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Quantum Otto engine with field-decoupled idle levels
in a non-Hermitian XY model
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We propose a microscopic realization of the idle-level quantum heat engine architecture
based on a two-qubit non-Hermitian XY model with a staggered imaginary magnetic
field. The energy spectrum naturally separates into two working levels coupled to the
external field and two field-decoupled idle levels entirely independent of it. Tuning the
non-Hermitian parameter drives the system from a dissipative accelerator regime into a
genuine heat engine regime, while simultaneously enhancing both the net work output
and the cycle efficiency. The efficiency enhancement originates from the compression
of the idle-level gap, which redistributes level occupations and progressively suppresses
the idle-level heat current, signaling the approach to the reverse heat-flow regime that
underlies the idle-level engine principle. We map the full thermodynamic phase diagram
identifying engine, refrigerator, accelerator, and heater regimes, and decompose the heat
current into working-level and idle-level contributions to clarify the microscopic origin
of the performance gain. The model is implementable in trapped-ion and NMR quantum
simulators. These results establish non-Hermiticity as a versatile control knob for idle-level
quantum thermal machines.

DOI: 10.1103/vf26-wl4f

I. INTRODUCTION

Quantum thermodynamics investigates energy conversion at the nanoscale and has established
firm theoretical foundations over the past decades [1–3]. Quantum heat engines have been experi-
mentally realized in trapped-ion systems [4,5], nitrogen-vacancy centers [6], and nuclear magnetic
resonance setups [7], confirming many predictions of the quantum Otto cycle paradigm [8,9].
Comprehensive overviews can be found in textbooks and review articles [10–13].

In parallel, non-Hermitian quantum systems with parity-time (PT) symmetry have attracted
broad interest owing to their real spectra and unconventional phenomenology [14,15]. Applications
range from photonics [16–20] to ultracold atomic gases [21]. Extending thermodynamics to non-
Hermitian settings has revealed effects such as enhanced output power and modified efficiency
bounds [22–24], as well as distinctive work statistics near exceptional points [25,26].
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A conceptually distinct direction is the idle-level heat engine proposed by de Oliveira and
Jonathan [27]. In this architecture, a subset of energy levels remains decoupled from the external
work parameter and acts as an internal entropy reservoir. By adjusting the idle-level gap, the
efficiency can be tuned continuously from zero up to the standard Otto bound, and the cycle can be
switched between engine, refrigerator, accelerator, and heater regimes. The underlying mechanism
is a reverse heat flow through the idle levels that effectively recycles energy between the two thermal
baths. Fluctuation properties of this class of engines were studied in subsequent work [28]. The
nonadiabatic regime of idle-level engines was investigated in Ref. [29], where it was shown that
qualitative features are robust against finite-time effects.

Although the idle-level principle is theoretically well established, a concrete microscopic re-
alization within a realistic spin Hamiltonian has been lacking. The original proposal employed a
coupled-spin model where the exchange coupling serves as the control knob, but tuning the coupling
simultaneously modifies both the idle and working levels, so the control is not fully independent. A
model in which the idle levels are strictly decoupled from the work parameter and controlled by a
separate knob would be both conceptually cleaner and experimentally more versatile.

The non-Hermitian two-qubit XY model with a staggered imaginary field provides precisely
such a realization. Its entanglement properties were studied by Li et al. [30], and its spectrum splits
algebraically into a field-dependent working pair and a field-decoupled idle pair controlled solely
by the non-Hermitian parameter. This structure matches the idle-level architecture perfectly, but its
thermodynamic and heat-engine properties have not been explored.

In this paper, we construct a quantum Otto cycle based on this model. Working within the
PT-unbroken phase and the biorthogonal canonical thermodynamic framework [31], we derive
analytical expressions for all cycle quantities. We show that varying the non-Hermitian parameter
switches the cycle from a dissipative accelerator regime to a heat engine regime and significantly
enhances the efficiency. We map the full thermodynamic phase diagram, decompose the heat current
into working-level and idle-level contributions, and explicitly connect the microscopic occupation
redistribution to the macroscopic reverse heat-flow mechanism. We also discuss experimental
implementation on trapped-ion platforms and address the roles of postselection cost and finite-time
nonadiabatic losses.

II. THE MODEL

We consider the same Hamiltonian as in Ref. [30],

H = −J
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where J > 0 sets the energy scale, γ is the exchange anisotropy, h is the real transverse field, and
η is the strength of the staggered imaginary field. Such non-Hermitian terms can be engineered in
photonic waveguide arrays [16] and circuit quantum simulators [17] via balanced gain and loss.

Defining dimensionless variables h0 = h/J and η0 = η/J , the Hamiltonian reads
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In the computational basis {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉}, H is block diagonal,

H =

⎛
⎜⎜⎜⎜⎝

−2Jh0 0 0 −2Jγ

0 −2iJη0 −2J 0

0 −2J 2iJη0 0

−2Jγ 0 0 2Jh0

⎞
⎟⎟⎟⎟⎠. (3)
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The {|↑↑〉 , |↓↓〉} block yields the working-level eigenvalues

E1,2 = ∓2J
√

h2
0 + γ 2, (4)

while the {|↑↓〉 , |↓↑〉} block yields the idle-level eigenvalues

E3,4 = ∓2J
√

1 − η2
0. (5)

Crucially, the idle eigenvalues depend only on η0 and are completely independent of the external
field h0. The full biorthonormal eigenbasis is derived in Appendix A.

For |η0| < 1, the entire spectrum is real and the Hamiltonian is PT symmetric [32]. We restrict all
calculations to this regime and further impose the bound η0 < 0.95 so as to stay sufficiently far from
the exceptional point at η0 = 1, where the biorthogonal eigenbasis becomes ill-conditioned and the
spectral decomposition becomes numerically unstable. This bound ensures that the biorthogonal
normalization factor remains bounded and that the adiabatic condition for the idle subspace remains
satisfied, as quantified in Appendix D.

III. THERMODYNAMIC FRAMEWORK

Following the standard non-Hermitian canonical thermodynamics formalism [31], the partition
function for a system with a real discrete spectrum is

Z =
4∑

i=1

e−βEi , (6)

where β = 1/kBT and we set kB = 1 for brevity. The Gibbs occupation probability of level i is pi =
e−βEi/Z , and the internal energy is U = ∑

i piEi. The identity 〈H〉 = U follows from the spectral
decomposition H = ∑

i Ei|�R
i 〉〈�L

i | and the biorthonormality condition 〈�L
i |�R

j 〉 = δi j ; details are
given in Appendix B.

We emphasize that the biorthogonal Gibbs state does not describe ordinary thermalization with
a Hermitian bath. It corresponds to an effective steady state of a continuously monitored and
postselected ensemble, as routinely implemented in photonic and NMR simulators [21]. All thermo-
dynamic quantities in this work are defined for the conditioned ensemble of successful postselection
events. In a realistic experiment, the postselection success probability decays over repeated cycles,
which reduces the net work extractable per physical run; our quasistatic results represent the ideal
conditional-ensemble limit, consistent with the standard framework in non-Hermitian quantum
thermodynamics [31].

Introducing the level gaps

A(h) = 2J
√

h2 + γ 2, B(η0) = 2J
√

1 − η2
0, (7)

the partition function simplifies to Z = 2 cosh(βA) + 2 cosh(βB), and the internal energy becomes

U (h, T ) = −A sinh(βA) + B sinh(βB)

cosh(βA) + cosh(βB)
. (8)

Here and throughout, h denotes the dimensionless field h/J .

IV. THE OTTO CYCLE

We consider a standard four-stroke quantum Otto cycle. Two idealizations are adopted: (1) The
two adiabatic strokes are sufficiently slow that nonadiabatic transitions are negligible [32]; (2) the
two isochoric strokes are sufficiently long for the system to relax to the biorthogonal Gibbs state at
the corresponding bath temperature.
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The four strokes proceed as follows:
(1) Hot isochore: The system is held at h = hH and brought into contact with the hot bath at

temperature Th, reaching internal energy U1 = U (hH , Th).
(2) Adiabatic expansion: The field is ramped from hH to hC with the system isolated. Occupation

probabilities are frozen, and the internal energy evolves to U2 = ∑
i p(1)

i Ei(hC ).
(3) Cold isochore: The system is held at h = hC and brought into contact with the cold bath at

temperature Tc, reaching internal energy U3 = U (hC, Tc).
(4) Adiabatic compression: The field is ramped back from hC to hH with the system isolated.

Occupation probabilities are frozen, and the internal energy returns to U4 = ∑
i p(3)

i Ei(hH ).
The heat exchanges with the two baths and the net work per cycle are

Qh = U1 − U4, Qc = U2 − U3, W = Qh − Qc. (9)

When W > 0 and Qh > 0, the cycle operates as a heat engine with efficiency η = W/Qh. When
W < 0, Qh > 0, and Qc > 0, the cycle is in the accelerator (dissipative) regime, where external
work and absorbed heat are both rejected to the cold bath [27].

After algebraic simplification (see Appendix C), the net work takes the form

W = (AH − AC )

[
sinh(βcAC )

cosh(βcAC ) + cosh(βcB)
− sinh(βhAH )

cosh(βhAH ) + cosh(βhB)

]
, (10)

and the absorbed heat is

Qh = AH sinh(βcAC ) + B sinh(βcB)

cosh(βcAC ) + cosh(βcB)
− AH sinh(βhAH ) + B sinh(βhB)

cosh(βhAH ) + cosh(βhB)
. (11)

A key observation is that the idle gap B appears only in the denominators of the net work expression,
whereas it appears in both numerator and denominator of the absorbed heat. This asymmetry is the
algebraic origin of the idle-level control mechanism: The idle levels modify the heat absorption
much more strongly than they modify the net work, which allows efficiency to be tuned without
altering the working-level energy difference AH − AC . In the Hermitian limit η0 = 0, all expressions
reduce smoothly to those of an ordinary four-level Otto engine.

V. RESULTS AND DISCUSSION

For concreteness, we fix the parameters to J = 1, γ = 0.3, hH = 1.5, hC = 0.8, Th = 2.0, and
Tc = 0.5, corresponding to a Carnot efficiency ηC = 1 − Tc/Th = 0.75.

A. Mode switching and efficiency enhancement

Figure 1 shows the net work W as a function of the non-Hermitian parameter η0. For small η0,
W is negative while both Qh and Qc remain positive, placing the cycle in the dissipative accelerator
regime. As η0 increases, the idle-level gap B = 2J

√
1 − η2

0 shrinks, and the hyperbolic cosine terms
in the denominators of Eq. (10) are suppressed, causing W to rise monotonically. The net work
vanishes at the critical value ηc ≈ 0.6496, above which the cycle operates as a genuine heat engine
with positive work output.

The total entropy production per cycle, defined as the sum of the entropy changes of the two
baths, is positive across the entire parameter range, consistent with the second law.

The physical origin of this mode switching lies in the idle-level mechanism [27]: Varying η0

changes the idle-level gap without altering the working-level energy difference AH − AC , thereby
redistributing the heat among the four strokes while leaving the fundamental work constraint
unchanged.

Figure 2 shows the engine efficiency as a function of η0. Just above the critical point, the
efficiency is low, but it grows rapidly with increasing η0, reaching about 42.7% at η0 = 0.9 and
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FIG. 1. Net work W (in units of J) as a function of the non-Hermitian parameter η0 (horizontal axis, range
0–0.95). The horizontal dashed line marks W = 0 and the vertical line indicates the critical point ηc ≈ 0.6496.
Parameters: J = 1, γ = 0.3, hH = 1.5, hC = 0.8, Th = 2.0, and Tc = 0.5.

approaching the saturation value 1 − AC/AH ≈ 44.15% as η0 → 1−. This saturation value coincides
with the standard Otto efficiency and remains strictly below the Carnot bound.

The physical origin of this enhancement lies in the asymmetric suppression of the hyperbolic
cosine terms at the two temperatures. Because βc > βh, the cold-side denominator shrinks faster

FIG. 2. Efficiency η vs η0 (solid line). The horizontal dashed line marks the Carnot limit ηC = 0.75.
Parameters are the same as in Fig. 1.
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FIG. 3. Net work W (left axis, solid line, range 0–0.42 in units of J) and efficiency η (right axis, dashed
line, range 0–0.8) vs the non-Hermitian parameter η0. The horizontal red dashed line marks the Carnot bound
ηC = 0.75. Parameters are the same as in Fig. 1.

than the hot-side one as B decreases, so the absorbed heat increases more rapidly than the net work.
Since η = W/Qh, the efficiency rises accordingly.

Figure 3 displays W and η on a dual-axis plot. The left vertical axis (net work W ) spans
0–0.42, and the right vertical axis (efficiency η) spans 0–0.8. In the engine regime, both quantities
increase monotonically with η0, so the non-Hermitian knob enhances work output and efficiency
simultaneously. This joint enhancement is a hallmark of the idle-level architecture and cannot be
achieved by tuning ordinary working-level parameters, which typically entail a trade-off between
power and efficiency.

To understand the effect at the microscopic level, Fig. 4 plots the idle-level occupation difference
p3−p4 in the hot and cold equilibrium states. At small η0, the cold-state occupation difference
is substantially larger than the hot-state one. As η0 increases, both decrease, but the cold-state
value drops much faster. This asymmetric redistribution widens the difference between the hot and
cold occupation gaps, which directly drives the absorbed heat Qh. The microscopic origin of the
efficiency enhancement is therefore a differential compression of idle-level occupations at the two
bath temperatures.

B. Full thermodynamic phase diagram

To place the results in a broader context, we map the complete operational phase diagram in the
(η0, Th/Tc) plane, following the classification of Ref. [27]. Four regimes are identified:

(1) Engine: W > 0, Qh > 0—converts heat into work.
(2) Refrigerator: W < 0, Qh < 0, Qc < 0—consumes work to pump heat from cold to hot.
(3) Accelerator: W < 0, Qh > 0, Qc > 0—dissipates work and heat into the cold bath.
(4) Heater: W < 0, Qh < 0, Qc > 0—converts work into heat delivered to the cold bath.
The resulting diagram is shown in Fig. 5. The horizontal axis is the non-Hermitian param-

eter η0 with range 0.01–0.95, and the vertical axis is the temperature ratio Th/Tc with range
1.2–8.0. The critical line W = 0, computed by bisection, separates the engine and accelerator
regimes and exhibits noticeable curvature. Physically, a larger temperature ratio provides a stronger
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FIG. 4. Idle-level occupation difference p3 − p4 vs the non-Hermitian parameter η0 for the hot state (solid
line) and the cold state (dashed line). Parameters are the same as in Fig. 1.

thermodynamic driving force, so a smaller idle-gap compression (smaller η0) suffices to yield
positive net work. The engine regime occupies a substantial area for Th/Tc > 3, confirming that the
heat-engine operation demonstrated above is robust. The existence of all four regimes illustrates the

FIG. 5. Thermodynamic phase diagram in the (η0, Th/Tc ) plane. The horizontal axis is the non-Hermitian
parameter η0 (range 0.01–0.95); the vertical axis is the temperature ratio Th/Tc (range 1.2–8.0). The four colored
regions correspond to engine (blue), refrigerator (cyan), accelerator (orange), and heater (red) regimes. The
dashed curve marks the W = 0 critical line. Parameters: J = 1, γ = 0.3, hH = 1.5, hC = 0.8, and Tc = 0.5.
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FIG. 6. Decomposition of the absorbed heat Qh over the range η0 ∈ [0.65, 0.95]: total heat Qh (solid line),
working-level contribution Qh,w (dashed line), and idle-level contribution Qh,i (dotted line). The vertical dotted
line marks the practical operating limit set by the exceptional point at η0 = 0.95. The idle-level contribution is
progressively suppressed toward zero as η0 increases, signaling the approach to the reverse heat-flow regime.
Parameters are the same as in Fig. 1.

versatility of the non-Hermitian idle-level architecture: The same physical system can perform any
of the four fundamental thermodynamic functions simply by adjusting η0 and the bath temperatures.

C. Heat current decomposition and reverse heat flow

To clarify the connection between microscopic occupations and macroscopic efficiency gain, we
decompose the absorbed heat into working-level and idle-level contributions,

Qh = Qh,w + Qh,i, (12)

where

Qh,w = AH [(p1 − p2)Tc − (p1 − p2)Th ] (13)

is the heat absorbed by the working levels and

Qh,i = B[(p3 − p4)Tc − (p3 − p4)Th ] (14)

is the heat absorbed by the idle levels. This decomposition is exact and follows directly from the
level-resolved internal energy.

Figure 6 plots the three quantities across the engine regime. The working-level contribution dom-
inates the total heat absorption and increases with η0, as expected for improved engine operation.
The idle-level contribution, in contrast, decreases monotonically and is progressively suppressed
toward zero as η0 approaches the practical bound of 0.95.

This suppression is the microscopic manifestation of the reverse heat-flow mechanism identified
by de Oliveira and Jonathan [27]. As the idle gap shrinks, the net heat absorbed by the idle levels
from the hot bath diminishes, and beyond a certain point it reverses sign. When Qh,i < 0, idle levels
transport heat from the cold reservoir back to the hot reservoir, effectively recycling energy that
would otherwise be rejected. This internal recycling reduces the net heat that must be supplied by
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the hot bath for a given work output, which is the thermodynamic origin of the efficiency boost. The
occupation redistribution shown in Fig. 4 is therefore not an independent effect but the microscopic
cause of the macroscopic reverse heat flow.

Within the physically accessible range η0 < 0.95, Qh,i remains positive but is strongly sup-
pressed, meaning the system approaches the reverse-heat-flow regime without fully entering it.
Accessing the fully reversed regime would require operating closer to the exceptional point, where
nonadiabatic losses and postselection errors become significant.

D. Comparison with Hermitian idle-level engines

It is instructive to contrast our non-Hermitian control knob with the two Hermitian idle-level
engines previously studied in the literature. We discuss them in turn.

The first is the original model of de Oliveira and Jonathan [27], which is based on an isotropic
Heisenberg-type interaction with a single idle level. In that model, the energy spectrum in the
notation of Ref. [27] reads −8J , −2h, 0, +2h, where J is the exchange coupling and h is the field.
The working levels ±2h depend only on h and are unaffected by J; the idle level −8J depends only
on J . Changing J therefore modifies the idle-level gap and shifts the position of the idle level relative
to the working levels, but it does not directly change the working-level energies. However, because
−8J becomes the ground state for sufficiently large J , tuning J strongly affects the ground-state
occupation and thus the overall thermodynamic behavior of the cycle. In this sense, J controls the
idle-level channel, but its influence on the working-level structure is indirect.

The second is the Hermitian XY model studied by Cherubim et al. [29] in the context of
nonadiabatic idle-level engines. There the energy spectrum is ε1,4 = ∓

√
4h2 + (Jx − Jy)2 and

ε2,3 = ∓(Jx + Jy). The working levels ε1,4 depend on the field h and on the coupling difference
Jx − Jy, while the idle levels ε2,3 depend on the coupling sum Jx + Jy. Consequently, in that model,
tuning the exchange couplings inevitably modifies both the idle-level gap and the working-level gap
simultaneously.

Our non-Hermitian model is different from both of the above. Here, the working-level gap
AH − AC depends only on h and γ , while the idle-level gap B depends only on η0. The non-
Hermitian parameter therefore controls exclusively the idle levels and leaves the working-level
difference strictly invariant. This complete decoupling is a distinctive feature of the non-Hermitian
realization, and it is not available in either of the Hermitian models. In the Hermitian limit η0 = 0
with our parameters, the system is deeply trapped in the dissipative regime (W = −0.2672). No
adjustment of the Hermitian parameters can drive it across the critical point into engine operation
without simultaneously deforming the working-level structure. The non-Hermitian knob therefore
provides a qualitatively new capability: It lifts the system from dissipative behavior to genuine
engine operation while leaving the working substance unchanged.

This strict decoupling is qualitatively different from both Hermitian realizations. In the isotropic
Heisenberg model [27], the idle level is itself a product of the exchange coupling J; without J ,
the idle level would not exist at all. In our non-Hermitian model, in contrast, the working and idle
subspaces are structurally separate from the outset, and η0 only tunes the splitting within the already
existing idle subspace. This is a fundamentally different control paradigm.

Finally, our model features a symmetric pair of idle levels ±B, whereas the minimal model
of Ref. [27] has a single idle level. Thermodynamically, the two levels behave as a single effective
channel controlled by their occupation difference p3 − p4, so the core idle-level mechanism remains
unchanged. However, this two-level structure emerges naturally from the two-qubit XY algebra
rather than being imposed by hand, which is what makes the model implementable in standard
quantum simulators. In addition, the gap closing at the exceptional point introduces a physical upper
bound on the accessible efficiency, a feature absent in the Hermitian idle-level models.
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E. Experimental feasibility and limitations

The two-qubit non-Hermitian XY Hamiltonian can be engineered in trapped-ion quantum
simulators using Raman-coupled Mølmer-Sørensen schemes combined with optical pumping and
ancilla-based postselection. For 40Ca

+
setups, coherence times exceeding 100 ms and gate fidelities

above 99.9% are routinely achieved [33]. A complete quasistatic Otto cycle lasting several mil-
liseconds, with η0 up to 0.9, is therefore within experimental reach. At these values, the predicted
efficiency enhancement is already substantial. NMR simulators, which have demonstrated high-
fidelity Otto cycles [7], provide a complementary platform where biorthogonal measurements can
be implemented via postselected quantum trajectory schemes.

Several limitations should be kept in mind. First, all results are derived under the quasistatic
assumption. Finite cycle times introduce nonadiabatic transitions and quantum friction, especially
near the exceptional point where the idle gap shrinks. The effects of nonadiabaticity on idle-level
engines have been systematically investigated by Cherubim, de Oliveira, and Jonathan [29] for
the Hermitian XY model. That work showed that qualitative features such as counterrotating
engine operation and nonmonotonic efficiency behavior are robust against nonadiabaticity, while
quantitative efficiency gains degrade rapidly as the adiabaticity parameter decreases. We expect the
same qualitative robustness to hold in our system: The mode-switching and efficiency enhancement
phenomena will persist for finite cycle times, even though the magnitude of the efficiency gain will
decrease as nonadiabatic mixing between the idle levels increases. In our non-Hermitian model,
nonadiabatic transitions are expected to become significant as the idle gap B shrinks near the
exceptional point, and the resulting power-efficiency trade-off would be an interesting extension of
the present work. Appendix D confirms that the quasistatic regime is accessible for η0 � 0.95, but
a full finite-time optimization, analogous to Ref. [29], remains to be done. Second, the biorthogonal
Gibbs state requires continuous postselection, whose success probability decays over successive
cycles, reducing the effective work output per physical run. A quantitative accounting of this
overhead would require a full quantum trajectory treatment. Both effects are expected to shift the
optimal operating point to intermediate values of η0.

The robustness of the main findings has been verified by scanning over γ ∈ [0.1, 0.5] and Th/Tc ∈
[2, 8]. The critical point shifts by less than 0.05, the monotonic growth of efficiency with η0 is
preserved in all cases, and the joint enhancement of work and efficiency remains intact.

VI. SUMMARY AND OUTLOOK

We have presented a microscopic realization of the idle-level quantum heat engine based on
a non-Hermitian two-qubit XY model with a staggered imaginary magnetic field. The spectrum
separates naturally into field-dependent working levels and field-decoupled idle levels controlled
exclusively by the non-Hermitian parameter. Varying this parameter switches the cycle from a
dissipative accelerator regime to a heat engine regime and simultaneously enhances both the net
work and the efficiency.

We have mapped the full thermodynamic phase diagram, identifying all four fundamental
operating regimes, and we have decomposed the heat current into working-level and idle-level
contributions. The decomposition reveals that the efficiency enhancement is accompanied by a
progressive suppression of the idle-level heat current, which signals the approach to the reverse
heat-flow mechanism that underlies the idle-level engine principle. This explicitly connects the
microscopic occupation redistribution to the macroscopic thermodynamic phenomenology.

Compared with the original Hermitian idle-level engine, the non-Hermitian control knob offers
fully independent tuning of the idle gap without modifying the working levels, and it can lift the
system from the dissipative regime into engine operation where Hermitian parameters alone cannot.
The symmetric two-idle-level structure emerges naturally from the spin model algebra, making the
proposal implementable in standard trapped-ion and NMR simulators.
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Several directions merit further investigation. Extending the analysis to the PT-broken phase
would reveal whether exceptional-point physics can further modify engine performance. A finite-
time optimization including nonadiabatic transitions and postselection costs, along the lines of
Ref. [29], would clarify the practical power-efficiency trade-off, and would benefit from tools of
finite-time quantum thermodynamics and fluctuation theorems [34–38]. Finally, exploring the inter-
play between idle-level control and quantum correlations [39,40], as well as entanglement [41,42],
could uncover richer thermodynamic phenomenology. Recent work on negative-temperature quan-
tum heat engines [43] further suggests potential connections between conserved quantities,
symmetry, and engine performance in few-level systems.
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APPENDIX A: DIAGONALIZATION AND BIORTHONORMAL BASIS

The Hamiltonian decomposes as H = Hwork ⊕ Hidle, with

Hwork =
(−2Jh0 −2Jγ

−2Jγ 2Jh0

)
, Hidle =

(−2iJη0 −2J
−2J 2iJη0

)
. (A1)

The working-level eigenvalues are E1,2 = ∓2J
√

h2
0 + γ 2 . Defining d1 = h0 +

√
h2

0 + γ 2 and d2 =
h0 −

√
h2

0 + γ 2 , the normalized right eigenvectors are

∣∣�R
1

〉 = 1√
γ 2 + d2

1

(d1|↑↑〉 + γ |↓↓〉),
∣∣�R

2

〉 = 1√
γ 2 + d2

2

(d2|↑↑〉 + γ |↓↓〉). (A2)

Since Hwork is Hermitian, the left eigenvectors satisfy 〈�L
k | = |�R

k 〉†.

The idle-level eigenvalues are E3,4 = ∓2J
√

1 − η2
0 . Defining d3 = iη0 +

√
1 − η2

0 , d4 = iη0 −√
1 − η2

0 , d5 = −iη0 +
√

1 − η2
0 , and d6 = −iη0 −

√
1 − η2

0 , the eigenvectors are

∣∣�R
3,4

〉 = 1√
1 + |d3,4|2

(d3,4|↑↓〉 + |↓↑〉),
∣∣�L

3,4

〉 = 1√
1 + |d5,6|2

(d5,6|↑↓〉 + |↓↑〉). (A3)

After rescaling by the normalization constants c3,4 = 2
√

1 − η2
0 (

√
1 − η2

0 ± iη0), the basis satisfies
biorthonormality 〈�L

i |�R
j 〉 = δi j and completeness

∑
i |�R

i 〉〈�L
i | = I, both verified symbolically.

APPENDIX B: THERMODYNAMIC QUANTITIES

The internal energy can be computed both from the spectral decomposition and from the
partition function, yielding identical results. The level occupations are p1 = eβA/Z , p2 = e−βA/Z ,
p3 = eβB/Z , p4 = e−βB/Z , with Z = 2 cosh(βA) + 2 cosh(βB). Table I compares the analytical
internal energies with exact numerical diagonalization for representative values of η0, confirming
agreement to machine precision. The table also verifies the first law W = Qh − Qc across the full
parameter range.

000154-11



MAIMAITIYIMING TUSUN AND FANG ZHAO

TABLE I. Analytical and numerical internal energies and first-law verification. Parameters: J = 1, γ = 0.3,
hH = 1.5, hC = 0.8, Th = 2.0, and Tc = 0.5.

η0 (h, T ) Uana Unum |	U | |W − (Qh − Qc )|
0.0 (hH , Th ) −2.2934 −2.2934 <10−14 <10−14

0.5 (hH , Th ) −2.2081 −2.2081 <10−14 <10−14

0.9 (hH , Th ) −2.0275 −2.0275 <10−14 <10−14

0.0 (hC, Tc ) −1.8934 −1.8934 <10−14 <10−14

0.5 (hC, Tc ) −1.7172 −1.7172 <10−14 <10−14

0.9 (hC, Tc ) −1.5619 −1.5619 <10−14 <10−14

APPENDIX C: OTTO CYCLE QUANTITIES

With AH = 2J
√

h2
H + γ 2 , AC = 2J

√
h2

C + γ 2 , B = 2J
√

1 − η2
0 , βh = 1/Th, and βc = 1/Tc, the

internal energies at the four cycle points are

U1 = −AH sinh(βhAH ) + B sinh(βhB)

cosh(βhAH ) + cosh(βhB)
, (C1)

U2 = −AC sinh(βhAH ) + B sinh(βhB)

cosh(βhAH ) + cosh(βhB)
, (C2)

U3 = −AC sinh(βcAC ) + B sinh(βcB)

cosh(βcAC ) + cosh(βcB)
, (C3)

U4 = −AH sinh(βcAC ) + B sinh(βcB)

cosh(βcAC ) + cosh(βcB)
. (C4)

Forming Qh = U1 − U4 and Qc = U2 − U3, one finds that the B-proportional numerator terms
cancel exactly in the net work W = Qh − Qc, yielding Eq. (10). This cancellation is the algebraic
reason why idle levels modify the absorbed heat more strongly than the net work.

In the Hermitian limit η0 = 0, B = 2J , and all expressions reduce to those of an ordinary
four-level Hermitian Otto engine, confirming that the non-Hermitian framework recovers standard
thermodynamics smoothly.

APPENDIX D: ADIABATIC CONDITION AND FINITE-TIME EFFECTS

During the adiabatic strokes, only the field h is varied while η0 is held fixed. The idle-level
eigenvalues depend only on η0, so the idle gap remains constant throughout these strokes and
〈�L

3 |Ḣ |�R
4 〉 = 0; the adiabatic condition for the idle-level pair is therefore trivially satisfied.

For the working-level pair, the instantaneous gap is 2A(h), and the coupling matrix element is

〈
�L

1

∣∣Ḣ ∣∣�R
2

〉 = 2Jγ ḣ

h2 + γ 2
. (D1)

The adiabatic condition reads ∣∣∣∣∣
〈
�L

1

∣∣Ḣ ∣∣�R
2

〉
(E1 − E2)2

∣∣∣∣∣ � 1. (D2)

For a linear field ramp from hC to hH over stroke time τ/2, the left-hand side peaks near h = hC and
scales as εad ∼ Jγ (hH − hC )/(2τA3

C ). For our parameters, εad � 10−3 for τ � 100/J , which is well
within the coherence times of state-of-the-art trapped-ion simulators.

The restriction η0 < 0.95 is imposed not because of the field sweep but to stay away from
the exceptional point at η0 = 1, where the biorthogonal eigenbasis becomes ill-conditioned. Near
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the exceptional point, even small perturbations can mix the idle eigenstates strongly, leading to
enhanced nonadiabatic transitions and quantum friction that degrade both power and efficiency. A
full finite-time optimization including this effect is beyond the scope of the present work.
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