Ĵ±| j, m〉 = j±m | j, m ± 1〉, with j±m = 1
2

√
j( j + 1) − m(m ± 1). Next, we multiply Eq. (A1)

on the left by {〈n, j|}, which results in

−� j+n |ϕn+1〉b − � j−n |ϕn−1〉b + ω0
(
Â†

nÂn − g2
n + zJψ2

)|ϕn〉b = E |ϕn〉b, (A2)
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FIG. 13. (a), (b) Convergence check of the steady-state order parameter |ψ | by increasing the truncation
number of photons Nth as the function of qubit-boson coupling strength λ with fixed hopping strength
J = 0.1. The temperature is taken as (a) Tc = 0.1 and (b) Th = 0.5. (c), (d) The efficiency η and work W
of the quantum heat engine by increasing the truncation number of photons Nth as a function of the qubit-boson
coupling strength λ with fixed hopping strength J = 0.1, Tc = 0.1, and Th = 0.5. The other parameters are
N = 8, ωh = 2ω, ωc = ω, and γc = γq = 10−4.

where n = − j,− j + 1, . . . , j. Furthermore, the bosonic state can be expanded as

|ϕm〉b =
Ntr∑

k=0

1√
k!

cm,k (Â†
m)k|0〉Am

=
Ntr∑

k=0

1√
k!

cm,k (â† + gm)ke−gmâ†−g2
m/2|0〉b, (A3)

where Ntr is the truncation number of photonic excitations and |0〉b is vacuum state. Finally, we
obtain the eigenvalue equation

ω0
(
l − g2

n + zJψ2)cn,l − � j+n

Ntr∑
k=0

cn+1,kAn〈l|k〉An+1
− � j−n

Ntr∑
k=0

cn−1,kAn〈l|k〉An−1
= Ecn,l , (A4)

where the coefficients are An〈l|k〉An−1
= (−1)lDl,k and An〈l|k〉An+1

= (−1)kDl,k , with (see
Appendix B for details)

Dl,k = e−G2/2
min[l,k]∑

r=0

(−1)−r
√

l!k!Gl+k−2r

(l − r)!(k − r)!r!
, (A5)

where G = 2λ

ω0
√

N
.

To ensure the numerical accuracy of our method of extended bosonic coherent state, we
performed convergence tests. Figure 13 shows the convergence tests for several typical physical
quantities calculated in this paper. From Fig. 13, we can know that we select the truncation number
Ntr = 50 up to N = 8, which is sufficient to guarantee the convergence of the steady-state order
parameter |ψ |, efficiency η and work W as shown in Fig. 13.
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APPENDIX B: DERIVATION OF Am〈l|k〉An

The detailed expression of Am〈l|k〉An
, denoting the inner product of modified phonon states with

effective displacements gm and gn, can be derived as follows:

Am〈l|k〉An = e−(g2
n+g2

m )/2
b〈0|e−gmâ (â + gm)l

√
l!

(â† + gn)k

√
k!

e−gnâ† |0〉b

= e−(g2
n+g2

m )/2

√
l!

√
k!

b〈0|e−gmâ(â + gm)l (â† + gn)ke−gnâ† |0〉b

= e−(gn−gm )2/2

√
l!

√
k!

b〈0|(â + gm)l e−gnâ†
e−gmâ(â† + gn)k|0〉b

= e−(gn−gm )2/2

√
l!

√
k!

b〈0|(â + gm − gn)l (â† + gn − gm)k|0〉b

= e−(gn−gm )2/2

√
l!

√
k!

min{l,k}∑
r=0

r!Cr
l (gm − gn)l−rCr

k (gn − gm)k−r = (−1)kDl,k (gm − gn),

where

Dl,k = e−G2/2
min[l,k]∑

r=0

(−1)−r
√

l!k!Gl+k−2r

(l − r)!(k − r)!r!
(B1)

is invariant under the exchange of indices l , k.

APPENDIX C: EQUIVALENCE OF EQS. (16)–(18) WITH THE DIRECT
INTERNAL-ENERGY DIFFERENCES

Let ĤMF,k denote the mean-field Hamiltonian assigned to the kth corner in the Otto
cycle, with ĤMF,1 = ĤMF,4 = Ĥ s

MF(ωh; ψh) and ĤMF,2 = ĤMF,3 = Ĥ s
MF(ωc; ψc). Writing the cor-

ner states as ρk = ∑
n P(k)

n |E (k)
n 〉〈E (k)

n | with ĤMF,k|E (k)
n 〉 = E (k)

n |E (k)
n 〉, the internal energies are

Uk = Tr(ρkĤMF,k ) = ∑
n P(k)

n E (k)
n . Hence, we have

Qh = U1 − U4 =
∑

n

Eh
n

[
Pss

n (Th) − Pss
n (Tc)

]
,

Qc = U3 − U2 =
∑

n

Ec
n

[
Pss

n (Tc) − Pss
n (Th)

]
, (C1)

and W = Qh + Qc. The heat and work employed in this work are therefore identical to the internal-
energy differences evaluated with the mean-field Hamiltonians of the cycle.

[1] S. Vinjanampathy and J. Anders, Quantum thermodynamics, Contemp. Phys. 57, 545 (2016).
[2] J. Millen and A. Xuereb, Perspective on quantum thermodynamics, New J. Phys. 18, 011002 (2016).
[3] R. Kosloff, Quantum thermodynamics: A dynamical viewpoint, Entropy 15, 2100 (2013).
[4] H. T. Quan, Y. X. Liu, C. P. Sun, and F. Nori, Quantum thermodynamic cycles and quantum heat engines,

Phys. Rev. E 76, 031105 (2007).
[5] R. Uzdin, A. Levy, and R. Kosloff, Equivalence of quantum heat machines, and quantum-thermodynamic

signatures, Phys. Rev. X 5, 031044 (2015).
[6] M. Campisi and R. Fazio, The power of a critical heat engine, Nat. Commun. 7, 11895 (2016).
[7] K. Zhang, F. Bariani, and P. Meystre, Quantum optomechanical heat engine, Phys. Rev. Lett. 112, 150602

(2014).

000212-20

https://doi.org/10.1080/00107514.2016.1201896
https://doi.org/10.1088/1367-2630/18/1/011002
https://doi.org/10.3390/e15062100
https://doi.org/10.1103/PhysRevE.76.031105
https://doi.org/10.1103/PhysRevX.5.031044
https://doi.org/10.1038/ncomms11895
https://doi.org/10.1103/PhysRevLett.112.150602


FATE AND ORIGIN OF THE QUANTUM OTTO HEAT …

[8] T. Feldmann and R. Kosloff, Performance of discrete heat engines and heat pumps in finite time,
Phys. Rev. E 61, 4774 (2000).

[9] E. Geva and R. Kosloff, A quantum-mechanical heat engine operating in finite time. A model consisting
of spin-1/2 systems as the working fluid, J. Chem. Phys. 96, 3054 (1992).

[10] R. J. de Assis, J. S. Sales, U. C. Mendes, and N. G. de Almeida, Two-level quantum Otto heat engine
operating with unit efficiency far from the quasi-static regime under a squeezed reservoir, J. Phys. B: At.
Mol. Opt. Phys. 54, 095501 (2021).

[11] J. Roßnagel, O. Abah, F. Schmidt-Kaler, K. Singer, and E. Lutz, Nanoscale heat engine beyond the Carnot
limit, Phys. Rev. Lett. 112, 030602 (2014).

[12] O. Abah, J. Roßnagel, G. Jacob, S. Deffner, F. Schmidt-Kaler, K. Singer, and E. Lutz, Single-ion heat
engine at maximum power, Phys. Rev. Lett. 109, 203006 (2012).

[13] N. M. Myers and S. Deffner, Bosons outperform fermions: The thermodynamic advantage of symmetry,
Phys. Rev. E 101, 012110 (2020).

[14] J. Klaers, S. Faelt, A. Imamoglu, and E. Togan, Squeezed thermal reservoirs as a resource for a nanome-
chanical engine beyond the Carnot limit, Phys. Rev. X 7, 031044 (2017).

[15] J. Wang, Z. Wu, and J. He, Quantum Otto engine of a two-level atom with single-mode fields, Phys. Rev.
E 85, 041148 (2012).

[16] T. Feldmann and R. Kosloff, Characteristics of the limit cycle of a reciprocating quantum heat engine,
Phys. Rev. E 70, 046110 (2004).

[17] X. L. Huang, H. Xu, X. Y. Niu, and Y. D. Fu, A special entangled quantum heat engine based on the
two-qubit Heisenberg XX model, Phys. Scr. 88, 065008 (2013).

[18] X. L. Huang, Y. Liu, Z. Wang, and X. Y. Niu, Special coupled quantum Otto cycles, Eur. Phys. J. Plus
129, 4 (2014).

[19] E. A. Ivanchenko, Quantum Otto cycle efficiency on coupled qudits, Phys. Rev. E 92, 032124 (2015).
[20] N. M. Myers, O. Abah, and S. Deffner, Quantum Otto engines at relativistic energies, New J. Phys. 23,

105001 (2021).
[21] H. Wang, S. Liu, and J. He, Performance analysis and parametric optimum criteria of an irreversible

Bose–Otto engine, J. Appl. Phys. 105, 083534 (2009).
[22] N. M. Myers, F. J. Peña, O. Negrete, P. Vargas, G. De Chiara, and S. Deffner, Boosting engine performance

with Bose–Einstein condensation, New J. Phys. 24, 025001 (2022).
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