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Solitary waves are important phenomena for particle acceleration and energy transport
in both astrophysical and laboratory laser plasmas. To investigate their characteristics, we
introduce a physics-informed neural network (PINN)-based method to infer the governing
partial differential equation that describes solitary waves in one-dimensional particle-in-
cell (PIC) simulations. Benchmark tests using numerical solutions of partial differential
equations demonstrate that the PINN can successfully infer advection-diffusion, Burgers,
and Korteweg—de Vries (KdV) equations with reasonable accuracy. We then apply the
PINN to PIC simulation data modeling the irradiation of a femtosecond laser onto a carbon
target, in which a laser-driven peak structure propagates as a solitary wave. Both the PINN-
predicted data and the solution of the equation with the PINN-inferred coefficients agree
well with the original simulation data. The inferred coefficients indicate that the governing
equation is a nonlinear KdV-like equation and that the solitary waves are consistent with the
theoretical properties of ion acoustic solitons. These results show that the solitary waves in
laser-irradiated plasmas behave as KdV solitons, demonstrating that the proposed method
is effective for understanding nonlinear plasma waves.

DOI: 10.1103/gxpb-4wSy

I. INTRODUCTION

Solitary waves, which have large amplitudes and exhibit strong nonlinearity, are ubiquitous
throughout the universe and play a key role in particle acceleration and energy transport in plasmas.
These solitary waves exhibit the characteristics of Bernstein-Greene-Kruskal waves [1], arising from
a balance between nonlinear effects and the stabilizing effect of trapped particles. In the magneto-
sphere of the Earth, solitary waves are observed in the auroral zone [2], the magnetopause [3],
the magnetotail [4], and other regions [5]. In the auroral zone, solitary waves accelerate electrons
along ambient magnetic field lines to speeds up to 10* times their thermal velocity. Solitary waves
are also considered to exist on other planets in the solar system, such as Saturn [6] and Venus [7].
Although Venus has little magnetosphere, solitary waves have been observed by spacecraft missions.
Theoretical models suggest that they are involved in mass loss resulting from the interaction between
the solar wind and Venus’s atmosphere [8,9]. Beyond the solar system, solitary waves are predicted
to exist in pulsar winds [10]. Although pulsar winds contain positrons in addition to electrons and
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ions, solitary waves are still expected to occur in such electron-positron-ion plasmas. Solitary waves
also affect the generation of superthermal electrons and positrons.

Solitary waves have also been extensively investigated in laser-produced plasmas, where similar
nonlinear mechanisms emerge. Theory and numerical simulations indicate the significance of
solitary waves in particle acceleration and laser energy transport. With femtosecond lasers, solitary
waves driven by laser-matter interactions can directly accelerate ions to MeV-scale energies [11,12].
With picosecond lasers as well, solitary waves are generated through the collapse of shocks that
accelerate particles [13]. Solitary waves are also generated in the boundary layer between laser-
ablated solid matter and ambient gas, where they accelerate gas ions to high energies [14].

A well-known theoretical model for solitary waves is the soliton described by the Korteweg—de
Vries (KdV) equation. The KdV equation is considered to govern various systems such as shallow
water waves [15], oscillations of nonlinear lattices [16], magnetosonic waves [17], and ion acoustic
waves [18] in plasmas. Because of its remarkable characteristics—such as integrability, N-soliton
solutions [19], and conservation laws [20]—the KdV equation has been extensively studied in both
applied mathematics and physics. KdV solitons emerge as the small-amplitude approximation of
the fully nonlinear theory [21], and various theoretical analyses have been conducted based on this
framework [9,22]. Whether observed solitary waves correspond to KdV solitons is typically judged
from the relationship between the wave amplitude and width. However, it is not straightforward to
directly verify that complex nonlinear phenomena in astrophysical and laser plasmas are governed
by the KdV equation, which complicates the interpretation of observed plasma waves.

A promising method to address this issue is the physics-informed neural network (PINN), a
data-driven approach that employs neural networks with embedded physical laws expressed as
partial differential equations (PDEs). Incorporating physical information into the neural network
model regularizes the learning process and eliminates unphysical solutions [23]. The PINN model
can not only perform accurate forward predictions but also solve inverse problems by estimating the
unknown coefficients of the governing equation [24]. PINN models have been shown to be applica-
ble to a wide range of physical systems [25]. In particular, for KdV-type systems, internal solitary
waves in oceanic environments have been investigated using PINNs for both forward simulation
and inverse parameter estimation [26]. In forward problems, it has been theoretically demonstrated
that PINNs can reproduce single-soliton solutions when a sufficient number of training points is
provided [27]. For more complex dynamics—such as multiple soliton collisions, soliton fission [28],
or interactions in coupled nonlinear systems [29]—embedding conservation laws into the PINN loss
function has been shown to improve performance and enable the model to handle these challenging
dynamics.

Based on the above background, we introduce a PINN-based method to infer the governing PDE
that describes solitary waves in one-dimensional particle-in-cell (PIC) simulations. We apply the
PINN to PIC simulation data modeling the irradiation of a femtosecond laser onto a carbon target,
in which a laser-driven peak structure propagates as a solitary wave and subsequently splits into
three distinguishable solitary waves. In this study, by inferring the PDE that governs such simulation
data, we quantitatively evaluate whether the observed waves are ion acoustic solitons described by
the KdV equation and demonstrate that the proposed method is effective for understanding nonlinear
waves inherent to plasmas.

This paper is organized as follows. In Sec. II, we review the theory of ion acoustic solitons
and PINN framework. In Sec. III, we verify the efficiency of the PINN through benchmark tests
to infer the advection-diffusion, Burgers, and KdV equations. In Sec. IV, we apply the PINN to
one-dimensional electromagnetic PIC simulation data in which laser-driven solitary waves emerge.
Section V concludes this paper.

II. THEORETICAL MODEL

In this section, we introduce the theoretical model of ion acoustic solitons and the PINN
framework. In Sec. I A, to demonstrate the existence of solitary waves in plasmas, we present the
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theoretical model of ion acoustic solitons. In Sec. II B, we introduce the data-driven PINN method
and discuss the resulting equations.

A. Theoretical model of ion acoustic soliton

First, to demonstrate the existence of solitary waves in electrostatic plasmas, we derive the KdV
equation, which has an ion acoustic soliton as a solution [18]. We assume a uniform background
plasma with electron density ny and electron temperature 7,. The ions are assumed to be cold,
and their mass and density are denoted by m; and n;, respectively. The length is normalized as
X = x/Ape, Where Ap. is the electron Debye length defined by Ap. = /T,/(47nge?). The time is
normalized as f = twyi. Here, w,; denotes the ion plasma frequency, wy; = +/ 4mngZe? /m;, where e
denotes the electron charge and Z is the ion charge number. These normalizations lead to the velocity
normalization ¥ = v/cy, where ¢; = /ZT,/m; is the ion acoustic speed. The densities of electrons
and ions are normalized by the density at x — oo, described by ny and ny/Z, respectively; thus,
fi, = n./ng for electrons and 7i; = Zn;/ng for ions. The electrostatic potential ¢ is normalized as
qg = e¢/T,. With these normalizations, the continuity equation, the equation of motion, the distri-
bution of adiabatic electrons, and the Poisson equation are written as

D =0 (1)

— T —=v) =14,

af | ax
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The KdV equation is derived by applying the reductive perturbation method to Eqs. (1)—(4). We
introduce the expansions

i =1+ ey + fip+ -+, &)
p=eh+edg+--, (6)
V=€ +€0 4. (7N

The dispersion relation is assumed to be third order with respect to k:

A2
® = ck — CTDk3 (8)

where the cubic term represents the leading-order dispersive correction. According to Eq. (8), the
scaling between x and ¢ is given by

£=ePx-1), 9)
T =%, (10)

which is known as the Gardner-Morikawa transformation [17]. By applying the expansion given
by Eqgs. (5)—(7) and the transformation given by Egs. (9) and (10) to Egs. (1)—-(4), we obtain the
equations order by order. From the lowest order in €, the relation among the normalized velocity,
density, and potential is given as

v =i = ¢1. (11
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From the second lowest order in €, the KdV equation

g _ omy 1%,
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Py + 7 08 -I-2 TS (12)

is obtained. Note that this equation is written in a moving frame with the ion acoustic speed. By
applying the inverse transformation of Egs. (9) and (10) to Eq. (12) and restoring the dimensional
variables, the following KdV equation for the total density »; in the laboratory frame is obtained:

an; n Zcg on; n 1 52 93n;

g4 e _

ot ny x| 2 Pegy3
where the relation 71; >~ 1 + €7i;; is assumed. Considering a single-soliton solution with a constant
drift velocity U in the laboratory frame, the solution of Eq. (13) is obtained as

30 U — U—c,x—Ut
mp= 0 L 20T TS een?| |25 . (14)
Z Z ¢ 2¢, Ape

Here, the amplitude §n; and the soliton width D are defined as

=0, (13)

3ng U — ¢y
onj = — , (15)
Z Cy
D= 2 (16)
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The solution in Eq. (14) represents the well-known bell-shaped soliton profile.

Equations (14)—(16) indicate that the characteristics of the soliton—namely, its amplitude, width,
and velocity—are determined by a single parameter. In other words, once one of these quantities
is specified, the other two, as well as the soliton shape, are uniquely determined. Thus, the
characteristics of the soliton are fully determined by the coefficients of the governing equation and
a single parameter.

B. Physics-informed neural network model for inverse problems

PINN is a data-driven approach that employs neural networks with embedded physical laws
expressed as differential equations. For inverse problems, the loss function L consists of three terms:
the mean-squared error between the training data and the predicted data Lg,,, the deviation from the
governing equation L.y, and the deviation from the boundary conditions Ly..

We assume that the governing equation takes the form

an; on; 3%n; 33n; on;

(r) (r) ! (r) ! (). 2L —
ot axr ox + ax; 8)(2 +a x;x ox 3 +a n};c i ox =0. (17)
Here, a\”, a"), a")  and a”) denote the unknown coefficients of the corresponding differential terms

in physical units. These coefﬁcients may vanish depending on the type of governing equation. To
determine the unknown coefficients, the loss function of the PINN is defined as

L= Ldata + keqLeq + kpc Lo, (18)
Liaa = . ¢ 19
data Ndatanmax Z(np ed — My ue) (19)
2
1 0Mpred 0Mpred 3%n red 3’n red 0Npred
Leq = e+ ay LS Ay LS Qyxx Py Ay —P) 0 (0
“7 Nawa ( ot ox, o2 x> Ped o, (20)

Here, (xy, t;) denote the coordinates measured in the normalized units used in the simulation.
@y, Oxx, Qxxx, and ay,, denote the coefficients expressed in the normalized simulation units. npeq and
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nyye represent the predicted and true ion densities, respectively, and ny,,x denotes the maximum
value of nyye. Note that nyye, Npred, and npay are also expressed in normalized simulation units.
Normalizing the data by nn, is essential for achieving stable and reliable training. Equation (20)
is not normalized and is written in the normalized simulation units. The parameters keq and k.
denote the loss weights that control the contributions of the governing equation residual term and
the boundary condition term, respectively. If k¢q is too small, the model fails to learn the form
of the governing equation, whereas an excessively large k.q prevents the model from accurately
reconstructing the dataset. The term Ly, takes different forms depending on the boundary conditions.
Since the information on the boundary conditions is included in the simulation data, kp. can be set
to zero. For inverse problems, the unknown coefficients in the governing equation are inferred by
minimizing the loss function L.

Here, we discuss typical cases of the inferred equations that satisfy Leq = 0. First, if a, and a,,
take nonzero values while the other coefficients vanish, the inferred equation corresponds to the
advection-diffusion equation. In this case, a, and a,, represent the flow velocity and the diffusion
coefficient, respectively. In this system, the initial structure is advected while gradually diffusing. If
a, and a,,, vanish, the inferred equation reduces to the Burgers equation. In this case, a,, represents
the nonlinearity and a,, represents the dissipation, which sustain a shock-wave structure. If a,
and a,, vanish, the governing equation reduces to the KdV equation. Here, a,,, represents the
dispersive effect, which sustains a solitary-wave structure through its balance with the nonlinearity.
The Burgers equation and the KdV equation can also appear simultaneously, in which case the
inferred equation corresponds to the KdV-Burgers equation.

III. BENCHMARK TESTS OF PINNS

In this section, we demonstrate that PINNs can successfully infer both the structure of the govern-
ing PDE and its coefficients from solution data. First, we present results for the advection-diffusion,
Burgers, and KdV equations. We then examine parameter scans over several PDE coefficients.
Finally, we show results for the composite KdV-Burgers equation.

A. Method of benchmark tests

Validation datasets are generated using the Runge-Kutta method implemented in the SciPy
package [30]. We compute one-dimensional solutions of the advection-diffusion, Burgers, KdV,
and KdV-Burgers equations, all starting from a common Gaussian initial condition as

(x — 5.0)2:|

4.0 @D

no(x) = exp [—
The system length is L, = 10.0, which is discretized into n, = 100 mesh points. We time integrate
the equations up to t = 8.0 using n, = 100 time steps; i.e., the time step is At = 0.08. Periodic
boundary conditions are applied at x =0 and x = L,. The entire domain, 0 < x < 10.0 and
0 <t < 8.0, is used for training. The PINN model consists of 9 dense layers with 20 neurons
each, using hyperbolic tangent activation in the hidden layers and a linear activation in the output
layer. The Adam optimizer with a learning rate of 0.001 is applied. The model is trained for 10 000
epochs, and the batch size is 256. The loss weight for the equation term, kg, is set to 100, which
is sufficiently large to ensure learning of the governing equation. We note that k.q ~ 1 can also be
acceptable in some simple benchmark settings.

B. Result of typical equations: advection-diffusion, Burgers, and KdV equations

First, we infer the coefficients of the (1) advection-diffusion, (2) Burgers, and (3) KdV equa-
tions from their solution data as benchmark tests. Figure 1 shows the best-fitting cases for each
equation: (1) a, = 1.0 and a,, = —0.2; (2) a,, = —0.2 and a,, = 1.0; and (3) @, = 0.1 and
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FIG. 1. Overview of the benchmark tests for the (1) advection-diffusion, (2) Burgers, and (3) KdV
equations. Panels (al)—(a3) show the comparison between the training data (red solid line) and the predicted
data (blue dotted line). Panels (b1)-(b3) show the learning process of the coefficients (a,: blue, a,,: yellow,
ay: green, a,,: red). The values of inferred coefficients after 2000 epochs are also shown in each panel.

any = 1.0. Figures 1(al)-1(a3) illustrate the differences between the training and predicted data,
while Figs. 1(b1)-1(b3) show the learning process of coefficients and their value after 2000 epochs.

In the case of the advection-diffusion equation [Fig. 1(al)], the initial Gaussian profile is
advected with a velocity v, = 1 and gradually damped by diffusion. In the case of the Burgers
equation [Fig. 1(a2)], the initial Gaussian steepens due to nonlinear advection. The dissipation
then balances the steepening, leading to the formation of a shock wave. In the case of the KdV
equation [Fig. 1(a3)], the initial Gaussian also steepens, as in the case of the Burgers equation,
and subsequently develops into a solitary wave. Here, the dispersive effect balances the steepening,
resulting in the formation of a solitary wave.

Next, we examine the convergence of the inferred coefficients shown in Figs. 1(b1)-1(b3). In
all cases, the coefficients converge in the early stage of training. In the advection-diffusion case,
the coefficients converge within approximately 100 epochs. In the Burgers and KdV cases, which
have the nonlinear terms, the training requires more epochs; nevertheless, the coefficients converge
within roughly 500 epochs.

We then evaluate the errors in the inferred coefficients. Figure 2 displays the mean errors of the
inferred coefficients. The mean error is computed as the average relative error [(a?™N — q!™)/q'™¢|,
where afINN and agr“e denote the inferred and true values of the coefficient, respectively, and s
denotes x, xx, xxx, or nx. In the training data for the advection-diffusion equation [Fig. 2(a)], the
coefficients are predicted with errors below 0.3% in all cases examined. This result indicates that
the PINN performs well for the advection-diffusion equation, i.e., a simple linear PDE. In the case of
the Burgers equation [Fig. 2(b)], which contains a nonlinear term, the PINN still succeeds in almost
all parameter regimes. However, as the nonlinear term a,, becomes larger relative to the dissipative
term a,,, the prediction error increases. In particular, the error exceeds 1% for the parameter set
(Qxxs anye) = (—0.1, 2.0), which corresponds to the case with the strongest nonlinearity. In the case
of the KdV equation [Fig. 2(c)], when the dispersion term is large (a,,, = 0.1) and the nonlinearity is
weak (a,, = 1.0), the prediction error remains below 1%. However, when the nonlinearity becomes
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FIG. 2. Mean error heatmap of the inferred coefficients for the cases of (a) advection-diffusion, (b) Burgers,
and (c) KdV equations.

strong (a,, > 2.0), the error exceeds 1%. Even when the nonlinearity is weak (a,, = 1.0), the
error also exceeds 1% if the dispersion is weak (a.,, < 0.05). Additionally, in cases with strong
nonlinearity (a,, = 3.0) and weak dispersion (a,,, < 0.05), the error becomes larger than 10%.
These large errors can be attributed to the breakup of the initial Gaussian profile into multiple sharp
solitary waves. In strongly nonlinear cases, the solitary waves generated after the breakup become
narrower and steeper. Accurately resolving such sharp structures requires a large number of data
points, which leads to larger prediction errors.

C. Result of composite KdV-Burgers equation

Here, we consider the case of the KdV-Burgers equation, which is a composite system combining
the Burgers and KdV equations. Figure 3 shows the evolution of (a) Ly and keqLeq, and (b)
the coefficients ay, dayy, dyy, and a,, during the learning process. Snapshots of the training and
predicted data are shown in Fig. 3(c). The parameter set (., Gxrx, dny) = (—0.2, 0.1, 1.0) is used
in Figs. 3(a)-3(c). Figure 3(d) shows the mean error heatmap of the inferred a,, and a,,, obtained
through the parameter scan, where a,, and a,,, are scanned while a,, is fixed at 1.0.

In the composite case, the loss decreases steadily during the learning process [Fig. 3(a)]. Both
Lgaa and kegLeq fall below 107, The coefficients are also accurately estimated [Fig. 3(b)]. The
solution exhibits a composite structure consisting of a shock and a solitary wave [Fig. 3(c)],
indicating that the neural network can accurately reconstruct the training data. Through a parameter
scan over d,, and a,,, the error remains below 2%. For instance, the error for the parameter set
(Qxxs Grxxs Any) = (—0.05,0.03, 1.0) stays at 1.788% [lower-left region of Fig. 3(d)], in contrast to
the KdV case with (ay,, a,) = (0.03, 1.0), where the error is 3.685% [Fig. 2(c)]. This indicates
that the dissipative term relaxes the profile and consequently makes the estimation easier.

IV. VALIDATION OF SOLITARY WAVES DRIVEN BY PULSE LASER

In this section, we present the simulation results of a one-dimensional particle simulation and the
application of the PINN to this data. After presenting the numerical method, we describe the process
through which solitary waves emerge in the simulation. Then, we show that the PINN successfully
reconstructs the original simulation data and infers coefficients that are consistent with theoretical
predictions.

A. Numerical method of particle simulation

The original simulation data are computed using the electromagnetic relativistic particle simu-
lation code EPIC3D [31]. The simulation domain is Ly x Ly, = 0.04 um x 10.0 pm, divided into
4 x 1000 meshes, giving a mesh size of 0.01 um. The target plasma consists of fully ionized,
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FIG. 3. The evolution of (a) Ly, (purple) and keqL.q (yellow); (b) the coefficients a, (blue), a,. (yellow),
ay (green), and a,, (red) during the learning process; (c) snapshots of the training data (red solid line) and
predicted data (blue dotted line); and (d) the mean error heatmap of inferred a,, and a,,, obtained through the
parameter scan over a,, and a,,,. Here, the parameter set (@y, @xxx, dny) = (—0.2, 0.1, 1.0) is used in Figs. 3(a)—
3(c). ay, is fixed at 1.0 in Fig. 3(d).

collisionless carbon (C®") with an electron density of n, = 50n., where n. = 1.70 x 10?! cm™3
is the cutoff density for the injected laser wavelength A; = 0.810 um. The plasma initially occupies
the region 4.0 um < y < 6.0 um. The number of PIC particles for ions is 20 per mesh. The laser
pulse is linearly polarized in the x direction. The laser is injected from an antenna located at
y = 0.04 um. It begins to propagate in the y direction at ¢t = 0 fs and reaches peak at t = 200 fs.
The pulse width is 7y = 83 fs, defined as the full width at half maximum. The peak laser intensity is
I =2.00 x 10*° W/cm?, corresponding to ag = 9.79, where ay is the normalized laser amplitude
defined as ag = eEy/(m.cwy). Here, m, denotes the electron mass, ¢ denotes the speed of light, and
wy, and Ej denote the laser frequency and peak electric field, respectively. The boundary conditions
for both fields and particles are periodic in the x and z directions. For the y direction, the boundary
conditions for the fields are the Mur absorbing boundary condition for the Maxwell equations,

formulated as
0 10Ve o 0 19V\g o (22)
day cot) T dy cot)

aty =0, L,, where E; and B, represent the field components perpendicular to the y direction. For
particles, the boundary conditions are transparent: particles that reach the boundary are fixed there
and their charge is set to zero.

B. Physics of solitary wave driven by pulse laser

Here, we describe the process of solitary-wave formation driven by the laser pulse. Figure 4(a)
shows the temporal evolution of the cross-sectional ion density. Figure 4(b) presents cross-sectional
profiles of the ion density n;, electron density n,, and electric field Ey atr = 233, 267, and 300 fs. At
first, the laser pulse pushes the electrons via the ponderomotive force, while the ions are not directly
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FIG. 4. Results of the particle simulation for laser-driven solitary waves. (a) Temporal evolution of the
cross-sectional ion density. (b) Cross-sectional profiles of the ion density n; (red solid line), electric field E,
(green solid line), and electron density n, (blue dotted line) at # = 233, 267, and 300 fs. The black dashed line
indicates E, = 0.

accelerated on the femtosecond timescale. As a result, charge separation between the displaced
electrons and the background ions generates a strong electric field Ey, which accelerates the ions.
The accelerated ions form a pronounced density peak up to # >~ 180 fs. After that, the peak structure
propagates along the y direction and breaks up into three distinguishable parts. The fastest solitary
wave [(A) in Figs. 4(a) and 4(b1)] propagates in the y direction with an almost constant velocity of
vs4 = 0.0369c. This wave initially has a small amplitude and breaks into several smaller waves. It
eventually disappears due to a collision with the rarefaction wave from the rear surface at r >~ 340 fs.
The main solitary wave [(B) in Figs. 4(a) and 4(b1)—4(b3)] is sustained by a strong electric field E,
and propagates in the y direction with a trailing thermalized region. Only the main solitary wave
is clearly visible between r = 200 and 267 fs. In this time interval, its velocity remains nearly
constant at v;g = 0.0196¢. The secondary solitary wave [(C) in Figs. 4(a) and 4(b3)] emerges from
the thermalized region generated by the main solitary wave. It propagates while trailing the main
solitary wave with a velocity of v,c = 0.0206 ¢, which is almost the same as that of the main solitary
wave.

C. Inferring of the governing equation by PINN

To clarify the characteristics of the main solitary wave, we apply the PINN model to the original
simulation data shown in Sec. IV B. We use a neural network with the same architecture as in
Sec. III. Because the breakup of the solitary wave complicates the PINN prediction, as shown in
Sec. III B, we focus on the region where the main solitary wave exhibits its characteristics most
clearly: (Xmin, Xmax) = (4.00 um, 4.75 um) and (#min, fmax) = (200 fs, 267 fs). The weight of the
loss function is set t0 keq = 1072, which is smaller than that in the benchmark tests in Sec. III. This
is because the original simulation data do not strictly satisfy a specific partial differential equation.
A smaller value of k4 is therefore chosen to enable robust inference of the governing equation from
such data.
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FIG. 5. The evolution of (a) Ly, (purple) and keqL.q (yellow), and (b) the coefficients a, (blue), ay,
(yellow), a,,, (green), and a,,, (red) during the learning process. (c), (d) Cross-sectional profiles of the original
simulation data (red solid line), PINN-predicted data (blue dashed line), and the solution of the equation with
the PINN-inferred coefficients (green solid line). The profiles of the original simulation data at (c) 200 fs and
(d) 237 fs are used as the initial conditions to compute the solution of the equation with the PINN-inferred
coefficients.

We present the results of the PINN training in Fig. 5 and Table I. Figure 5(a) shows the evolution
of the PINN loss functions Ly, and keqLeq during the learning process. The residual term Ly,
decreases monotonically, indicating that the PINN properly learns the original simulation data. The
value of Ly, is larger than that in the benchmark tests because the original simulation data do not
strictly satisfy the inferred governing equation and no converged solution exists that simultaneously
yields Lgaa = 0 and Leq = 0. On the other hand, the value of keqLeq is sufficiently small to conclude
that the coefficients have been properly inferred. The ratio between Lya, and keqLeq is below 10',
which is consistent with those reported in previous studies [32-34]. Figure 5(b) shows the evolution
of the coefficients in the term L.q during the learning process. The PINN-inferred coefficients and the
theoretical values from Eq. (13) are summarized in Table 1. To calculate the theoretical values, the
mean background electron temperature 7, =~ 33 keV is obtained by averaging the spatial distribution
of the electron energy over the region traversed by the solitary wave. This temperature does not
necessarily match the temperature defined from the slope of the logarithm of a Maxwellian distri-
bution function, because the present system is intrinsically nonthermal. Nevertheless, the inferred
coefficients converge within the first 5000 epochs, and the converged values of a,,, and a,, are of
the same order as the theoretical predictions, indicating that the KdV equation governs this system.
The remaining discrepancy between the PINN-inferred coefficients and the theoretical value can
be attributed primarily to the difference in the temperature definition. In particular, the dispersion
coefficient a,,, = (1 /2)05)»]2)e scales as Te3/ 2 whereas the nonlinear coefficient a,, = Zc, /ng scales

TABLE I. Inferred coefficients by the PINN and theory.

Coefficients PINN (sim. units) PINN (CGS units) Theory

a, 0.004 20

Oy 0.00020

rxx 0.067 41 10.1 x 107% cm?/s 1.35 x 1075 cm?/s
s 0.01051 5.58 x 10715 cm*/s 8.88 x 1071 cm*/s
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FIG. 6. (a) Temporal mean profile of each differential term, i.e., advection a,n, (blue), dissipation a,,n,,
(yellow), dispersion a,,,n,,, (green), nonlinearity a,,n,, (red), and the time derivative of density n, (black). The
temporal mean is calculated over the interval 200 fs < ¢ < 267 fs. The black dashed line indicates the position
where the main solitary wave exists at the initial and the last snapshot. (b) Temporal evolution of the spatial
mean of each differential term corresponding to those shown in Fig. 6(a). The spatial mean is calculated over
the region 4.0 um < y < 4.75 um.

as T,)/?. Therefore, the dispersion term is more sensitive to uncertainty in the electron temperature,
which explains its larger deviation from the theoretical estimate. We also confirmed through a
parameter scan using five different random seeds for PINN initialization that the coefficients of
the same order are consistently reproduced.

To verify the PINN-predicted data and inferred coefficients, we compare three types of data in
Figs. 5(c) and 5(d): the original simulation data (simulation), the PINN-predicted data (predicted),
and the solution of the equation with the PINN-inferred coefficients (calculated). The calculated
solution is obtained using the same code as in Sec. III. The boundary conditions are a fixed
boundary at y = 4.0 um and a transparent boundary at y = 4.75 um, both implemented with a
Krook operator. In the interval 200 fs < ¢ < 237 fs, a secondary solitary wave separates from the
main solitary wave in the simulation data. To investigate the influence of this transient splitting,
we compute two numerical solutions using different initial conditions at (¢) ¢ = 200 fs, which
includes the onset of the splitting, and (d) + = 237 fs, after the splitting has subsided. For both initial
conditions, the PINN-predicted data (blue dashed lines) agree well with the original simulation
data, indicating that the neural network successfully reconstructs the training data. In contrast,
the calculated solution starting from ¢ = 200 fs shows a solitary wave slightly ahead of that in
the original simulation data [Fig. 5(c)], because the inferred equation does not explicitly capture the
splitting event present in the early data. However, the spatial deviation between simulation data and
numerical solution remains constant after t = 216 fs, supporting a reasonable level of consistency.
When the numerical solution is initialized at ¢ = 237 fs, however, the solitary-wave position
aligns closely with the simulation data [Fig. 5(d)]. These results indicate that the PINN-inferred
coefficients accurately describe the stable solitary-wave propagation once the transient splitting is
excluded.

Finally, the temporal and spatial means of each differential term are evaluated in Fig. 6. Fig-
ure 6(a) shows the temporal mean at each spatial point. The temporal mean is calculated over the
interval 200 fs <t < 267 fs. The dispersion term a7y, and the nonlinear term a,,n,, remain
nearly constant in the region traversed by the main solitary wave. Here, y = 4.1 um corresponds to
the position where the peak structure first emerges, while y = 4.6 um corresponds to the position
where the main solitary wave disappears from the region used for training. The advection term a,n,
and the dissipation term a,,n,, remain below 1% of the time derivative of density n,, indicating
that advection and dissipation terms are negligible to describe the governing partial differential
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equation. This result implies that a nonlinear KdV-like equation is inferred as the governing
equation. Figure 6(b) shows the temporal evolution of the spatial mean at each time step. The spatial
mean is calculated over the region 4.0 um < y < 4.75 um. The spatial mean also exhibits the same
relative magnitudes among the differential terms. All differential terms maintain nearly constant
values over the time interval used for the PINN analysis, indicating that the form of the governing
equation remains unchanged throughout this period.

We also assessed the uncertainty of the inferred model by varying the network architecture and
the fraction of training data. We confirmed that this result is robust with respect to variations in the
number of layers; increasing or decreasing the number of layers by 2 does not change the inferred
equation. Regarding the fraction of training data, the inferred model gradually approaches a simpler
advection-type equation as the data fraction is reduced. This tendency indicates that sufficient
data are required to distinguish the steady propagation of a solitary wave from the pure advective
propagation of a single peak structure, as discussed in the benchmark test.

V. CONCLUSION

We have introduced a PINN-based method to infer the structure of the governing partial
differential equations that describe solitary waves in one-dimensional PIC simulation data. We
have demonstrated that the PINN is capable not only of reconstructing the original simulation
data but also of inferring the governing equation that describes the system. The mean values
of the differential terms suggest that a nonlinear KdV-like equation is inferred as the governing
equation. Our results provide quantitative evidence that laser-driven solitary waves are described by
KdV-type solitons, which is essential for understanding various nonlinear wave phenomena inherent
to plasmas.

In this study, we use only the ion density to identify the solitary-wave structure. However, theory
predicts that the ion flow velocity and electrostatic potential are also important for capturing solitary-
wave behavior. Extending the present PINN analysis to these quantities is an important direction for
future work.
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