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We theoretically investigate the shape dependence and microscopic mechanism of the
magnetoelectric (ME) effect, including both nonmagnetic (Edelstein-type) and magnetic
origins, in a V-shaped one-dimensional chain model. Numerical calculations based on the
Kubo formula reveal that the nonmagnetic-driven ME response is maximized at an apex
angle of 6 ~ 0.6x. To clarify its origin, we derive a low-energy effective Hamiltonian in
the s-orbital subspace and demonstrate that the polarity induced by the V-shaped geometry
manifests as an effective spin-orbit interaction. An analytical derivation of the Green’s
function shows that the geometric effect can be described as a T-matrix contribution
associated with local symmetry breaking. This scattering-theoretical representation enables
us to identify the contributions of local geometric symmetry breaking to the ME response.
Using a multipole-basis representation, we identify symmetry-based selection rules for
the ME tensor and show that the coupling between the effective spin-orbit interaction
and the orbital angular momentum generated across the apex plays an essential role.
The resulting angular dependence, sin @ sin/2, peaks at = 2tan~' /2 ~ 0.6087, in
good agreement with the numerical results. We also analyze a ferromagnetic V-shaped
model including the Zeeman interaction and show that the magnetic-driven ME response
originates from the spin magnetization induced by the coupling between the electric-field-
driven charge-potential gradient and the Zeeman term. These results reveal distinct ME
mechanisms depending on the presence or absence of time-reversal symmetry and clarify
the microscopic origin of shape-dependent ME responses in V-shaped chains.

DOI: 10.1103/gjfd-tbyj

I. INTRODUCTION

Artificially structured metamaterials (or metasurfaces) have enabled unprecedented creation
and manipulation of physical phenomena [1-5]. In particular, recent advances in microfabrication
techniques have made it possible to induce specific symmetries into a system, for example, by
fabricating holes of designed shapes [6—8] or by constructing tailored nanostructured architectures
[2,9—12]. Similarly, in atomic-scale and nanoscale materials, the control of geometric configurations
and atomic arrangements provides opportunities to tailor electronic states and physical properties
through structural and symmetry engineering [13—17]. Such artificial systems provide a valuable
platform for exploring and realizing exotic physical phenomena, which can be flexibly engineered
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through the geometric parameters of the constituent nanostructures, including their composition,
shape, periodicity, and mutual arrangement.

To systematically characterize the symmetry and associated physical responses of such artifi-
cially engineered systems, it is useful to adopt a symmetry-based theoretical framework. The finite
multipole moments in a system reflect its underlying symmetry. The multipole description provides
a powerful way to connect macroscopic phenomena, microscopic degrees of freedom, and symmetry
principles [18-24]. Microscopic internal degrees of freedom, such as spin, orbital, and charge, can
be systematically classified within the multipole basis, which provides a complete set for describing
arbitrary electronic states in a given Hilbert space [18,22,24,25]. Consequently, extensive studies
have been devoted to macroscopic response phenomena originating from bulk electronic degrees
of freedom using multipole basis. These efforts have employed the multipole basis to extract key
model parameters and to characterize the resulting emergent behaviors [22-24,26].

Meanwhile, the detailed correspondence between the symmetries induced by nanoscale ge-
ometries and the multipole degrees of freedom remains unclear, beyond the level of symmetry
classification [19,21,24]. For example, it is still unclear how local geometric structures affect
electronic states and through what microscopic mechanisms they influence macroscopic physi-
cal properties. Elucidating the interplay between nanoscale geometries and multipole degrees of
freedom may provide valuable insights into the understanding and design of geometry-induced
electronic properties in nanostructures.

We focus on a V-shaped (so-called “ku-noji’-shaped in Japanese) structure [27-31], which
possesses Cp, (m2m) symmetry or C; (m) symmetry when the substrate is taken into account. In
such metamaterials, the shape-induced polarity gives rise to a finite electric dipole moment, which
becomes the microscopic origin of the Edelstein effect [32—35], the nonlinear Hall effect [23,36—
39], the nonlinear optical response [40-43], and the piezoelectric effect [44—46]. Furthermore, in
ferromagnetic V-shaped systems, magnetic dipole degrees of freedom originating from spontaneous
magnetization become active, leading to a multiferroic state that simultaneously breaks time-
reversal and spatial-inversion symmetries. In such multiferroics, magnetic toroidal dipole degrees
of freedom, which are characterized by polar vectors that are odd under time-reversal symmetry
[18,24,47—-49], play an essential role. These toroidal moments give rise to rich physical phenomena
such as magnetoelectric (ME) effects [47,48,50-56], nonreciprocal conductivity [55,57-59], and
nonreciprocal directional dichroism [12,60-62].

In this paper, we investigate the shape dependence and the underlying mechanism of the ME
response arising from the V-shaped geometry using a one-dimensional (1D) chain model; hereafter,
the term “ME effect” is used in a generalized sense to refer collectively to the nonmagnetic-driven
Edelstein effect associated with electric dipoles and the magnetic-driven ME response induced by
magnetic toroidal dipoles. The finite V-shaped chain serves as a minimal microscopic model for
examining local geometric symmetry breaking, rather than a material-specific description of a bulk
crystal or a mesoscopic device. Here, we aim to clarify how local geometric symmetry breaking is
encoded in ME responses from a microscopic viewpoint. First, we evaluate the shape dependence of
the nonmagnetic-driven ME effect in a model including s and p orbitals. We find that the magnitude
of the ME effect reaches its maximum at an apex angle of 6 & 0.6. To analyze the mechanism
underlying this dependence, we next perform a more detailed model analysis. By projecting onto
the s-orbital basis, we construct a low-energy effective Hamiltonian, in which the polarity induced
by the V-shaped geometry emerges as an effective spin-orbit interaction. Furthermore, by analyzing
the shape dependence of the Green’s function, we clarify that the geometric effect manifests itself
as a T-matrix contribution to the Green’s function. We then analyze the selection rules using
the multipole basis, which reveals that the effective spin-orbit interaction and the orbital angular
momentum generated by motion across the apex angle play essential roles in the ME effect. The
angular dependence of this mechanism takes the form sin 6 sin 6 /2, exhibiting a peak around 6 =
2tan~' +/2 ~ 0.6087, demonstrating that the observed shape dependence is a direct consequence
of the underlying microscopic mechanism. Finally, we investigate a V-shaped ferromagnetic model
including Zeeman interaction. We find that the magnetic-driven ME effect in this case arises from

000189-2



SHAPE DEPENDENCE OF EDELSTEIN AND ...

FIG. 1. The lattice of the 2N + 1-site (N = 4) V-shaped 1D chain defined in Eq. (2). a is the lattice constant
and 6 is the apex angle.

spin magnetization induced by the coupling between the charge-potential gradient generated by
the V-shaped geometry and the Zeeman interaction. These distinct physical mechanisms result
in different dependence of the ME effect on both shape and system size. These results provide
microscopic insights into the relationship between local geometric symmetry breaking and ME
responses in V-shaped nanostructures.

The organization of this paper is as follows. In Sec. II, we present the numerical results
demonstrating the shape dependence of the nonmagnetic-driven ME effect in a model including
s and p orbitals. In Sec. III, we derive an effective Hamiltonian and show that the polarity induced
by the V-shaped geometry results in the effective spin-orbit interaction. In Sec. IV, we analyze the
shape dependence of the Green’s function. In Sec. V, we employ the multipole basis to analyze
the selection rules for the ME tensor, thereby clarifying the key physical mechanisms underlying
the shape dependence. In Sec. VI, we further investigate the shape dependence and the underlying
mechanism of the magnetic-driven ME effect in a ferromagnetic system without the time-reversal
symmetry. Section VII is devoted to the summary of the present findings. Appendixes include the
derivation of the Green’s function of the straight 1D chain in Appendix A, the matrix representation
of multipoles in the V-shaped model in Appendix B, and the expression of the ME tensor based on
the multipole basis in Appendix C.

II. s-p MODEL

We evaluate the shape dependence of the ME effect in a model including s and p orbitals. In
Sec. IT A, we introduce the s-p-orbital model in the V-shaped chain system. We also show the
expression of the linear ME tensor, which describes the correlation between the electric polarization
and the magnetization in Sec. II B.

A. Model and method

We consider a minimal model of a V-shaped finite chain on the xy plane that captures the essential
symmetry and orbital structure, incorporating s and p orbitals, as shown in Fig. 1. The tight-binding
Hamiltonian is given by

H=Y" > ¢ Ry Owo R, )

R,R, mm'oo’

where ¢, (R,) and <p§w (R,) are the fermionic annihilation and creation operators of the s-p orbital
m =S, py, Py, Pz, the spin o =1, |, and the position R,,. The V-shaped 1D chain lattice consists of
the 2N + 1 sites, whose positions are specified by R,, defined as

0 0
Rn=a<nsin§,|n|cos§) (—N <n<N), )
where a is the lattice constant and 6 is the apex angle of the V shape, as shown in Fig. 1.
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The Hamiltonian is decomposed into three parts as follows:
H = Hyop + Ha + Hsoc. 3)

The first term Hyop represents the hopping term, which includes the Slater-Koster parameters f,
and f,, for the nearest-neighbor hopping [63]. The hopping between the p orbitals is neglected
(tpps = tppz = 0) for simplicity. Hyp is given by

Hhop = Z Z E§,mm’' (p;m (R + 618) Om'o (R), (4)

R,§ mm'o

where the lattice number n of R, is omitted for notational simplicity (e.g., R = R, § = §,,). & is the
direction cosine for the nearest-neighbor sites from R. The relationship between ¢ and the Slater-
Koster parameters is given by

E§,5s = —lsso » Esspi — —E8,pis = tspaal (l =X, )’), E§.mm = 0 (otherwise). (5)

The second term H, represents the energy level of the p orbital measured from that of the s
orbital, which is expressed as

M=py,py.p;

Ha=20,)" Y ¢l (R (R). 6)
R

mo

The third term Hgoc represents the atomic spin-orbit coupling (SOC) term, which is represented
by

2\ .
Hsoc =252 D lunt *So0' @10 (B) i (), (7)

R mm'co’

where 1,y and s, represent the matrix elements of the orbital and spin angular momentum oper-
ators, respectively. 7 is the reduced Planck constant. It is noted that the orbital angular momentum
operator is defined within the p-orbital subspace.

For the above model, we evaluate the ME tensor by using the linear response theory. The ME
tensor ", which corresponds to the coefficient describing the linear response of the magnetization
SM" to an external electric field E”, is defined as

SMY = Za”;pE”. (®)
p

Within the framework of linear response theory, the ME tensor incorporates contributions
from the Edelstein effect with the dissipation, which preserves time-reversal symmetry,
and from the conventional ME effect without the dissipation, which requires its break-
ing [19-21,24]. In the V-shaped model preserving time-reversal symmetry, the point-group
symmetry of the system is C,, owing to the emergence of electric polarization along
the y direction. This polar symmetry allows a finite o®* component in two-dimensional
systems.
We calculate the linear ME tensor using the Kubo formula:

o — L 3 J(Ea) f(EB)MXBPgA’ ©)

\%4 AB EA —EB+lh)/
where E, are the eigenvalues of Hamiltonian matrix k, f(E) is the Fermi distribution function,
V = (2N + 1)a is the volume of the system, and y is the scattering rate, characterized as the inverse
of the relaxation time under the relaxation time approximation. M}, and P§, are matrix elements of
the magnetization and polarization operators for eigenstates A and B, respectively. Their operator
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FIG. 2. (a) Chemical potential i dependence of the nonmagnetic-driven ME tensor component «** for
various apex angles, 8 = 0.0m, 0.27, ..., 1.07r. o®* reaches its maximum around p ~ 1.5 and its minimum
around p &~ —1.45, independent of the value of 6. (b) Apex angle 6 dependence of the ME tensor at . = 0.5.
The magnitude of the ME response induced by the V-shaped geometry reaches its maximum at 8 ~ 0.6. In
both panels (a) and (b), the parameters are set to ty,, = 1, #,0 = 0.7, A, =10, A =04, N =128, y =0.05,
and 7 = 0.01.

expressions are given by

M’ = %(U +g5"), (10)

L= b 9o B 00 R), (11)
R mm'c

S' =D St P (R Puo (R), (12)
R moo’

PP=e) Y R ¢, (R)puo(R), (13)
R mo

where e, g, and g are the elementary charge, the Bohr magneton, and the g factor, respectively.
We neglect the additional contribution from the modern theory of orbital magnetization [64,65] and
interorbital polarization [66].

B. Numerical results

We evaluate the shape dependence of the ME tensor o** in the V-shaped s-p model as Eq. (3).
In the following numerical calculations in this subsection, we set

fwo =1, 1y =07, A,=10, =04, (14)

and N =128. We alsosete =h=ug =a =1, g =2, y =0.05, and the temperature 7 = 0.01.
Since we consider the nonmagnetic system with time-reversal symmetry, the ME response o**
becomes nonzero only under the finite dissipation.

First, we present the chemical potential u dependence for various apex angles 6. We focus on
the range —2 < u < 2, in which the electronic states are primarily characterized by the s orbital
owing to the large energy separation A,. As shown in Fig. 2(a), " reaches its maximum around
@ = 1.5 and its minimum around u ~ —1.45, independent of the value of 6. The disappearance
of a* for 6 = is owing to the presence of the spatial-inversion symmetry, where the system
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reduces to the straight 1D chain. Meanwhile, the vanishing of o** at 6 = 0 implies that a finite
opening along the x direction in the V-shaped geometry, which results in the x-directional electric
polarization, is essential for the nonmagnetic-driven ME effect. These results also suggest that, in
the present model, the characteristic shape dependence of the ME response is not restricted to a
particular chemical potential.

Figure 2(b) shows the 6 dependence of the ME effect at u© = 0.5. We choose this chemical
potential as a representative value away from the extrema of the ME response. This choice is not
based on any specific material or electron filling. The magnitude of the ME response exhibits a
nearly monotonic dependence on 6, showing a clear peak at an apex angle of approximately 6 ~
0.67. This behavior is clarified by employing the approach based on an effective model in the
subsequent section.

III. EFFECTIVE MODEL

To analyze the underlying physical mechanism of the numerically obtained ME response, we
adopt an effective model approach that eliminates redundant degrees of freedom to capture the
essential physics. To this end, we derive an effective Hamiltonian by projecting the s-p orbital
model onto the s-orbital subspace [67-70]:

Her(2) = Y Y ol Rl herr ()1 0o (R, (15)
R,R, oo’
heti (z) = PshPy + 77" 81.(2) 7, (16)

where g, (z) = (iz — Q,hQ,)~", ) = QphP;, h is the matrix of the s-p Hamiltonian in Eq. (3), and
P; and Q) are the projection operators for s-orbital and p-orbital bases, respectively. The effective
Hamiltonian is thereby decomposed into three parts as follows:

Heir(z) = Hpyog + Hos (2) + Hio, (2). (17)

The first term Hy, ;7 represents the nearest-neighbor hopping between s orbitals in Eq. (4). The second

term Hﬁé‘; (z) represents the second-nearest-neighbor hopping through the s-p hybridization, which
is given by
H2() =Y eyp ol R+ a8 (R — ad), (18)
R85 ©
where
g5z = —u(z) (8 - 8°), (19a)
—t12 iz — A+ A)
u(z) = & F (19b)

(hz — Ay — M)Az — A, +21)°

and &' and &° are the direction cosines to the nearest-neighbor sites of R.
The third term Hg’gl(z) represents the effective spin-orbit interaction, which is also induced by
the s-p hybridization as

20(z) o ;
Hio(2) = =57 D0 D s - Soor 01y (R +a8)pso (R — a8, (20)
R.§'8° o0’
where
ljs = ih(8" x &), (21a)
2,
a(z) = P (21b)

(hz — Ay — W) (hz — A, +21)
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Effective spin-orbit interaction Hsegl arises from the coupling between the orbital angular momentum
generated by two successive spo hoppings and the on-site atomic spin-orbit coupling in the absence
of local spatial-inversion symmetry with nonzero §' x §°. Reflecting this, in our effective model, /50
takes a finite value only at the V-shaped edge at n = 0 within the nearest-neighbor spo hopping:

+ihsind (8 =Ry — R+, 8 =Ry —Ry),
- i ( <.> 51 £1 0) 22)
& 0 (otherwise).

From the symmetry viewpoint, the imaginary hopping i (8" + 8°) can be interpreted as the activation
of the magnetic toroidal dipole T' corresponding to a time-reversal-odd polar vector, while the spin
degree of freedom § can be regarded as the magnetic dipole M corresponding to a time-reversal-odd
axial vector [22,24]. Consequently, HST, incorporates the symmetry of the electric dipole Q (~ T x
M) corresponding to a time-reversal-even polar vector, thereby encoding the polarity associated with
the geometric shape. Specifically, T', M, and Q are induced in the x, z, and y directions, respectively,
in the present setup.

To calculate the ME tensor using the effective Hamiltonian as Eq. (17), we introduce an effective
ME tensor:

@l = o i)

(23)

iwy—>0+iy "
The effective ME tensor defined in terms of the bosonic Matsubara frequencies w,, = 2mmkgT /h
is expressed by [71,72]

oy kgT s s
ayf (ion) = —BT D T [ M Gerr (ien + ion)P? Gegr (i€ . (24)

i€,

where €, = (2n + 1)wkgT /h is the fermionic Matsubara frequencies and Pr is the matrix of
polarization operator defined in Eq. (13). Geg(z) is the Green’s function of the effective Hamiltonian
(the effective Green’s function), which is defined as follows:

1
Bz 4+ o — hegr(z + 1/h)’

where u is the chemical potential. The effective Green’s function represents the result of incorpo-
rating the p-orbital contribution into the s-orbital Green’s function through the s-p hybridization
[70]:

g_eff (Z ) =

(25)

Gerr(z — /M) = 3(2) + 3120 8L (@Ng () + - -, (26)

where g,(z) = (iz — P.hP;)~'. In order to take into account the contribution of orbital magneti-
zation originating only from the p-orbital basis, we introduce an effective magnetization operator
M;ff = M:ff(iem i€y + iwp),

M (z1,22) = PBMY P+ 7780 (21 + /MM 31 (22 + 11/ B)7. (27)

The effective Green’s function in Eq. (25), the effective magnetization operator in Eq. (27), and
the effective ME tensor in Eq. (24) are illustrated by the Feynman diagrams shown in Figs. 3(a)-3(c),
respectively. For the bubble diagram confined within the s-orbital subspace, the effects of the s-p
hybridization and the magnetic elements defined on the p orbitals are incorporated. As shown in
Eq. (26) and Fig. 3(a), by including the s-p hybridization in the Green’s function to infinite order
with even numbers of hybridization processes, the effective Green’s function Gefr is obtained. The
Green’s function components containing an odd number of s-p hybridizations propagate through
another Green’s function, which also includes an odd number of hybridizations mediated by the
magnetic operator defined on the p orbitals. Consequently, the effective ME tensor defined in
Eq. (24) emerges.
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(@) Gerr(2)
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FIG. 3. (a) Diagrams representing the effective Green’s function in Eq. (25). The thick black line represents
the effective Green’s function G in Eq. (25), the thin black line denotes the Green’s function propagating
between s orbitals g, and the gray double line represents the Green’s function propagating between p orbitals
&1 The cross symbol (x) indicates the s-p orbital hybridization 7. As shown in Eq. (26), the effective Green’s
function represents the result of incorporating the p-orbital effect into the s-orbital Green’s function through
the s-p hybridization. (b) Diagrams representing the effective magnetization operator in Eq. (27). The vertex
accompanied by a wavy line represents the magnetization operator M". (c) Diagrams representing the effective
ME tensor in Eq. (24). The p-orbital contribution is included via the s-p hybridization in the bubble diagram
closed within the s orbitals.

IV. SHAPE-INDUCED EFFECTS IN THE GREEN’S FUNCTION

We evaluate the angular dependence of the Green’s function in Eq. (25). The Hamiltonian matrix
can be separated into the & = m component and the remaining contributions as follows:

hett = hege|,_, + AR (28)

In our effective model in Eq. (17), Aﬁgg takes a finite value only on the sites adjacent to the apex of

the V-shaped 1D chain, as shown in Eq. (22). Therefore, Afzgf) is given by 4 x 4 matrix:
0, u(z)(1 + cos 0)6y — ia(z) sin 961)

—i — 1), 0

ARG () = <( (29)
where the matrix representation corresponds to the two sites adjacent to the apex angle of the V-
shaped 1D chain, R_; and R, in Eq. (2). 69 and &, (v = x, y, z) are the identity matrix and Pauli
matrices for spin, respectively. In this section, (—i — i) denotes taking the conjugate transpose
without taking the conjugate of the coefficients [e.g., u(z) and «(z)]. Here, it corresponds to the
other off-diagonal component obtained by replacing —i with i.

Then, using A}_zgf) , the following Dyson equation is obtained:

Geit = G5 + G AR Gerr, (30)
where g‘ég) = Geftlg—r. It is noted that when 6 = m, the V-shaped 1D chain represented by Eq. (2)

corresponds to a simple 1D chain with the spatial-inversion symmetry. Accordingly, _C';gf) is evalu-
ated analytically, with the detailed derivation presented in Appendix A. Then, by solving Eq. (30),
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we obtain the following expression:
Ger =G + G TV G, €2))
where T is the transition matrix (7 -matrix) with respect to the V-shaped geometry:

1

= 0 (32)
1= G Al

T = Ahg
The deviation from the straight chain is localized around the apex at n = 0. Consequently, the effect
of the V-shaped geometry can be represented in a form analogous to the 7-matrix formalism for
a local perturbation, in close analogy to impurity scattering [73,74]. Therefore, the T-matrix 7@
encodes information about the shape of the Hamiltonian. Moreover, since the 7 -matrix reflects the
local effects of the shape, it can be analyzed within a smaller subspace than the full Hamiltonian,
expressed as the 2(2N + 1) x 2(2N + 1) matrix. In our effective model in Eq. (17), 7® is given
by the following 4 x 4 matrix:

TFO) = < T 4500005 7;3%50 - ifggz@). (33)

(=1 — 1), T450000

Tas00s 7:]300, and 7;»,_ are nonzero components in T, To characterize the symmetry properties of
the geometry-induced scattering processes, we decompose the 7 -matrix into multipole components,
whose coefficients are indicated by the subscripts: g, qg, and t;’ denote the multipoles defined in
the two-site subspace, which will be introduced later in Sec. V and Appendix C. Nonzero off-
diagonal components over two sites in 7@ are mainly determined by Ai_zgf) , which is composed
of the second-nearest-neighbor hopping (~q8cro) and the effective spin-orbit interaction (product of
imaginary hopping and spin ~¢%0), as shown in Eq. (29). In contrast, the diagonal components are

mainly determined by (Al_zng) )2 (~q;00)-
Similarly to the Hamiltonian matrix in Eq. (28), the angular 6 dependence of the effective

magnetization is separated as follows:

My = M;f(fn) + AMUf(fG)’ (34)

e

where M\ = M;|s—r. In our effective model in Eq. (17), AMZ? is, like 7@, given by the 4 x 4
matrix as follows:

(35)

_ 0, AM v 6, —iAMy, &
AME (21, 22) = ( dho: % ! T'EUOG()),

(—i = i), 0
where AM . and AMv,, are nonzero components in AM;;? ) AM, 4o corresponds to the contribu-
tion from the spin magnetization, while AMv,, corresponds to that from the orbital magnetization.
In our model, AM;EE ) is constrained to the form given in Eq. (35) through Eq. (27), analogous to
ARG [Eq. (29)]. ) )

We evaluate the apex angle 8 dependence of 7 and AM, ;éfe ). We set the Hamiltonian parameters
given in Eq. (14). We also set the chemical potential . = 0.5 and the complex frequencies that are
arguments of 7@ and AMZY: z = z; = z, = 0.57i. Figure 4(a) shows 6 dependences of 7,
where we find that each coefficient is expressed by the following expressions as

Tso0 A;z(l +cos6)?, 7:1};00 x A;l(l +cos6), Ty A;z sin 4. (36)

This dependence is obtained by analyzing the following expression:
TO2) = ARG + O(ARSGH ARS)) (A, — o). (37)
Compared to Eq. (29), the off-diagonal components 7:1300 and 7y, reflect the A, and 6 depen-
dence of the second-nearest-neighbor hopping (u A;l) and the effective spin-orbit interaction
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(a) (b)

1.0} 1.0
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O & =) ~

FIG. 4. Absolute values of the components of (a) 7® and (b) AM:? ) as a function of the apex angle 6.
We fix the chemical potential © = 0.5 and the complex frequencies z = z; = zo = 0.5z, and we use the other
model parameters in Eq. (14) and N = 128. In both cases, the terms including g, and g§ exhibit a (1 4 cos §)-
type behavior, whereas that including #* shows a sin 6-type dependence. Furthermore, the obtained results
display the A, dependence consistent with Eqs. (27) and (37).

(o x A;z), respectively. Moreover, the diagonal component 7., arises through the square of
the second-nearest-neighbor hopping at the lowest order in A;l. It is also noted from the above

equation in Eq. (37) that when g‘;g)(z) becomes large (e.g., when Imz is sufficiently small and Rez
corresponds to the resonant frequency), this power expansion breaks down, and the 6 dependence
deviates from Eq. (36).

In the same manner, the 6 dependence of AM;({? ) in Fig. 4(b) is given as follows:

AM gy, A (1+cosB),  AMpg, o< A% sinf. (38)

This behavior is understood from Eq. (27); g1 (z) « A;I(Ap > z) at the lowest order in A;l.
AM . and AM;y,, arise from the even- and odd-order terms of the angular momentum operator
I7, as given in Eqgs. (19) and (21), respectively. Therefore, the resulting # dependence is analogous
to that of Ai_zgf) shown in Eq. (29). Furthermore, because the angular dependence originates solely
from 7, no 6 dependence appears in the denominator term; consequently, Eq. (38) appears as a direct
proportional relation, unlike 7.

V. MULTTIPOLE-BASED SELECTION RULES

Finally, we introduce the multipole basis and clarify the underlying mechanism by taking into
account the selection rules. By employing the symmetry-adapted multipole basis [22-26,75-77],
arbitrary operators such as the effective Hamiltonian can be expanded by the products of the cluster
and bond degrees of freedom (denoted as cluster multipole and bond multipole, respectively) and
the spin degree of freedom.

Table I summarizes the multipole degrees of freedom included in each operator in our effective
model. The on-site degrees of freedom are described by the cluster electric multipole ¢¢, while the
off-site degrees of freedom are described by the bond electric multipole §** and the bond magnetic
toroidal multipole 7; the former (latter) corresponds to the real (imaginary) hopping. Here, the
superscript n denotes the bond between the nth nearest-neighbor sites, and the prime (') indicates
the quantity defined only on the two sites adjacent to the apex angle (R_; and R ) of the V-shaped
1D chain. The spin degrees of freedom are represented by the Pauli matrices: 6 corresponds to the
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TABLE 1. List of multipoles included in the representative operators related to the ME tensor. For
simplicity, notations such as “~ are omitted (e.g., G™ = _C’;e(?f)). In the multipole notation, the superscripts
¢ and b denote cluster and bond multipoles, the superscript n following b denotes the nth nearest neighbor, the
subscripts 0 and (x, y) denote the monopole and dipole, respectively, and the prime (') indicates the quantity
defined on the two sites adjacent to the apex angle (R_; and R,,) of the V-shaped 1D chain. For MCZ("), the
edge correction due to the second-nearest-neighbor hopping to the on-site term is not taken into account. In
the second column, the corresponding irreducible representations under the point group C,, are shown, where
the superscript &= denotes the parity with respect to the time-reversal operation. In the last column, the

dependence on the apex angle 6 and the s-p energy separation A, (A, — 00) is shown.

Operator Irreducible representation Relevant multipole 0, A, dependence

g™ AT 4600, 40'00, 45700, - .- ol

M By q40- ol
quaz O<A;2

T® AT 4600 ~A2(1 4 cos6)
¥ oo ~A' (1 + cosb)
1o, ~A,?sing

AMZ® B o, oA, *(1 + cos 6)
0y ch;2 sin @

P* B qoo xsinf/2

P Af 4500 xcosf/2

electric monopole, while (6y, 6y, &;) represents the magnetic dipole. The matrix representations of
the relevant multipoles are given in Appendix B.
Table I presents the dependence on the apex angle 6 and the s-p energy separation A, for A, —

00. The simple 1D chain Green’s function g‘g;? includes all cluster and bond multipoles generated

by arbitrary powers of the hopping Hamiltonian. The simple 1D chain effective magnetization M;(t” )
contains g6, component and also has cjngrz component associated with the second-nearest-neighbor
hopping. Both originate from the spin magnetization contribution. 7 and AMZY are discussed in
Sec. IV. It is noteworthy that, once the effective magnetization is introduced, the magnetic dipole
operator is no longer a pure magnetic dipole but acquires an admixture of the magnetic toroidal
dipole t‘fz’c'ro. Although the magnetic dipole and the magnetic toroidal dipole are distinct multipoles,
they belong to the same irreducible representation in the present system. The multipole t_;’z’c"ro arises
from the coupling between the orbital magnetization and the spo hopping. Finally, the 6 dependence
of P* and P’ is given from Eq. (2).

In order for the ME tensor defined in Eq. (24) to acquire a finite value, the condition Tr[*] # O
must be satisfied. Within the framework of the multipole basis, the following relations play a key

role:

a0 4 =14y, (3%)

6,0, = 0y. (39b)

From the symmetry viewpoint, these equations represent A7 ® By ® Bf = A] and B  B] =
A7, respectively. By taking into account the above processes and extracting the contributions that

satisfy Eq. (39) while retaining only the terms in powers of A[jl, the dominant contributions can be
expressed as

o iom) = o + o + o + o+ 0(AY). (40)

iii
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Orbital
Effective SOI

FIG. 5. Diagrams representing distinct processes for the ME effect in our effective models. The thick black
line represents the simple 1D chain Green’s function at & = s, and the circled T (®D) represents the 7T -matrix
about the V shape in Eq. (32). The subscripts of the Matsubara frequencies are omitted. The symbols (e.g.,
Pyeo,) attached to the operators correspond to their multipole components in Table I. The physical mechanisms
corresponding to each multipole component are shown along with their schematic illustrations (see also Fig. 8
in Appendix B). There are two primary physical mechanisms contributing to the ME effect: One is the coupling
between the charge-potential gradient induced by the incident electric field and the orbital magnetization (o™
and o;"). The other is the spin magnetizations induced by the electric field through the effective spin-orbit
interaction (o and o).

The corresponding diagrams are schematically shown in Fig. 5. The detailed calculations and the
explicit expressions are provided in Appendix C. From Table I, the # and A, dependence of o™,

o', af, and " is given as follows:

. 0
03X -2 & :

o™ o¢ A% sin 6 sin 2 (41a)
. 0

ot~ A;3(1 + cos ) sin 6 sin > (41b)
. 0
X A2 Y

o A" sin6 sin > (41c)
. 0

ot ~ A;3(1 + cos ) sin 6 sin > (41d)

As illustrated in Fig. 5, the ME response in our model arises from two distinct processes. The
components o™ and o are represented by the coupling among the polarization (Py,,) and the
magnetization (AM;»,,) through the hopping across the apex angle (43*50) in the Green’s function,
where Py, and AM;s,, represent the charge-potential gradient induced by the applied electric field
and the orbital magnetization, respectively. Thus, o™ () represents the (higher-order) contri-
butions arising from the coupling between charge-potential gradient and the orbital magnetization.
In contrast, the components o and «;" are represented by the coupling among the polarization
(Pgeop), the spin magnetization (M, ), and the spin-dependent hopping across the apex angle in the
T-matrix (¥'5,). Since 7%, represents the contribution from the effective spin-orbit interaction
[Eq. B7)], a" (") is interpreted as the (higher-order) couplings between the charge-potential
gradient and spin magnetizations via the effective spin-orbit interaction.

X X

Figure 6 shows the 6 dependence of the components o™, o, o', and «f;" at the chemical
potential u = 0.5, where we use the same model parameters as those in Fig. 2(a). For the analytic
continuation from iw,, to 0+ iy, we employed the barycentric rational function approximation

method [78]. Here, the fermionic Matsubara frequencies were summed from n = —100 to 100,
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-1.0f
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FIG. 6. Apex angle 6 dependence of the components of the effective ME tensor o™, of”, o',

= and o).
We also present their total contribution and the result calculated using the Kubo formula [Eq. (9)] in the s-p
model. We use the same model parameters as those in Fig. 2(a). For the analytic continuation, we employed

the barycentric rational function approximation method [78].

while the bosonic Matsubara frequency data were taken over the range m = 0 to 30. We also
present their total contribution and the result calculated by using the Kubo formula [Eq. (9)] in the
original s-p model. It is demonstrated that the summation of the above four components successfully
reproduces the result obtained from the s-p model, indicating the dominant contributions are given
by o —«;". Among them, we find that the contribution from o™ is the most dominant, and thereby,
the 6 dependence of the total oy is governed as

X : . 9
Qg & sin @ sin 5 42)

This behavior arises from the competition between the maximization of the orbital angular momen-
tum at the angle of the V shape (ccsin 6) and the gain in the charge-potential gradient induced by
the electric field along the x direction (o sin @ /2). It exhibits a peak at § = 2 tan~! V2~ 0.6087,
which is consistent with the result in Fig. 2(b).

VI. FERROMAGNETIC SYSTEM

In this section, we consider the effect of the time-reversal-symmetry breaking by additionally
taking into account the ferromagnetic mean field along the z direction. For that purpose, we include
a Zeeman interaction in the Hamiltonian:

b
Hzee = E(LZ + gsz) (43)

The introduction of a ferromagnetic moment along the z direction induces a magnetic toroidal
dipole 7, along the x direction through its coupling to the electric polarization along the y direction,
which arises from the V-shaped geometry. Consequently, from the viewpoint of symmetry, the ME
response driven by the magnetic toroidal dipole, i.e., the magnetic-driven ME, is induced in the o*”
component [19,21,24].

We investigate the shape dependence of the isothermal ME tensor o7 = a*”|, —g in the V-shaped
s-p model. Figure 7(a) shows the 8 dependence of the isothermal ME response. We use the Hamil-
tonian parameters in Eq. (14) and b = 0.3; the other parameters are set to N = 128, u = 2, and
T = 0.01. In contrast to the previous results of nonmagnetic-driven «*, the magnitude increases
monotonically as the apex angle 6 decreases.
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(a) n= 2.0 (C) X10—4
18 s—
—_ 3.0 40
a;;}’
5 zy
a?x o?
0 . -
1.0m (2] 0.0 u=0.5 u=20
b=0.0 b=03
(b) ®e o* . .
g(TL’) " () "~ Zeeman interaction
eff . 0.0 .f lo
a®Y (iw) = 07 + 0 N 450
@ A
e o
zy e
a7 Spin

FIG. 7. (a) Apex angle 6 dependence of the isothermal ME tensor a5 at w = 2 in the ferromagnetic s-p
model. We set the Hamiltonian parameters as Eq. (14), and N = 128 and T = 0.01. The ME response increases
monotonically as the apex angle 6 decreases. (b) Diagrams for the ME effect in the ferromagnetic V-shaped
model. (¢) The V-shaped lattice size N dependence of the nonmagnetic-driven ME tensor o** (© = 0.5, b = 0)
and the magnetic-driven ME tensor o’ (1 = 2, b = 0.3) at 6 = 7 /2. The difference in physical mechanisms
results in different size dependence.

In the magnetic-driven ME response, the underlying mechanism is more straightforward than that
of the nonmagnetic-driven «**, since the Zeeman interaction introduces an additional component
into G as 56, which leads to a natural expansion as follows:

o (ion) = az” + O(A1). (44)

ay’ and o} (iw,) are related by Eq. (23). The corresponding diagram is shown in Fig. 7(b),
and its explicit expressions are provided in Appendix C. The diagram in Fig. 7(b) displays that
ay” originates from the spin magnetization induced by the coupling between the charge-potential
gradient along the y direction generated by the applied electric field and the Zeeman interaction. Its
6 dependence is given by

zy 9
a;” X Cos 3 45)

Accordingly, the angular dependence obtained in Fig. 7(a) can be understood as a result of the
increased gain of the charge-potential gradient along the y direction when the apex angle becomes
sharper.

In addition, the difference in physical mechanisms between the magnetic- and nonmagnetic-
driven ME responses results in distinct size dependence. Figure 7(c) shows the V-shaped lattice size
N dependence of the nonmagnetic-driven ME tensor «“* and the ferromagnetic-driven ME tensor
a5’ in the s-p model. The former o**, originating from local orbital magnetization and effective
spin-orbit interaction, decreases with increasing system size. In contrast, the latter a?y , which arises
from the coupling between the charge-potential gradient and the Zeeman interaction acting over the
entire system, increases proportionally with system size. Taking into account that a constant electric
field is applied, this calculation of the magnetic-driven ME effect demonstrates that the induced
magnetization is proportional to the applied voltage along the y direction.
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VII. SUMMARY

In summary, we have theoretically investigated the shape dependence of both nonmagnetic- and
magnetic-driven ME responses in the noncentrosymmetric V-shaped chain model. The key advances
of this work are threefold: (1) the identification of the characteristic angular dependence of the ME
response originating from the interplay between orbital motion and electric polarization in the V-
shaped geometry, (2) the characterization of local geometric effects through a scattering-theoretical
analysis, and (3) the identification of the dominant microscopic contributions to the ME response
using the multipole representation.

To demonstrate these points, we first evaluated the shape dependence of the nonmagnetic-driven
ME effect numerically based on the Kubo formula in a model including s and p orbitals. As a
result, the magnitude of the ME effect reaches its maximum at an apex angle of 6 ~ 0.6r. To
clarify the origin of the shape dependence, we subsequently performed a detailed theoretical analysis
of the numerical results. We then constructed a low-energy effective Hamiltonian by projecting onto
the s-orbital basis. Consequently, we found that the polarity induced by the V-shaped geometry
manifests as an effective spin-orbit interaction. Furthermore, by analyzing the shape dependence of
the Green’s function, we clarified that the geometric effect is described by a T -matrix contribution
to the Green’s function.

Next, we analyzed the selection rules using the multipole basis. It was revealed that the effective
spin-orbit interaction and the orbital angular momentum generated by the motion across the apex
angle play an essential role in the ME effect. We also found that the term with angle dependence of
sin 0 sin 6 /2, which exhibits a maximum at 6§ = 2 tan~! /2 & 0.6087, is dominant.

Finally, we also investigated the V-shaped ferromagnetic model including the Zeeman inter-
action. We found that the magnetic-driven ME response originates from the spin magnetization
induced by the coupling between the charge-potential gradient along the y direction generated by
the applied electric field and the Zeeman interaction. The difference in physical mechanisms results
in distinct shape and size dependence.

Our results clarify the microscopic mechanisms underlying the shape-dependent ME responses
in the finite V-shaped chain. In particular, the scattering-theoretical analysis allows us to char-
acterize the effects of local geometric symmetry breaking in terms of the 7 -matrix, while
the multipole representation helps identify the dominant microscopic contributions to the re-
sponse. The predicted angular dependence may be experimentally examined in suitable V-shaped
nanostructures.

These findings highlight the potential of nanoscale geometric design for controlling electronic
responses through local symmetry breaking and effective spin-orbit interactions. In realistic nano-
and mesoscopic structures, additional effects, such as plasmonic excitations and local electromag-
netic fields, may also play important roles in determining their response properties [13,14,30,31].
Investigating the interplay between these effects and the microscopic mechanisms identified in this
work is an interesting direction for future research.

Furthermore, the microscopic mechanism of the ME effect discussed in this work may provide
insights into bulk systems such as zigzag chain systems, where local inversion symmetry is broken
and a variety of odd-parity multipole physics are expected [55,79-83] (e.g., CeRu,Al;y [84,85],
Ce;TiBis [86,87], «-YbAl,_ Mn,B,4 [88], and NdRu,Al;y [89]). Although the present analysis
focuses on a finite V-shaped chain, further investigation is required to clarify its applicability to
periodic bulk systems.
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APPENDIX A: GREEN’S FUNCTION OF SIMPLE 1D CHAIN

When 6 = m, the V-shaped 1D chain represented by Eq. (2) corresponds to a simple 1D chain.
Here, we consider the nonmagnetic case for simplicity. The Hamiltonian matrix

W = heir (2 + /M) ,_, (A1)

can be expressed as (2N + 1) x (2N + 1) matrix for the 2N + 1 sites except for the spin degree of
freedom:

E(n) = }_10 + Bedgea (AZ)
Eo—h 1 153 0 0 0 0 0
51 g 4 th O 0O O 0
1) h & h b 0 O 0
0 Lh 1 & 0 0 0
lle — 0 0 1) 5] £0 0 0 0 ,
0 0O 0 0 0 & N 5]
0 0 0 0 0 ... N £0 151
0 0 0 0 0 S ) h &y — I
2t 0 O 0O 0 O
0O 0 O 0O 0 O
o o0 0 ... 0 0 O
heae = | ¢ i o, (A3)
0O 0 O 0 0 O
0O 0 O 0O 0 O
0O 0 O 0 0 2n
where
go = 2u(z + u/h), t = —tyo, b =—u(z+pu/h). (A4)

By diagonalizing hy, the eigenenergies E,ES) and the eigenstates w,ﬁg)(Rjg) are obtained as follows:

E® = gy + 21 c08(knat) + 21 c08(2kna), (A5a)

\/ ZIa sin (kaj) (m = even),

oy =1 (as)
\/;cos (kaﬁ) (m = odd),
where L = (2N + 2)a,
kmz%m (m=1,2,....2N +1). (A6)
Therefore, the Green’s function of A is given as follows:
0) (px) ./, (O ( px
[Go(Ty =D ) () v, () (G0 - (A7)

0
o fetn-E)
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Then, the Green’s function of 2 is obtained from the Dyson equation:

& = Go + GoheageGegy - (A8)
Solving this equation, we obtain
1

G\% = Go + Gohedge —=——
eff ¢ 1- g()hedge

Go. (A9)

APPENDIX B: MATRIX REPRESENTATION OF MULTIPOLES

We show the matrix elements of the multipole operators [23,24,26,75]. The on-site and real bond
degrees of freedom are described by electric multipoles g° and " and the imaginary bond degrees
of freedom are described by magnetic toroidal multipoles 7. As an example, for the seven-site
basis (N = 3), the relevant matrix elements of the multipoles are given as follows:

1 000 0 0 0 01 00 0 00
01 00 0 0 0 1 01 00 0 0
001 00 0 0 01 01 0 0 0

=10 0 0 1 0 0 of, g'=|fo o 1 0 1 0 Of,
000 01 0 0 000 1 0 1 0
000 0 O0 1 0 000 0 1 01
000 0 0 0 I 000 0 O0 1 0
001 00 0 0 000 0 00 O
000 1 00 0 000 0 0 0 O
1 00 0 1 00 001 00 00

@*=fo 1 0o 0o 0 1 0},..., g=]0 0 0 0 0 0 Of,
001 00 0 1 000 0 1 00
000 1 00 0 0000 0 00
000 0 1 00 0000 0 00
0000 0 0 0 0000 0 00
000 0 0 0 O 0000 0 00
000 0 1 00 0000 —i 00

=10 0 0o o o o of, =0 o o 0 0 0 O],
001 00 0 0 00 i 0 0 00
000 000 0 0000 0 00
000 0 0 0 0 0000 0 00
-3 0 0 0 0 0 O 3.0 0 0 0 0 0
0 -2 0 0 0 0 O 02000 00
0 0 -1 0 0 0 O 001 00 00

=10 0 0 0 0 0 O], g&=|0 0 0 0 0 0 O (B1)
0 0 0 0 1 0 0 000 0 1 00
0 0 0 0 0 2 0 000 0 0 2 0
0 0 0 0 0 0 3 000 00 0 3

We display schematic pictures of the multipole bases g5, 45", 4o~ &v”, ¢, 45, and &, (v =
x,,z)in Fig. 8.
APPENDIX C: MULTIPOLE-BASIS REPRESENTATION OF THE ME TENSOR

We present the expressions for the ME tensor decomposed in the multipole basis, corresponding

to Figs. 5 and 7(b). By separating the 6 dependence of each operator in the definition of «j; in
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FIG. 8. Schematic pictures of the multipole basis for the cluster, bond, and spin for the seven-site basis
[(a)—(g)] together with the corresponding irreducible representations under the point group C,,. The superscript
= of the irreducible representation denotes the parity with respect to the time-reversal operation.

Eq. (24), we obtain the following:

oG (on) = === ZT (57 + AMET) (G + GF TGP (G + GTG)]

i€,

_ ksT
=-—= ZTr 4o (760:) + Mo (58251) + AMg, (‘782/‘71) + AMpg, (552/50))

i€,

x (G + G [T, (@560) + T, (@560) + Ty, (2275:)]G7)

9500
X (Pgo1(400)) % (G +G [72500 (3560) + Tyao (357 50) + T (£75)19)]
= o + o o + o +0(AY), (ChH

where G stands for the simple 1D chain Green’s function with = 7, the superscript “+” on the
Green’s function and the 7-matrix indicates that their frequency arguments are i€, + iw,, [e.g.,
Gt = Glie, + iwp)]. 7;500, 7;%0, Tb Aqua , and AMbq, are the components of the 7T-matrix and
the effective magnetization deﬁned in Eqgs. (33) and (35). M, s qu(, s Pyeoy» and Pq o, denote the
6 = m components of the effective magnetization and the electric polarlzatlon operators along the

x and y directions, respectively. Their expressions are given by

a a _
Myso, = T (3562) MG ] Mo, = 50Tl (d0702) M ],

0
Pyeo, = asin 3 Pyeqy = acos 5 (C2)
Equation (44) of of can also be obtained through a similar expanswn
With the cond1t1on Tr[*] # 0 in mind, and using Eq. (39), o™, o™, o, ", and o, are given
as follows:
zx kBT + 5
o = Z Tr[ 0) G* (7560) G | AM b, Py, (C3a)
i€,
zx kBT + 5 (b2 =\ 5
O = Z T g (‘Ix(’O) g (‘10 00) g ]AMr,L’aqufvoEBoo
i€,
kBT =b2/ 5+ >
- 2l G (40"60) G (4:60) G | AMypo, T3, Prsoy (C3b)

i€,
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. k T _ -
o = *BL Z Tr qooz (q;&o) g (t ) g] i50: P Trvo,

i€,

k T _ _
- YT (@56:) G (75 G (750) G WMo, T, P (C30)

i€,

kT . - .
ot = === DT (3360) G (3570:) G (3360) G (8752) G WM. T, P i

i€,

k T - _
bl S Tl (@560) 6 (752) 6 (3560) € (8752) G W T, P T (C30)

i€,

ay = ZT 7560) G* (@;60) G [Myso. Pysa,- (C3e)

i€,

From these equations, the 6 and A, dependence of the ME tensor in Eqgs. (41) and (45) is obtained.
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