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We study a model system consisting of a tunneling barrier driven by an external har-
monic field and coupled to two leads with finite bandwidth. Avoiding Floquet expansions,
we derive simple expressions for the time-dependent tunneling current in the adiabatic
regime. Our approach relates the barrier modulation to a measurable time delay in the
steady-state periodic current. It provides a physically consistent definition of the tunneling
time inside the barrier by subtracting the time delay associated with the leads from the
total time delay. We find that the tunneling time always vanishes for wide/high barriers.
Remarkably, the time delay persists even when the barrier becomes static, i.e., in the
limit where the modulation frequency vanishes. This indicates that the time delay obtained
through the introduction of an external periodic perturbation actually reflects an intrinsic
property of the tunneling dynamics, rather than an effect of the external drive or of
a particular system. We apply our results to the analysis of tunneling times in optical
experiments and find good agreement with the experimental data.

DOI: 10.1103/tnn1-2j92

I. INTRODUCTION

Electron transport through time-dependent barriers has attracted considerable attention in recent
years. The analysis of time-dependent currents is commonly based on the nonequilibrium Green’s
function formalism [1,2], often combined with Floquet theory. Although powerful, these methods
are typically mathematically involved and can be computationally demanding. As a more transpar-
ent alternative, the single-electron approach (SEA) provides a conceptually simple framework that
remains applicable to arbitrary time-dependent driving [3-5]. In the present work, we apply the SEA
to electron transport through a time-dependent tunneling barrier separating two reservoirs of finite
bandwidth, as illustrated in Fig. 1.

Our results are further applied to the long-standing tunneling-time problem, which may be
loosely formulated by the question: “How long does quantum tunneling take?” This issue has
remained controversial since the pioneering work of MacColl [6], who concluded that the tunneling
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FIG. 1. Electron transport from the left to the right reservoir through a time-dependent barrier Vy(x, ¢ ). The
quantity 7 (E, t) denotes the time-dependent single-electron transmission coefficient and corresponds to the
conductance entering the Landauer formula [Eq. (2)].

time is zero, or nearly zero, by comparing the arrival times of wave packets propagating with
and without a tunneling barrier. Later, Hartman [7] predicted a finite tunneling time that becomes
independent of the barrier width for sufficiently thick barriers, a result now commonly associated
with the Hartman effect. Experimental investigations have likewise led to apparently contradictory
conclusions [8].

To date, however, no unique theoretical or experimental definition of the tunneling duration has
been universally accepted, nor has such a duration been unambiguously identified with an intrinsic
property of the quantum system itself [9-12]. Instead, tunneling times are generally inferred by
applying an external perturbation or by adopting a particular measurement protocol. In this spirit,
Biittiker and Landauer (BL) proposed determining the tunneling (or traversal) time by introducing
a weak harmonic modulation of the barrier height Vo (x) [13,14]. The barrier potential then takes the
form

Vo(x, 1) = Vo(x)[1 + a sin(wt)], (1)

where || < 1.

In the presence of this modulation, a tunneling electron can absorb or emit energy quanta
+nw. Using a Floquet expansion and retaining the lowest sidebands, n = 1, BL introduced a
semiclassical (imaginary) tunneling time. This BL time, which is closely related to the Pollak-Miller
time [15], has subsequently been analyzed in numerous studies. In particular, it has been argued that
it should not be interpreted as the “actual” time spent by a particle inside the barrier [10-12].

Nevertheless, the idea of probing tunneling dynamics through a weak harmonic modulation of
the barrier remains highly appealing. Here, we apply this idea directly to the steady-state tunneling
current between the left and right reservoirs, described by the Landauer formula [16] (see Fig. 1),

1
1(t)=E/T(E,l)[f(uL,E)—f(MR,E)]dE, 2)

where f(uupr, E) are the Fermi distribution functions and y; p are the corresponding chemical
potentials. Throughout this work, we set i = 1 and the electron charge e = 1.

This formulation allows us to avoid assigning a traversal time to a particular wave packet
propagating through the barrier. Instead, the tunneling dynamics is inferred from the response of
the measurable electric current. An additional advantage is that the current can be measured in the
leads, far from the barrier, without directly perturbing the tunneling dynamics inside the barrier
region.

For a static barrier, the time-dependent transmission coefficient approaches a constant steady-
state value, T(E,t) — Tp(E) for t — oo, independently of the initial condition. When the barrier
is harmonically modulated at a sufficiently small frequency w [Eq. (1)], the barrier changes only
weakly during the characteristic tunneling process. The steady-state transmission therefore follows
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the slow oscillations of the barrier, but generally with a phase shift,
T(E,t) — To(E)[1 + @ sin(wt — ¢y) + O@?)]. (3)

The phase shift ¢y of the induced oscillations defines a characteristic delay time fy = ¢o/w.
Physically, 7y characterizes the delay between the modulation of the barrier and the resulting
modulation of the transmitted current. This delay can be associated with the time interval between
an electron reaches the barrier and reappears behind it. We therefore refer to 7y as the “tunneling
time.” It should be contrasted with the free-flight time L/v (Fig. 1), where v is the electron velocity
in free space. The latter is recovered for a Markovian (wideband) reservoir.

An important feature of this definition is that the tunneling delay is extracted from the time-
dependent current and therefore represents an ensemble-averaged quantity that yields only the
average value of the time delay, #;. This is in fully consistent with quantum mechanics, which
predicts only statistical averages (and correlation functions), rather than outcome of individual
events.

We also emphasize the essential distinction between free propagation and tunneling through a
classically forbidden region. Free propagation can be associated with the displacement of a localized
wave-packet maximum. Tunneling, in contrast, proceeds through evanescent modes, for which such
a simple picture of a localized peak propagating across the barrier is generally inappropriate. The
transmitted wave packet results from the coherent evolution and reshaping of the wave function,
which is already spread throughout the barrier region at any time. Consequently, identifying a
tunneling duration with the motion of a well-defined wave-packet peak inside the barrier would
be misleading.

Note that the tunneling delay #y is determined from oscillations of the steady-state current
measured in the right lead. For a non-Markovian reservoir of finite bandwidth, propagation in the
lead itself carries a memory-induced delay. The measured #, can therefore contain contributions both
from the tunneling barrier and from the finite-bandwidth reservoir. Isolating the intrinsic barrier
contribution would appear to require subtracting the lead-induced delay, thereby reintroducing one
of the central ambiguities of the tunneling-time problem [8,10]. In the following, we show that our
procedure provides an unambiguous procedure for separating these two contributions and thereby
extracting the tunneling delay associated specifically with the barrier.

II. TUNNELING HAMILTONIAN

For analysis of the tunneling transport, we use the tunneling Hamiltonian (TH) approach, which
has been widely used in mesoscopic transport [17] and in solid-state physics, in general. Thus, we
describe an entire system, shown in Fig. 1 by the following Hamiltonian:

H(t) = H, + Hg + Y _ g, OUD (| + 1)1, 4)

Lr

where Hpg) = Zl(r) Ej I (r)){I(r)| is the Hamiltonian of the isolated left (right) reservoir and
g1,(t) is the time-dependent tunneling coupling (energy) between the levels E; , of left/right lead.
It describes electron tunneling through the barrier and is responsible for the current flow. In the
absence of a magnetic field, the tunneling coupling g;.(¢) may be chosen real.

To find the time-dependent current, we use the SEA by solving directly the time-dependent
Schrodinger equation for a single electron,

a
i W) = HON@), &)

to derive analytical expressions for the time-dependent transmission coefficient (conductance)
T (E,t) and the tunneling time delay #; in the adiabatic limit. Note that the standard approach [1],
based on the Floquet expansion [2], is not well suited to the low-frequency regime of harmonic
driving. In this regime, one must sum over a large number of modulation quanta, £nw, which
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considerably complicates the analysis of the transition to the adiabatic limit. This transition is of
central interest in the present work.

Within the SEA, the Floquet expansion can be avoided altogether. Instead, one solves the
time-dependent single-particle Schrédinger equation, which describes the dynamics of an electron
occupying the system shown in Fig. 1. The corresponding wave function can be written as

(W @) =Y BN + Y b)), 6)

l

where o = {I, 7} specifies the initially occupied state.
Substituting Eq. (6) into the Schrodinger equation yields a set of coupled first-order differential
. . (a) . . -
equations for the amplitudes b, (¢). For an electron initially occupying the state Fj in the left
reservoir, these equations can be written in the integral form as

- t _ ) ,
b0 = e Bisy — i / > g, @B e ar, (7a)
0 r

- t _ . ,
bP(1) = —i / > g (b e ar. (7b)
o

The amplitudes b%)(t) completely determine the dynamics of a noninteracting many-electron

system [4,5]. In particular, the many-electron current can be expressed in terms of single-electron
current evaluated for initially empty reservoirs. The current flowing into the right reservoir from an
electron initially occupying the state E = Ej in the left reservoir is iy (E, 1) = Y_ (d/dt)|b,(E, 1)|?,

where by, (E. 1) = bjj) ().

In the continuum limit, the sums over reservoir states are replaced by energy integrals weighted
by the density of states, e.g., Y, — [ p(E,)dE,. If all states within an energy interval AE around
energy E in the left reservoir are occupied, the corresponding current in the right reservoir is

obtained by summing the contributions of all occupied states, Ip(t) = T (E, t)AE, where

d
T(E.t) = p(E)ir(E,1) = p(E)/ Elbr(E,t)lzp(Er)dE, (®)

is the time-dependent transmission coefficient (or conductance) [5]. Using Eq. (7), one obtains

d ! ’ * I\ IE (1=t ’
E|br(E,t)|2 = 2Re/ > ()8, (&b, (E, )b} (E, )™ at, 9)
0 ING

where b (E,t) = b%,)(t). In the limit of a static barrier and Markovian reservoirs (infinite
bandwidth), T (E) reduces to the familiar transmission probability entering the Landauer formula
[Eq. (2)], which determines the linear response (conductance) of the barrier.

III. BARDEEN FORMULA AND APPLICABILITY OF THE TH

We emphasize that the above derivation is formulated entirely within the TH framework [Eq. (4)],
in which the spatial dynamics inside the barrier does not appear explicitly. This does not imply,
however, that the underbarrier dynamics is neglected. Rather, information about the barrier and the
evanescent propagation through it is encoded in the tunneling matrix element g;.(¢). Indeed, starting
from the Schrddinger equation in coordinate space, the tunneling matrix element can be expressed
through the Bardeen formula [18,19],

1
gir(t) = ﬁ[xl’(x, Dxr (1) = xi(e D)y, (x, Hlx — 0, (10)

where x/, r(x, t) are the wave functions associated with the left and right reservoirs, evaluated at a
surface inside the barrier (chosen here at its midpoint, x = 0), and x'(x, 1) = 9, x (x, t).
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Since these wave functions decay exponentially inside the classically forbidden region, the tun-
neling coupling g is strongly suppressed for a sufficiently high or wide barrier and depends explicitly
on the instantaneous barrier profile. This can be seen by evaluating Eq. (10) semiclassically. Using
the semi-classical wave functions for yx; ,(x, ) in the Bardeen formula, together with Egs. (7) and
(8) for Markovian (wideband) reservoirs, one obtains the transmission coefficient [20]

T(E, 1) = ¢ 2% V2@ D-Eldx’ (11)

where +x are the turning points on the barrier (xo = L/2 in Fig. 1).

Equation (11) makes explicit the connection between the TH description and evanescent prop-
agation inside the barrier. The transmission probability is exponentially suppressed as the barrier
height or width increases. Consequently, 7 < 1 provides a natural small parameter for a controlled
perturbative derivation of the tunneling Hamiltonian. More formally, both the TH and the Bardeen
formula can be obtained from the coordinate-space Schrodinger equation using the modified
perturbative expansion known as the “two-potential approach” [21,22], in which the expansion is
organized in powers of the barrier penetration factor T ~ |g|? [23,24]. The leading transmission
probability is of order g> ~ T, whereas the first neglected corrections are of order g* ~ T2. Thus,
the relative accuracy of the TH description improves exponentially as the barrier becomes higher or
wider.

Since the TH is accurate up to the g* terms, it is not necessary to keep the higher power terms
in the amplitudes b, .(E, 1), given by Egs. (7) and (8). It allows us to neglect the second term in

Eq. (7a) by replacing b}i)(t) ~ ¢ E'§; in Eq. (7b). Substituting the resulting amplitudes into Eq. (8)
yields

t [ee]
T(E,t) = 2p(E)Re/ dr[ S (E,t, 1) EETdE,, (12)
0 —00

where

SH(E,t,7) =g, (E,1)g(E.t —T)p(E}), (13)

with g,(E, t) = g7,(t). The quantity S,(E, ¢, t) plays the role of a time-dependent spectral function
of the right reservoir [17]. Correspondingly,

o0

C(E,t,7)= / S (E,t, 1) & ETdE, (14)
—00

is the reservoir correlation function in the presence of the time-dependent barrier. Its dependence

on g,(E,t — ) explicitly shows that the current at time ¢ can retain information about the barrier

coupling at earlier times, thereby incorporating the reservoir memory.

Equation (12) is the central analytical result of this section. It expresses the time-dependent
transmission coefficient directly in terms of the reservoir spectral function and remains applicable
to arbitrary temporal modulation of the barrier within the accuracy of the TH approximation.
Corrections of order g* ~ T2 and higher lie beyond this accuracy [17,23].

In our treatment, electrons in the leads are assumed to be noninteracting, or, equivalently,
electron-electron interactions are included only at the self-consistent mean-field level, as is com-
monly done in theoretical studies of time-dependent electron transport [1,2]. Interaction effects
may become important when the system strongly departs from the Markovian limit, for example, by
effective (“fictitious”) quantum wells in reservoirs [5], in which case electron-electron interaction
may no longer be negligible (like in Kondo effect). A systematic treatment of such corrections lies
beyond the scope of the present analysis.

The decoherence effects due to random fluctuations of the barrier potential can be incorporated
within the SEA framework as in Refs. [4,5]. However, such fluctuations may therefore be regarded
as part of the time-dependent barrier potential. Consequently, they do not affect (on average) the
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time-dependent current oscillations considered here, and therefore are not considered in the present
analysis.

IV. MARKOVIAN LEADS AND TUNNELING TIME

We now use Eq. (12) to evaluate the delay time #y. We first consider Markovian reservoirs,
corresponding to the wideband limit. In this limit, the spectral function S,(E, ¢, t) of Eq. (13) can
be taken to be independent of the reservoir energy E,. The energy integral in Eq. (14) then gives a
delta-correlated reservoir response, C(E, t, T) o §(t), so that the reservoir has no memory.

As a consequence, Eq. (12) becomes local in time: The transmission coefficient at time ¢ is
determined by the instantaneous value of the tunneling coupling. For the slowly modulated barrier
of Eq. (1), the steady-state transmission therefore follows the barrier modulation without a phase
lag. Comparing with Eq. (3), we obtain ¢y = 0, ty = ¢o/w = 0. Thus, within the accuracy of the
TH approximation, a Markovian reservoir produces neither a reservoir-memory delay nor a finite
phase delay associated with the tunneling barrier. In terms of the operational definition introduced
above, the tunneling time therefore vanishes, ftp = 0 + O(T?).

It is noteworthy that this result is consistent with the conclusion reached by MacColl [6],
although the two approaches are conceptually very different. MacColl inferred a vanishing, or nearly
vanishing, tunneling delay by comparing wave-packet arrival times in the presence and absence of
a barrier. Here, in contrast, the delay is extracted from the phase of the steady-state current induced
by a weak periodic modulation of the barrier. Within the TH framework, the result does not depend
on the detailed shape of an incident wave packet and, in the Markovian limit, is independent of the
particular barrier profile to leading order in the transmission probability.

This last point is especially important. The leading TH contribution gives no phase delay, while
corrections arise only beyond the order retained in the tunneling Hamiltonian, namely, at order 72,
Since T decreases exponentially with increasing barrier height or width, any nonzero correction to
the phase delay is correspondingly suppressed for an increasingly opaque barrier. In this sense, the
present result is consistent with the saturation underlying the Hartman effect [7]; within the leading
TH approximation, this limiting delay is zero.

A vanishing tunneling delay may appear counterintuitive, particularly when interpreted in terms
of a classical traversal picture, and its relation to causality and relativistic propagation has been
discussed extensively in the literature [8]. We do not address these broader interpretational questions
here. Instead, our purpose is to establish the operational result relevant to the present formulation:
For Markovian leads, the phase delay of the tunneling current and tunneling time vanish within
the accuracy of the TH approach. This provides a particularly useful reference point for the analysis
below, where finite reservoir bandwidths introduce memory effects and hence a nonzero contribution
to the measured delay. We shall then examine how this reservoir-induced contribution can be
distinguished from that associated with tunneling through coupled barriers.

V. NON-MARKOVIAN LEADS AND KRONIG-PENNE MODEL

We now turn to the non-Markovian contribution to the time-dependent tunneling current. Equa-
tion (12) provides a convenient framework for investigating how a finite reservoir bandwidth, and
the resulting memory effects, modifies the time-dependent conductance. To this end, we model each
reservoir as a one-dimensional Kronig-Penney lattice consisting of N identical quantum wells, as
illustrated in Fig. 2. This model captures the finite-band structure of the leads while remaining
analytically tractable.

Restricting the dynamics within each lead to nearest-neighbor hopping, the corresponding tun-
neling Hamiltonian takes the form

H(t) = Hy + Hg + Qo)1) (1] + [1)(1]) 15)
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FIG. 2. Two one-dimensional periodic lattices representing the left and right reservoirs, separated by the
time-dependent barrier Vy(x, 7). Each lattice consists of identical quantum wells of width a. Nearest-neighbor
wells within each lead are coupled by €2, while the two boundary wells adjacent to the central barrier are
coupled by the time-dependent amplitude Q24(z).

[cf. Eq. (4)], where

N N—1
Hy=Ey) M@+ (mn+1]+He) (16)
n=1 n=1

describes the left lead. Here, Ej is the energy of an isolated well and 2 is the nearest-neighbor
hopping amplitude. The states |77) correspond to the quantum wells located to the left of the time-
dependent barrier Vy(x, ¢), as shown in Fig. 2. The Hamiltonian Hy of the right lead is defined
analogously by replacing |n) with |n).

The last term in Eq. (15) couples the boundary wells [1) and |1) of the two leads across the time-
dependent barrier Vy(x, ¢) of Eq. (1). Its coupling amplitude 2,(¢) therefore inherits the temporal
modulation of the barrier, whereas €2 characterizes tunneling between neighboring wells within each
IeServoir.

Both hopping amplitudes, 2 and 2y(?), can be evaluated using the Bardeen formula [Eq. (10)].
In this case, the reservoir wave functions y; , entering that formula are replaced by the localized
wave functions of the quantum wells adjacent to the corresponding barrier. Thus, 2 is determined
by the overlap of neighboring well states within a lead, while 2 () is determined by the overlap of
the two boundary-well states across the central, time-dependent barrier.

Diagonalization of Hy yields the eigenenergies and eigenstates of the left lead [Fig. 1, Eq. (4)],

E = Ey+2Qcos[nl/(N+1)] for I=1,...,N, (17a)
N

) =V2/(N + 1)) sin[zl n/(N + 1)][7). (17b)

n=1
The corresponding expressions for the right lead are obtained by replacing [n7) — |n) and [ — r.
In the continuum limit, the density of states in the left lead is
p(Ep) = —(dE,/d)™" = (N + 1)/[27Qn(E)], (18)

where

u) (19)

n(E) = 1-( TR

for (E; — Ep)* < 492, and n(E;) = 0 otherwise. An identical expression holds for the right lead
after replacing E; by E,.

The tunneling amplitudes g;,(¢) entering Eq. (4) can now be expressed in terms of the interlead
coupling 2(t). Expanding the boundary states |1) and |1) in the eigenstate bases of the left and
right leads, respectively, yields

81, (t) = 2Q0()n(E)n(E,)/(N + 1). (20)
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Substituting Eq. (20) into Egs. (12) and (13), we obtain
Qo (1)t — 1)
722
The energy dependence is therefore entirely determined by the factor n(E) [Eq. (19)]. As a result,
the Kronig-Penney model generates the well-known semicircular spectral density of a finite support
4Q [25].
Substituting Eq. (21) into Eq. (12) and performing the integration over E,, we arrive at

TE.1) = 2n(E) /’ Qo(1)S20(t — 7) J1(2Q27)
T Jo Q2 T
where J;(2Q2t) cos(E t)/t represents the bath correlator, C(E, 7) [Eq. (14)], in terms of the Bessel
function of the first kind.
We now evaluate the time-dependent conductance T'(E, t) for a barrier undergoing weak har-
monic modulation [Eq. (1)]. Using the Bardeen formula, Eqgs. (10) and (11) for the tunneling
coupling, we can write

2p(E)S/(E 1, 7) =2n(E) n(E,). 21

cos(Et)dr, (22)

Qo(1) = Qol1 + @ sin(wr) + O@?)], (23)

where |&| < 1 and Q is the static component of the tunneling coupling.

Substituting Eq. (23) into Eq. (22) and retaining only terms linear in &, we consider the steady-
state regime. In this limit, the upper integration limit may be extended to infinity, since the memory
kernel J;(2Q27)/7 decays on a timescale of order Q~'. Evaluating the integral in the adiabatic limit,
o/(2R2) K 1, yields

202 .
T(E,t)= —o2 (E)[1 + 2 sin[w(t — 10)]], (24)

where

1 . ( w ) w—0 1

tp = — arcsin . (25)
Q) 2Qn(E) 2Q/1 — E2/(2Q)?

Here and below, we set £y = 0.

Equations (24) and (25) show that the conductance oscillates with the same frequency as the
barrier but lags behind it by a phase shift w fy, indicating that the delay is inversely proportional to
the reservoir bandwidth, or equivalently to the nearest-neighbor hopping amplitude €2 of the lattice
model (cf. Ref. [14]).

A similar result is obtained for spectral densities with infinite support. As an example, consider
the Lorentzian spectral function frequently employed in transport theory [26],

S(E,t,t)= @L[l +aF(t, 1)) (26)
T T A+ E2 T
where F (¢, 7) = sinwt + sinw(t — t) and |&| < 1. The parameter A sets the effective bandwidth
of the reservoir. As before, terms of order &2 are neglected. For A = 23/2Q, the Lorentzian spectral
density has the same curvature at the band center as the semicircular density generated by the
Kronig-Penney model.

Substituting Eq. (26) into Eqs. (12) and (13) and performing the integrations analytically, we

obtain

to = — arcsin
w

(w Az_Ez—i_wz)"HO 1 1_(%)2 27)
DA A2 2 2 YN 2
AN+ E* 4w 2A1+(%)

Thus, despite its infinite support, the Lorentzian spectral density produces essentially the same delay
near the band center (|E|/A < 1) as the finite-bandwidth Kronig-Penney model, with only a weak
dependence on energy.
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FIG. 3. Periodic multibarrier system coupled to two Markovian leads. One of the barriers is harmonically
modulated by an external periodic field.

VI. TUNNELING THROUGH A MULTIBARRIER SYSTEM

The finite tunneling delay #, obtained for a barrier coupled to non-Markovian leads [Egs. (25)
and (27)] raises an important question concerning its physical origin. In particular, does this finite
delay result from a modification of the underbarrier dynamics by the non-Markovian reservoirs, or
does it originate from electron propagation within the finite-bandwidth leads themselves?

To clarify this point, we consider a periodic multibarrier system coupled to Markovian leads, as
shown in Fig. 3.

The system can again be described within the TH framework of Eq. (4). In this case, however, the
term describing tunneling through a single barrier is replaced by a finite chain of coupled wells of
the form appearing in Eq. (16). The resulting structure is essentially a finite Kronig-Penney system
consisting of N wells separated by tunneling barriers. For finite NV, the corresponding energy band
is represented by the discrete set of levels given in Eq. (17). For sufficiently large N, however,
the level spacing becomes small and the continuum limit, N — oo, can be used to evaluate the
time-dependent transmission coefficient 7 (E, t) and, consequently, the tunneling current of Eq. (2).

The geometry in Fig. 3 is closely related to that of Fig. 2, with the important difference
that the finite periodic structure is now connected to Markovian leads. The phase delay of the
time-dependent tunneling current can therefore be evaluated in essentially the same way as for
the non-Markovian reservoir considered above. In the low-frequency limit and near the center of the
band, we obtain 7y >~ 1/|2L2]| [cf. Eq. (25)]. Thus, in contrast to tunneling through a single barrier
coupled to Markovian leads, for which the phase delay vanishes within the TH approximation, the
multibarrier system exhibits a finite delay even though the external leads themselves are Markovian.

This difference provides insight into the physical origin of the delay. For a single sufficiently
opaque barrier, transport through the classically forbidden region is mediated exclusively by evanes-
cent modes, as discussed in the Introduction. Such modes do not correspond to the conventional
propagation of a localized wave-packet maximum. Rather, transmission results from the coherent
reshaping of the wave function across the barrier. This process can produce an anomalously
small phase delay, reflecting the nonlocal correlations associated with evanescent-wave propagation
[27-31]. Within the TH approximation considered here, the corresponding delay tends to zero as
the barrier becomes increasingly opaque, i.e., as its width or height is increased.

The situation is qualitatively different for a sequence of coupled barriers. In the multibarrier
structure of Fig. 3, the electron does not propagate exclusively through classically forbidden regions.
Between successive barriers, its propagates through classically allowed region. This dynamics is
incorporated implicitly in the microscopic derivation of the Kronig-Penney tunneling Hamiltonian
[23]. Consequently, the system possesses an intrinsic dynamical timescale of order ~1/]|2€2|. This
explains the finite tunneling time, in contrast to the vanishing fy obtained for an isolated barrier
coupled to Markovian reservoirs.

This observation also provides a natural interpretation of the finite delay found for a single
barrier connected to non-Markovian leads (Fig. 2). We propose that the nonzero #; in that case
does not originate from a modification of the evanescent dynamics inside the barrier itself. Rather, it
reflects electron dynamics in the finite-bandwidth reservoirs, in close analogy with the propagation
through the intermediate wells of the multibarrier system in Fig. 3. This interpretation is supported
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directly by Egs. (25) and (27): The resulting delay is determined by the reservoir bandwidth (or,
equivalently, by the hopping amplitude €2) and does not depend explicitly on the parameters of the
central tunneling barrier.

The comparison between Figs. 2 and 3 therefore suggests a useful separation of timescales. The
phase delay associated with an opaque individual barrier vanishes to the accuracy of the TH ap-
proximation, whereas a finite delay can arise from propagation in regions supporting nonevanescent
dynamics, such as the wells between successive barriers or finite-bandwidth reservoirs. In this sense,
the non-Markovian contribution to fy can be interpreted as a propagation or memory delay of the
leads rather than as an intrinsic traversal time of the central barrier.

These predictions could, in principle, be tested in systems in which the bandwidth of the
reservoirs can be varied experimentally. Changing the bandwidth would directly modify the
reservoir-memory contribution predicted by Eqgs. (25) and (27), while leaving the central barrier
unchanged. Conversely, the prediction of a vanishing phase delay for a single barrier coupled to
Markovian reservoirs could be examined by systematically increasing the barrier width or height
and determining whether the measured delay approaches zero in the opaque-barrier limit. Such a
measurement would provide a direct test of the tunneling-time interpretation developed here and of
its relation to the Hartman effect [7].

VII. GENERALIZATION TO DIFFERENT SYSTEMS

Perhaps the most significant result of the present work is that the delay time given by Egs. (25)
and (27), and hence the tunneling time inferred from it, remains finite when w — 0. At first sight,
this result may appear surprising, since in this limit the barrier is a static one.

The apparent paradox arises because the external modulation is essential for revealing the time
delay. Both the theoretical determination of the delay and its experimental measurement rely on
the response of the tunneling current to a weak periodic perturbation. However, the corresponding
delay can remain finite even though the phase shift itself vanishes linearly with frequency, ¢o(w)
. Thus, the finite value of #; in the limit @ — 0 is not generated by the external drive. Rather,
the periodic modulation provides a clock that reveals a characteristic dynamical timescale already
present in the system. This observation suggests that the results of Eqs. (25) and (27) may have a
broader applicability and could be useful for analyzing tunneling dynamics in other systems.

As an illustration, we compare our result with the single-photon tunneling-time experiment
of Steinberg, Kwiat, and Chiao [28], in which a two-photon interferometer was used to measure
the propagation delay through a one-dimensional barrier about d = 1.1 um thick. The barrier was
formed by a dielectric-mirror multilayer photonic band-gap structure. One photon traversed the
dielectric multilayer, while the second photon provided a reference. The transmitted photon was
found to emerge At =1ty —d/c = —1.47£0.21 fs earlier than a photon propagating the same
geometrical distance d in vacuum. Since d/c >~ 3.67 fs, this corresponds to an experimental transit
time 75" >~ 2.20 £ 0.21 fs.

Within its stop band, propagating electromagnetic modes are suppressed and transmission occurs
through evanescent modes. The multilayer structure can therefore be viewed as the optical real-
ization of a finite Kronig-Penney lattice (Fig. 3), representing a finite sequence of coupled layers
connected on both sides to radiative continua that serve as Markovian reservoirs, shown in Fig. 3.
It gives tp ~ 1/]2R2| [Eq. (17)], where 4|€2] is the full energy support in the Kronig-Penney model.
We therefore estimate it as the effective optical bandwidth from the experimentally relevant spectral
interval (band gap), approximately A; = 600 nm to X, = 800 nm, reported in Ref. [28].

Converting this wavelength interval into an energy interval gives for the full support 4|Q2] ~
he(1/A; — 1/X,) and hence the tunneling time #, = 1/|2€2| >~ 2.55 fs is reasonably close to the
experimentally inferred 2.20 4= 0.21 fs. Considering the simplified mapping of the dielectric multi-
layer onto a nearest-neighbor tight-binding model, the proximity of these two values is encouraging.
In particular, an effective (finite range) support |4€2| in the Kronig-Penney model should be slightly
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larger than an effective bandwidth, extracted directly from the experimental transmission spectrum.
It could make an agreement with 7" even more pronounced.

VIII. SUMMARY AND CONCLUSIONS

In summary, we have investigated electron transport through a harmonically modulated tunneling
barrier coupled to reservoirs of finite bandwidth. Using the TH approach, we have shown that
the steady-state current follows the periodic modulation of the barrier but, in general, acquires
a phase shift. This phase shift defines a characteristic delay time, fy = ¢o/w, which provides an
operational measure of the characteristic timescales associated with tunneling through the barrier
and propagation in the leads.

In the Markovian (wideband) limit, the reservoir correlation function becomes local in time and
the corresponding phase delay vanishes within the accuracy of the TH approximation. In particular,
for a sufficiently high or wide single barrier, the tunneling delay approaches zero as the transmission
probability becomes exponentially small. In contrast, a finite delay arises for non-Markovian
reservoirs of finite bandwidth and also for multibarrier structures connected to Markovian leads. Our
analysis shows that these finite delays originate from dynamical propagation and memory effects
outside the individual classically forbidden regions. This interpretation provides a natural separation
between the vanishing delay associated with an opaque single barrier and the finite contribution
generated by propagation in finite-bandwidth leads or in the quantum wells separating successive
barriers.

An important result of our analysis is that the characteristic delay time remains finite in
the limit of w — 0, even though the phase shift itself vanishes as ¢y o w. The weak periodic
modulation therefore does not generate the characteristic timescale; rather, it acts as a probe
that makes this timescale observable through the phase of the tunneling current. Consequently,
the timescales obtained from our analysis characterize the underlying static tunneling system
and may also be relevant to experimental protocols in which the delay is determined by other
means. As an illustration, we applied our result to photon tunneling through a multilayer dielectric
structure and obtained a characteristic transit time of the same femtosecond scale as that observed
experimentally.

Finally, the present analysis has been formulated explicitly for one-dimensional systems. This
restriction is not fundamental: Both the tunneling-Hamiltonian approach and the Bardeen formula
can be generalized to multidimensional geometries [32-34]. Moreover, tunneling through a multi-
dimensional barrier is known to be dominated semiclassically by an optimal escape trajectory, with
the transmitted wave packet remaining relatively narrowly distributed around this trajectory [33].
This suggests that the physical picture developed here—in particular, the distinction between the
delay associated with evanescent penetration through an individual barrier and that arising from
propagation or memory outside the barrie—may extend to multidimensional tunneling as well. A
detailed investigation of this generalization is left for future work.
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