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Vibrational inhomogeneity in amorphous solids and its geometric features
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The dynamical response of amorphous solids is expected to be inhomogeneous due to
the absence of translational symmetry, unlike in crystals. In this work, we use Green’s
function method combined with the Hessian matrix from simulation data to characterize
the vibrational inhomogeneity of a two-dimensional amorphous solid. We define an order
parameter for vibrational inhomogeneity, the frequency-resolved participation ratio, which
equals a constant value of 1 over all frequencies for a crystal, while being around ∼0.7 for
almost the entire frequency range in an amorphous solid, thus indicating a similar level of
vibrational inhomogeneity across most of the frequency range. The spatial distribution
of vibrational inhomogeneity in the amorphous solid is presented in three ways: by
frequency, at the particle level, and via percolation analysis, all showing that the vibrational
inhomogeneity is fragmented and occurs at the particle scale. The results suggest that the
Green’s function method is a convenient tool for probing vibrational inhomogeneity and
provide an alternative perspective on the role of vibrational inhomogeneity in amorphous
solids.

DOI: 10.1103/qx17-q53j

I. INTRODUCTION

The translational symmetry of crystalline materials ensures that all particles contribute equally to
vibrations (when each unit cell contains only one particle) at equilibrium [1]. For amorphous solids,
such translational symmetry is absent and hence particles may not contribute equally to vibrations,
depending on their local environments. Vibrational inhomogeneity in amorphous solids has attracted
great interest due to its association with low-frequency local dynamical anomalies such as localized
modes [2–4], soft spots [5], dynamical defects [6,7], and dynamical excitations [8,9]. These local
dynamical anomalies are also considered to be correlated with global dynamical anomalies such as
the boson peak (BP) [6,8,9].

In the literature, the identification of vibrational inhomogeneity is mostly based on eigenmode
analysis of the dynamical matrix. For example, vibrational inhomogeneity can be seen when the
displacement vector of a given particle is larger or smaller than those of others in an eigenmode. An
order parameter, the participation ratio, can be applied directly to an eigenmode φα (i) to estimate
inhomogeneity [2,4,10,11], through the following definition:

PRα =
(∑

i=1 |φα (i)|2)2

2N
∑

i=1 |φα (i)|4 . (1)
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Here, N is the total number of particles, α denotes the index of eigenmode, and i denotes the index
of degree of freedom (DOF). The above definition of the participation ratio faces two issues that
make it not a perfect order parameter for characterizing vibrational inhomogeneity. The first issue
is the ambiguity of the physical meaning of an eigenmode. For example, as mentioned earlier,
the dynamical response in a crystal should be homogeneous due to symmetry, yet the eigenmodes
are plane waves with spatial fluctuations in intensity. Therefore, the participation ratio of a crystal’s
eigenmode is not constantly 1, but a fractional number. This point will be discussed in more detail in
the following sections. More importantly, the spatial distribution of the dynamical response cannot
be obtained correctly from a single eigenmode due to intensity fluctuations. The second issue is the
sensitivity of the definition to numerical values. If 1% of particles have a strength of 10 and 99%
have strength 1, the participation ratio is 0.6; however, this value drops sharply to 0.04 if the 1%
have strength 100 instead of 10. This sensitivity makes the order parameter a poor estimator of how
many particles contribute to the vibration. Hence, the spatial distribution is still required to fully
understand vibrational inhomogeneity in amorphous solids.

The Green’s function method is more commonly used in theoretical analyses of amorphous
systems [12–14], because it conveniently characterizes the dynamical response under external
excitations. Mathematically, the Green’s function is the solution of the dynamical equation with
a homogeneous pulse excitation applied to every particle [15,16](

∂2
t − H

)
G(t − t ′) = Iδ(t − t ′). (2)

Here, H is the dynamical matrix, G(t − t ′) is the Green’s function in the time domain, and I
is the unit matrix. Therefore, the diagonal element Gii(t − t ′) of the Green’s function gives the
local dynamical response of the ith degree of freedom under homogeneous pulse excitation. For
amorphous solids, as mentioned earlier, the local dynamical response may differ from particle
to particle due to variations in local environments, even though the excitation is the same. The
Green’s function method thus provides a tool to directly probe vibrational inhomogeneity with a
clear physical meaning.

In this work, we use the Green’s function method to probe the vibrational inhomogeneity of a
two-dimensional (2D) amorphous solid from simulations. We define the total vibrational density
of states (DOS), the local DOS (which represents frequency-resolved vibrational inhomogeneity),
and the frequency-resolved participation ratio PR(ω) to characterize the dynamical properties
of the amorphous solid. We find that the vibrational inhomogeneity remains at a similar level,
PR(ω) ∼ 0.7, over most of the frequency range. The spatial features of vibrational inhomogeneity
are fragmentation and occur at the particle scale. The findings call for noticing inhomogeneity
in amorphous solids from broader perspectives of dynamics and structure, and across different
frequency scales and timescales.

II. SIMULATION AND THEORY

To obtain an amorphous solid structure from simulations, we annealed 4096 bidisperse particles
with a 1:1 mixture ratio and a size ratio of 1.4:1, interacting via the harmonic potential V (ri j ) =
ε
2 (1 − ri j/σi j )2 for ri j < σi j (zero otherwise) in two dimensions. All particles have equal mass m,
and periodic boundary conditions are applied with a fixed area fraction φ = 0.91 in the canonical
ensemble. (Length, mass, energy, and time are expressed in reduced Lennard-Jones units: the small
particle diameter σs, m, ε, and

√
mσ 2

s /ε, respectively, with kB = 1.) The system is first equilibrated
at T = 3.0 for 10 000 time units and then cooled stepwise with 	T = 0.1 down to T = 0.1, with
an equilibration time 	t at each step that sets the cooling rate γ = 	T/	t (ranging from 10−3 to
10−6). Further simulation details can be found in Ref. [17].

At the configuration with minimum total potential energy U , the Hessian matrix can be obtained
by computing the second derivatives with respect to each DOFs xi( j): Hi j = ∂2U/∂xi∂x j . Here, the
DOFs xi( j) include both the x and y coordinates of all particles. The dynamical response properties
can be obtained using the Green’s function (G) method once the Hessian matrix H of the system is
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known. Their relation in the frequency domain can be directly obtained upon Fourier transform of
Eq. (2), as

G(ω) = [(ω2 + iη)I − H]−1, (3)

with η = 0+ a small number ensuring causality, [·]−1 denoting the inverse of a matrix, and I the
identity matrix. The total DOS can be easily obtained as [18]

g(ω) = −ωIm[Tr[G(ω)]], (4)

with Tr[·] computing the trace of a matrix. The local DOS on the ith DOF is simply

gi(ω) = −ωIm[Gii(ω)]. (5)

For convenience in displaying BP, the DOS curve is usually plotted after reduction by Debye’s law:
g(ω)/ω = −Im[Tr[G(ω)]] and gi(ω)/ω = −Im[Gii(ω)].

The local DOS defined in Eq. (5) provides a direct measure of how much each particle contributes
to the total DOS at a given frequency, as guaranteed by the identity

g(ω) ≡
∑

i

gi(ω). (6)

The advantage of the local DOS is that it reveals the spatial distribution of the dynamical response at
a specific frequency. In our opinion, however, this approach is relatively limited for characterizing
local dynamical objects such as localized modes [2–4], soft spots [5], and even topological defects
[19] mentioned earlier.

To identify the morphological properties of the distribution of local DOS at a given frequency,
gi(ω), we define frequency-resolved participation ratio PR(ω) as [8]

PR(ω) =
(∑

i gi(ω)
)2

2N
∑

i gi(ω)2
. (7)

Frequency-resolved participation ratio PR(ω) = 1 indicates all particles contribute to the mode at
frequency ω, and hence the mode is extended and dynamically homogeneous, while PR(ω) = 1/N
indicates only one particle contributes, and hence the mode is localized and strongly dynamically
inhomogeneous. The physics captured by the frequency-resolved participation ratio in Eq. (7) differs
from that of the eigenmode participation ratio in Eq. (1). The frequency-resolved PR character-
izes the distribution of vibrational intensity, i.e., vibrational inhomogeneity, at a given frequency,
whereas the eigenmode PR characterizes the vibrational inhomogeneity of a single eigenmode.
More generally, PR(ω) cannot be obtained simply from the eigenmode PR (PRα):

PR(ω) �=
∑

α

δ(ω − ωα )PRα. (8)

This inequality is clearly seen in the bottom panels of Fig. 1. At a given frequency, there can be many
eigenmodes with nearly degenerate eigenfrequencies. Their relative contributions to the vibration
at that frequency are, in principle, different. However, the normalization in Eq. (1) discards the
weighting information for different eigenmodes. On the other hand, the frequency-resolved PR
does not rely on any eigenmode decomposition, and is therefore able to correctly characterize the
inhomogeneity of the vibrational response at a given frequency.

III. RESULTS AND DISCUSSION

A. Comparison of results from the Green’s function and eigenmode analysis

Low-frequency sound waves are collective excitations in crystals. For each sound wave mode,
all particles participate equally because of translational symmetry. Therefore, the DOS of a crystal
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FIG. 1. Top left (for crystal case) and top right (for amorphous solid case) panels show the reduced DOS
−Im[Tr[G(ω)]] obtained from Green’s function method (gray) and g(ω)/ω = ∑

α δ(ω − ωα )/ω obtained from
the distribution of eigenfrequencies of Hissian matrix (gray). In the top right panel, frequency of BP is identified
to be around ωBP ∼ 0.15. The bottom two panels show the participation ratio of crystal (left) and amorphous
solid (right) cases obtained with the method of Eq. (1) (the red dots) and Eq. (7) (the black line). The gray
dashed lines in bottom panels are frequency-binned participation ratio of eigenmodes.

should follow Debye’s law [20] in the low-frequency region, and the frequency-resolved participa-
tion ratio should be 1 over the entire frequency range. In the top left panel of Fig. 1, we validate
the Green’s function method for a hexagonal close-packed crystal by comparing the reduced total
DOS with the distribution of eigenfrequencies. The two reduced DOS curves coincide in trend
over the entire frequency range. The Green’s function result is smoother than the eigenfrequency
statistics due to the finite broadening parameter η in Eq. (3). Theoretically, a smaller η brings the
result closer to the eigenfrequency distribution, while a larger η yields a smoother curve. To balance
accuracy and visual clarity, we use η ∼ 10−2 in our computations. Appendix shows the effect of
η on the reduced DOS curves in more detail. In the bottom left panel of Fig. 1, we compare the
two participation ratios obtained via Eq. (1) (PRα) and Eq. (7) (PR(ω)). As discussed earlier, the
frequency-resolved PR remains constantly 1 over all frequencies, whereas the eigenmode PR is
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distributed over a wide range from 0.1 to 0.7. Given the translational symmetry that ensures equal
participation of all particles in a vibration at a given frequency, the frequency-resolved PR correctly
characterizes the fraction of participating particles. In contrast, the eigenmode PR describes the
inhomogeneity of individual eigenmodes but cannot reliably indicate the participation ratio for a
vibration at a specific frequency, because of its fractional value and the inequality in Eq. (8).

By comparing the reduced DOS and participation ratio obtained from the Green’s function
method and eigenmode analysis for the crystal, we validate the Green’s function approach and
highlight the advantages of the participation ratio defined via Green’s function for characterizing
vibrational inhomogeneity, i.e., the fraction of participating particles. The top right and bottom right
panels of Fig. 1 show the reduced DOS and participation ratio for the amorphous solid. For the
amorphous solid, the reduced DOS from the two methods coincide at frequencies above ω > 0.15,
but deviate noticeably near and below the BP (ω ∼ 0.15). Near zero frequency, the eigenfrequency
statistics are usually noisy due to the sparsity of modes. A common remedy is to perform an en-
semble average over many independent configurations [21]. Here, we note another minor advantage
of the Green’s function method: The reduced DOS curve obtained without ensemble averaging is
already as smooth as the averaged results over nearly 40 configurations, comparable to the reduced
DOS of 2D or 3D glasses in Ref. [21].

For the amorphous solid, the total reduced DOS clearly exhibits a BP at ωBP = 0.15, well
below the Van Hove peak (located at around ωVH ∼ 1.5 based on the crystal result in Fig. 1). The
frequency-resolved participation ratio displays several noteworthy features. First, it shows a dip at
the BP frequency. Below the BP, PR(ω) ∼ 0.8. At frequencies above the BP but below the Van Hove
peak, PR(ω) increases gradually from ∼0.7 to ∼0.8, indicating that a large fraction of particles can
be excited and participate in vibrations in this range. The value ∼0.7, which is lower than the ideal
value of 1 for sound waves in crystals, signals the presence of spatial vibrational inhomogeneity
(see Fig. 2). Above the Van Hove peak, the frequency-resolved PR drops to zero, showing that
collective dynamical responses are suppressed. The eigenmode PR follows a similar trend but takes
much lower values, as in the crystal case, because it reflects only the inhomogeneity of individual
eigenmodes rather than the local DOS.

B. The distribution of local DOS and vibrational inhomogeneity

Figure 2 shows that the spatial distribution of the dynamical response is fragmented and occurs
at the particle scale over a broad frequency range. There are always a few particles, on the order of
0.1%, exhibiting a stronger dynamical response than the rest. To give a comprehensive view of the
vibrational inhomogeneity, we present the distribution of local DOS values at different frequencies
in Fig. 3. The distribution is remarkably similar across a wide frequency range, from ω = 0 to ω =
0.8. The majority of local DOS values are around 0.1 of the maximum, while particles with very
strong local DOS are extremely rare (less than 0.1%). Thus, the vast majority of particles dominate
the total DOS, including the BP. The minority, despite dominating the vibrational inhomogeneity,
are too few to significantly affect the total DOS.

Vibrational inhomogeneity is characterized by the nonuniform spatial distribution of the local
DOS. Figure 3 provides more detailed information than the frequency-resolved PR, which is an
order parameter summarizing the distribution. Figure 3 suggests that the distribution of local DOS
shown in Fig. 2 is rather uniform, and that the particles with large local DOS (light dots) in Fig. 2
are a small minority.

C. The BP involves the majority of particles

To visualize the dynamical response of all particles over the entire frequency range, we provide
a heatmap of the local DOS in frequency versus all 4096 particles in Fig. 4. The inhomogeneity
can be seen from two dimensions: For a given frequency or for a single particle, the local DOS is
inhomogeneous. In Fig. 4, the particle indices have been sorted according to their low-frequency
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FIG. 2. The spatial distribution of local DOS under frequencies, ω = 0.05, 0.1, 0.15, 0.2, 0.5, and 0.8,
from top left to bottom right. The color from dark to light indicates stronger local DOS.

(ω < 0.2, around the BP) intensity. As can be seen in the lower left corner, there are indeed some
particles, on the order of hundreds, that contribute “more” to the low-frequency total DOS.

To quantitatively characterize which fraction of particles (nparticle) contributes a given fraction
(nDOS), we perform a percolation analysis to select the most dominant particles, as shown in Fig. 5.
The top nparticle = 9.2%, 24.5%, 44.6%, and 69.1% of particles contribute nDOS = 20%, 40%, 60%,
and 80% of the total DOS around the BP frequency. The fraction of particles nparticle that contributes
a given fraction nDOS of the total DOS can be determined from the relation

nDOS = 1∫ 0.2
0 g(ω)dω

Nnparticle∑
a=1

ROa

[∫ 0.2

0
(ga,x(ω) + ga,y(ω))dω

]
, (9)

once nDOS is fixed. Here, the integration interval ω ∈ [0, 0.2] corresponds to the BP region. The
operator ROa[·] denotes reordering the atom indices a according to

∫ 0.2
0 (ga,x(ω) + ga,y(ω))dω
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FIG. 3. The distribution of local DOS along the values for different frequencies. The value of local DOS
has been normalized by the maxima of each spatial distribution of local DOS.

from largest to smallest; ga,x(y)(ω) is the local DOS of the x(y) degree of freedom of atom a. After
reordering, we have
∫ 0.2

0
(g1,x(ω) + g1,y(ω))dω >

∫ 0.2

0
(g2,x(ω) + g2,y(ω))dω > · · · >

∫ 0.2

0
(gN,x(ω) + gN,y(ω))dω.

(10)

Morphologically, the contributing particles are rather uniformly distributed in space, whether they
form small clusters under extreme percolation thresholds [8,9] or a connected complex pattern under
more inclusive thresholds [6]. In this situation, it is not justified to claim that the low-frequency total
DOS is dominated by a minority of particles.

FIG. 4. The local DOS as a function of frequency for all particles. The color from dark to light indicates
stronger local DOS. The index of particles has been arranged according to the low-frequency (ω < 0.2)
intensity, as in Eq. (10).
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FIG. 5. Percolation of the particles contributing the most to the low frequency ω ∈ [0, 0.2] (around BP)
of total DOS. The percolation threshold, from top left to bottom right, is top nDOS = 20%, 40%, 60%, and
80% contribution of the total DOS at frequency region ω < 0.2. The ratio of survivors (colored in black)
under percolation is nparticle = 9.2%, 24.5%, 44.6%, and 69.1%, respectively. The percolation are quantitatively
described in Eq. (9).

The above results confirm the presence of vibrational inhomogeneity in our simulated two-
dimensional amorphous solid. Although the frequency-resolved vibrational inhomogeneity (the
local DOS) determines the total DOS features such as the BP and the Van Hove peak, its spatial
distribution does not exhibit clear signatures that distinguish different regions of the total DOS.
Consider the crystal case in Fig. 1: From a dynamical or total DOS perspective, the Van Hove
peak and the low-frequency region are distinct because the latter corresponds to sound waves
while the former does not. This distinction cannot be captured by the distribution of dynamical
response intensity, which is perfectly homogeneous at all frequencies in a crystal. Similarly, the BP
in the amorphous solid is accompanied by only a slight dip in the frequency-resolved participation
ratio (Fig. 1). In our view, this correlation is too weak to imply causation, given the sensitivity of
the participation ratio discussed earlier. Moreover, Figs. 2 and 3 show that the participation ratio
is largely determined by a small minority of particles that are too few to affect the total DOS.
These results suggest that one should reconsider whether local vibrational inhomogeneity provides
a satisfactory route to explain global dynamical anomalies.

In the introduction, we mentioned several dynamical anomalies such as localized modes
[2–4], soft spots [5], dynamical defects [6,7], and dynamical excitations [8,9]. Most of these
anomalies are identified through eigenmode analysis and require separating phononlike and non-
phononic contributions. These anomalies typically involve a minority of particles that behave
differently from the rest. The present work does not question the existence of such dynamical
anomalies (vibrational inhomogeneity); however, their contribution to total DOS features like the
BP should be carefully considered, because these features actually arise from the majority of
particles.

000128-8



VIBRATIONAL INHOMOGENEITY IN AMORPHOUS …

FIG. 6. Reduced DOS for the crystal (left) and amorphous solid (right) computed via the Green’s function
method [Eq. (4)] with different values of the broadening parameter η. A reasonably larger η helps to smooth
the curve.

IV. CONCLUSION

In summary, we use Green’s function method combined with simulation data to better probe
the spatial distribution of the dynamical response in amorphous solids. The order parameter,
frequency-resolved participation ratio, is proposed to character the level of vibrational inhomogene-
ity for a specific frequency. Vibrational inhomogeneity is confirmed and visualized through three
complementary approaches: spatial maps, statistical distributions, and percolation analysis over
given frequency ranges. The results indicate that while vibrational inhomogeneity is dominated by
a minority of particles, global dynamical anomalies such as BP are governed by the vast majority of
particles. These findings provide an alternative perspective on the role of vibrational inhomogeneity
in amorphous solids.
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APPENDIX: EFFECT OF THE PARAMETER η IN THE GREEN’S FUNCTION

In the definition of the Green’s function,

G(ω) = [(ω2 + iη)I − H]−1, (A1)

the parameter η → 0+ introduces an imaginary part, which allows one to apply the Plemelj identity
(see Ref. [18])

lim
η→0+

1

π
Im

[
1

x + iη

]
= −δ(x), (A2)

to compute the total DOS as

g(ω) = −ωIm[Tr[G(ω)]] =
∑

α

δ(ω − ωα ). (A3)
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A smaller η makes the delta function narrower and closer to a true delta function, whereas a larger
η broadens the delta function and yields a smoother DOS curve, albeit at the expense of the strict
delta-function representation. Figure 6 shows the DOS results for several values of η. The DOS is
robust to small variations in η. The choice of η thus balances fidelity to the true spectrum and curve
smoothness.
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