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Space-time wave packets (STWPs) have enabled numerous nontrivial properties, such as
tunable group velocities, nondiffraction, and nonlocal spin textures in optical fields. How-
ever, this has not been properly studied in matter waves. Here, we investigate free-electron
STWPs, which are propagation-invariant and group-velocity-tunable matter wave packets,
constructed by constraining the spatiotemporal spectrum of the electron wavefunction in
momentum space. Due to the unique dispersion of free electrons, the electron STWP can
carry two different topologies and host both meron and skyrmion topological textures in
momentum space. We demonstrate the topological phase transitions and tunable skyrmion
numbers by spectral geometry tuning. We also show the topologically robust propagation
of the electron pulses and corresponding real-space skyrmionic expectation value textures
encoded within each single electron wavefunction. Our results open a platform for topo-
logical free-electron wave packets uses in sensing and information transfer.

DOI: 10.1103/pnvl-7bx7

I. INTRODUCTION

Structured free-electron waves have emerged as a reliable and powerful platform to control
quantum matter waves, enabling the creation of electron vortex beams carrying angular momentum
[1-4], to shaped electron wave packets used for microscopy and spectroscopy [5—-7]. Yet single
free-electron wave packets remain fundamentally limited by issues such as the diffractive spreading
and dispersion, and temporal walk-off that limit the interaction lengths in free-electron-photon
interactions; persistent bottlenecks in electron optics applications [8—10]. Beyond this, a free
electron has an intrinsic spin degree of freedom, fundamentally limiting the possibility of creating
spin textures for single electrons [11]. Such spin textures may provide fast spin filters for measuring
material spin textures from the Hund’s exchange term in the interaction Hamiltonian [12,13]
(see Sec. F of the Supplemental Material [14]), without the need for complex vector reconstruction
or sample tilting.

Recently, space-time wave packets (STWPs) are an emerging class of structured waves with a
correlated space and time degrees of freedom, which give the waves a well-defined and tunable
group velocity and great resistance against ordinary diffraction and dispersion [15-32]. An optical
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FIG. 1. (a) The construction of momentum space skyrmion uses a closed spectral loop in (b) k, — w space.
(c) The intersection of the spectral plane and the dispersion surface gives the lowest point (ky, wy) called the
carrier, and the point (k., @"). The difference between them is k ;. When o' is the maximum allowed constituent
electron plane wave energy, we write the point as (k;max, @max) in text. (d)—(f) Merons can be obtained from an
intersection that produces a parabolic projection in the k, — w plane instead.

STWP was also shown to carry a nondiffracting meron by using a metasurface to imprint a
polarization texture in momentum space [33], while related momentum space merons have also
been realized through photonic crystal slabs [34,35]. The merons are a half skyrmion, topologically
nontrivial spin textures originally introduced in nuclear physics, which have since been obtained
in other fields [36—46]. The key feature of a skyrmionic texture is the topological robustness,
making it attractive for robust transport and information encoding [47—49]. In optical STWP, the
fundamental structure of the light cone makes the meron the only naturally available topological
structure. However, nonrelativistic free electrons obey a quadratic dispersion relation (w = k> /2m)
[see Fig. 1(a)] on the dispersion surface. This allows a free-electron STWP to be nondiffracting
and nondispersive, have tunable group velocities, and to host full or half skyrmionic topologies in
momentum space and the corresponding real-space wavefunction. Such realization gives an entirely
new degree of freedom for free electrons.

In this paper, we show this construction of nonrelativistic free-electron STWP by engineering
the spatiotemporal spectrum on the quadratic dispersion relation. We show that despite being
propagation invariant, such construction also supports momentum space skyrmions and merons, and
we further derive the analytical topological phase transition between them. In real space, we show
the existence of propagation-invariant skyrmion and meron textures in the local spin expectation
value (SEV) that remain robust upon extended propagation distances. This establishes a route
toward topologically structured electron wave packets whose real-space topologies are transported
unchanged in free space, for use in sensing and information transfer.

II. RESULTS

To construct an electron STWP, the free-electron dispersion relation is given by the solution to the
Schrédinger equation in a closed system, written as w = fik?/2m, where k? and m are the momentum
and the mass of the elementary electron. Throughout this paper, both 7 and m are taken to be 1 for
the analytical calculations. A spectral constraint in the form of a plane [w = wy + tan 6 (k, — ko)]
intersects the dispersion surface at an angle 6, giving a well-defined group velocity of the electron
wave packet [Fig. 1(a)]. The intersection curve, called the spectral support curve, can be projected
onto the k, — w plane [Fig. 1(b)], which shares at least one point (ko, wg) with the spectral plane. We
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call this lowest frequency wy the carrier frequency, as seen in the k, — w plane [Fig. 1(c)]. Tuning
the parameters ko and 6 (the tilt of the spectral plane) gives different spectral projections onto the
plane k, — w and k; — w [Figs. 1(d)-1(f)]. In this paper, we focus on the superluminal electrons with
group velocities above the carrier group velocity at (kg, wp).

These projections form the energy-momentum relations that the electron plane waves should
possess to form a single electron STWP. Upon introducing the dimension k,, the curve in Figs. 1(b)
and 1(e) is revolved into a three-dimensional (3D) surface in momentum space. The different
topologies of the three-dimensional surfaces, either closed or open, are used to form momentum
space skyrmions and fractional skyrmions, respectively. This is due to the momentum space surface
covering a full Bloch sphere, or a portion of the Bloch sphere. This will be detailed more below. We
first give an analytic description of the range where momentum space merons and skyrmions can
be hosted in an electron STWP based on the three-dimensional topology of the spectral surface and
for a given maximum electron energy with frequency wmax.

To investigate the topology, the value of the carrier wave number and the group velocity was used
as free parameters. First, by imposing a condition where the spectral plane intersects the dispersion
surface at exactly the carrier frequency, the lowest group velocity where the electron wave packets
has to possess to get a closed momentum space surface is obtained. This is equivalent to the gradient
of the dispersion surface dw/dk, at the point (ko, wp). The group velocity has to satisfy Eq. (1) for
the electron wave packet to host a momentum space skyrmion,

Vg > s (D
At the same time, there is an upper limit after which only open momentum space surfaces can
be obtained, and therefore only merons can be hosted. The analytical starting point depends on a
given maximum electron energy making up the wave packet. We note that the largest group velocity
that can host a skyrmion is when the spectral plane cuts the dispersion surface at exactly ky and
k;max» where k;max is the maximum value of the longitudinal wave number where the spectral plane
can intersect the dispersion surface [Fig. 1(c) and the corresponding figure caption, k,n.x = 10 in
Fig. 2]. This directly leads to the constraint in Eq. (2). Both group velocity constraints for merons
and skyrmions are visualized in Fig. 2(a),
Bi(k2ax — k3)

zZmax

2m(kzmax — ko)

Within the region that can host skyrmions, the closed three-dimensional surface spanned by
(ky, ky, ) also has a size dependence on the group velocity and the carrier frequency. This size
dependence is captured by the difference between the two values of k, where the spectral plane
intersects the dispersion surface [Fig. 1(c)]. These points are given by ky and Eq. (3) (see Sec. A of
the Supplemental Material [14]),

2

Vg >

= 2mtan(60) _
‘ h
With 6 > arctan(%iko/m) so all the spectral components have k, > 0, constrained to be only a
forward propagating electron wave.

The colormap on Fig. 2(a) depicts the different sizes of the momentum space surface for different
values of the group velocity, v,, and the carrier wave number, k. For higher values of k, the lower
v, have a negative longitudinal spectral linewidth k,; = k. — ko, simply due to the fact that the point
of intersection defined in the spectral plane, ky, will be the maximum instead of the minimum. This
is the region of subluminal electrons, where the group velocity falls below the group velocity at
(ko, wo) in Fig. 1(c). For higher ky, it will also be increasingly difficult to construct a momentum
space skyrmion before reaching the topological phase transition into a momentum space meron,
despite higher-energy electrons should also be treated relativistically.

ko. 3)
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FIG. 2. (a) The allowed parameter space in v,, ky to host skyrmion and meron in momentum space in
an electron STWP. The colormap is the longitudinal spectral linewidth in momentum space, and the white
and black stars are the points used for skyrmion and meron real-space calculations, respectively. Inset: The
longitudinal spectral linewidth as a function of group velocity and carrier wave numbers. The shown k,; is
measured without a limit k.. (b) The group velocity regions for a carrier wave number of ky = 2, shown
using the spectral tilt angle. (c) The propagation invariance of the electron STWP can be seen by the almost
unchanged peak intensity (blue line and axis) as the pulse moves from z = 0 to z = 100. The probability
amplitude plot is scaled by 10 for clarity, and shown in the laboratory frame.

Within the regime where a skyrmion can be hosted, a higher ko with a fixed v, gives a lower
size of the skyrmion in momentum space [Fig. 2(a), inset], which directly impacts the spectral
requirement of the electron plane waves required to synthesize the whole single electron wave
packet. In reality, this difference in the spectral extent in the synthesis of the STWP is directly
observable on the probability distribution in real space. Keeping ky = 2.0, the group velocity was
tuned to construct the different momentum space surfaces and prove the boundaries given by the
analytical derivations. The white stars are the parameters used to construct the skyrmion and the
black stars are the parameters for the meron. Figure 2(b) shows the spectral tilt angle used instead
of the group velocity for clarity.

Constructing the electron wavefunction with the allowed (k,, ky, @) plane wave components
on the momentum space surface is enough to create a propagation-invariant and nondiffracting
electron STWP [see Fig. 2(c), the blue line and axes are the intensity at x = 0 overlaid onto the
probability amplitude plot]. However, such a scalar STWP construction lacks a vector structure on
the momentum space surface. Therefore, we detail now how the momentum space skyrmions and
merons are constructed. We use the nonrelativistic electron spinor and impose it onto each point on
the surface in momentum space. Effectively, this forms a momentum space skyrmion (similar to a
momentum space meron in Ref. [33]) and in real space, it forms a propagating localized electron
wave packet made up of momentum-spinor coupled plane waves.
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FIG. 3. The real-space structure of the electron wavefunction. (a), (b) The spatiotemporal structure for
skyrmions and meron SEV, respectively, in the comoving frame. The SEV is normalized by the local probability
amplitude. (c) The real-space SEV of the skyrmions and (d) merons. The in-plane arrows are directions of (o)
and (o), while the colormap and legend gives the direction of (o). Inset: Probability map of the electron pulse
with the skyrmion and meron structure embedded, scaled to 10°.

The spinor is defined as a two-component orthogonal state as in Eq. (4), which leads to the
vectors on a Bloch sphere being defined as 77 = [sin 0 cos ¢, sin 0 sin ¢, cos8]. Here, m, y are the
vorticity and the helicity of the topological texture. In this paper, m, y are set to 1 and 0, respectively.
We adopt a polarity of 1 for the momentum space skyrmions and polarity of -1 for the momentum
space merons (see Sec. C of the Supplemental Material [14]),

x = [cos(8/2), €+ sin(6/2)]. 4)

As the electron spin is an intrinsic quantity, we investigate the local SEV of the electron
wavefunction in real space, given by (V|o|V), with W being the real-space wavefunction W =
[ Aeitkthythkz=en y (k. k,)dk.dk,. o is the three-component Pauli matrices, A is the amplitude of
each constituent plane wave from each point on the momentum space surface, and ¥ = (W4, ¥ ) is
a two-component normalized wavefunction corresponding to the components of x. The governing
equation for W should ideally be the Pauli equation, but with the absence of magnetic field,
this is a two-component field satisfying independent Schrodinger equations. We define the vector
S = ({oy), {0y), (07)), which s the local normalized SEV [Eq. (5)], and we note that this information
is carried within each single electron wavefunction,

. 2 Re(Wiw))
view 1 !
(W4 > — [y 2

where p = |\IJT|2 + I\IJ¢|2.

The construction of the skyrmions and merons was done in momentum space, while Eq. (5) was
used to investigate the real-space probability distribution. Turning now to the behavior in real space,
we projected the expectation values of the three Pauli matrices onto the x — t plane [Figs. 3(a) and
3(b) for skyrmions and merons, respectively]. For skyrmion SEV, the radial transition from red to
blue indicates a reversal of the out of plane component in (V|o,|¥), and pole-to-pole coverage of
the Bloch sphere. In contrast, the meron SEV do not exhibit pole-to-pole coverage.
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FIG. 4. The relation between the 3D Skyrmionic spinor texture in momentum space and its in-plane Fourier
transformed counterpart in real space. There is a helicity shift of 7 /2 due to an extra i”* term, with m = 1 being
the winding number (see Sec. B of the Supplemental Material [14]). y,, is the helicity in momentum space of
the spinor texture and y, is the real-space helicity.

Next, we plotted the SEV on the x—y plane (z, t = 0) [Figs. 3(c) and 3(d) for skyrmion and meron
SEYV, respectively]. For skyrmions, the center of the wave packet is oriented purely in the positive
z direction ({(0;) = 1), and the ends of the high probability region has the expectation value of
(0;) = —1. For merons, the ends of the high probability region instead give (o,) = 0. Interestingly,
the textures were found to exhibit a /2 phase shift in the helicity [Figs. 3(c) and 3(d)]. A Néel
skyrmion in momentum space gives a Bloch SEV in real space, and the reason for this is an extra
factor of i. Intuitively, the momentum space factor " is mapped to i"e™® in real space. Hence,
the integer winding m and the topological character of the texture, through the skyrmion number, is
preserved, but the additional phase i rotates the in-plane spin orientation by mr /2. This accounts
for the observed helicity shift for m = 1 (Fig. 4). The Fourier transform therefore reshapes the radial
profile through the Bessel function (see Sec. B of the Supplemental Material for further details [14]).
The existence of the skyrmion and meron local SEV permits the calculation of the skyrmion number
in real space [Eq. (6)], which uses information encoded within each single electron wavefunction,

1 om 0m
Q:E//m-<axa—y)dxdy, (6)

where m is the vector creating the texture. As the electron STWP adheres to the linear relation of
k. and w [Figs. 1(c) and 1(f)], the matter wave packet is propagation invariant for large distances.
It is therefore of interest to measure the propagation invariance of the skyrmion number in real
space, and this is shown in Fig. 5 for skyrmions. The propagation invariance was measured in two
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FIG. 5. (a) The propagation invariance of the skyrmion SEV for group velocity of v, = 3.73 for different
carrier wave numbers, and (b) the propagation invariance of the skyrmion SEV as a function of the group
velocity, for ky = 2.0.
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ways. First, by changing the carrier frequency and wave number, and second, by tuning the group
velocity. Figure 5 shows both the measurements. Importantly, all the skyrmions propagate invari-
antly for large distances (10%) before any large decays happen, which directly demonstrates that
the tunable structures embedded within an electron STWP are propagation invariant for relatively
long distances. The difference between the different decays at large distances for different group
velocities and carrier wave number is due to the finite spectral weights. An ideal STWP will show
a perfectly flat profile across all distances. The space-time meron textures were already produced
recently in optical STWP [33], which inherits the propagation invariance automatically from the
STWP construction as well.

In experiments, recent progress in electron wave shaping [1-3,5,6] may be used to sculpt the
spatiotemporal spectrum of the electron wave packet. To imprint spinor textures onto a free-electron
plane waves in momentum space, a magnetic field may be utilized to give a probability distribution
and realize the full or half Bloch sphere. This work is a general property of the quadratic dependence
of the frequency on the momentum in the free-electron dispersion relation. For other waves, the
pseudospin degree of freedom intrinsic to quasiparticles may also be used [50,51].

III. CONCLUSION

In summary, we demonstrate that free-space propagating STWPs can be created using
nonrelativistic free-electron matter waves, and the electron spinor can be used to construct
propagation-invariant momentum space topological textures tunable by the group velocity and the
carrier wave number. At high group velocities, the momentum space surface will only host merons,
as there is no closed momentum space surface directly obtained through the intersection of the
spectral plane and the dispersion surface. However, at lower group velocities, the parabolic nature
of the free-electron dispersion naturally allows a closed sphere in (k,, ky, @) space. The closed
momentum space structure allows the construction of momentum space skyrmions and forms an
analogous Bloch sphere.

By this particular tuning, we show the possibility to generate persistent skyrmionic SEV struc-
tures in real space that exhibit a helicity phase shift of /2.

This paper reveals a new class of free-space wave packet with a topological wavefunction and
charge, whose topology is independently tunable without material band structures. As this topolog-
ical information exists in real space, this may be a new robust route to transporting information with
matter and for sensing applications.

Another property automatically inherited from the space-time wave packets structure is self
healing [52], which allows the skyrmions and meron SEV proposed here to propagate for large
distances even with small perturbations. This approach provides a bridge between STWP and
structured matter waves, and the proposed system may also offer a platform for studying tunable
topological textures in matter waves beyond conventional methods typically done through Bose-
Einstein condensates [53—57]. To the best of our knowledge, this is the first single electron wave
packet free-space propagating skyrmion, shown via the local SEV of electrons, and we assert this
is still a single electron state. Our work opens up a range of possibilities of integration with a
large body of existing literature on optical skyrmions and free-electron behavior. Such electron
skyrmionic wave packets may be relevant to free-electron quantum optics, free-electron-photon
interactions, may provide additional degrees of freedom for free-electron entanglement, microscopy,
free-electron-matter interaction, and transition radiation and light generation by free electrons
[58-64], as well as any future schemes for information encoding and transfer that will empower
future technologies.
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