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We employ the polar decomposition of the Dirac field to describe it as an effective
spinorial fluid. We then construct a (1 + 1 + 2) covariant formalism for the Dirac field
that avoids the introduction of tetrad fields and Clifford matrices. Within this framework,
we analyze the conditions under which a self-gravitating Dirac field can be consistently
embedded in locally rotationally symmetric (LRS) space-times of types I, II, and III. In
accordance with the LRS symmetry requirements, we extend a previous work by assuming
that the velocity and spin vector fields of the Dirac field lie in the planes defined pointwise
by the generators of the timelike and spacelike congruences, which underlie the (1 + 1 +
2) decomposition. We present some analytical and numerical solutions to illustrate the
applicability of the proposed framework.
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I. INTRODUCTION

The covariant approach to general relativity, originally developed by Ehlers [1] and later sys-
tematized by Ellis and co-workers [2–5], provides an extraordinarily powerful geometric tool for
describing relativistic space-times. By formulating the dynamics in terms of covariantly defined
quantities relative to a given timelike congruence, the formalism avoids reliance on specific coordi-
nate systems and yields a description directly tied to physically measurable variables. This makes it
particularly suitable for applications in cosmology and astrophysics, where the choice of observers
plays a central role.

From its first formulation to the present day, the covariant formalism has been widely applied
to a broad range of problems in gravitational physics, including anisotropic and inhomogeneous
cosmologies, cosmological perturbation theory, relativistic magnetohydrodynamics, black holes,
relativistic stars, and gravitational collapse [6–24].

The covariant formalism relies primarily on the ability to describe matter fields as effective fluids.
It therefore applies naturally to standard relativistic fluid continua and has also been successfully
extended to other types of matter fields, such as scalar fields [25,26]. In covariant approaches to
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relativistic theories, the key point is to express the matter energy-momentum tensor in the same form
as that of a fluid. This aspect, however, represents one of the main challenges in developing covariant
approaches to the Dirac field. Indeed, in the standard treatment of spinor fields, the presence of
Clifford matrices, the nontrivial spinorial derivative, and the specific choice of a tetrad field make
the covariant approach difficult to apply.

One possible way to overcome this difficulty is provided by the so-called polar formalism for the
Dirac field [27–33]. In the polar form, the spinor field is described in terms of a set of real variables,
typically including a scalar density (the module), a pseudoscalar (the chiral angle), a timelike vector
field (the velocity), and a spacelike vector field (the spin), together with a phase parameter. This
decomposition allows one to rewrite the Dirac equation in a manifestly covariant form involving
only real tensorial quantities, thereby providing a clearer geometrical and physical interpretation of
the spinor degrees of freedom.

Among its several advantages, the polar formalism allows for a genuinely hydrodynamic formu-
lation of the Dirac field, providing a representation of its energy-momentum tensor in terms of that
of an effective fluid [34]. This enables a direct application of the covariant approach, avoiding any
use of Clifford matrices and the need to choose specific tetrads for the soldering.

A first step in this direction was taken in Ref. [35], where a covariant formulation of a
self-gravitating Dirac field in locally rotationally symmetric (LRS) space-times was developed
without resorting to the tetrad formalism. In particular, it was shown that the velocity and spin
(pseudo)vector fields naturally define the timelike and spacelike congruences that give rise to the
(1 + 1 + 2) covariant splitting and its associated geometrical framework.

Although natural at first glance, the identification of the two geometric congruences with the
integral curves of the velocity and spin fields is somewhat restrictive and may be responsible for
some of the obstructions encountered in our previous analysis. For instance, under the assumptions
adopted in Ref. [35], it was shown that no LRS-III solutions exist.

In this work, we extend the geometric construction proposed in Ref. [35] by investigating the
compatibility of the Dirac field with LRS geometries of types I, II, and III in the most general
setting, with the aim of identifying a broader class of solutions than those found in Ref. [35]. The
new framework is obtained by dispensing with the identification of velocity and spin as generators
of the two geometric congruences and instead requiring that they be coplanar with the unit tangent
vectors to the two congruences. This condition turns out to be the most general choice compatible
with the requirements of LRS geometry.

Within the resulting geometrical setting, after expressing both the energy-momentum tensor
and the Dirac equation in polar form, we carry out their (1 + 1 + 2) decomposition and derive
the covariant equations for a Dirac field with backreaction in LRS space-times of types I, II, and
III. As expected, these equations are generally strongly coupled and difficult to solve. We obtain
analytical solutions in the simpler case of a homogeneous and isotropic space-time. In more complex
scenarios, we investigate the physical properties of the solutions through numerical analysis.

This paper is organized as follows. For the reader’s convenience, Sec. II summarizes the main
features of the (1 + 1 + 2) splitting in signature (+, −, −, −), commonly adopted in the treatment
of spinor fields. Section III reviews the basic aspects of the polar formulation of the Dirac field.
Sections IV and V implement the (1 + 1 + 2) covariant decomposition of the polar formalism
extending that proposed in Ref. [35]. Section VI presents the main aspects of LRS geometries, again
in signature (+, −, −, −). Section VII combines the polar formalism with the covariant approach
to develop a more general covariant formulation of a self-gravitating Dirac field in LRS space-times
of types I, II, and III. Section VIII presents some exact and numerical solutions. Section IX is
devoted to conclusions.

Throughout the paper, we adopt natural units (c = 8πG = h̄ = 1) and metric signature
(+, −, −, −). We write Einstein’s equations (with cosmological constant � = 0) as

Gab = Tab,
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where Gab and Tab are the Einstein and the energy-momentum tensors, respectively. We express the
Riemann tensor as

Ra
bcd := ∂c�db

a − ∂d�cb
a + �cp

a�db
p − �d p

a�cb
p,

where �c
ab∂c := ∇∂a∂b, ∇ denoting the (Levi-Civita) covariant derivative. We define the Ricci tensor

as Rab := Rc
acb. For the symmetrization and antisymmetrization of expressions with two indices,

we use the convention W(ab) := 1
2 (Wab + Wba) and W[ab] := 1

2 (Wab − Wba). Moreover, we use the
following convention for the Levi-Civita tensor:

ε0123 = √−g, ε0123 = − 1√−g
,

where g is the determinant of the metric tensor gab.

II. THE (1 + 1 + 2) COVARIANT APPROACH IN SIGNATURE (+, –, –, –)

The (1 + 1 + 2) covariant approach is based on the simultaneous assignment of two mutually
orthogonal congruences, one timelike and the other spacelike. Denoting, respectively, by vi and ei

the unit vector fields tangent to the given congruences, we have the relations

viv
i = 1, eie

i = −1, eivi = 0. (1)

At each point of space-time, the corresponding tangent space is decomposed into the direct sum
of a subspace generated by vi and a three-dimensional subspace orthogonal to vi. The latter is,
in turn, decomposed into two orthogonal parts: a one-dimensional subspace generated by ei and a
two-dimensional subspace orthogonal to both vi and ei. Within this general framework, the metric
tensor gi j takes the form

gi j = viv j + hi j, with hi j := −eie j + Ni j, (2)

where Ni j represents the induced metric on the two-dimensional subspaces orthogonal to vi and
ei. Instead, hi j is the induced metric on the three-dimensional subspaces orthogonal to vi. By
construction, the tensors hi j and Ni j satisfy the conditions

hi jv
j = 0, hi jh

j
h = hih, hi

i = 3, (3a)

Ni jv
j = 0, Ni je

j = 0, Ni jN
j
h = Nih, Ni

i = 2. (3b)

Any spatial vector V i (V ivi = 0) can be expressed as

V i = −Vei + V i, with V := V iei and V i := Ni
jV

j . (4)

Similarly, any projected symmetric trace-free tensor W ab = W 〈ab〉 of rank = 2, where

W 〈ab〉 := [
h(a

chb)
d − 1

3 habhcd
]
W cd (5)

can be written in irreducible parts as

W ab = W
(
eaeb + 1

2 Nab
) − 2W (aeb) + Wab, (6)

where

W = W abeaeb = W abNab, (7)

Wa = Na
becW

bc, (8)

Wab = (
N (a

cNb)
d − 1

2 NabNcd
)
W cd . (9)

Denoting by εabcd the Levi-Civita tensor, we introduce the alternating tensor

εab := ε jabe j := εi jabv
ie j, (10)
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which satisfies the relation

εabε
cd = Na

cNb
d − Na

d Nb
c. (11)

For every tensor field Aa
...b, a covariant time derivative

Ȧa
...b := vc∇cAa

...b, (12)

as well as a fully orthogonally projected (compared to vi) covariant derivative

DcAa
...b := hd

cha
f ...h

g
b∇d A f

...g (13)

are defined. On the basis of the spatial covariant derivative (13), two further covariant derivatives

Âa
...b := ecDcAa

...b, (14)

δcAa
...b := Nc

d Na
e . . . N f

bDd Ae
... f (15)

can be introduced. In view of this, the covariant derivatives of the unit vector fields vi and ei can be
expressed as [35]

∇avb = −va(Aeb − Ab) + eaeb
(
� − 1

3	
) − ea(�b − εbc


c) − eb(�a + εac

c)

+ Nab
(

1
3	 + 1

2�
) + 
εab + �ab, (16a)

∇aeb = −Avavb + vaαb + (
� − 1

3	
)
eavb − (�a + εac


c)vb − eaab

+ 1
2φNab + ξεab + ζab, (16b)

where the following quantities are involved:
(1) Scalar components:

A = eavi∇iva, � = [
1
2 (Davb + Dbva) − 1

3 Dkv
khab

]
eaeb, 
 = 1

2εba∇bva,

φ = Nab∇aeb, 	 = ∇av
a, ξ = 1

2εba∇bea. (17)

(2) Vector components:

Ab = Nabvi∇iva, αb = Nbkvi∇iek, ab = Nbkei∇iek,

�a = [
1
2 (Dcvb + Dbvc) − 1

3 Dkv
khcb

]
Naceb, 
a = 1

2εkhi jNa
hvk∇iv j . (18)

(3) Tensor components:

�ab = 1
2

(
Nr

aNk
b + Nr

bNk
a − NabNkr

)
σrk, ζab = 1

2

(
Nr

aNk
b + Nr

bNk
a − NabNkr

)∇rek, (19)

where σrk := D〈rvk〉 is the shear tensor.
According to the (1 + 1 + 2) splitting, the energy-momentum tensor of a given matter field can

be decomposed in the form

Tab = μvavb − p(Nab − eaeb) + 1
2�(Nab + 2eaeb) + (�aeb + �bea) + �ab − Q(eavb + ebva)

+ (Qavb + Qbva), (20)
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after having defined the thermodynamic quantities

μ = Tabv
avb, (21a)

p = − 1
3 Tab(Nab − eaeb), (21b)

Q = Tabeavb, (21c)

� = 1
3 Tab(Nab + 2eaeb), (21d)

�a = −Tcd Nc
aed , (21e)

�ab = (
Nc

aNd
b − 1

2 NabNcd
)
Tcd , (21f)

Qa = Tcd Nc
av

d . (21g)

More in detail, μ is the energy density, p is the isotropic pressure, Q is the scalar part of the
momentum density, � is the scalar part of the anisotropic stress, Qa and �a are, respectively, the
vector parts of the momentum density and the anisotropic pressure, and �ab are the components of
the shearing pressure tensor.

III. THE DIRAC THEORY IN POLAR FORM

We briefly review the main features of the polar formalism for spinor fields [33]. To this end, let
γ μ (μ = 0, . . . , 3) be a set of Clifford matrices, γ 5 := iγ 0γ 1γ 2γ 3 defining the parity-odd matrix.
Given a tetrad field eμ := ea

μ ∂a, we denote by γ a := ea
μγ μ. A spinor field ψ is called regular if it

satisfies either condition ψ̄ψ �= 0 or ψ̄γ 5ψ �= 0, ψ̄ := ψ†γ 0 being the adjoint spinor. Every regular
spinor field ψ can always be expressed (in chiral representation) as

ψ =
√

ρ

2
e− i

2 βγ 5
L−1

⎛
⎜⎜⎝

1
0
1
0

⎞
⎟⎟⎠, (22)

where the scalar ρ and the pseudoscalar β are called, respectively, modulus and chiral angle, and
L is a complex matrix with the structure of a complex Lorentz transformation [27]. The polar form
(22) allows us to express the bilinear quantities associated with a spinor field ψ in the form

iψ̄γ 5ψ = ρ sin β, ψ̄ψ = ρ cos β, (23)

ψ̄γ aγ 5ψ = ρsa, ψ̄γ aψ = ρua, (24)

where the unit vector fields ua and sa satisfy the conditions

uaua = −sasa = 1 and uasa = 0 (25)

known as Fierz identities. Equation (25) reduces the degrees of freedom, represented by velocity ua

and spin sa together, to 5. Such degrees of freedom can be identified in the three space components
of the velocity and the two angles that (in the rest frame) the spin forms with a given axis (in this
paper, the third one).

At differential level, it is possible to show that there always exists a real vector Pa and a tensor
Ri ja = −Rjia in terms of which the covariant derivative of the spinor field in polar form can be
written as

∇aψ =
(

− i

2
∇aβγ 5 + 1

2
∇a ln ρI − iPaI − 1

4
Ri jaγ

iγ j

)
ψ (26)
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as discussed in Ref. [33] and references therein. If there were no other term but Pa, one could
write i∇aψ = Paψ in which Pa would be seen as the momentum. The tensor Ri ja is called tensorial
connection and it verifies the identities

∇asi = Rjias j, ∇aui = Rjiau j . (27)

The latter can be inverted as

Rabc = ua∇cub − ub∇cua + sb∇csa − sa∇csb + (uasb − ubsa)∇cuksk + 2εabi ju
is jVc (28)

in terms of a vector V c for now not specified, but which is straightforward to interpret. In fact,
plugging Eq. (28) back into Eq. (26) one finds (see Ref. [33] for a detailed proof)

∇cψ =
[
− i

2
∇cβγ 5 + 1

2
∇c ln ρI − i(Pc − Vc)I − 1

4
ua∇cub[γ a, γ b] − 1

4
sb∇csa[γ a, γ b]

− 1

4
uasb∇cuksk[γ a, γ b]

]
ψ. (29)

Because Vc combines with the momentum and all remaining terms are derivatives of the spinor
bilinears, this expression shows that the combination Pa − Va collects all information about the
spinor derivatives that cannot be found in the derivatives of the spinor bilinears. This information,
then, can only be found in the global phase, whose gradient is the momentum. Thus, the difference
Pa − Va plays the role of effective momentum.

Using Eq. (26), the polar form of the Dirac equation iγ a∇aψ − mψ = 0 results to be equivalent
to the pair

∇aβ + Ba − 4Pbu[bsa] + 2msa cos β = 0, (30a)

∇a ln ρ + Ra − 2Pbucsdεabcd + 2msa sin β = 0, (30b)

where Ra := R b
ab and Ba := 1

2εabcd Rbcd (see Ref. [34]).
Eventually, in polar form, the energy-momentum tensor of the Dirac field

T ab = i

8
(ψ̄γ a∇bψ − ∇bψ̄γ aψ + ψ̄γ b∇aψ − ∇aψ̄γ bψ ) (31)

can be expressed as

T ab = 1
4ρ

[
Pbua + Paub + 1

2∇aβsb + 1
2∇bβsa − 1

4 R a
i j εbi jksk − 1

4 R b
i j εai jksk

]
. (32)

IV. (1 + 1 + 2) SPLITTING OF THE POLAR FORMALISM

In this section, we present the (1 + 1 + 2) covariant decomposition of the polar formalism we
briefly reviewed in the previous section. In previous works [34,35], such a decomposition was
performed using the vectors ui and si as generators of the congruences. Here, we aim to generalize
that treatment by considering instead a generic pair of timelike and spacelike vectors (vi, ei ) that are
nevertheless still coplanar with respect to (ui, si ).
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In view of the orthonormality conditions that the pairs (vi, ei ) and (ui, si ) must meet separately,
this allows us to relate the two pairs of vector fields via a single pseudoscalar function η as
follows:

ui = cosh η vi − sinh η ei, (33a)

si = − sinh η vi + cosh η ei, (33b)

with inverse relations given by

vi = cosh η ui + sinh η si, (34a)

ei = sinh η ui + cosh η si. (34b)

From Eqs. (33) and (34), we have

u jskε jkab = v jekε jkab, (35)

or equivalently,

sasb − uaub = eaeb − vavb. (36)

In particular, due to relations (33), the covariant derivatives of the vector fields ui and si can be
expressed in terms of the covariant derivatives of η, vi, and ei as

∇au j = −∇aη s j + cosh η ∇av j − sinh η ∇ae j, (37a)

∇as j = −∇aη u j − sinh η ∇av j + cosh η ∇ae j, (37b)

inserting Eq. (37) into Eq. (28), the tensorial connection Rabc can be written in the form

Rabc = va∇cvb − vb∇cva + eb∇cea − ea∇ceb + (vaeb − vbea)∇cvkek − (vaeb − vbea)∇cη + 2εabVc,

(38)

and using Eq. (16), we can further write

Rabc = va�cb − vb�ca + ebζca − eaζcb − (eaαb − ebαa)vc + (vaAb − vbAa)vc

− (va�b − vb�a)ec + (eaab − ebaa)ec + (vaεbk

k − vbεak


k )ec

+ 1
3	(vahcb − vbhca) + 1

2�(vaNcb − vbNca) − 1
2φ(eaNcb − ebNca)

+
(vaεcb − vbεca) − ξ (eaεcb − ebεca)

− (vaeb − vbea)(Avc − �ec + �c + εck

k + ∇cη) + 2εabVc (39)

in terms of the kinematical quantities related to the timelike and the spacelike congruences.
By replacing Eq. (39) into Eq. (30) and projecting, we can decompose the Dirac equations into

the set of equations

˙ln ρ − η̂ + 	 − 2m sinh η sin β = 0, (40a)

ˆln ρ − η̇ + φ − A − 2m cosh η sin β = 0, (40b)

δiβ − εik (αk + 2εk j
 j + ∇kη) = 0, (40c)

2(P − V )iv
i = 2m cosh η cos β − 2
 − β̂, (40d)

2(P − V )ie
i = 2m sinh η cos β − 2ξ − β̇, (40e)

2(P − V )iε
ik = −Nik∇i ln ρ + Ak − ak . (40f)
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In a similar way, the energy-momentum tensor (32) can be recast in the form (20) with associated
thermodynamic quantities given now by

μ = 1
4ρ[2(P − V )iv

i cosh η − sinh ηvi∇iβ], (41a)

p = 1
12ρ[2(P − V )ie

i sinh η − 2
 cosh η + 2ξ sinh η − cosh ηei∇iβ], (41b)

Q = 1
8ρ[2(P − V )i(e

i cosh η + vi sinh η) − (cosh ηvi + sinh ηei )∇iβ], (41c)

� = 1
6ρ[2(P − V )ie

i sinh η + 
 cosh η − ξ sinh η − cosh ηei∇iβ], (41d)

Qa = 1
8ρ[2(P − V )iN

ia cosh η − sinh ηNia∇iβ − Aiε
ia cosh η + αiε

ia sinh η], (41e)

�a = − 1
8ρ[2(P − V )iN

ia sinh η − cosh ηNia∇iβ + aiε
ia sinh η − (�iε

ia − 
a) cosh η], (41f)

�ab = 1
8ρ

[(
εa

j�
b j + εb

j�
a j

)
cosh η − (

εa
jζ

b j + εb
jζ

a j
)

sinh η
]
. (41g)

A few remarks are needed: The first is that Eqs. (41) [together with Eq. (20)] provide us with
a complete and consistent description of the energy-momentum tensor in terms of η, ρ, β, Pi − Vi,
and the kinematical quantities associated with the timelike and spacelike congruences. The tensorial
connection Ri ja can be tied through Eq. (27) to velocity and spin. Instead, there is no equivalent of
Eq. (27) for Pi and Vi, which, therefore, cannot be determined in terms of the fundamental vector
fields of the underlying geometry. As such, they must be treated as external and unknown fields.
However, in the quantities (41) only the difference Pi − Vi actually appears. The latter is entirely
determined by the last Dirac equations (40d)–(40f). The idea is then to use Eqs. (40d)–(40f) to
determine the vector field Pi − Vi. The information lost in doing this is restored by the conservation
laws that yield exactly four scalar equations.

V. CHIRAL SCALINGS

In this section, we discuss the relations (34) from the perspective of the original spinorial
components. To be more specific, let us write Eqs. (34) after multiplying by ρ, getting

ρvi = cosh η ψ̄γ iψ + sinh η ψ̄γ iγ 5ψ, (42)

ρei = sinh η ψ̄γ iψ + cosh η ψ̄γ iγ 5ψ. (43)

Clearly, one could ask whether it is possible to have both expressions (42) and (43) induced by
an assigned transformation acting on the spinor field. The answer is positive, although such a
transformation is not (induced by) a Lorentz one.

Indeed, the transformation in question has the structure

ψ → ψ ′ := eηγ 5/2ψ = [cosh (η/2)I + sinh (η/2)γ 5]ψ, (44)

also giving

ψ̄ ′ = ψ̄e−ηγ 5/2. (45)

Therefore, we have

(ψ̄γ iψ )′ = ψ̄e−ηγ 5/2γ ieηγ 5/2ψ = ψ̄γ ieηγ 5/2eηγ 5/2ψ = ψ̄γ ieηγ 5
ψ = ψ̄γ i[cosh ηI + sinh ηγ 5]ψ

= cosh ηψ̄γ iψ + sinh ηψ̄γ iγ 5ψ. (46)

000142-8



COVARIANT APPROACH TO THE DIRAC FIELD …

In polar notation, defining U i := ψ̄γ iψ = ρui and Si := ψ̄γ iγ 5ψ = ρsi, Eq. (46) assumes the
simpler form

U ′
i = cosh ηUi + sinh ηSi. (47)

It is a straightforward matter to see that the relation

S′
i = cosh ηSi + sinh ηUi (48)

also holds, so that both Eqs. (42) and (43) are in fact induced by transformation (44) (provided that
vi = u′

i and ei = s′
i). Writing Eqs. (42) and (43) in matrix form gives(

ρvi

ρei

)
=

(
cosh η sinh η

sinh η cosh η

)(
U i

Si

)
, (49)

which might suggest that the transformation is actually a boost. However, this is not the case
because, unlike the above transformation, a boost does not mix velocity and spin components. As
a matter of fact, a quick use of the polar form (22) would reveal that Eq. (44) acts as if it were
a conformal scaling, but one for which the two chiral components are treated in opposite ways
(specifically, positive values of η would shrink the left part down and inflate the right part up, and
vice versa).

VI. LOCALLY ROTATIONALLY SYMMETRIC SPACE-TIMES

In this work, we focus on LRS space-times. In these geometries, at every point of space-time,
the vector field ei identifies a local axis of symmetry. All observations are identical under rotations
around ei. In other words, observations are the same in all spatial directions perpendicular to ei. As
a consequence, all tensors representing physical quantities must have null projections into the two-
spaces orthogonal to both vi and ei. According to this geometrical setting, the covariant derivatives
(16) reduce to

∇iv j = �
(
eie j + 1

2 Ni j
) + 1

3	(Ni j − eie j ) − Avie j + 
εi j, (50a)

∇ie j = 1
2φNi j + ξεi j − Aviv j + (

� − 1
3	

)
eiv j . (50b)

Moreover, the following identities necessarily hold:

v̇a = −Aea, ωa := 1
2εabcDbvc = −
ea, (51a)

σab := D〈rvk〉 = �
(
eaeb + 1

2 Nab
)
, Eab = E

(
eaeb + 1

2 Nab
)
, Hab = H

(
eaeb + 1

2 Nab
)
, (51b)

where v̇a is the four acceleration, ωa is the vorticity vector field, σab is the shear tensor, and Eab and
Hab denote the electric and the magnetic parts of the Weyl tensor.

Still in accordance with the LRS geometry, the two-spatial quantities (21e)–(21g) must be set
equal to zero. In such a circumstance, the energy-momentum tensor (20) reduces to

Tab = μvavb − p(Nab − eaeb) − Q(eavb + ebva) + 1
2�(Nab + 2eaeb), (52)

where the quantities μ, p, Q, and � are given by Eqs. (21a)–(21d). For practical purposes, it is often
useful to write the tensor (52) as

Tab = μvavb + preaeb − poNab − Q(eavb + ebva), (53)

where

pr := p + � and po := p − 1
2�. (54)

pr is the pressure along the preferred spatial direction defined by the vector field ea (tangent to the
spacelike congruence), whereas po describes the pressure in the orthogonal subspace.
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An LRS space-time filled by a given matter field is then completely characterized by the
following set of scalar quantities:

{A,	,�,
, φ, ξ, E , H, μ, p, Q,�}. (55)

In the signature (+,−,−,−), the covariant equations for the variables (55) were derived in Ref. [35]
and they are expressed as follows:

Evolution equations:


̇ = −Aξ − 2
3	
 − 
�, (56a)

Ḣ = 3Eξ + 3
2�ξ − 	H − 3

2 H� − 
Q, (56b)

φ̇ = −(
� + 2

3	
)(

A + 1
2φ

) + 2
ξ − Q, (56c)

ξ̇ = −(
1
2� + 1

3	
)
ξ − 


(
1
2φ + A

) + 1
2 H. (56d)

Propagation equations:


̂ = −
(A + φ), (57a)

φ̂ = − 1
2φ2 + 2ξ 2 − (

� − 1
3	

)(
� + 2

3	
) − 2

3μ − 1
2� + E , (57b)

ξ̂ = −(
� − 1

3	
)

 − φξ, (57c)

2
3 	̂ + �̂ = − 3

2�φ + 2
ξ − Q, (57d)

Ê − 1
2�̂ + 1

3 μ̂ = − 3
2φ

(
E − 1

2�
) − 3
H − Q

(
1
3	 + 1

2�
)
, (57e)

Ĥ = − 3
2φH − 


(−3E + μ + p − 1
2�

) + Qξ . (57f)

Evolution-propagation equations:

	̇ + Â = −Aφ + A2 − 1
3	2 − 3

2�2 + 2
2 − 1
2 (μ + 3p), (58a)

μ̇ − Q̂ = −(μ + p)	 + Qφ − 2AQ + 3
2��, (58b)

Q̇ − �̂ − p̂ = + 3
2�φ − A(μ + p + �) − 4

3 Q	 + Q�, (58c)

�̇ − 2
3 Â = − 1

3 Aφ + 1
2�2 + 2

3
2 − 2
3 A2 − 2

3	� − E − 1
2�, (58d)

Ė − 1
2�̇ + 1

3 Q̂ = −E	 − 3
2 E� − 3Hξ + 2

3 AQ + 1
6 Qφ − 1

2 (μ + p)� + 1
6	� − 1

4��. (58e)

Constraint equation:

H = 2A
 + 
φ − 3ξ�. (59)

The analysis of the consistency and integrability conditions for Eqs. (56)–(59) was carried out in
Ref. [35]. In particular, for LRS space-times of types I, II, and III, such consistency and integrability
conditions are given by the two constraints

φξ = (
� + 2

3	
)

, (60a)

(p + μ + �)ξ
 = Q(
2 + ξ 2). (60b)

In deriving conditions (60), a crucial role is played by the kinematic relations

ḟ 
 = f̂ ξ, (61a)

ˆ̇g − ˙̂g = +Aġ − �ĝ + 1
3	ĝ (61b)
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that every covariantly defined scalar quantity f (δa f = 0) and every scalar function g must verify
(for further details, see Ref. [35].

Originally, LRS space-times were classified for a perfect fluid (Q = � = 0). In particular, the
requirement that the momentum density vanishes in Eq. (60b) implies 
ξ = 0. From this condition,
three distinct classes arise:

(1) LRSI space-times: 
 �= 0 and ξ = 0;
(2) LRSII space-times: 
 = ξ = 0;
(3) LRSIII space-times: 
 = 0 and ξ �= 0.
For a generic fluid, the condition (60b) always implies Q = 0 in LRS space-times of types I and

III, whereas in LRSII space-times the momentum density Q can be, in general, nonzero.

VII. SPINORIAL FLUID IN LRS SPACE-TIMES

In this section, we implement the matching between the covariant (1 + 1 + 2) approach and
the polar formalism, which has been presented in the previous sections. Focusing exclusively
on LRS space-times of types I, II and III, the proposed geometrical construction generalizes the
approach given in Ref. [35], where the unit vector fields ui and si had been chosen to coincide with
the generators vi and ei of the temporal and spatial congruences, respectively. Here, we weaken
that prescription by requiring that the pairs of vector fields (vi, ei ) and (ui, si ) be coplanar, as in
Sec. IV.

According to the requirements of LRS space-times, all two-spatial geometric quantities must
be zero. Therefore, the energy-momentum tensor assumes the simplified form (52), where the
thermodynamic quantities μ, p, Q, and � come from Eqs. (41a)–(41d), after omitting all the
two-spatial components. In detail, by making use of Eqs. (40d) and (40e) as well as of the notations
ḟ := vi∇i f and f̂ := ei∇i f for every scalar function f , we have

μ = 1

2
ρ

[(
m cosh η cos β − 
 − β̂

2

)
cosh η − 1

2
β̇ sinh η

]
, (62a)

p = − 1

12
ρ[(2
 + β̂ ) cosh η + (β̇ − 2m sinh η cos β ) sinh η], (62b)

Q = −1

4
ρ[(β̇ + ξ ) cosh η + (β̂ + 
 − 2m cosh η cos β ) sinh η], (62c)

� = −1

6
ρ[(β̂ − 
) cosh η + (β̇ + 3ξ − 2m sinh η cos β ) sinh η]. (62d)

The remaining Dirac equations are expressed as

˙ln ρ − η̂ + 	 − 2m sinh η sin β = 0, (63a)

ˆln ρ − η̇ + φ − A − 2m cosh η sin β = 0. (63b)

We will discuss the covariant equations for a self-gravitating Dirac field in LRS space-times of
types I, II, and III. In general, we will consider the case of nonperfect spinorial fluid, dealing with
the perfect case as a particular one. In LRS space-times of classes I and III, the momentum density
Q vanishes. Hence, from Eq. (62c) we have

(β̇ + ξ ) cosh η + (β̂ + 
 − 2m cosh η cos β ) sinh η = 0. (64)

In these classes, the difference between a perfect and a nonperfect fluid is due to the presence or
absence of anisotropic pressure �. In LRSII space-times, the momentum density Q can be nonzero;
in that case, the restriction to the perfect fluid case requires to impose that both Q and �, given by
Eqs. (62c) and (62d), be zero. The vanishing of the anisotropic pressure (62d) yields the equation

(β̂ − 
) cosh η + (β̇ + 3ξ − 2m sinh η cos β ) sinh η = 0. (65)
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Equations (65) and (64) can be solved for β̇ and β̂ as

β̇ = −2ξ + ξ cosh 2η + 2m cos β sinh η − 
 sinh 2η, (66a)

β̂ = 
 cosh 2η − ξ sinh 2η. (66b)

The kinematical constraint β̇ 
 = β̂ ξ [see Eq. (61a)] then yields the relation

[m
 cos β + (ξ 2 − 
2) cosh η] sinh η = ξ
 = 0, (67)

which has to be satisfied when the spinorial fluid is perfect.

A. LRSI space-times

LRSI space-times are characterized by the condition ξ = 0, 
 �= 0, and Q = 0. The kinematical
constraint (61a) implies ḟ = 0 for every covariantly defined scalar f . From Eqs. (56a) and (57c),
we deduce that � = 0 and 	 = 0. After that, the covariant equations (56a)–(56c), (57d), (58b), and
(58e) are automatically satisfied. The evolution equation (56d) becomes identical to the constraint
(59), giving us the expression for H :

H = 2A
 + φ
. (68)

Also, by combining Eqs. (58a) and (58d), we obtain the explicit expression for E:

E = −Aφ + 2
2 − 1
3 (μ + 3p) − 1

2�. (69)

Expressions (68) and (69) automatically verify the corresponding propagation equations (57f)
and (57e). This is seen through a direct check. Discarding the solution η = 0 (already studied in
Ref. [35]), from the vanishing of Q we get the propagation equation for β [see Eq. (64)]:

β̂ = 2m cosh η cos β − 
. (70)

By inserting Eq. (70) into Eq. (62), we derive the representation of the thermodynamic quantities

μ = − 1
4ρ
 cosh η,

p = − 1
12ρ(2m cos β + 
 cosh η), (71)

� = 1
6ρ(2
 cosh η − 2m cos β ),

which correspond to the equation of state

μ = p − 1
2� = po. (72)

Eventually, making use of Eqs. (70) and (71), it is easily seen that the covariant equation (58c) is
identically verified.

To conclude, we end up with the final system of differential equations

Â = −Aφ + A2 + 2
2 + 1
4 mρ cos β + 1

4
ρ cosh η,


̂ = −
(A + φ),

φ̂ = − 1
2φ2 − Aφ + 2
2 + 1

2 mρ cos β,

ρ̂ = ρ(2m cosh η sin β + A − φ),

β̂ = 2m cosh η cos β − 
,

η̂ = −2m sinh η sin β, (73)

with unknowns {A,
, φ, ρ, β, η}. According to the Cauchy theorem, the dynamical system (73) is
well posed. Assigned initial (boundary) data for all the unknowns on a given timelike hypersurface
orthogonal to ei, at least locally there exists a unique solution. A plot of a numerical solution of
Eq. (73) is shown in Sec. VIII.
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Perfect fluid case

In such a circumstance, since � = 0, the expression (69) reduces to

E = −Aφ + 2
2 − 1
3 (μ + 3p). (74)

Again, expressions (68) and (74) make Eqs. (57e) and (57f) automatically verified, as well as
Eqs. (56b), (56c), (57d), (58b), and (58e) are identically satisfied. The remaining covariant and
Dirac equations are

Aφ + Â − A2 − 2
2 + 1
2 (μ + 3p) = 0, (75a)

p̂ − A(μ + p) = 0, (75b)


̂ + 
(A + φ) = 0, (75c)

φ̂ + 1
2φ2 + 2

3μ − E = 0, (75d)

ˆln ρ − 2m sin β cosh η − A + φ = 0, (75e)

η̂ + 2m sinh η sin β = 0, (75f)

where μ and p are given by Eqs. (62a) and (62b). Moreover, Eq. (66b) now reads as

β̂ = 
 cosh 2η. (76)

From Eq. (66a) [or equivalently, from the expression for � in Eq. (71)], we obtain the identity


 = m cos β

cosh η
, (77)

which satisfies the constraint (67). Making use of Eqs. (76) and (77), it is easily seen that the energy
density and the pressure assume the simpler form

μ = − 1
4 mρ cos β and p = − 1

4 mρ cos β. (78)

From Eq. (78), we read off the stiff equation of state

p = μ. (79)

The expression (77) for 
 must satisfy the corresponding propagation equation. By inserting
Eq. (77) in Eq. (75c), we get the equation

m[(A + φ) cosh η − m sin β] cos β

cosh2 η
= 0, (80)

which is satisfied for

A = m
sin β

cosh η
− φ ∪ cos β = 0. (81)

Due to Eq. (77), the solution cos β = 0 implies 
 = 0, which contradicts the LRSI assumption.
Therefore, we focus only on the first of the solutions (81). In this regard, a direct check shows that
Eqs. (75e), (76), (78), and (81) make the propagation equation (75b) automatically satisfied. Instead,
by inserting the expression (81) for A into Eq. (75a) and making use of all the previously obtained
identities, we get the further constraint equation

(4m2 − 5φ2 − 2mρ cos β ) cosh2 η + 8mφ sin β cosh η − 4m2 cos2 β − 6m2 = 0. (82)

The latter can be easily solved for ρ as

ρ = 4m2 − 5φ2

2m cos β
+ 4φ sin β

cos β cosh η
− m(2cos2β + 3)

cos β cosh2 η
. (83)
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Eventually, from Eqs. (75d), (75f), and (76), we derive the final set of differential equations

φ̂ = 4mφ sin β cosh η + 4m2 cosh2 η − 3φ2 cosh2 η + 4m2 cos2 β − 6m2

4 cosh2 η
,

η̂ = −2m sinh η sin β, (84)

β̂ = m cos β

cosh η
(2 cosh2 η − 1),

together with the constraint

−5

2
φ3 cosh3 η + 10mφ2 sin β cosh2 η + [

14m2 cosh3 η − 2m2
(
cos2 β + 21

2

)
cosh η

]
φ

+ 24m3 sin β(− cosh2 η + cos2 β + 1) = 0, (85)

obtained by inserting expression (83) into Eq. (75e). The constraint (85) is not preserved along the
solutions of the system (84). Accordingly, we must implement a constraint algorithm by looking for
the points of the submanifold (85) where the dynamics (84) is tangent to the submanifold itself. This
produces an additional submanifold of Eq. (85), described by a Cartesian equation (here omitted for
brevity), for the unknowns φ, β, and η. Unfortunately, we are not able to solve explicitly such an
equation for any of its variables. Therefore, the constraint algorithm does not stabilize after the first
step, but we are unable to proceed further due to purely computational reasons. We can conclude
that there certainly are no solutions of Eqs. (84) and (85) in which all variables φ, β, and η are free.
The constraint algorithm does not stabilize after the first step, so at most only one variable would
remain free. However, we are not able to prove with certainty whether the problem admits solutions
or not. We note that a similar conclusion can be reached also in the case η = 0, as we discussed in
Ref. [35].

B. LRSII space-times

In these space-time classes, both the vorticity scalar 
 and the twist ξ are zero. From Eq. (59),
we have immediately

H = 0. (86)

Moreover, the covariant equations (56a), (56b), (56d), (57a), (57c), and (57f) are identically verified.
Following Ref. [35], the idea is to treat Q and � as independent variables and use Eqs. (62c) and
(62d) to obtain evolution and propagation equations for β. Indeed, from Eqs. (62c) and (62d), we
get the relations

β̇ = 2

ρ
[−2Q cosh η + (3� + mρ cos β ) sinh η], (87a)

β̂ = 2

ρ
[−3� cosh η + 2Q sinh η]. (87b)

Clearly, the integrability condition (61b) applied to β

ˆ̇β − ˙̂β = +Aβ̇ − �β̂ + 1
3	β̂ (88)

must be verified. To check this fact, let us first observe that, by replacing Eqs. (87a) and (87b) into
Eqs. (62a) and (62b), the energy density and pressure can be written as

μ = 1
2 (3� + mρ cos β ), (89a)

p = 1
2�. (89b)
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After that, a direct calculation shows that the integrability condition (88) is ensured by the covariant
equations (58b) and (58c). In fact, by making Eq. (88) explicit and inserting Eq. (89) into Eqs. (58b)
and (58c), the identity ρ

4 (88)= (58b)cosh η− (58c)sinh η is easily proved.
In conclusion, the system of remaining covariant equations takes the form

	̇ + Â + 3

2
� + 1

3
	2 + 3

2
�2 + Aφ + 1

4
mρ cos β − A2 = 0, (90a)

3

2
�̇ − Q̂ + 2AQ + 2�	 + 1

2
η̂mρ cos β + 2mQ cosh η sin β

−3

2
�� − Qφ − 3m� sin β sinh η = 0, (90b)

Q̇ − 3

2
�̂ + 3A� + 4

3
Q	 + 1

2
Amρ cos β − Q� − 3

2
�φ = 0, (90c)

�̇ − 2

3
Â + 1

3
Aφ − 1

2
�2 + 2

3
A2 + 2

3
	� + E + 1

2
� = 0, (90d)

φ̇ +
(

� + 2

3
	

)(
A + 1

2
φ

)
+ Q = 0, (90e)

Ė + E

(
	 + 3

2
�

)
+ 1

2
	� + Q

(
2

3
m sin β cosh η − 1

2
φ

)
+ 1

4
�(mρ cos β + 3�)

+ 1

6
mρη̂ cos β − m� sin β sinh η = 0, (90f)

˙ln ρ − η̂ + 	 − 2m sinh η sin β = 0, (90g)

η̇ − ˆln ρ − φ + A + 2m cosh η sin β = 0, (90h)

β̇ − 2

ρ
[−2Q cosh η + (3� + mρ cos β ) sinh η] = 0, (90i)

�̂ + 2

3
	̂ + 3

2
�φ + Q = 0, (90j)

φ̂ + 1

2
φ2 +

(
� − 1

3
	

)(
� + 2

3
	

)
+ 1

3
mρ cos β + 3

2
� − E = 0, (90k)

Ê + Q

(
1

3
	 + 1

2
�

)
+ 3

2
φ

(
E − 1

2
�

)
+ 1

6
mρ cos β(A + η̇ − φ + 2m cosh η sin β )

+ m� sin β cosh η − 2

3
mQ sin β sinh η = 0, (90l)

β̂ − 2

ρ
[−3� cosh η + 2Q sinh η] = 0. (90m)

From the system (90), further equations can be obtained by applying the integrability conditions
(61b). For instance, from Eqs. (90g) and (90h) we get the wavelike equation

η̈ − ˆ̂η =
(

� − 1

3
	 − 2m sin β sinh η

)
η̇ − (A − 2m sin β cosh η)η̂ − Ȧ − 	̂ − Q − 3

2
�φ

+ 2

3
m sin β[(3� − 	) cosh η − 3A sinh η]

+ 4m

ρ
cos β

[
2Q cosh 2η −

(
3� + 1

2
mρ cos β

)
sinh 2η

]
, (91)
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while Eqs. (90b) and (90c) yield

Q̈ − ˆ̂Q = (−5A + 2φ − 2m sin β cosh η)Q̂ + [3(� − 	) + 2m sin β sinh η]Q̇

+
(

4A2 − 4Aφ − 3� − 14

9
	2 + 10

3
	� − 1

2
�2 + 1

2
�2

)
Q

− 1

6
mρ(3Ȧ − 3Aη̂ + 3η̇η̂ + 3ˆ̂η + 2A	 − 6A�

)
cos β

+ 1

2
m sin β

[
(3η̂ + 2AQ − 2Q� − η̂mρ cos β ) cosh η

+
(

3A� + 2η̂Q + 8

3
Q	 − 2Q� + 2Q̇ sinh η

)
sinh η

]

+ m

ρ
(4Q cos β cosh η + η̂ρ sin β + 6� cos β sinh η)(2Q sinh η − 3� cosh η)

+ Am2ρ sin β cos β sinh η. (92)

The system (90) is composed of thirteen equations involving ten unknowns. Equations (90) are
strongly coupled and, above all, some of them contain both dot and hat derivatives simultaneously.
This makes the known solution procedure for perfect fluids in LRSII space-times [4] inapplicable
(also in the case η = 0, as we erroneously wrote in Ref. [35]). The search for solution methods
for the system (90) deserves specific attention, and future research will be devoted to this topic. It
is likely that solutions should be sought by assuming suitable simplifying hypotheses on some of
the unknown functions. In this regard, an example is given below in the discussion of the perfect
spinorial fluid case.

Perfect fluid case

In this case, the spinorial fluid is perfect (Q = � = 0); from Eqs. (87a) and (87b), we have

β̇ = 2m cos β sinh η, (93a)

β̂ = 0. (93b)

Analogously, Eqs. (89a) and (89b) imply

μ = 1
2ρm cos β, (94a)

p = 0, (94b)

which shows that in this case, the perfect spinorial fluid is necessarily a dust. Furthermore, by
requiring that μ �= 0, the vanishing of 
, ξ and p implies [see Eq. (58c)]

A = 0. (95)

Equations (56a), (56b), (56d), (57a), (57c), and (57f) are identically satisfied, whereas from
Eqs. (58b), (63a), and (94a) we get the condition

η̂ = 0. (96)

Summing it all up, the covariant equations for the remaining undetermined unknowns
(	,�, φ, E , ρ, β, η) are expressed as

	̇ = − 1
3	2 − 3

2�2 − 1
2μ, (97a)

�̇ = 1
2�2 − 2

3	� − E , (97b)

φ̇ = − 1
2φ

(
� + 2

3	
)
, (97c)
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Ė = −	E − 3
2 E� − 1

2μ�, (97d)

�̂ = − 2
3 	̂ − 3

2�φ, (97e)

φ̂ = − 1
2φ2 − (

� − 1
3	

)(
� + 2

3	
) − 2

3μ + E , (97f)

Ê = − 1
3 μ̂ − 3

2 Eφ, (97g)

˙ln ρ = −	 + 2m sinh η sin β, (97h)

β̇ = 2m sinh η cos β, (97i)

η̇ = ˆln ρ + φ − 2m cosh η sin β, (97j)

β̂ = 0, (97k)

η̂ = 0, (97l)

where μ is given by Eq. (94a). In particular, and as expected, Eqs. (97h) and (97i) ensure that the
mass-energy density μ undergoes the standard conservation law of a dust

μ̇ = −	μ. (98)

The consistency and integrability of Eqs. (97a)–(97g), along with Eq. (98), have been discussed in
Ref. [35] and are ensured by the conditions (60a) and (60b). As already proven, Eqs. (97i) and (97k)
satisfy the commutation relation (61b), whereas the same relation (61b), applied to Eqs. (97j) and
(97l), yields the additional equation

ˆ̂ln ρ + φ̂ = 0. (99)

Assuming μ as a free variable, Eqs. (97a)–(97g) and (98) result to be decoupled from the
remaining ones [Eqs. (97h)–(97l) and (99)]. The first set of Eqs. (97a)–(97g) and (98) describes
an LRSII space-time filled by dust. Exact solutions of such equations have been widely discussed in
the literature (see, for example, Refs. [4,36] and references therein). A general algorithm for solving
Eqs. (97a)–(97g) and (98) consists in freely choosing initial data for the unknowns 	 and μ on a
spacelike hypersurface σ , and then using the propagation equations (97e)–(97g) to determine the
spatial distribution of �, φ, and E on σ ; after that, Eqs. (97a)–(97d) provide us with the evolution
laws of the unknowns 	, �, φ, and E along the timelike congruence. Making use of the solutions for
	 and φ so found, it would then be a matter of solving the second set of Eqs. (97h)–(97l) and (99).
Unfortunately, the presence of the additional equation (99) prevents this general procedure from
being applied, since Eq. (99) is not preserved along the timelike congruence. Anyway, particular
solutions can be investigated by assuming some simplifying assumptions, for example: (1) E = 0,
(2) � = 0, and (3) φ = 0.

(1) E = 0.
Still assuming μ �= 0, from the Eqs. (97d), (97g), and (97k) we get the conditions

� = 0 and ρ̂ = 0, (100)

so that the system (97) reduces to

	̇ = − 1
3	2 − 1

2μ, (101a)

φ̇ = − 1
3φ	, (101b)

˙ln ρ = −	 + 2m sinh η sin β, (101c)

η̇ = φ − 2m cosh η sin β, (101d)

β̇ = 2m cos β sinh η, (101e)

	̂ = 0, (101f)
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φ̂ = − 1
2φ2 + 2

9	2 − 2
3μ, (101g)

ρ̂ = 0, (101h)

β̂ = 0, (101i)

η̂ = 0. (101j)

Moreover, due to Eq. (101h), Eq. (99) simplifies to

φ̂ = 0. (102)

The space-time and the Dirac field resulting from Eqs. (101) are then homogeneous. They are
characterized by the final set of differential equations

	̇ = − 1
3	2 − 1

4 mρ cos β,

φ̇ = − 1
3φ	,

ρ̇ = ρ(−	 + 2m sinh η sin β ), (103)

η̇ = φ − 2m cosh η sin β,

β̇ = 2m cos β sinh η,

together with the equation

1
2φ2 − 2

9	2 + 1
3 mρ cos β = 0, (104)

coming from Eq. (101g) and representing a constraint on the initial data. Indeed, making use of
Eqs. (94a), (101a)–(101c), and (101e), a direct check shows that the constraint (104) is preserved
by the dynamics (103).

We note that a particular case of Eq. (103) is obtained by setting φ = 0. In such a circumstance,
the field equations (103) and (104) become

	̇ = − 1
2	2,

1
3	2 = 1

2 mρ cos β,

ρ̇ = ρ(−	 + 2m sinh η sin β ), (105)

η̇ = −2m cosh η sin β,

β̇ = 2m cos β sinh η.

The system (105) describes a spinorial dust in a homogeneous, isotropic, and conformally flat space-
time. For η = 0 and β = 0, the system (105) admits a specific solution expressed in comoving
coordinates as a spatially flat Friedmann Lemaitre Robertson Walker (FLRW) space-time [35]. A
more general integration of Eq. (105) is illustrated in Sec. VIII.

(2) � = 0.
The assumption � = 0, via the evolution equation (97b), entails E = 0, thus falling back into

case (1).
(3) φ = 0.
The evolution equation (97c) is automatically satisfied; meanwhile, the propagation equa-

tion (97f) yields the constraint

E = (
� − 1

3	
)(

� + 2
3	

) + 2
3μ. (106)
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The remaining equations are

	̇ = − 1
3	2 − 3

2�2 − 1
2μ, (107a)

�̇ = 1
2�2 − 2

3	� − (
� − 1

3	
)(

� + 2
3	

) − 2
3μ, (107b)

Ė = −	E − 3
2 E� − 1

2μ�, (107c)

˙ln ρ = −	 + 2m sinh η sin β, (107d)

η̇ = ˆln ρ − 2m cosh η sin β, (107e)

β̇ = 2m sinh η cos β, (107f)

�̂ + 2
3 	̂ = 0, (107g)

Ê + 1
3 μ̂ = 0, (107h)

ˆ̂ln ρ = 0, (107i)

β̂ = 0, (107j)

η̂ = 0. (107k)

Expression (106) satisfies the evolution equation (107c); instead, the consistency with Eq. (107h)
gives rise to the additional equation

	̂
(
� + 2

3	
) − 1

2 mρ̂ cos β = 0. (108)

Once again, the problem can be simplified by requiring homogeneity ( f̂ = 0 for every covariantly
defined scalar function f ). In fact, under such an assumption the field equations (107) and (108)
reduce to

	̇ = − 1
3	2 − 3

2�2 − 1
4 mρ cos β,

�̇ = 1
2�2 − 2

3	� − (
� − 1

3	
)(

� + 2
3	

) − 1
3 mρ cos β,

ρ̇ = ρ(−	 + 2m sinh η sin β ), (109)

η̇ = −2m cosh η sin β,

β̇ = 2m cos β sinh η.

For η = 0 and β = 0, the solution of the system (109) describes a Bianchi-I space-time filled by
a spinorial dust. Indeed, in such a circumstance, a direct check shows that the first two equa-
tions of Eq. (109) together with Eq. (106) result to be suitable linear combinations of Einstein’s
equations obtained in comoving coordinates [35].

C. LRSIII space-times

We now focus on twisting and nonrotating geometries, i.e., ξ �= 0, 
 = 0, and Q = 0. Equa-
tions (56a), (60a), and (61b) imply f̂ = 0 (for every covariantly defined scalar function f ), φ = 0
and A = 0. Due to the vanishing of Q, condition (64) yields the evolution equation for β:

β̇ = 2m cos β sinh η − ξ . (110)

In view of Eq. (110), the thermodynamic quantities can be expressed as

μ = 1
4ρ(2m cos β + ξ sinh η), (111a)

p = 1
12ξρ sinh η, (111b)

Q = 0, (111c)

� = − 1
3ξρ sinh η. (111d)
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The expression for the magnetic part H of the Weyl tensor is given by Eq. (59), that is,

H = −3ξ�, (112)

whereas, from Eq. (57b), we deduce the following expression for the electric part E of the Weyl
tensor

E = 1
2� + 2

3μ + (
� − 1

3	
)(

� + 2
3	

) − 2ξ 2. (113)

All remaining propagation equations are identically verified. Furthermore, a direct calculation shows
that the expressions (112) and (113), together with Eqs. (110) and (111), make the covariant
equations (56b), (58b), (58e) automatically satisfied. All the remaining covariant equations, which
are not automatically satisfied, can be collected in the following system of differential equations:

ξ̇ = − 1
3ξ (	 + 6�),

	̇ = − 1
3	2 − 3

2�2 − 1
4 mρ cos β − 1

4ρξ sinh η,

�̇ = − 1
2�2 − 	� + 2

9	2 + 2ξ 2 − 1
3 mρ cos β + 1

6ρξ sinh η,

ρ̇ = ρ(2m sinh η sin β − 	),

η̇ = −2m cosh η sin β,

β̇ = 2m sinh η cos β − ξ . (114)

The system (114) contains six differential equations in normal form for the six unknowns
{ξ,	,�, ρ, η, β}. Thus, assigned initial data on a spacelike hypersurface σ orthogonal to vi, the
corresponding Cauchy problem admits a unique solution, at least locally. A numerical solution of
Eq. (114) is shown in Sec. VIII.

Perfect fluid case

In this case, Eq. (66b) implies necessarily η = 0, so that the identities vi = ui and ei = si

automatically follow. Under these conditions, the problem has already been studied in Ref. [35],
where the absence of solutions was proved.

VIII. SOME EXAMPLES OF SOLUTIONS

In this section, we derive and analyze both exact and numerical solutions of the differential
systems introduced in the previous section. In particular, numerical methods are employed to
investigate more complex geometries.

A. An exact solution

We consider the system (105) that describes a spinorial dust filling an LRSII isotropic, homoge-
neous, and conformally flat (E = H = 0) space-time:

	̇ = − 1
2	2,

1
3	2 = 1

2 mρ cos β,

ρ̇ = ρ(−	 + 2m sinh η sin β ), (115)

η̇ = −2m cosh η sin β,

β̇ = 2m cos β sinh η.
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To solve the system (115), we preliminarily observe that the first equation is decoupled from the
others and can be integrated as

	 = 2

t + C
, (116)

where C is an integration constant and t denotes an affine parameter along the timelike congruence.
The behavior of the fermion field, however, is nontrivial. To understand it, let us focus on the
subsystem given by the last two equations of Eq. (115), namely,

η̇ = −2m cosh η sin β,

β̇ = 2m cos β sinh η. (117)

Directly from Eq. (117), we have the relation

dβ

dη
= − tanh η cot β, (118)

which implies the identity

cos β = k cosh η, (119)

where

k := cos β0

cosh η0
, 0 � |k| � 1 (120)

is a constant determined by the initial values η0 := η(t0) and β0 := β(t0). As for the constant k,
we may exclude the cases |k| = 0 and |k|=1. Indeed, |k| = 0 implies cos β = 0 (β = π

2 + nπ

constant): in this case, the mass-energy density vanishes identically, μ = 0. Instead, condition
|k| = 1 entails necessarily η = 0 and β = nπ : Such a case has already been studied in detail in
Ref. [35]. Accordingly, we assume hereafter that the initial data are chosen so that 0 < |k| < 1.

In view of Eq. (119), we have also

sin β = s
√

1 − cos2 β = s
√

1 − k2 cosh2 η, (121)

where s := sign(sin β ) is again determined by the initial data. Inserting Eq. (121) into the first of
Eq. (117), we get the final differential equation for the unknown η:

η̇ = −2m cosh η s
√

1 − k2 cosh2 η. (122)

Equation (122) is valid as long as sin β �= 0 (β �= nπ ), i.e., as long as the sign s is constant. In these
intervals of time, the above equation admits an implicit solution of the form

t − t0 = − 1

2m s

∫ η

η0

dσ

cosh σ
√

1 − k2 cosh2 σ
. (123)

An alternative expression for the solution (123) is obtained by the substitution u = cosh σ :

t − t0 = − 1

2m s

∫ u

u0

du

u
√

u2 − 1
√

1 − k2u2
. (124)

The integral in Eq. (124) can be solved in terms of elliptic functions, giving rise to the explicit
solution

η = arccosh

(
1

k
sn( f ; k)

)
, (125)
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where sn denotes the (Jacobi) elliptic sine and f is an affine function of t . Once η is obtained, β is
provided by Eq. (119):

β = arccos(k cosh η). (126)

The function η is bounded and periodic, so β is bounded and periodic too. In particular, due to
Eq. (119), we have

|η| � arccosh(1/|k|). (127)

When sin β = 0, the first of Eq. (117) implies η̇ = 0 and Eq. (119) implies that η reaches the
(extremum) value η∗ such that

1 − k2 cosh2 η∗ = 0. (128)

This result allows us to construct the full solution for η by combining the integral (123) when
sin β �= 0 and the value η = η∗ when sin β = 0.

Making use of the above results, we are able to implement and solve the equation for ρ:

ρ̇ = −ρ(	 − 2m sinh η sin β ). (129)

By separation of variables and taking Eq. (121) into account, we get

ρ = B

(t + C)2 k cosh η
, (130)

where B is an integration constant whose value is singled out by requiring that the solution satisfies
the constraint

1
3	2 = 1

2 mρ cos β, (131)

namely,

B = 8

3m
. (132)

Summing it all up, the general solution of the system (115) is given by

	 = 2

t + C
, (133a)

ρ = 8

3mk(t + C)2
sech η, (133b)

∫ η

η0

du

cosh u
√

1 − k2 cosh2 u
= −2m s (t − t0), (133c)

β = arccos (k cosh η), (133d)

where the constants k and s are determined by the initial values η0 and β0.
The behavior of the exact solution (133) is plotted in Fig. 1. All quantities are expressed in

dimensionless form by rescaling with appropriate characteristic scales. In natural units, the particle
mass m provides a natural unit for mass and energy, while the corresponding Compton length λC =
1/m serves as a natural unit of length. Expressing variables in these units allows the equations to be
written in dimensionless form.

The figure shows that the functions ρ, η, and β are indeed oscillating while 	 and μ decrease
in time. Note how the oscillation of β and ρ exactly compensate each other to produce the
nonoscillating effective source. This mirrors the fact that only some aspects of the evolution of
the spinor field influence the space-time geometry. In this case, even if the spinor field exhibits
oscillatory behavior, the net effect remains that of a pressureless fluid.
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FIG. 1. Time evolution of the solution (133) with initial data: m = 1, 	(0) = 1, ρ(0) = 1, η(0) = 1, and
β(0) = 0. On the left-hand side: corresponding behavior of the energy density μ (dotted line), the modulus ρ

(dashed line), and the expansion scalar 	 (solid line). On the right-hand side: evolution of η (solid line) and β

(dashed line).

B. Numerical solutions

1. Nonperfect spinorial fluid in LRSI space-times

By using numerical techniques, we analyze the system (73)

Â = −Aφ + A2 + 2
2 + 1
4 mρ cos β + 1

4
ρ cosh η,


̂ = −
(A + φ),

φ̂ = − 1
2φ2 − Aφ + 2
2 + 1

2 mρ cos β,

ρ̂ = ρ(2m cosh η sin β + A − φ),

β̂ = 2m cosh η cos β − 
,

η̂ = −2m sinh η sin β, (134)

describing a nonperfect spinorial fluid in an LRSI space-time. Defining the affine parameter
along the spatial congruence by x, and indicating the boundary conditions as f (x = 0) = f0, with
f ∈ {A,
, φ, ρ, β, η}, we have performed the numerical integration to derive the behavior of the
spinorial, kinematic, and thermodynamic variables. The boundary conditions have been chosen over
a wide range of possible values to explore the stability of the resulting numerical solutions. Even
if not strictly necessary, here and in the following, we have chosen boundary values that satisfy the
weak energy conditions. In this way, one can assume that the effective fluid obtained is as close as
possible to the standard picture of incoherent matter [37] and check the stability of such a feature
throughout the numerical solutions presented. We have experimented with a wide range of boundary
conditions that satisfy the weak energy condition. An example of the results obtained is shown in
Figs. 2 and 3. All quantities are presented in dimensionless form, derived by normalizing each
variable with respect to the mass m and its associated Compton length.

Numerical solutions displayed in Figs. 2 and 3 appear to be stable under several different sets
of boundary conditions and reveal several noteworthy features. The relationship (72) between the
energy density μ and the tangential pressure po of the effective fermionic fluid suggests a matter
distribution composed of stiff shells. The acceleration A, interpreted as the surface gravity of the
configuration, exhibits a nontrivial sign change approximately halfway to the surface. Moreover,
the quantity φ, associated with the (pseudo-)Gaussian curvature of the bispaces, vanishes at a finite
value of the affine parameter x. Both features warrant further investigation and will be examined
in future works. Figure 3 illustrates the behavior of the quantities associated with the spinorial
fluid: The chiral angle β approaches an asymptotically constant value, as does the parameter η. In
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FIG. 2. Evolution of the system (134) starting from the initial data m = 1, A0 = 0, 
0 = −1, φ0 = ρ0 =
η0 = 1, and β0 = π . Left-hand panel: behavior of the kinematical variables A (solid line), φ (dotted line), and

 (dashed line) in function of x. Right-hand panel: behavior of the energy density μ (solid line), radial pressure
pr (dashed line), and orthogonal pressure po (dotted line) as functions of x. The plots of μ and po coincide.

particular, η tends to zero, indicating that, as x increases, the four-velocity vector field ua and the spin
axial vector field sa progressively align with the unit vectors va and ea tangent to the congruences.

A particularly relevant aspect (see Fig. 2) concerns the behavior of the radial pressure pr , which
vanishes at a finite value x0 of the parameter x. In contrast, the vorticity remains regular throughout
and is consistently negative, attaining a maximum near this point x0. In the case of a standard
fluid, the fact that pr vanishes at a finite point would allow one, via Israel’s junction conditions,
to interpret the solution up to x0 as describing the interior of a compact matter distribution. Since
the weak energy condition is preserved (see Fig. 2), this result suggests an intriguing conclusion:
In this configuration, the spinor field might be used as a semiclassical model for a relativistic star.
This would necessarily be a toy model, analogous to that used for boson stars, in which the matter
source is a classical scalar field (see, e.g., Ref. [38]). Yet, at present, in general relativity, no known
vortical model for the interior of a relativistic star exists (in our knowledge), and the solution we
found could be a good occasion to explore more deeply the properties of such solutions. Another
interesting interpretation of the solution considered above would be a classical fluid representation
of spin-1/2 particles, e.g., the electron or the proton. This is consistent with experimental studies
[39–42] that measured effective isotropic and shear pressures within a proton.

While certainly intriguing, these ideas are not free of caveats. For example, the two interpreta-
tions above require a detailed analysis of the validity of explicit junction conditions for the Dirac

FIG. 3. Evolution of the system (134) with initial data m = 1, A0 = 0, 
0 = −1, φ0 = ρ0 = η0 = 1, and
β0 = π . Left-hand panel: dynamical behavior of the modulus ρ (solid line), the pseudoscalar function η (dashed
line), and the chiral angle β (dotted line) in function of x. Right-hand panel: behavior of the bilinear scalar ψ̄ψ

(solid line) and the pseudoscalar iψ̄γ 5ψ (dashed line) as functions of x.

000142-24



COVARIANT APPROACH TO THE DIRAC FIELD …

FIG. 4. Dynamical evolution of the system (135) with m = 1 and initial data 	(t = 1.6) = ρ(t = 1.6) =
η(t = 1.6) = 1, �(t = 1.6) = 10−5, and β(t = 1.6) = 0. Left-hand panel: behavior of the kinematical vari-
ables 	 (solid line) and � (dotted line) in function of the affine parameter t . Right-hand panel: behavior of the
energy density μ (solid line) and the electric part E (dashed line) of the Weyl tensor as functions of t .

field equations, and one should also verify that, in the full quantum regime, this solution remains
valid. These two tasks and other issues that might arise warrant further investigation, which is left
for future work.

2. Perfect spinorial fluid in homogeneous anisotropic LRSII space-times

We consider the system (109) that describes a spinorial dust in homogeneous anisotropic LRSII
space-times

	̇ = − 1
3	2 − 3

2�2 − 1
4 mρ cos β,

�̇ = 1
2�2 − 2

3	� − (
� − 1

3	
)(

� + 2
3	

) − 1
3 mρ cos β,

ρ̇ = ρ(−	 + 2m sinh η sin β ), (135)

η̇ = −2m cosh η sin β,

β̇ = 2m cos β sinh η.

The energy density μ and the electric scalar part E of the Weyl tensor are given in Eqs. (94a)
and (106), respectively. After the introduction of the affine parameter t along the timelike
congruence and setting the mass of the spinor field m = 1, we choose initial values for the un-
known {
,�, ρ, β, η}, given by 	(t = 1.6) = ρ(t = 1.6) = η(t = 1.6) = 1, �(t = 1.6) = 10−5,
and β(t = 1.6) = 0 and obtain the solutions plotted in Figs. 4–6.

To better illustrate the sensitivity of system (135) with respect to the initial expansion rate,
we consider a second set of initial conditions. While all parameter and initial variable values
are kept identical to the previous case, the initial time is shifted from t = 1.6 to t = 0.17, with
	(t = 0.17) = 10, allowing for a clearer dynamic visualization of the numerical solution. The
numerical integration with this modified initial condition is shown in Figs. 7 and 8.

The figures above illustrate the two qualitatively distinct dynamical regimes which appear to
be stable under changes of initial conditions. In both cases, the evolution originates from an
initial singularity, where the expansion rate 	 diverges positively. The shear � diverges at early
times, signaling an anisotropic initial singularity. The first scenario can be interpreted as describing
an anisotropic universe that undergoes an initial phase of expansion followed by a gravitational
collapse. The behavior of the shear scalar � indicates that the final singularity retains a pronounced
anisotropic character. In the second case, no collapse occurs, and the space-time exhibits a progres-
sive isotropization as the expansion proceeds.
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FIG. 5. Dynamical evolution of the system (135) with m = 1 and initial data 	(t = 1.6) = ρ(t = 1.6) =
η(t = 1.6) = 1, �(t = 1.6) = 10−5, and β(t = 1.6) = 0. Left-hand panel: dynamical behavior of the modulus
ρ (solid line), the pseudoscalar function η (dashed line), and the chiral angle β (dotted line) in function of
the affine parameter t . Right-hand panel: behavior of the scalar ψ̄ψ (solid line) and the pseudoscalar iψ̄γ 5ψ

(dashed line) in function of t .

FIG. 6. The behavior of the 3-Ricci curvature with initial data m = 1, 	(t = 1.6) = ρ(t = 1.6) = η(t =
1.6) = 1, �(t = 1.6) = 10−5, and β(t = 1.6) = 0.

FIG. 7. Dynamical evolution of the system (135) with m = 1 and initial data 	(t = 0.17) = 10, ρ(t =
0.17) = η(t = 0.17) = 1, �(t = 0.17) = 10−5, and β(t = 0.17) = 0. Left-hand panel: behavior of the kine-
matical variables 	 (solid line) and � (dotted line) in function of the affine parameter t . Right-hand panel:
behavior of the energy density μ (solid line) and the electric part E (dashed line) of the Weyl tensor in function
of the affine parameter t .
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FIG. 8. Dynamical evolution of the system (135) with m = 1 and initial data 	(t = 0.17) = 10, ρ(t =
0.17) = η(t = 0.17) = 1, �(t = 0.17) = 10−5, and β(t = 0.17) = 0. Left-hand panel: dynamical behavior of
the modulus ρ (solid line), the pseudoscalar function η (dashed line), and the chiral angle β (dotted line)
as functions of the affine parameter t . Right-hand panel: behavior of the scalar ψ̄ψ (solid line) and the
pseudoscalar iψ̄γ 5ψ (dashed line) in function of the affine parameter t .

To clarify the physical understanding of these solutions, it is also useful to consider the 3-Ricci
scalar

3R = −2μ + 2
3	2 − 3

2�2, (136)

obtained by the Gauss embedding equation and the Ricci identities for va. In Fig. 6, 3R is negative,
so the collapsing model has a closed geometry, connecting it to a Kantowski-Sachs model. In Fig. 9,
3R is positive, indicating an open spatial geometry typical of the diagonal Bianchi III models. This
result is consistent with the well-known properties of the homogeneous and isotropic case: Closed
spatial geometries tend to collapse, whereas open geometries are associated with an unlimited
expansion.

As already observed in the homogeneous and isotropic solution discussed in the previous
Subsection, the dynamics of the spinor field only partially affect the evolution of the space-time,
which is primarily governed by the effective thermodynamical quantities.

FIG. 9. The behavior of the 3-Ricci curvature with initial data m = 1, 	(t = 0.17) = 10, ρ(t = 0.17) =
η(t = 0.17) = 1, �(t = 0.17) = 10−5, and β(t = 0.17) = 0.
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FIG. 10. Dynamical evolution of the system (137) with m = 1 and initial data ξ (t = 0.12) = 7, 	(t =
0.12) = 10, ρ(t = 0.12) = η(t = 0.12) = 1, �(t = 0.12) = 10−5, and β(t = 0.12) = π

2 . Left-hand panel:
behavior of the kinematical variables ξ (solid line), � (dotted line), and 	 (dashed line) as functions of the
affine parameter t . Right-hand panel: behavior of the energy density μ (solid line), radial pressure pr (dashed
line), and orthogonal pressure po (dotted line) in function of t .

3. Nonperfect spinorial fluid in LRSIII space-times

We now turn to the system (114)

ξ̇ = − 1
3ξ (	 + 6�),

	̇ = − 1
3	2 − 3

2�2 − 1
4 mρ cos β − 1

4ρξ sinh η,

�̇ = − 1
2�2 − 	� + 2

9	2 + 2ξ 2 − 1
3 mρ cos β + 1

6ρξ sinh η,

ρ̇ = ρ(2m sinh η sin β − 	),

η̇ = −2m cosh η sin β,

β̇ = 2m sinh η cos β − ξ, (137)

where the thermodynamic quantities are expressed as in Eqs. (111). Once again, the evolution
is parametrized by the affine parameter t , with initial conditions given for {ξ,�,	, ρ, η, β}. We
set m = 1 and initial values ξ (t = 0.12) = 7, 	(t = 0.12) = 10, ρ(t = 0.12) = η(t = 0.12) = 1,
�(t = 0.12) = 10−5, and β(t = 0.12) = π

2 , in order to satisfy, also in this case, the constraints
imposed by the weak energy condition.

The dynamical evolution of the kinematical variables {
,�, ξ, 3R}, the thermodynamic quan-
tities {μ, pr, po}, and the spinorial field variables {ρ, β, η} is illustrated in Figs. 10, 11, and 12 in
terms of the affine parameter t . These plots appear to be stable under changes of initial conditions,
and describe a homogeneous space-time of Bianchi type II, VIII, or IX that, despite an initial
nonvanishing twist, rapidly evolves toward a collapsing, spatially closed Kantowski-Sachs geometry
delimited by two anisotropic gravitational singularities. Such geometry might at first sight appear
different from the collapsing solutions found in the previous subsection in that the shear scalar
diverges positively rather than negatively. However, this difference is only coordinate-related, as it
becomes apparent once the covariance is broken (see Ref. [43] for further details).

The expansion scalar 	 diverges positively at the initial time, indicating an initial singularity.
As t increases, 	 monotonically decreases, describing an expansion phase that progressively slows.
Subsequently, during the phase where 	 becomes negative, the gravitational attraction dominates
and a second gravitational singularity occurs. This is confirmed by the divergence of the expansion
scalar 	 → −∞ and the corresponding blowup of the energy density μ.

During this evolution, the system’s anisotropy increases rapidly in the initial stages, then de-
creases until the expansion stops, and finally begins to grow again until the system reaches the final
singularity. Furthermore, Fig. 10 shows that moving forward in time from the initial time, the weak
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FIG. 11. Dynamical evolution of the system (114) with m = 1 and initial data ξ (t = 0.12) = 7, 	(t =
0.12) = 10, ρ(t = 0.12) = η(t = 0.12) = 1, �(t = 0.12) = 10−5, and β(t = 0.12) = π

2 . Left-hand panel:
dynamical behavior of the modulus ρ (solid line), the pseudoscalar function η (dashed line), and the chiral
angle β (dotted line) in function of the affine parameter t . Right-hand panel: behavior of the scalar ψ̄ψ (solid
line) and the pseudoscalar iψ̄γ 5ψ (dashed line) in function of t .

energy condition remains preserved until the system reaches the future singularity. Nevertheless,
moving toward the initial singularity, we find that the effective spinorial fluid violates the energy
condition: The nonclassical character of the fermion field becomes evident.

The specific solution analyzed here suggests that the role of the twist ξ is significant only during
the early stages of evolution and the geometry quickly approaches an LRSII space-time, indicating
that the twist and fermion fields are not naturally compatible. This incompatibility is consistent
with the analysis in Ref. [35], where for η = 0 LRSIII space-times were found to be inconsistent
with the effective spinor fluid. In addition, the early-time dominance of ξ also explains the violation
of the weak energy condition: The terms proportional to ξ in Eq. (111) make the pressures dominant,
and this, in turn, induces μ + pr to become negative.

IX. CONCLUSION

We employed the polar decomposition to express the Dirac field entirely in hydrodynamic
terms, thereby avoiding the use of the tetrad formalism, the Dirac matrices and their specific
representations. This enabled us to apply the powerful geometrical machinery of the covariant
formalism to the study of a self-gravitating Dirac field in LRS space-times. More, in particular,

FIG. 12. The behavior of the 3-Ricci scalar, with initial data m = 1, ξ (t = 0.12) = 7, 	(t = 0.12) = 10,
ρ(t = 0.12) = η(t = 0.12) = 1, �(t = 0.12) = 10−5, and β(t = 0.12) = π

2 .
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after performing the (1 + 1 + 2) decomposition of both the spinor energy-momentum tensor and
the Dirac equations in polar form, we investigated the Dirac field together with its gravitational
backreaction in LRS geometries of types I, II, and III.

The present paper extends our previous work [35], in which it appeared natural to identify the
timelike and spacelike congruences underlying the (1 + 1 + 2) decomposition with the integral
curves of the unit vector fields associated with velocity ui and spin si of the Dirac field, respec-
tively. However, this identification may be overly restrictive and could account for some of the
obstructions encountered in our earlier analysis. A more general possibility, while remaining within
the framework of LRS space-times, is to choose the tangent vectors to the congruences such that
they lie pointwise in the plane spanned by the vector fields ui and si, without necessarily coinciding
with them. This is precisely the approach adopted in the present work.

Within this more general setting, we found a broader class of solutions, mainly associated
with the LRSIII case, which was previously precluded by requiring ui and si to coincide with
the generators of the temporal and spatial congruences [35]. By removing this identification, we
showed that a self-gravitating Dirac field can fill an LRSIII space-time, provided that the associated
spinorial fluid is not perfect. In the subsequent numerical analysis, we found that the role of the
twist ξ is significant only during the early stages of the evolution; the system then evolves toward
an LRSII-like geometry, eventually reaching an anisotropic singularity. This behavior may suggest
a possible tension between the space-time twist and the fermion field, indicating that these two
elements might not be naturally compatible within a stable long-term dynamical evolution.

In the LRSII case, our results revealed a strong dependence of the space-time evolution on the
initial data. Indeed, by modifying only the initial conditions for the expansion rate, we obtained
two radically different dynamical behaviors. In both scenarios, the evolution originates from an
initial singularity characterized by diverging expansion scalar 	 and shear �. We identified a first
regime describing an anisotropic universe that initially expands and subsequently collapses into a
final anisotropic singularity, and a second regime in which no collapse occurs, leading instead to a
progressive isotropization of the space-time. In both cases, the dynamics is predominantly driven by
the effective thermodynamic quantities, while the intrinsic behavior of the spinor field exerts only a
limited influence on the evolution of the space-time geometry.

Among the explored scenarios, the case of stationary LRSI space-times emerged as particularly
compelling. In these geometries, the effective fermion fluid appears to reproduce the physical
conditions characteristic of the interior of compact matter distributions. On the one hand, this may
suggest the intriguing possibility of a vortical relativistic star entirely sourced by a fermion field; on
the other hand, it may provide a framework for analyzing fluidlike semiclassical models of nucleons.

However, while this conceptual framework is promising, several technical and theoretical aspects
still require further investigation. A primary issue concerns the formulation of appropriate junction
conditions; specifically, it remains unclear how the presence of the fermion field modifies the
standard Israel matching conditions when joining an internal LRSI solution to an external vacuum
space-time. Furthermore, the behavior of the surface gravity within the matter distribution presents a
subtle challenge, as it appears to undergo a sign change that calls for a deeper physical interpretation.
A rigorous analysis of these issues, requiring more specialized analytical tools and a dedicated
treatment of boundary dynamics, will be the subject of forthcoming work.
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