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We analyze a class of one-dimensional quantum systems characterized by a position-
dependent kinetic term arising as the continuum limit of an inhomogeneous tight-binding
model with spatially varying hopping amplitudes. In this limit, the Schrödinger equa-
tion takes the so-called BenDaniel-Duke form with an effective mass, scaling as meff (x) =
meff |x|α , with α > 0, leading to a framework we term “sluggish quantum mechanics,”
where particle motion is progressively suppressed at larger distances. For the case with
no external confinement, we obtain the eigenfunctions and the quantum propagator ex-
actly. In the presence of a confining potential Vext (x) = 1

2 meff (x) ω2x2 = 1
2 meff ω2|x|α+2,

we show that the model remains exactly solvable and obtain the spectral properties and
the propagator analytically. We then investigate the problem of N noninteracting spinless
fermions in the trap, determining the many-body ground-state wavefunction and the joint
probability density function of the positions of the N fermions. We show that the many-
body quantum probability density in the ground state forms a determinantal point process
whose correlation kernel can be computed for any N , giving access to the average density
as well as higher-order correlation functions for any finite N . Moreover, we analyze the
scaling form of this kernel in the large-N limit in the bulk, near the edge, and close
to the origin. Our results show that the scaled average density profile for large N has a
finite support symmetric with respect to the origin, but has a nonmonotonic shape with a
vanishing minimum at the origin for any α > 0. One of the key findings of our work is that
the scaled kernel near the origin x = 0 for α > 0 is neither the Bessel nor the Airy kernel
(that are standard for trapped fermions), but is new, and is given by a sum of two Bessel
kernels with different indices. Our results thus provide a framework relevant to engineered
optical lattices with position-dependent tunneling.
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I. INTRODUCTION

Advances in ultracold-atom experiments have made it possible to realize various one-
dimensional quantum lattice models on optical lattices [1–7]. These quantum lattice models are
generically described by tight-binding type Hamiltonians that are characterized by an on-site
potential and hopping amplitude across the bonds. A system with a uniform on-site potential,
hopping amplitude, and a lattice spacing δ is usually constructed by using two counterpropagating
laser beams, whose interference pattern forms a cosine potential V (x) = V0 cos2(πx/δ), where V0

is the depth of the potential [8,9]. Interestingly, space-dependent (nonuniform) onsite potentials εi

have also been experimentally realized, which form test beds for understanding various exotic phe-
nomena such as localization and phase transition [10–13]. Moreover, using precise programmable
techniques, one can engineer both space-dependent on-site energies and bond-dependent tunneling
[14–17].

When the external potential V (x) consists of a sequence of deep potential wells, whose minima
are separated by some characteristic length scale δ, it is very useful and justified to approximate the
Schrödinger equation in terms of an effective localized basis. In this localized basis, the quantum
particle tunnels from one minimum to another, effectively making a quantum lattice model with a
lattice spacing δ. In the tight-binding approximation, tunneling only between nearest neighbors is
considered. By suitably considering a space-dependent hopping element, taking the limit of lattice
spacing tending to zero and hopping strength to infinity, one can arrive at a Schrödinger equation for
the coarse-grained lattice description, with a space-dependent effective mass meff(x) as (see Sec. II)

ih̄
∂ψ (x, t )

∂t
= − ∂

∂x

(
h̄2

2meff(x)

∂ψ (x, t )

∂x

)
. (1)

The operator −∂x(h̄2/[2meff(x)]∂x ) in Eq. (1) generalizes the standard kinetic-energy operator
−[h̄2/(2m)]∂2

x to the case of a spatially varying effective mass. Interestingly, the Schrödinger
equation in Eq. (1), with a spatially dependent effective mass, corresponds to the BenDaniel-Duke
form [18]. This operator arises naturally in the study of electron tunneling across semimetal
and semiconductor heterojunctions. Alternative Hermitian (self-adjoint) kinetic-energy operators
with position-dependent effective mass have also been proposed and analyzed in related contexts
[19–24]. In most studies of semiconductor heterostructures, however, the effective mass is assumed
to be piecewise constant, i.e., uniform within each layer and discontinuous only at interfaces. In
this paper, we consider the spatially varying effective mass of the form meff (x) = meff |x|α , where
α � 0 and meff on the right-hand side is a constant. This may be envisioned as the continuum
limit of a heterostructure composed of a very large number of dissimilar layers, leading to a
smoothly varying effective mass. As discussed earlier, similar spatial variations of the effective
mass can also be engineered in ultracold-atom systems, where the tunneling amplitude in an
optical lattice depends sensitively on the local lattice depth and can be controlled in space using
shaped optical potentials or digital micromirror devices [14–17]. Moreover, the latest technological
advances allow to probe ultracold Fermi gases directly in the continuum, making the Schrödinger
equation (1) a potentially realizable setup, for both many-body Fermi systems [25,26] and at the
level of a single particle [27,28]. The increase of the effective mass scales as meff (x) = meff |x|α
with distance implies that the kinetic motion becomes progressively suppressed at large distances.
In other words, the particle becomes “heavy” as it moves further from the origin, thereby making
it sluggish at larger distances. The effective mass meff (x) → 0 as x → 0 is, of course, not physical.
For a realistic situation, meff (x → 0) should approach a nonzero value, which can be accounted
by considering meff (x) = m + meff |x|α , where m is the bare mass of the quantum particle. As we
will see later, exact analytical calculations can be carried out for the case m = 0, but they are much
harder for m �= 0. It is then natural to wonder the range of validity of the m = 0 results when the bare
mass m is nonzero. Indeed, the presence of a finite m introduces a length scale ξ ∼ m1/α around the
origin, which is small if m is small. The m = 0 are valid in the spatial regime when x � ξ . However,
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if x � ξ , we expect that the m = 0 results will no longer hold. In the rest of the paper, we will hence
assume that we work in regimes where x � ξ .

A natural and interesting question, therefore, is how this form of sluggish quantum mechanics
(for α > 0) modifies the plane-wave eigenfunctions eikx of a conventional free quantum particle
having a constant mass. Moreover, in the presence of an external confining potential Vext (x), the
Schrödinger equation in Eq. (1) modifies to

ih̄
∂ψ (x, t )

∂t
= − ∂

∂x

(
D(x)

∂ψ (x, t )

∂x

)
+ Vext (x)ψ (x, t ), (2)

with D(x) = h̄2/[2meff (x)]. For the α = 0 case, the Schrödinger equation (2) with D(x) = D0 =
h̄2/(2meff ), reduces to the standard Schrödinger equation discussed in textbooks [29,30]. In partic-
ular, the harmonic potential Vext (x) = 1

2 meff ω2x2 has found relevance in a wide range of contexts,
both theoretically and experimentally. Therefore, it is natural to ask whether there exists a class of
external potentials Vext (x) for which the Schrödinger equation (2) admits exact analytical solutions
for α > 0. Finally, for the α = 0 case, noninteracting spinless fermions in a harmonic potential
constitute a fundamental and an exactly solvable many-body system whose ground state and the
kernel are deeply connected to the random matrix theory (RMT) [31–38]. In particular, the joint
probability density function (JPDF) of the positions of the fermions coincides with that of the
eigenvalues of the Gaussian unitary ensemble, leading to the Wigner semicircle law for the density
profile in the thermodynamic limit [39,40]. It is, therefore, natural to address these questions for
noninteracting spinless sluggish fermions in a trap for α > 0.

Before proceeding further, we would like to make some important comments on a classical coun-
terpart of the quantum mechanical problem considered here. A closely related notion of sluggish
dynamics has been explored in classical stochastic systems [41–50], particularly, in the context of
diffusion in heterogeneous media [51,52], where the mobility or the diffusivity or both are space
dependent. In such classical inhomogeneous systems, several variants of the diffusion equation are
possible. Moreover, the diffusion operator need not be self-adjoint, unlike its quantum counterpart,
which must be Hermitian. Two common examples of diffusion equations in inhomogeneous media
are [53] ∂t P(x, t ) = ∂x[D(x)∂xP(x, t )] and ∂t P(x, t ) = ∂2

x [D(x)P(x, t )]. The former equation with
D(x) ∼ |x|−α is the classical analog of the quantum mechanical problem studied here. This class
of models has been used to describe transport in disordered systems, crowded environments, and
heterogeneous materials, where particles effectively become less mobile as they move away from
certain regions. The quantum evolution equation in Eq. (1) may be viewed as a natural quantized
analog of such classical sluggish diffusion described by ∂t P(x, t ) = ∂x[D(x)∂xP(x, t )], with the role
of the diffusion coefficient played by D(x) = h̄2/[2meff (x)]. In this sense, our work provides a
quantum generalization of the classical sluggish dynamics, enabling the exploration of quantum
interference, spectral properties (eigenvalues and eigenvectors), and many-body quantum effects in
systems with position-dependent diffusivity.

The main results of our paper are summarized as follows:
(1) We find the eigenfunctions and the quantum propagator for the sluggish quantum particle

in one dimension, in the absence of an external potential, for the Schrödinger equation given by
Eq. (1).

(2) We find the eigenfunctions ψk (x) and the propagator for the Schrödinger equation (2), in the
presence of the external potential Vext = 1

2 meff ω2|x|α+2.
(3) We consider the many-body ground state of N spinless noninteracting fermions in the exter-

nal potential Vext = 1
2 meff ω2|x|α+2. The many-body ground-state wavefunction is given by the Slater

determinant of the single-particle eigenfunctions ψk (x). Consequently, the joint probability density
function of the positions of N fermions can be written as a determinant 1

N! det1� j, l �N KN (x j, xl )

of the so-called quantum kernel KN (x, y) = ∑N−1
k=0 ψ∗

k (x)ψk (y). In fact, these fermions form a
“determinantal point process,” where any n-point spatial correlation function can also be written
as a determinant det1� j, l �n KN (x j, xl ) of the kernel. We obtain KN (x, y) exactly for the full space
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x ∈ (−∞,∞). Subsequently, we obtain the density profile in the large-N limit. We also analyze
the scaling behavior of the kernel in the bulk, edge, and near the origin. We show that the scaled
kernel near the origin x = 0 for α > 0 is neither the Bessel nor the Airy kernel (that are standard for
trapped fermions), but is new, and is given by a sum of two Bessel kernels with different indices.

(4) We explicitly obtain the many-body ground-state wavefunction, and consequently, the JPDF
of the position of the N fermions, for the half-space x ∈ (0,∞). In this case, the JPDF can be
explicitly obtained if we construct the Slater determinant out of either only the odd sectors or only
the even sectors.

The rest of the paper is organized as follows. In Sec. II, we derive the sluggish Schrodinger
equation (1) by taking an appropriate continuum limit. We then solve the Schrödinger equa-
tion (1) to obtain its eigenfunctions and the full propagator in Sec. III. In Sec. IV, we obtain
the eigenfunctions and also the propagator of the Schrödinger equation (2) in the presence of
the potential Vext (x) = 1

2 meff ω2|x|α+2. In Sec. IV D, we discuss a mapping that transforms the
sluggish Schrödinger equation to the standard one with an effective potential given as a sum of
harmonic and inverse square potential. Before discussing the many-body ground state of the sluggish
quantum problem in an external confinement, we first recapitulate the ground-state properties of
N noninteracting spinless fermions in a harmonic potential with α = 0 in Sec. V. Section VI is
devoted to studying the many-body ground state of N noninteracting spinless sluggish fermions
in an external trap Vext (x) = 1

2 meff ω|x|α+2. In Sec. VI A, we discuss the joint probability density
function of the positions and the quantum correlation kernel. Using the kernel, we obtain the density
profile in Sec. VI B. Section VI C is devoted to the kernel and its scaling behavior in the bulk, edge,
and near the origin. We obtain the many-body wavefunction in the half-space x ∈ (0,∞) explicitly
in Sec. VI D. Finally, we conclude with an outlook in Sec. VII. Certain details are relegated to the
Appendix.

II. DERIVATION OF THE SLUGGISH SCHRÖDINGER EQUATION

The Schrödinger equation for the evolution of any quantum state |ψ (t )〉 is given by

ih̄
∂

∂t
|ψ (t )〉 = H |ψ (t )〉 . (3)

In the position basis |x〉, the Hamiltonian for a single quantum particle in a potential V (x) is diagonal
and is given by

Hx ≡ 〈x|H |x〉 = − h̄2

2m

∂2

∂x2
+ V (x). (4)

Therefore, the wavefunction ψ (x, t ) = 〈x|ψ (t )〉 of a quantum particle in an external potential V (x)
becomes

ih̄
∂ψ (x, t )

∂t
= Hxψ (x, t ). (5)

Consider that the external potential V (x) consists of a sequence of deep potential wells, whose
minima {xi} are separated by some characteristic length scale δ. In this case, the quantum particle is
mostly localized around the minima, and therefore, it is more convenient to describe the Schrödinger
equation (3) in an effective localized basis |xi〉, with the Hamiltonian H = ∑

i, j |xi〉 〈xi|H |x j〉 〈x j |.
In the nearest neighbor tight-binding approximation, Hi, j ≡ 〈xi|H |x j〉 is given by

Hi, j =
⎧⎨
⎩

0, for |xi − x j | > δ,

a(xi, xi ± δ), for x j = xi ± δ,

b(xi, δ), for i = j,
(6)
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with Hj,i = Hi, j . The hopping elements can, in principle, be computed from

a(xi, xi + δ) =
∫ ∞

−∞
dx φ∗(xi, x)Hxφ(xi + δ, x) (7)

and

b(xi, δ) =
∫ ∞

−∞
dx φ∗(xi, x)Hxφ(xi, x), (8)

where Hx is given in Eq. (4) and φ(xi, x) ≡ 〈x|xi〉 is a localized function around the minimum
xi, which depends on δ and the depth of the trap. For a periodic potential V (x), the localized
wavefunctions φ(xi, x) are the so-called Wannier functions [54].

The time-dependent Schrödinger equation (3) in the localized basis |xi〉 can be written as

ih̄
∂ψtb(xi, t )

∂t
=

∑
j

Hi, jψtb(x j, t ), (9)

where the subscript “tb” stands for tight binding and ψtb(xi, t ) = 〈xi|ψ (t )〉 is the projection of the
state |ψ (t )〉 to the localized basis and Hi, j given in Eq. (6). It is easy to see that the position-
basis wavefunction ψ (x, t ) and the tight-binding wavefunction ψtb(xi, t ) are related by ψ (x, t ) =∑

i ψtb(xi, t ) φ(xi, x).
We now assume that the hopping elements have the form

a(xi, xi ± δ) = −J

2
[D(xi ) + D(xi ± δ)] (10)

and the onsite term

b(xi, δ) = −[a(xi, xi + δ) + a(xi, xi − δ)]. (11)

The tight-binding Hamiltonian in Eq. (6) can be written as

H =
∑

i

[a(xi + δ, xi ) |xi〉 〈xi + δ| + a(xi, xi + δ) |xi + δ〉 〈xi|

− (a(xi, xi + δ) + a(xi, xi − δ)) |xi〉 〈xi|]. (12)

Therefore, the Schrödinger equation (9) of the tight-binding model becomes

ih̄
∂ψtb(xi, t )

∂t
= a(xi, xi + δ)ψtb(xi + δ, t ) + a(xi, xi − δ)ψtb(xi − δ, t )

− [a(xi, xi + δ) + a(xi, xi − δ)]ψtb(xi, t ). (13)

We now take the continuum limit of the tight-binding Schrödinger equation (13) by letting the lattice
spacing δ → 0. Expanding the right-hand side of Eq. (13) in a Taylor series in δ, one finds that the
terms of order O(δ0) and O(δ) cancel identically, and the leading nonvanishing contribution appears
at order O(δ2).

Using the expression for a(xi, xi + δ) from Eq. (10), together with

a(xi, xi + δ)|δ→0 = −JD(xi ),

[
∂

∂y
a(xi, y)

]
y→xi

= −J

2
D′(xi ), (14)

the Taylor expansion of Eq. (13) yields

ih̄
∂ψtb(xi, t )

∂t
= −δ2J

[
D′(xi )

∂ψtb(xi, t )

∂xi
+ D(xi )

∂2ψtb(xi, t )

∂x2
i

]
+ J o(δ2), (15)

where o(δ2) denotes terms of higher order than O(δ2).
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In the limit δ → 0 and J → ∞, keeping δ2J = 1 fixed, the higher-order terms J o(δ2) vanish,
and we get the following effective Schrödinger equation:

ih̄
∂ψtb(xi, t )

∂t
= − ∂

∂xi

(
D(xi )

∂ψtb(xi, t )

∂xi

)
. (16)

In this continuum limit, xi in Eq. (16) becomes a continuous variable. With a slight abuse of notation,
we drop the subscript i from xi and replace it with x. We also omit the subscript “tb” in ψtb and
denote ψtb(xi, t ) simply by ψ (x, t ), and rewrite Eq. (16) in the standard notation as

ih̄
∂ψ (x, t )

∂t
= − ∂

∂x

(
D(x)

∂ψ (x, t )

∂x

)
. (17)

Equation (17) is identical to Eq. (1), with the identification D(x) = h̄2/[2meff (x)]. In addition to the
sequence of potential wells V (x), if there is a slowly varying confining potential Vext (x) in Eq. (5),
the resulting sluggish Schrödinger equation yields Eq. (2).

We emphasize that the variable x in Eqs. (1) and (2) emerges from the coarse-grained lattice
description and should not be identified with the microscopic spatial variable appearing in the
original Schrödinger equation (5). Although we denote both by the same symbol to cast Eqs. (1)
and (2) in the standard well-known form, these equations and Eq. (5) belong to two different levels
of description. For the rest of the paper, the function ψ (x, t ) should be identified with the continuum
limit of the tight-binding wavefunction ψtb(xi, t ), and not with the position-basis wavefunction in
Eq. (5). In this paper, we consider a position-dependent coefficient of the form D(x) = D0/|x|α ,
with α > 0.

For the special case α = 0, Eq. (17) reduces to the Schrödinger equation for a free particle with
an effective mass meff , i.e., Eq. (5) with V (x) = 0, upon identifying D0 = h̄2/(2meff ). In other
words, for a periodic potential V (x) whose wells have uniform depth in space—so that both the
hopping amplitudes and the onsite energies in the corresponding tight-binding model are spatially
independent—the continuum limit of the tight-binding Schrödinger equation reduces to that of a
free particle with an effective mass meff [55]. For α > 0, as mentioned earlier, the quantum particle
becomes “heavy” at larger distances, and the quantum dynamics becomes sluggish.

In the next section (Sec. III), we solve for eigenfunctions of the sluggish Schrödinger equa-
tion (1), i.e., the free case [which is the same as Eq. (17)], and use them to obtain the propagator.

III. SLUGGISH QUANTUM PARTICLE WITHOUT EXTERNAL POTENTIAL

The general solution of the sluggish Schrödinger equation (17) [which is same as Eq. (1)] can be
written as

ψ (x, t ) =
∫ ∞

0
dE C(E ) e−(i/h̄) Et fE (x). (18)

The coefficients C(E ) in Eq. (18) are fixed by the initial condition ψ (x, 0) and fE (x) satisfies the
eigenvalue equation, i.e., the time-independent Schrödinger equation,

d

dx

[
D(x)

dfE (x)

dx

]
+ E fE (x) = 0. (19)

We now consider the specific form D(x) = D0/|x|α . Moreover, we first consider the case x > 0.
Equation (19) becomes

f ′′
λ (x) − α

x
f ′
λ(x) + λxα fλ(x) = 0, (20)

where λ = E/D0. Let us substitute the ansatz

fλ(x) = xκg(axβ ) (21)
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in Eq. (20), with arbitrary a, β, and κ . This yields

g′′(axβ ) + 2κ + β − α − 1

βaxβ
g′(axβ ) + λxα+2

(βaxβ )2

[
1 − κ (1 + α) − κ2

λxα+2

]
g(axβ ) = 0. (22)

Now choosing

κ = α + 1

2
, β = α + 2

2
, a = 2

√
λ

α + 2
, (23)

and defining

ν = 1

α + 2
and ν̃ = α + 1

α + 2
= 1 − ν, (24)

we find that g(z) satisfies the Bessel differential equation [56]

g′′(z) + 1

z
g′(z) +

(
1 − ν̃2

z2

)
g(z) = 0. (25)

Since ν̃ ∈ [1/2, 1) is noninteger, the two linearly independent solutions of Eq. (25) can be chosen
to be the two Bessel functions Jν̃ (z) and J−ν̃ (z). Therefore, from Eq. (21), the two sets of eigenfunc-
tions of Eq. (20), for x > 0, are given by

f +
λ (x) = x

ν̃
2ν J−ν̃

(
2ν

√
λx

1
2ν

)
, (26)

f −
λ (x) = x

ν̃
2ν Jν̃

(
2ν

√
λx

1
2ν

)
, (27)

and the general solution of Eq. (20) in the half-space x ∈ (0,∞) is given by the linear combination

fλ(x) = C+(λ) f +
λ (x) + C−(λ) f −

λ (x). (28)

Since for D(x) = D0/|x|α , Eq. (19) is symmetric under x → −x, there are two types of eigenfunc-
tions: One set is symmetric under x → −x, i.e., fλ(x) = fλ(−x), while the other is antisymmetric,
i.e., fλ(x) = − fλ(−x). We can construct fλ(x) for x < 0 from Eq. (28) by properly identifying the
symmetric and the antisymmetric eigenfunctions. The antisymmetric wavefunctions must vanish as
x → 0+, whereas the symmetric ones must go to a nonzero constant, so that their derivative vanishes
at x = 0+.

Using J±ν̃ (z) ∼ z±ν̃ , it is easy to see that f −
λ (x) → 0 as x → 0+, whereas f +

λ (x) tends to
a constant. Therefore, f +

λ (x) belongs to the even set of solutions and f −
λ (x) are the odd ones.

Therefore, for x < 0, the even and odd sets of eigenfunctions are given by f +
λ (−x) and − f −

λ (−x),
respectively.

Any initial state ψ (x, 0) ≡ ψ0(x) can be decomposed into a symmetric and an antisymmetric
component as

ψ0(x) = ψ+
0 (x) + ψ−

0 (x), with ψ±
0 (x) = ψ0(x) ± ψ0(−x)

2
. (29)

Each component evolves independently under the corresponding propagator G±(x, t |x0, 0) as

ψ±(x, t ) =
∫ ∞

0
dx0 ψ±

0 (x0) G±(x, t |x0, 0), for x > 0. (30)

We define the even and the odd quantum propagators by Eq. (30), which are to be determined.
The symmetric (even) and the antisymmetric (odd) wavefunctions for x < 0 can be obtained from
the symmetry ψ+(−x, t ) = ψ+(x, t ) and ψ−(−x, t ) = −ψ−(x, t ). The complete wavefunction is
simply given by ψ (x, t ) = ψ+(x, t ) + ψ−(x, t ). Therefore, it suffices to focus only on the posi-
tive domain x > 0, and our goal now is to obtain the symmetric and antisymmetric propagators
G±(x, t |x0, 0) for x > 0 and x0 > 0 in Eq. (30).
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For the symmetric and the antisymmetric initial states ψ±(x0), respectively, only the symmetric
and the antisymmetric eigenfunctions f ±

λ (x), respectively, contribute to the general solution (18).
Therefore, for x > 0, we have

ψ±(x, t ) =
∫ ∞

0
dE C±(E ) e−(i/h̄) Et f ±

λ (x), (31)

where f ±
λ (x) are given in Eqs. (26) and (27), with λ = E/D0. The constants C±(E ) are determined

by the initial condition

ψ±
0 (x) =

∫ ∞

0
dE C(E ) f ±

λ (x). (32)

Multiplying both sides of Eq. (32) by f ±
λ′ (x), respectively, then integrating over x from 0 to ∞, and

using the orthogonality of the Bessel functions∫ ∞

0
z Jν (kz) Jν (k′z) dz = 1

k
δ(k − k′), (33)

we get

C±(E ) = (ν/D0)
∫ ∞

0
dx ψ±

0 (x) f ±
λ (x). (34)

Therefore, substituting C±(E ) from Eq. (34) in Eq. (31), we see that the symmetric and the
antisymmetric components of the wavefunctions ψ±(x, t ), at any time t , are given by Eq. (30),
where the the symmetric and antisymmetric quantum propagators G±(x, t |x0, 0), for x > 0 and
x0 > 0, are given by

G±(x, t |x0, 0) = ν (xx0)
ν̃

2ν

∫ ∞

0
dλ e−(iD0/h̄) λt J∓ν̃

(
2ν

√
λ x

1
2ν

0

)
J∓ν̃

(
2ν

√
λ x

1
2ν

)
. (35)

Now, using the following integral [56]:∫ ∞

0
e−aλJ±ν̃ (2b

√
λ) J±ν̃ (2c

√
λ) dλ = 1

a
I±ν̃

(
2bc

a

)
exp

(
−b2 + c2

a

)
, (36)

the integral in Eq. (35) over λ can be carried out, yielding

G±(x, t |x0, 0) = − ih̄ν

D0 t
i±ν̃ (xx0)

ν̃
2ν J∓ν̃

(
2h̄ν2

D0 t
(xx0)

1
2ν

)
exp

[
ih̄ν2

D0 t

(
x1/ν + x1/ν

0

)]
, (37)

where we have used the relation I∓ν̃ (−iz) = i±ν̃J∓ν̃ (z). Using Eq. (35) and the orthogonality relation
(33), it can be shown that∫ ∞

0
G±(x, t |x0, 0) G±∗(x, t |x′

0, 0) dx = δ(x0 − x′
0). (38)

Moreover, using Eq. (38) in Eq. (30), we can easily verify the conservation of the probability∫ ∞
0 |ψ±(x, t )|2 dx = ∫ ∞

0 |ψ±
0 (x0)|2 dx0, at all times, as expected.

Let us verify that, for α = 0, Eq. (37) reduces to the well-known result for a con-
ventional free quantum particle. For α = 0, from Eq. (24), we have ν = ν̃ = 1/2. Using
J−1/2(z) = √

2 cos(z)/
√

πz and J1/2(z) = √
2 sin(z)/

√
πz in Eq. (37), after some straightforward

algebra, we get

G±(x, t |x0, 0) =
√

h̄√
4iπD0 t

[
exp

(
ih̄

4D0 t
(x − x0)2

)
± exp

(
ih̄

4D0 t
(x + x0)2

)]
. (39)

Therefore, in the special case α = 0, we recover the well-known symmetric and antisymmetric
propagators of a free quantum particle, with D0 = h̄2/(2meff ).
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To summarize, Eq. (39) provides the propagators needed to obtain the symmetric and the
antisymmetric components of the wavefunctions from Eq. (30) for x > 0. The corresponding
wavefunctions for the negative side are then obtained simply by using the symmetry ψ+(−x, t ) =
ψ+(x, t ) and ψ−(−x, t ) = −ψ−(x, t ). Finally, the complete wavefunction is given by ψ (x, t ) =
ψ+(x, t ) + ψ−(x, t ). Alternatively, we can write down the quantum propagator on the full space
x ∈ (−∞,∞) as

G(x, t |x0, 0) = 1
2 [G+(|x|, t ||x0|, 0) + sgn(x) sgn(x0) G−(|x|, t ||x0|, 0)], (40)

and the wavefunction for any initial state ψ0(x) is now given by

ψ (x, t ) =
∫ ∞

−∞
dx0 ψ0(x0) G(x, t |x0, 0). (41)

Having solved the problem in the absence of a trap, we next study the single-particle problem in an
external trap Vext(x) = 1

2 meffω
2|x|α+2.

IV. SLUGGISH SINGLE-PARTICLE SCHRÖDINGER EQUATION
WITH AN EXTERNAL POTENTIAL

Now, we consider the sluggish quantum particle in an external potential Vext (x). The general
solution of the Schrödinger equation (2) is given by

ψ (x, t ) =
∫ ∞

0
dE C(E ) e−(i/h̄)Et fE (x), (42)

where fE (x) denote the eigenfunction associated with energy E and the coefficient C(E ) is deter-
mined from the initial conditions ψ (x, 0). The eigenfunction fE (x) satisfies the time-independent
Schrödinger equation

d

dx

[
D(x)

dfE (x)

dx

]
+ [E − Vext (x)] fE (x) = 0. (43)

We recall here that D(x) = D0/|x|α , with α > 0. We will henceforth focus on external potentials that
are symmetric around x = 0. For such symmetric potentials, there are two sets of eigenfunctions,
namely, even (symmetric) and odd (antisymmetric) under x → −x. Therefore, it suffices to find the
eigenfunction for x > 0, from which the eigenfunctions for x < 0 can be constructed by symmetry
considerations, as done in Sec. III. The even eigenfunctions have a nonzero value at x = 0, i.e.,
fE (0) �= 0. In contrast, the odd eigenfunctions vanish at x = 0, i.e., fE (0) = 0.

Let us briefly recall the case α = 0, where Eq. (43) is the standard Schrödinger equation with an
external potential Vext (x). Even in this case, the Schrödinger equation is not generally solvable for
arbitrary Vext (x). However, a special role is played by the harmonic potential Vext (x) = 1

2 meffω
2x2,

with meff being a constant. The harmonic potential for α = 0 is special because (1) the explicit
eigenfunctions are known in terms of Hermite polynomials and Gaussians (see below) and (2) it
is easily realized as a trapping potential in typical cold-atom experiments [57]. We recall that for
the harmonic potential, the allowed energies are discrete and given by Ek = (k + 1/2)h̄ω, where
k = 0, 1, . . . ,∞, and the associated eigenfunctions fEk (x) are given by

fEk (x) =
[ √

μ√
π2kk!

]1/2

e− μ x2

2 Hk (
√

μ x), (44)

where

μ =
√

meff ω√
2D0

≡ meff ω

h̄
, (45)
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and Hk (z) is the Hermite polynomial of degree k. When k is even, the eigenfunction fEk (x) is nonzero
at the origin. This corresponds to the even sector. In contrast, when k is odd, the eigenfunction fEk (x)
vanishes at x = 0. This is the odd sector.

For α > 0, it is then natural to ask whether there in analogous solvable potential that is a
cousin of the harmonic one for α = 0. Since for α = 0, the harmonic potential is given by
Vext (x) = 1

2 meffω
2x2, it is then natural to consider a potential of the form Vext (x) = 1

2 meff (x)ω2x2,
where we recall that meff (x) = meff |x|α , with meff a constant, as discussed in Sec. I. Thus, for α > 0,
one expects that the natural potential that extends the harmonic (α = 0) case is

Vext (x) = 1
2 meff (x)ω2x2 = 1

2 meff ω2|x|α+2. (46)

Indeed, we show below that the Schrödinger equation [Eq. (43)] is exactly solvable for the external
potential given in Eq. (46).

To find the eigenfunctions of Eq. (43) with Vext (x) given in Eq. (46), it is convenient to focus on
x > 0 and exploit the symmetry of the odd and even sectors. For x > 0, Eq. (43) can be explicitly
written as

f ′′
λ (x) − α

x
f ′
λ(x) + [λ − μ2 xα+2]xα fλ(x) = 0, (47)

where λ = E/D0, μ = √
meff ω/

√
2D0 ≡ meff ω/h̄. To proceed, we make the substitution

fλ(x) = e−c xκ

g(d xβ ) (48)

in Eq. (47) and obtain a differential equation for g(z). Next, by choosing

c = d

2
= μ

α + 2
and κ = β = α + 2, (49)

we find that g(z) satisfies the Kummer differential equation [56,58]

zg′′(z) + (b − z)g′(z) − a g(z) = 0, (50)

with

b = 1

α + 2
and a = μ − λ

2μ(α + 2)
. (51)

The two independent solutions of Eq. (50) can be taken as the Kummer’s function of the first
kind M(a, b, z) and the Tricomi confluent hypergeometric function (Kummer’s function of the
second kind) U (a, b, z). The Kummer’s function diverges as M(a, b, z) ∼ ezza−b as z → ∞ [58].
Consequently, using g(z) = M(a, b, z) [Eq. (48)], results in a divergence of fλ(x) as x → ∞. On
the other hand, U (a, b, z) ∼ z−a as z → ∞ [58]. Therefore, we discard the unphysical solution, and
fλ(x) in Eq. (48) is given by (up to a multiplicative constant)

fλ(x) = e− μxα+2

α+2 U

(
a, b,

2μ xα+2

α + 2

)
, (52)

where a and b are given in Eq. (51).

A. Eigenvalues and eigenfunctions

We now find the quantization condition for the eigenvalues λ. This is given by the boundary
condition at x = 0. Therefore, we investigate Eq. (52) as x → 0. Let us assume that fλ(x) ∼ xφ as
x → 0 and substitute this in the differential equation (47). This gives φ(φ − 1 − α) = 0, indicating
that there are two families of eigenvalues parametrized by the two values of φ, namely, φ = 0 and
φ = 1 + α. For α = 0 (harmonic oscillator), these two are the analogs of the “even” and the “odd”
eigenfunctions, respectively. Indeed, using series expansion of U (a, b, z) [58], the solution fλ(x) in

000173-10



SLUGGISH QUANTUM MECHANICS OF NONINTERACTING …

Eq. (52), when expanded for small x, gives the two families as

fλ(x) = 1

�(1 + a − b)

[
a0 + a1 xα+2 + a2 x2(α+2) + · · · ] + xα+1

�(a)

[
b0 + b1 xα+2 + b2 x2(α+2) + · · · ],

(53)

where {a0, a1, a2, . . . , b0, b1, b2, . . . } are known coefficients, and a and b are given in Eq. (51). The
first series in Eq. (53) corresponds to the even branch of the eigenfunctions as it tends to a constant
as x → 0. On the other hand, the second series in Eq. (53) tends to zero as x → 0, and therefore,
corresponds to the odd branch of the eigenfunctions.

1. Even eigenfunctions

To select the family of eigenfunctions belonging to φ = 0, i.e., the “even” sector, we need to set
a = −n with n = 0, 1, 2, . . . , so that �(a) diverges, and consequently, the second term in Eq. (53)
vanishes. Using the expression of a from Eq. (51) gives the quantized eigenvalues corresponding to
the even eigenfunctions as

λeven
n = 2(α + 2)μ n + μ, where n = 0, 1, 2, . . . . (54)

For convenience, we will denote the even eigenfunctions by φn(x) with n = 0, 1, 2, . . . . They are
obtained by setting λ = λeven

n and a = −n in Eq. (52). For integer n, we have [58]

U (−n, b, z) = (−1)nn! L(b−1)
n (z), (55)

where

L(γ )
n (z) =

n∑
i=0

(−1)i

(
n + γ

n − i

)
zi

i!
(56)

is the generalized Laguerre polynomial (also known as the associated Laguerre polynomial)
[58]. Indeed, L(γ )

n (z) is a polynomial solution of the differential equation (50) with a = −n and
b = γ + 1. Although Eq. (52) has been obtained for x > 0, we can obtain the even eigenfunction
for the whole space x ∈ (−∞,∞) by making the eigenfunction symmetric. Therefore, we have

φn(x) = An e− μ|x|α+2

α+2 L
(− α+1

α+2 )
n

(
2μ |x|α+2

α + 2

)
. (57)

The constant An can be determined using the normalization condition,
∫ ∞
−∞ φm(x)φn(x) dx = δm,n.

Using the orthogonality relation of the generalized Laguerre polynomials [58]∫ ∞

0
zγ e−z L(γ )

n (z) L(γ )
m (z) dz = �(n + 1 + γ )

n!
δn,m, (58)

we find

An =
√(

2μ

α + 2

)−γ
μ n!

�(n + 1 − γ )
, with γ = α + 1

α + 2
. (59)

If the eigenfunction is normalized to unity over the half-space x ∈ (0,∞), then the normalization
constant An becomes

√
2 times the expression of An in Eq. (59).

For α = 0, using L(−1/2)
n (x2) = (−1)nH2n(x)/(n!22n), with H2n(x) being the even Hermite poly-

nomials [58], it is easy to check that φn(x) in Eq. (57) reduces to the even eigenfunctions of a
quantum harmonic oscillators, given in Eq. (44) with k = 2n.
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2. Odd eigenfunction

To find the family of eigenfunctions belonging to the φ = 1 + α, i.e., the “odd” sector, we need
to set 1 + a − b = −n, with n = 0, 1, 2, . . . , so that �(1 + a − b) diverges, and consequently, the
first term in Eq. (53) vanishes. Using the expression of a and b from Eq. (51) gives the quantized
eigenvalues corresponding to the odd eigenfunctions as

λodd
n = 2(α + 2)μn + (2α + 3)μ, where n = 0, 1, 2, . . . . (60)

The associated odd eigenfunctions, denoted by χn(x) with n = 0, 1, 2, . . . , are then obtained by
setting λ = λodd

n and a = b − 1 − n in Eq. (52). Again, we can obtain the odd eigenfunctions for
the whole space x ∈ (−∞,∞) by making the eigenfunctions antisymmetric. Using the identity
U (b − 1 − n, b, z) = z1−bU (−n, 2 − b, z) [58] and then using the relation in Eq. (55), we get

χn(x) = Bn x|x|α e− μ|x|α+2

α+2 L
( α+1

α+2 )
n

(
2μ |x|α+2

α + 2

)
. (61)

Normalizing the eigenfunctions over the whole space, i.e.,
∫ ∞
−∞ χm(x)χn(x) dx = δm,n and using the

orthogonality relation (58), we obtain

Bn =
√(

2μ

α + 2

)γ
μ n!

�(n + 1 + γ )
, with γ = α + 1

α + 2
. (62)

As in the symmetric (even) case, if the eigenfunction is normalized over the half-space x ∈ (0,∞),
then the normalization constant Bn becomes

√
2 times the expression of Bn in Eq. (62).

Using L(1/2)
n (z) = (−1)n H2n+1(

√
z)/(n!22n+1√z) [58], it is easy to check that χn(x) in Eq. (61)

for α = 0, reduces to the odd eigenfunctions of a quantum harmonic oscillator, given in Eq. (44)
with k = 2n + 1.

To briefly summarize, the eigenfunctions ψk (x)≡ fEk (x) satisfying the Schrödinger equa-
tion (43) with quantized energies Ek = λkD0, where k = 0, 1, 2, . . . ,∞ and the potential Vext (x) =
μ2D0|x|α+2, can be divided into even (symmetric) and odd (antisymmetric) groups, such that

ψ2n(x) = φn(x) and ψ2n+1(x) = χn(x), (63)

with n = 0, 1, 2, . . . ,∞, where φn(x) and χn(x) are given by Eqs. (57) and (61), respectively.
Figure 1 shows the square of the absolute values of the eigenfunction |ψn(x)|2. We see from the
figure that, for α > 0, the maximum value of |ψn(x)|2 is away from the origin for all excited states,
except for the ground state |ψ0(x)|2 = |φ0(x)|2. The corresponding even and odd eigenvalues,

λ2n = λeven
n and λ2n+1 = λodd

n , (64)

with n = 0, 1, 2, . . . ,∞, are given by Eqs. (54) and (60), respectively. The gap between the
successive odd and even eigenvalue pairs is given by λodd

n − λeven
n = 2(α + 1)μ. On the other hand,

the gap between the successive even and odd eigenvalue pairs is λeven
n+1 − λodd

n = 2μ. Therefore, the
eigenvalues are equally spaced only at α = 0, which corresponds to the harmonic oscillator. Figure 2
shows the interlacing of the even and odd spectra.

B. Remarks on the corresponding classical stochastic problem

It is useful to compare the quantum probabilities |ψn(x)|2, given in Eq. (63) and illustrated in
Fig. 1, with the corresponding position distribution of a classical sluggish Brownian particle. Similar
to the derivation of the sluggish Schrödinger equation from the microscopic hopping elements in
Sec. II, here, again, we start with a microscopic model of a random walk with inhomogeneous
hopping rates. To this end, we consider a classical random walk on a lattice with lattice spacing δ,
an external potential Vext(x), and mobility µ(x). In a small time interval �t , the position x(t ) evolve
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FIG. 1. Plot of the square of the absolute values of the eigenfunctions |ψn(x)|2, where ψn(x) is given in
Eq. (63). The top panel is for the even eigenfunctions ψ2n(x) = φn(x) in Eq. (57) and the bottom panel is for
the odd eigenfunctions ψ2n+1(x) = χn(x) in Eq. (61). As we see from the figures, |ψn(x)|2 is peaked away from
the origin for all excited states, except for the ground state |ψ0(x)|2 = |φ0(x)|2 (orange in top panel). We set
α = μ = 1.

by the following stochastic rules:

x(t ) →
⎧⎨
⎩

x(t ) + δ, with probability w+�t,
x(t ) − δ, with probability w−�t,
x(t ), with probability 1 − (w+ + w−)�t,

(65)

where w± ≡ w(x → x ± δ) are position-dependent rates for hopping from x to x ± δ, which are
given by

w(x → y) = J[(1 − r)D(x) + rD(y)] + J̃[(1 − r)μ(x) + rμ(y)] [Vext(x) − Vext(y)]. (66)

Here, 0 � r � 1 is a parameter that dictates the discretization scheme. For example, r = 0 and r =
1/2 correspond to the Itô and the Stratonovich rules of discretization, respectively. The coefficients
J and J̃ in Eq. (66) characterize the hopping strengths arising from two different mechanisms.
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FIG. 2. The eigenvalue spectrum λk with k = 0, 1, 2, . . . is divided into even and odd sectors: λ2n = λeven
n

and λ2n+1 = λodd
n , with n = 0, 1, 2, . . . , which are interlaced. The even and odd eigenvalues are given by

Eqs. (54) and (60), respectively.

Given the stochastic rules in Eq. (65), in a small time interval [t, t + �t], the position distribution
P(x, t ) evolves according to

P(x, t + �t ) = P(x + δ, t ) w(x + δ → x) �t + P(x − δ, t ) w(x − δ → x)�t

+ P(x, t )(1 − [w(x → x + δ) + w(x → x − δ)]�t ). (67)

Now substituting the rates from Eq. (66) in Eq. (67), expanding in Taylor series in δ, and taking the
continuum limit �t → 0, δ → 0, (J, J̃ ) → ∞, keeping Jδ2 = 1 and 2J̃δ2 = 1, we get

∂P(x, t )

∂t
= ∂

∂x

[
D(x)

∂P(x, t )

∂x
− F (x)P(x, t )

]
, (68)

with the drift F (x) given by

F (x) = −(1 − 2r)D′(x) − μ(x)V ′
ext(x). (69)
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The additional drift term (1 − 2r) D′(x) in Eq. (69) disappears for the Stratonovich case r = 1/2.
This Stratonovich Fokker-Planck equation [41,53]

∂P(x, t )

∂t
= ∂

∂x

[
D(x)

∂P(x, t )

∂x
+ μ(x)V ′

ext (x) P(x, t )

]
(70)

is precisely the classical analog of the quantum sluggish Schrödinger equation (2). It should be noted
that while the operator ∂xD(x)∂x in Eq. (70) is self-adjoint like its quantum counterpart in Eq. (2),
the operator involving the potential term is not self-adjoint, unlike the quantum case. If the potential
Vext (x) is confining, then the system eventually reaches a stationary state, P(x, t → ∞) ≡ Pss(x),
given by

Pss(x) ∝ exp

(
−
∫ x μ(y)

D(y)
V ′

ext(y) dy

)
. (71)

If the mobility and the diffusion coefficient satisfy the Einstein relation, D(x) = μ(x)kB T , where
kB is the Boltzmann constant and T is the temperature of the bath, the steady state is given by the
Gibbs-Boltzmann distribution

Pss(x) ∝ exp

(
−Vext(x)

kB T

)
. (72)

On the other hand, if there is no Einstein relation between µ(x) and D(x), the stationary state depends
on the functional forms of µ(x) and D(x). In particular, if we choose µ(x) = 1, D(x) = |x|−α , and
Vext(x) = |x|α+2, then we get

Pss(x) ∝ exp

(
− (α + 2)

2(α + 1)
|x|2(α+1)

)
. (73)

In both cases, i.e., Eqs. (72) and (73), the stationary states have maxima at the origin. This is in
contrast to the quantum case, where maxima of the quantum probabilities |ψn(x)|2 for the excited
states (n > 0) are away from the origin.

While r �= 1/2 does not have a quantum analog, it is nonetheless useful to analyze. In particular,
for r < 1/2, the additional drift term −(1 − 2r)D′(x) pushes the particle away from the origin for
D(x) = |x|−α . As we will show below for the Itô case r = 0, this outward push causes a depletion at
the center. For simplicity, we set the mobility µ(x) = 1. In that case, we recall the Itô Fokker-Planck
equation [r = 0 in Eqs. (68) and (69)] in the more standard form [41,46]

∂P(x, t )

∂t
= ∂

∂x

[
∂

∂x
D(x)P(x, t ) + V ′

ext (x) P(x, t )

]
. (74)

However, we caution again that Eq. (74) is not the classical analog of the sluggish Schrödinger
equation (2), as the operator ∂2

x D(x) in Eq. (74) is not self-adjoint, and therefore, there is no quantum
equivalence. The stationary state of Eq. (74) equivalently [Eqs. (68) and (69) with r = 0] becomes

Pss(x) ∝ 1

D(x)
exp

(
−
∫ x V ′(y)

D(y)
dy

)
. (75)

If D(x) = |x|−α and V (x) = |x|α+2, we get

Pss(x) ∝ |x|α exp

(
− (α + 2)

2(α + 1)
|x|2(α+1)

)
. (76)

To conclude, for D(x) = |x|−α , since there is no outward drift away from the origin for r � 1/2,
there is no depletion at the origin for the Stratonovich case (r = 1/2). On the other hand, there
is an outward drift away from the origin for the Itô case (r = 0). Therefore, it is surprising that
our quantum sluggish model for α > 0, which is closer to the classical Stratonovich case, shows
depletion near the origin for the quantum probabilities |ψn(x)|2 in Fig. 1, for the excited states
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(n > 0). Hence, our findings of this work have a purely quantum origin because the eigenfunctions
for the excited states are peaked away from the origin. We will see in Sec. VI B that this depletion of
the single-particle quantum probabilities near the origin results in a depletion in the density profile
of a large number of noninteracting fermions in the trap Vext(x).

C. The complete wavefunction and the propagator

The wavefunction ψ (x, t ) in Eq. (42) now becomes a discrete sum in terms of the eigenvalues
and eigenfunctions,

ψ (x, t ) =
∞∑

m=0

Cm e−(iD0/h̄) λmt ψm(x), (77)

where ψm(x) and λm are given in Eqs. (63) and (64), respectively.
For a given initial condition ψ (x, 0), the coefficients Cm, with m = 0, 1, 2, . . . , are given by

C2n =
∫ ∞

−∞
ψ+

0 (x) φn(x) dx, C2n+1 =
∫ ∞

−∞
ψ−

0 (x) χn(x) dx, (78)

with n = 0, 1, 2, . . . , where

ψ±
0 (x) = ψ0(x) ± ψ0(−x)

2
(79)

represents the symmetric and antisymmetric components of the initial state ψ0(x), respectively.
Substituting Cm from Eq. (78) in Eq. (77), we get

ψ (x, t ) =
∫ ∞

−∞
dx0 ψ+

0 (x0) G+(x, t |x0, 0) +
∫ ∞

−∞
dx0 ψ−

0 (x0) G−(x, t |x0, 0), (80)

where G±(x, t |x0, 0) are the symmetric and the antisymmetric propagators, respectively, given by

G+(x, t |x0, 0) =
∞∑

n=0

φn(x0) φn(x) e−(iD0/h̄) λeven
n t , (81)

G−(x, t |x0, 0) =
∞∑

n=0

χn(x0) χn(x) e−(iD0/h̄) λodd
n t . (82)

It turns out that the summations over n in Eqs. (81) and (82) can be carried out by using the Hardy-
Hille formula [59]

∞∑
n=0

n!

�(n + 1 + γ )
L(γ )

n (z0)L(γ )
n (z) un = 1

(z z0 u)γ /2(1 − u)
e− (z+z0 )u

1−u Iγ

(
2
√

z z0 u

1 − u

)
, (83)

where Iγ (z) is the modified Bessel function of first kind of order γ [58]. Using Eq. (83) and the
forms of φn(x) and λeven

n from Eqs. (57) and (54), respectively, we get the symmetric propagator as

G+(x, t |x0, 0) = Ḡ+
(

2μ |x|α+2

α + 2
,

2μ |x0|α+2

α + 2
,

D0 μ (α + 2) t

h̄

)
, (84)

where

Ḡ+(z, z0, τ ) =
(

2μ

α + 2

)−γ

μ
e

i
2 (z+z0 ) cot τ

2i sin τ
(zz0)γ /2 I−γ

( √
zz0

i sin τ

)
, (85)

with γ = (α + 1)/(α + 2).
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Likewise, using Eq. (83) and the forms of χn(x) and λodd
n from Eqs. (61) and (60), respectively,

we get the antisymmetric propagator as

G−(x, t |x0, 0) = sgn(x) sgn(x0) Ḡ−
(

2μ |x|α+2

α + 2
,

2μ |x0|α+2

α + 2
,

D0 μ (α + 2) t

h̄

)
, (86)

where

Ḡ−(z, z0, τ ) =
(

2μ

α + 2

)−γ

μ
e

i
2 (z+z0 ) cot τ

2i sin τ
(zz0)γ /2 Iγ

( √
zz0

i sin τ

)
, (87)

with γ = (α + 1)/(α + 2).
For the case α = 0, using I±1/2(x) = (ex ∓ e−x )/

√
2πx, it can be checked that G±(x, t |x0, 0) re-

duces to the corresponding symmetric and antisymmetric propagators for the conventional quantum
harmonic oscillator. In particular, G+(x, t |x0, 0) + G−(x, t |x0, 0) gives the Mehler kernel [60,61].

Having obtained the explicit forms of the propagators, namely, Eqs. (84) and (86), one can
compute the time evolution of the wavefunction ψ (x, t ) using Eq. (80), for any initial state ψ0(x).
Our next goal is to use the symmetric and the antisymmetric eigenfunctions, φn(x) in Eq. (57)
and χn(x) in Eq. (61), respectively, and study the many-body ground state of N noninteracting
spinless sluggish fermions in an external trap Vext (x) = 1

2 meff ω2|x|α+2. However, before that, we
take a small digression to show that it is possible to reduce the eigenvalue equation in Eq. (47) to a
standard Schrödinger equation with a constant effective mass meff (as in the α = 0 case), albeit with
a different effective potential.

D. Mapping to a standard Schrödinger equation

In this subsection, we show that it is possible to reduce the eigenvalue equation in Eq. (47) to a
standard Schrödinger equation (as in the α = 0 case), but with a different effective potential Ṽext (x),
which turns out to be a sum of harmonic and inverse square potential.

We start from Eq. (47) and restrict to x > 0 as usual. Then, we make the change of variables

fλ(x) = x
α
4 ψ̃λ

(
2

α + 2
x

α+2
2

)
. (88)

Substituting this form into Eq. (47), a straightforward computation leads to following eigenvalues
equation for ψ̃λ(y):

−ψ̃ ′′(y) + Ṽ (y)ψ̃λ(y) = λψ̃λ(y), (89)

where

Ṽ (y) = 1

4
μ2(α + 2)2y2 + α(3α + 4)

4(α + 2)2

1

y2
. (90)

To solve this eigenvalue problem uniquely in the region y > 0, one has to specify the boundary
conditions as y → ∞ and as y → 0. The boundary condition as y → ∞ is standard; namely, the
eigenfunction ψ̃λ(y) must vanish, since Ṽ (y) is a confining potential. The boundary condition as
y → 0 is trickier. To find the appropriate boundary condition as y → 0, we recall the mapping in
Eq. (88) and the boundary conditions satisfied by the even and odd sectors by fλ(x) as x → 0 in
the original x coordinate, as in Eq. (53). Taking the x → 0 limit in Eq. (88) and using Eq. (53), it
follows that even and odd sectors for fλ(x) correspond, respectively, to the following behavior for
ψ̃λ(y) as y → 0:

ψ̃λ(y) ∼
{

y− α
2(α+2) (even),

y
3α+4

2(α+2) (odd).
(91)

000173-17



GIUSEPPE DEL VECCHIO DEL VECCHIO et al.

Thus, the eigenfunction ψ̃λ(y) vanishes as y → 0 for the odd sector, while it diverges as y → 0 for
the even sector.

In fact, the eigenvalue problem in Eq. (89) with the harmonic plus inverse square potential in
Eq. (90) was studied in Ref. [62], in the context of fluctuating interfaces in the presence of a
hard wall. However, in that problem, due to the hard wall boundary condition at y = 0, only the
Dirichlet boundary condition, ψ̃ (y = 0) = 0, i.e., the second line in Eq. (91), is present. Due to
this, in that problem, the even sector was absent, and the spectrum consisted only of the odd sector.
However, in our problem, which lives in the x space, both sectors are present under the mapping to
the y coordinates. Hence, in our problem, the full spectrum consists of both the even and the odd
eigenfunctions, unlike in the fluctuating interface problem. Later, we will see a consequence of this
fact when we consider N noninteracting sluggish fermions in an external potential Vext (x) as given
in Eq. (46).

In this respect, let us make a brief remark on N noninteracting fermions that will be explained
later in detail in Sec. VI. The quantum joint probability density function of the positions of N
noninteracting fermions in the ground state of the potential Ṽext (y) in Eq. (90) (with a hard wall at
y = 0) can be exactly mapped to the joint distribution of N eigenvalues of Wishart-Laguerre random
matrix [62]. Furthermore, in the large-N limit, the scaled kernel for the fermions near the edge at
y = 0 is given by the Bessel kernel [40,63]. This kernel does correspond to only the odd sector of
the spectrum of the sluggish quantum problem in x coordinates in Eq. (47). In Sec. VI, we will see
that for N noninteracting sluggish fermions, one needs to retain both sectors. This will lead to a new
kernel, which is a sum of two Bessel kernels, corresponding to even and odd sectors, respectively.

Let us now return to the original x space and study the many-body ground state of N nonin-
teracting spinless sluggish fermions in an external trap Vext (x) = 1

2 meff ω2|x|α+2. However, before
studying the α > 0 case, it is useful to remind readers of the α = 0 case, namely, noninteracting
spinless fermions in a harmonic trap, which has been widely studied and subject of growing interest.
Therefore, in the next section, we recapitulate the ground-state properties of N noninteracting
spinless fermions.

V. RECAPITULATION OF THE GROUND-STATE PROPERTIES OF N NONINTERACTING
SPINLESS FERMIONS IN A HARMONIC POTENTIAL WITH α = 0

In this section, we recapitulate the properties of the many-body ground state of a system of
N noninteracting spinless fermions in a harmonic potential [38]. We consider the α = 0 case,
i.e., D(x) = D0 = h̄2/(2meff ) and Vext (x) = 1

2 meffω
2 x2. Let us consider N spinless noninteracting

fermions in the one-dimensional trapping potential Vext (x). The system is described by the N-body
Hamiltonian HN = ∑N

j=1 h j , where h j = h(x j, p j ) is a single-particle Hamiltonian of the form

h = p2

2 meff
+ Vext (x). (92)

Let ψk (x) be the kth single-particle eigenfunction (k = 0, 1, 2, . . . ) with eigenvalue εk , i.e.,

h ψk (x) = εkψk (x). (93)

The ground state of an N-particle system is obtained by occupying the lowest N single-particle
energy levels, placing one fermion in each level, in accordance with the Pauli exclusion principle.
As a result, the many-body ground-state wavefunction takes the form of a Slater determinant, given
by

�0(x1, . . . , xN ) = 1√
N!

det
1� j, l �N

ψl−1(x j ), (94)
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with the associated energy E0 = ∑N−1
k=0 εk . From Eq. (94), the quantum JPDF is then given by

P(x1, . . . , xN ) = |�0(x1, . . . , xN )|2 = 1

N!

∣∣∣ det
1� j, l �N

ψl−1(x j )
∣∣∣2. (95)

The single-particle eigenfunctions ψk (x) are given by

ψk (x) =
[ √

μ√
π2kk!

]1/2

e− μ x2

2 Hk (
√

μ x), (96)

where μ = meff ω/h̄ and Hk (z) is the Hermite polynomial of degree k. The associated single-particle
energy levels are given by εk = (k + 1/2)h̄ω. To construct the Slater determinant, we take the first
N energy levels labeled by k = 0, . . . , N − 1. In the Slater determinant, the Gaussian factors come
out of the determinant, leaving us to compute the determinant of a matrix consisting of Hermite
polynomials. The Hermite polynomials H0(z), H1(z), . . . , HN−1(z) provide a basis for polynomials
of degree N − 1, and by manipulating the rows and columns, the determinant can be reduced to a
Vandermonde determinant. Hence, we can evaluate the Slater determinant explicitly to obtain

P(x1, . . . , xN ) = 1

zGUE
N

e−μ
∑N

i=1 x2
i

∏
i< j

(xi − x j )
2. (97)

Here, zGUE
N is a normalization constant and the subscript “GUE” denotes the resemblance to the

Gaussian unitary ensemble. In fact, Eq. (97) is the joint distribution of the eigenvalues of an N × N
GUE matrix of RMT [39,40] up to the rescaling factor of

√
μ. Clearly, the Vandermonde square

term
∏

i< j (xi − x j )2 [Eq. (97)] provides an effective repulsion between any pair of fermions coming
purely from the Pauli exclusion principle. Thus, even though the fermions are noninteracting to start
with, their quantum statistics provides an effective pairwise repulsion.

We next discuss the kernel, its scaling behavior, and the density profile for the α = 0 case.
This problem has the so-called determinantal structure. For noninteracting fermions in a harmonic
potential, all the information about the quantum spatial fluctuations is contained in the JPDF in
Eq. (97). Of common interest are the n-point spatial correlation functions denoted by Rn(x1, . . . , xn),
with 1 � n � N , which are given by the different marginals of the full JPDF, i.e.,

Rn(x1, . . . , xn) = N!

(N − n)!

∫
dxn+1 · · ·

∫
dxN P(x1, . . . , xn, xn+1, . . . , xN ), (98)

where the integrals over the positions xi’s run over their full domain. The particular case of n = 1
gives

R1(x) = N
∫

dx2 · · ·
∫

dxN P(x, x2, . . . , xN ), (99)

which is directly related to the average density of fermions in the ground state

ρN (x) = 1

N

〈
N∑

i=1

δ(x − xi )

〉
GS

, (100)

via

R1(x) = N ρN (x), (101)

where 〈· · · 〉GS denotes an average in the ground state. The density ρN (x) in Eq. (100) is normalized
to unity such that ρN (x)dx denotes the average fraction of fermions in the region [x, x + dx], in the
ground state. The JPDF can be written in terms of the kernel as

P(x1, . . . , xN ) = 1

N!
det

1� j, l �N
KN (x j, xl ), (102)
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where the kernel KN (x, y) is defined by

KN (x, y) =
N−1∑
k=0

ψ∗
k (x)ψk (y). (103)

The n-point correlation function Rn(x1, . . . , xn) can be written as an n×n determinant [39,40]

Rn(x1, . . . , xn) = det
1� j, l �n

KN (x j, xl ). (104)

In fact, this is a special property of noninteracting spinless fermions in a confining potential in its
ground state. Such point processes {x1, x2, . . . , xN } where all correlation functions can be expressed
as determinants of a single quantity involving only a pair of them, namely, the kernel KN (xi, x j ) as
in Eq. (104), are known as determinantal point processes (DPP) [40]. Consequently, for a DPP, one
just needs to determine the kernel, and all other observables can, in principle, be expressed in terms
of this kernel.

From Eqs. (104) and (101), it is easy to see that

ρN (x) = 1

N
KN (x, x) = 1

N

N−1∑
k=0

|ψk (x)|2. (105)

For the harmonic potential V (x) = 1
2 meff ω2x2, the limiting density profile is the well-known Wigner

semicircle, which takes the scaling form [39,40]

ρN (x) ≈
√

μ√
N

fW

(√
μ x√
N

)
, with fW (z) = 1

π

√
2 − z2, (106)

where recall μ = meff ω/h̄
The kernel in the bulk has the scaling form [38,40]

KN (x + x′, x + y′) = 1

�(x)
Kbulk

( |x′ − y′|
�(x)

)
, (107)

where

�(x) = 1

NρN (x)
and Kbulk (w) = sin πw

πw
. (108)

On the other hand, near the edge, say the right edge, the kernel has the scaling form [38,40,64]

KN (x, y) = 1

WN
Kedge

(
x − xedge

WN
,

y − xedge

WN

)
, (109)

where WN = N−1/6/
√

2μ, xedge = √
2N/μ, and

Kedge(u, v) = Ai(u)Ai′(v) − Ai′(u)Ai(v)

u − v
. (110)

The kernels Kbulk(w) and Kedge(u, v) in Eqs. (108) and (110) are, respectively, called “sine” and the
“Airy” kernel [40].

Having recapitulated the α = 0 case, in the next section (Sec. VI), we discuss the problem of N
noninteracting sluggish fermions (α > 0) in the external potential Vext (x) = 1

2 meffω
2 |x|α+2.

VI. THE MANY-BODY GROUND STATE OF N NONINTERACTING SPINLESS SLUGGISH
FERMIONS IN AN EXTERNAL TRAP Vext (x) = 1

2 meff ω2|x|α+2

As recapitulated in Sec. V, due to the Pauli exclusion principle, even noninteracting fermions in
external confining potentials often lead to highly nontrivial strong correlations [38]. In particular,
the JPDF of the positions of harmonically trapped noninteracting fermions in the ground state
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is deeply connected to the JPDF of the eigenvalues of Gaussian unitary random matrices. This
connection has led to a plethora of activities. Therefore, it is natural to explore the properties
of N noninteracting sluggish fermions in an external trap. As we discussed in Sec. IV, the nat-
ural extension of the harmonic potential to the sluggish particle is Vext (x) = 1

2 meff ω2|x|α+2. We
remark that the many-body ground state of N noninteracting bosons is trivial and is given by
�0(x1, x2, . . . , xN ) = ∏N

i=1 ψ0(xi ) = ∏N
i=1 φ0(xi ), where φ0(x) is given in Eq. (57) with n = 0. In

the case of bosons in the ground state, the quantum probability distribution |ψ0(x1, x2, . . . , xN )|2
thus factorizes, making the positions independent and identically distributed (IID) random variables.
In this case, the observables in the ground state can be computed exactly using the standard
techniques of IID variables [65] and we do not discuss this further here.

A. Joint probability density function of the positions and the quantum correlation kernel

We consider putting N noninteracting sluggish fermions in the potential Vext (x) = 1
2 meff ω2|x|α+2

at zero temperature. The many-body ground-state wavefunction can be constructed using the Slater
determinant as

�0(x1, x2, . . . , xN ) = 1√
N!

det[ψi−1(x j )]1�i, j�N , (111)

where ψn(x) denotes the nth eigenfunction of a single sluggish particle in the potential Vext (x)
[see Eq. (63)]. Consequently, the many-body JPDF of the N noninteracting fermions in the ground
state is given by

P(x1, x2, . . . , xN ) = |�0(x1, x2, . . . , xN )|2. (112)

Using Eq. (111) in Eq. (112), and the multiplication properties of determinants, det(A) det(B) =
det(AB),we get

P(x1, x2, . . . , xN ) = 1

N!
det[KN (xi, x j )]1�i, j�N , (113)

with

KN (x, y) =
N−1∑
k=0

ψk (x)ψk (y). (114)

The function KN (xi, x j ) in Eq. (114) is known as the quantum correlation kernel, which is one of
the most central objects in many-body quantum mechanics, especially for noninteracting fermions
at zero temperature.

Using the even and odd eigenfunctions [see Eq. (63)], φn(x) and χn(x), given in Eqs. (57) and
(61), respectively, the correlation kernel in Eq. (114) becomes

KN (x, y) = K+
� N

2 �(x, y) + K−
� N

2 �(x, y), (115)

where �x� and �x� are ceiling and floor functions, respectively, and

K+
M (x, y) =

M−1∑
n=0

φn(x)φn(y), (116)

K−
M (x, y) =

M−1∑
n=0

χn(x)χn(y). (117)
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To perform the summations in Eqs. (116) and (117), we recall the Christoffel-Darboux formula [58]
for sequence of orthogonal polynomials { fn},

m∑
n=0

fn(x) fn(y)

hn
= km

hmkm+1

fm(y) fm+1(x) − fm+1(y) fm(x)

x − y
, (118)

where hn are squared norms of the polynomials and km’s are the lead coefficients, i.e., the coefficient
of xm in a polynomial of degree m (coefficient of the leading term). In our case, the involved
orthogonal polynomials are generalized Laguerre polynomials L(±γ

n (z), for which kn and hn are
given by [see Eqs. (56) and (58)]

kn = (−1)n

n!
and hn = �(n + 1 ± γ )

n!
. (119)

Therefore, substituting φn(x) and χn(x) from Eqs. (57) and (61) in Eqs. (116) and (117), respectively,
and using the Christoffel-Darboux formula (118), we get

K+
M (x, y) = K̄+

M

(
2μ |x|α+2

α + 2
,

2μ |y|α+2

α + 2

)
, (120)

K−
M (x, y) = sgn(x) sgn(y) K̄−

M

(
2μ |x|α+2

α + 2
,

2μ |y|α+2

α + 2

)
, (121)

where

K̄+
M (z1, z2) =

(
2μ

α + 2

)−γ

μ
�(M + 1)

�(M − γ )
e− 1

2 (z1+z2 ) L(−γ )
M−1 (z1) L(−γ )

M (z2) − L(−γ )
M (z1) L(−γ )

M−1 (z2)

z1 − z2

(122)

and

K̄−
M (z1, z2) =

(
2μ

α + 2

)−γ

μ
�(M + 1)

�(M + γ )
(z1z2)γ e− 1

2 (z1+z2 ) L(γ )
M−1(z1) L(γ )

M (z2) − L(γ )
M (z1) L(γ )

M−1(z2)

z1 − z2
.

(123)

Thus, we have obtained the exact form of the correlation kernel explicitly for any finite N . Using
these expressions (122) and (123), we can, in principle, obtain the JPDF from Eq. (113). However,
in practice, it is hard to evaluate the determinant [Eq. (113)], for our case, to obtain an explicit form
of the JPDF. Interestingly, an explicit form of the JPDF can be obtained in the half-space, which
we relegate to Sec. VI D. The density profile can be obtained directly from the correlation kernel,
which we discuss next.

B. Density profile

Since the fermions obey the Pauli exclusion principle, the spatial density profile of noninteracting
fermions can be quite nontrivial. This density (normalized to unity) can be obtained from the
correlation kernel as [see Eq. (105)] [38–40]

ρN (x) = 1

N
lim
y→x

KN (x, y) = ρ+
N (x) + ρ−

N (x), (124)

with

ρ+
N (x) = 1

N
lim
y→x

K+
� N

2 �(x, y) and ρ−
N (x) = 1

N
lim
y→x

K−
� N

2 �(x, y), (125)
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FIG. 3. Density profile ρN (x) [see Eq. (124)], obtained by adding Eqs. (127) and (128) for different
numbers of fermions (N) with μ = 1 and α = 1.

where K±
M (x, y) defined in Eqs. (116) and (117), respectively. Using the expressions of K±

M (x, y)
from Eqs. (120)–(123) and the derivatives of generalized Laguerre polynomials [56]

d

dz
L(γ )

M (z) = −L(γ+1)
M−1 (z), (126)

we obtain ρ±
N (x) as

ρ+
N (x) = 1

N

(
2μ

α + 2

)−γ

μ e−z �
(⌈

N
2

⌉ + 1
)

�
(⌈

N
2

⌉ − γ
) [L(−γ+1)

� N
2 �−1

(z) L(−γ )
� N

2 �−1
(z) − L(−γ+1)

� N
2 �−2

(z) L(−γ )
� N

2 � (z)
]

(127)

and

ρ−
N (x) = 1

N

(
2μ

α + 2

)−γ

μ z2γ e−z �
(⌊

N
2

⌋ + 1
)

�
(⌊

N
2

⌋ + γ
)[L(γ+1)

� N
2 �−1

(z) L(γ )
� N

2 �−1
(z) − L(γ+1)

� N
2 �−2

(z) L(γ )
� N

2 �(z)
]
,

(128)

with z = 2μ |x|α+2

α + 2
. (129)

Equations (127) and (128), along with Eq. (124), give the exact density profile of the fermionic gas
for any N , in the full space x ∈ (−∞,∞). In Fig. 3, we plot the density profile ρN (x) by adding
Eqs. (127) and (128). We notice a suppression of fermionic density close to the origin. The nonzero
contribution to the density at the origin stems from the even sector, i.e., ρ+

N (x) in Eq. (127), and is
given by

ρ+
N (0) = 2

1
α+2 −2

(
μ

α+2

) 1
α+2 �

(⌈
N
2

⌉ + 1
α+2

)
�2

(
1 + 1

α+2

)
�
(⌈

N
2

⌉ + 1
) . (130)

For large N , using Stirling’s approximations in Eq. (130), we find that the density at the origin
decays as ρ+

N (0) ∼ N−γ , with γ = (α + 1)/(α + 2), implying that the density must vanish at the
origin in the large-N scaling limit. As discussed in Sec. IV B, this depletion of density near the
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origin (see Fig. 3) is of purely quantum origin, because the eigenfunctions of the excited states are
peaked away from the origin, as shown in Fig. 1.

The large-N limit of the density profile can be taken in two ways. One way is by taking the
large-N limit directly in Eqs. (127) and (128). In this section, we obtain the large-N limit of the
ρN (x) in another way, by using the expressions of K±

M (x, y), given in Eqs. (116) and (117), in
Eq. (125), i.e.,

ρ+
N (x) = 1

N

� N
2 �−1∑
n=0

φ2
n (x), ρ−

N (x) = 1

N

� N
2 �−1∑
n=0

χ2
n (x). (131)

Since the energy En scales linearly with the level n [see Eqs. (54) and (60)], the total energy of a
system with N noninteracting fermions

∑N−1
n=0 En ∼ N2. On the other hand, the energy associated

with the external trap
∑N

i=1 |xi|α+2 ∼ N |x|α+2, where x denotes typical positions. Since these two

energies are of the same order, the typical size of the system x must scale as N
1

α+2 . Therefore, in the
large-N limit, it is natural to anticipate the following scaling of the density profile:

ρN (x) = 1

N
1

α+2

ρ̄

(
x

N
1

α+2

)
, ρ±

N (x) = 1

N
1

α+2

ρ̄±
(

x

N
1

α+2

)
. (132)

Making a change of variable n = Nu/2, for large N , the summations over n in Eq. (131) can be
approximated by integrals over u. This leads to

ρ̄+(z) � 1

2
N

1
α+2

∫ 1

0
φ2

Nu
2

(
N

1
α+2 z

)
du, (133)

ρ̄−(z) � 1

2
N

1
α+2

∫ 1

0
χ2

Nu
2

(
N

1
α+2 z

)
du. (134)

The eigenfunctions φM (N
1

α+2 z) and χM (N
1

α+2 z) are given in Eqs. (57) and (61), respectively, in terms
of generalized Laguerre polynomials L(±γ )

M (4Mw), with γ = (α + 1)/α + 2), M = Nu/2, and
w = μ|z|α+2/[(α + 2)u]. For-large M, we can use the Plancherel-Rotach asymptotics for Laguerre
polynomials [66],

L(β )
M (4Mw) � (−1)M

√
2πM 2β

e2Mw gM (w)

wβ/2[w(1 − w)]1/4
, (135)

0 < w < 1, where

gN (w) = sin [hN (w)] + O(1/N ), with hN (w) = 2N (
√

w(1 − w) − cos−1 √
w) + 3π

4
. (136)

Using Stirling’s approximation,

�(M + 1)

�(M + 1 ∓ γ )
� M±γ for large M, (137)

we find that both integrals in Eqs. (133) and (134) yield the same contribution,

ρ̄±(z) �
√

μ(α + 2)

2π
|z|α/2

∫ 1

μ|z|α+2

α+2

g2
Nu
2

(
μ|z|α+2

(α+2)u

)
√

u − μ|z|α+2

α+2

du. (138)

To the leading order, g2
Nu/2(x) � 1/2, while the remaining cosine term oscillates highly with respect

to u for large N . Therefore, using the leading term and performing the integral, we get

ρ̄±(z) �
√

μ(α + 2)

2π
|z|α/2

√
1 − μ|z|α+2

α + 2
. (139)
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FIG. 4. The solid lines plot the scaled density profile obtained from Eqs. (124), (127), and (128), for
N = 100, μ = 1, and different values of α. The dashed lines plot scaling functions ρ̄(z) given in Eq. (140) with
corresponding α, for comparison. Note that the α = 0 case corresponds to the well-known Wigner semicircle,
given in Eq. (141).

Therefore, to summarize, the full density profile ρN (x) admits the scaling form given in Eq. (132),
where the scaling function ρ̄(z) = ρ̄+(z) + ρ̄−(z) is obtained by using Eq. (139), as

ρ̄(z) �
√

μ(α + 2)

π
|z|α/2

√
1 − μ|z|α+2

α + 2
. (140)

For α = 0, Eq. (140) reduces to

ρ̄(z) =
√

2μ

π

√
1 − μz2

2
, (141)

which is in agreement with Eq. (106). In Fig. 4, we plot N
1

α+2 ρN (N
1

α+2 z) as a function of z [see
Eq. (132)], obtained by using the expression of ρN (x) = ρ+

N (x) + ρ−
N (x) from Eqs. (127) and (128)

in Eq. (132), for N = 100, µ= 1, and different values of α, and compare it with the scaling function
ρ̄(z) given in Eq. (140), and find excellent agreement away from the origin.

We would like to point out an interesting contrast between the density profiles for α = 0 and
α > 0. For α = 0, the density profile is given by the Wigner semicircular law in Eq. (141), which
is maximal at z = 0. However, for any α > 0, the average density profile has a minimum at z = 0,
indicating a “depletion” zone at z = 0 (see Fig. 4). This depletion zone near the origin emerges
from the suppression of the quantum probabilities |ψn(x)|2 for the excited states (n > 0) near the
origin for α > 0 (see Fig. 1) and the density is a arithmetic mean of the these quantum probabilities,
ρN (x) = N−1 ∑N−1

n=0 |ψn(x)|2, as given in Eq. (105).

C. Scaling behavior of the kernel

In this section, we study the scaling behavior of the correlation kernel KN (x, y) given in
Eqs. (115)–(117), when (1) both x and y are in the bulk of the density profile, (2) near its rightmost
edge, and (3) close to the origin.

1. Bulk kernel

We first consider the case when both x and y are in the bulk of the density profile (see Fig. 4).
Since the density profile is symmetric around the origin, for simplicity, we consider the positive
side, i.e., x > 0 and y > 0. In the bulk, the typical interparticle separation �(x) ∼ [NρN (x)]−1. On
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the other hand, ρN (x) itself scales with N as given in Eq. (132). Therefore, �(x) scales with N as
N−γ , with γ = (α + 1)/(α + 2). This suggests the scaling form of the bulk kernel

KN (x, y) = 1

N−γ
F

( |x − y|
N−γ

,
x

N
1

α+2

)
. (142)

To obtain the scaling function F (w, z) in Eq. (142), we analyze the kernel KN (x, y) in the scaling
limit

F (w, z) = lim
N→∞

N−γ KN
(
N

1
α+2 z, N

1
α+2 z + N−γ w

)
(143)

for z > 0.
Similar to the calculation of the scaling function of the density profile in Sec. VI B, here we

follow the three main steps: First, we use Eqs. (115)–(117) in Eq. (143). Next, we convert the
summation over n to an integral over u by making a change of variable n = Nu/2 for large N .
Finally, we employ the Plancherel-Rotach asymptotic given by Eq. (135), to arrive at

F (w, z) = lim
N→∞

√
μ(α + 2)

π
zα/2

∫ 1

μ zα+2

α+2

du√
u − μzα+2

α+2

g Nu
2

(
μ zα+2

(α + 2)u

)
g Nu

2

(
μ (z + w/N )α+2

(α + 2)u

)
.

(144)

From Eq. (136), we get

gN (z) gN (z + ε) = 1
2 (cos[hN (z) − hN (z + ε)] − cos[hN (z) + hN (z + ε)])

� 1
2 (cos[−εh′

N (z)] − cos[2hN (z)]). (145)

The second cosine term in Eq. (145) oscillates highly for large N , and therefore, contributes only
subdominantly. Using only the first term of Eq. (145) in Eq. (144), we get

F (w, z) =
√

μ(α + 2)

2π
zα/2

∫ 1

μ zα+2

α+2

du√
u − μzα+2

α+2

cos

⎛
⎝w

√
μ (α + 2) zα/2

√
u − μzα+2

α + 2

⎞
⎠. (146)

The integral in Eq. (146) can be performed exactly, yielding

F (w, z) = sin (πwρ̄(z))

πw
, (147)

where ρ̄(z) is the scaling function of the density profile given in Eq. (140). It follows from Eqs. (142)
and (147) that the correlation kernel has the scaling form

KN (x + x′, x + y′) = 1

�(x)
Kbulk

( |x′ − y′|
�(x)

)
, (148)

where

�(x) = 1

NρN (x)
, (149)

and Kbulk (w) is given by the sine kernel [32,38–40]

Kbulk (w) = sin πw

πw
. (150)

It is easy to check that Kbulk(w) → 1 in the limit w → 0, yielding KN (x, x) = NρN (x), as expected.
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2. Edge kernel

Here, we consider the case when both x and y are near one of the edges, say the right edge,
denoted by xedge. Before proceeding further, we discuss the expressions for xedge and the interparticle
distance denoted by WN . From Eqs. (132) and (140), it is easy to see that the support of the density
vanishes at

xedge = zedge N
1

α+2 , with zedge =
(

α + 2

μ

) 1
α+2

. (151)

The interparticle distance WN at the edge can be estimated by∫ xedge

xedge−WN

ρN (x) dx ≈ 1

N
. (152)

By using the scaled variables z = x/N
1

α+2 , we get∫ zedge

zedge− WN

N
1

α+2

ρ̄(z) dz ≈ 1

N
. (153)

To estimate WN (especially, its scaling with N), we probe short length scales around zedge. Taking
z = zedge − u, Eq. (140) gives

ρ̄(z) ≈
√

μ(α + 2)

π
zα/2

edge

√
α + 2

zedge

√
u. (154)

Equation (154) along with Eq. (153) gives

√
μ(α + 2)

π

√
α + 2 z

α−1
2

edge

∫ WN /N
1

α+2

0
du

√
u ≈ 1

N
. (155)

Equation (155) immediately gives the estimate for WN as

WN = zedge

α + 2
N− 2α+1

3(α+2) , (156)

where we have omitted a multiplicative factor of (3π/2)2/3 for convenience later. Therefore, near
the right edge, we expect the scaling form

KN (x, y) = 1

WN
Kedge

(
x − xedge

WN
,

y − xedge

WN

)
. (157)

The scaling function can be found by evaluating

Kedge(u, v) = lim
N→∞

WN KN (xedge + WN u, xedge + WN v), (158)

where KN (x, y) is given in Eq. (115), together with Eqs. (120)–(123). We note that the variables x
and y in the expression of KN (x, y) appear through the combination

z1 = 2μ xα+2

α + 2
and z2 = 2μ yα+2

α + 2
. (159)

Substituting x = xedge + WN u and y = xedge + WN v, we have

z1 = 2N + 2N1/3 u and z2 = 2N + 2N1/3 v. (160)

Using Eq. (160) in Eqs. (122) and (123), we get (see Appendix 1)

Kedge(u, v) = Ai(u)Ai′(v) − Ai′(u)Ai(v)

u − v
, (161)

where Ai(u) and Ai′(u) are the Airy and AiryPrime functions, respectively.
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Equation (157) along with Eq. (161) gives the kernel near the right edge. Taking the limit u → v

in Eq. (161) gives the density profile near the right edge. From Eq. (161), we have

lim
u→v

Kedge(u, v) ≡ Redge(v) = [Ai′(v)]2 − v[Ai(v)]2, (162)

where we have used the Airy equation Ai′′(v) = v Ai(v). Therefore, the density profile near the
right edge is given by

ρ
edge
N (x) = 1

NWN
Redge

(
x − xedge

WN

)
, (163)

where Redge(v) is given in Eq. (162). The edge density ρ
edge
N (x), in the v → −∞ limit of Redge(v)

in Eq. (163), is expected to coincide with bulk density ρN (x) in Eq. (132), with ρ̄(z) given by the
edge limit in Eq. (154). Indeed, using the asymptotic limit R(v) ∼ √−v/π in Eq. (163), we find
this precise agreement.

3. Kernel close to the origin

To analyze the kernel KN (x, y) near the origin, we first estimate the typical interparticle separation
�0 near the origin, using

∫ �0

0 ρN (x) dx ≈ 1/N , or equivalently,

∫ �0/N1/(α+2)

0
ρ̄(z) dz ≈ 1

N
. (164)

Close to the origin, say on the positive side, from Eq. (140), using

ρ̄(z) �
√

μ(α + 2)

π
zα/2 (165)

in Eq. (164), we get

�0 =
(

α + 2

μ

) 1
α+2

N− 1
α+2 , (166)

where we have ignored a multiplicative factor for later convenience. Therefore, near the origin, on
the positive side, we expect the scaling form of the correlation kernel as

KN (x, y) = 1

�0
K0

(
x

�0
,

y

�0

)
. (167)

The scaling function can be found by evaluating

K0(u, v) = lim
N→∞

�0 KN (�0 u, �0 v), (168)

where KN (x, y) is given in Eq. (115), together with Eqs. (120)–(123). Since the variables x and y in
the expression of KN (x, y) appear through the combination in Eq. (159), substituting x = �0 u and
y = �0 v, we get z1 = (2/N ) uα+2 and z2 = (2/N ) vα+2 in Eqs. (122) and (123) with M = N/2 (for
simplicity, we take N even; this is immaterial in the large-N limit). As shown in Appendix 2, we get

K0(u, v) = K+
0 (u, v) + K−

0 (u, v), (169)

where K±
0 (u, v) are given by

K±
0 (u, v) = α + 2

2

(z̃1 z̃2)γ /2

z̃1 − z̃2
[
√

z̃1J∓γ (2
√

z̃2)J∓γ+1(2
√

z̃1) − √
z̃2J∓γ (2

√
z̃1)J∓γ+1(2

√
z̃2)], (170)
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where

z̃1 = uα+2, z̃2 = vα+2, and γ = α + 1

α + 2
. (171)

Equation (167) along with Eqs. (169) and (170) gives the kernel near the origin.
The density close to the origin can be obtained from the kernel K±

0 (u, v) in Eq. (170), by taking
the limit u → v, which gives

lim
u→v

K±
0 (u, v) ≡R±

0 (v) = α + 2

2
z̃γ

2

[
J2
∓γ+1(2

√
z̃2) + J∓γ (2

√
z̃2)

(
J∓γ+1(2

√
z̃2)√

z̃2
− J∓γ+2(2

√
z̃2)

)]
.

(172)

The density near the origin, using Eqs. (167) and (172), is given by

ρN (y) = lim
x→y

1

N
KN (x, y) = 1

N�0

[
R+

0

(
y

�0

)
+ R−

0

(
y

�0

)]
. (173)

For large v, we have

R±
0 (v) � α + 2

2π
vα/2. (174)

Therefore, Eq. (173) yields

ρN (x) � 1√
N

√
μ(α + 2)

π
xα/2 as x → 0. (175)

This is in perfect agreement with the x → 0 limit of the bulk density ρN (x) in Eq. (132), where the
limiting scaling function ρ̄(z) is given by Eq. (165).

We finally remark that the expression K±
0 (u, v) in Eq. (170) resembles the well-known Bessel

kernel in random matrix theory after a suitable transformation. To see the connection to the Bessel
kernel more clearly, we use the following identity satisfied by the Bessel functions [58]:

Jν+1(
√

x) = ν√
x

Jν (
√

x) − J ′
ν (

√
x), (176)

where J ′
ν (z) = dJν (z)

dz . Using Eq. (176) in Eqs. (170) and (171), after simplifications, we get

K±
0 (u, v) = 2(α + 2)(u v)

α+1
2 K (∓γ )

Bessel(4uα+2, 4vα+2), (177)

where the Bessel kernel is given by [40,64]

K (ν)
Bessel(x, y) =

√
y J ′

ν (
√

y)Jν (
√

x) − √
x J ′

ν (
√

x)Jν (
√

y)

2(x − y)
. (178)

To make the identification with the Bessel kernel more precise. We recall how a kernel transforms
under a change of variables. Suppose, we have a kernel K (u, v) = ∑N−1

n=0 ψn(u)ψn(v), where ψn(u)’s
are normalized single-particle eigenfunctions. Suppose now we make a transformation

u → u′ = f (u) and v → v′ = f (v), (179)

where f (u) is an arbitrary function. Then,

K (u, v) →
√

| f ′(u) f ′(v)|K̃ ( f (u), f (v)), (180)

where K̃ (u′, v′) is the transformed kernel. Equation (180) follows from the transform of wavefunc-
tion ψn(u) → √

f ′(u)ψ̃ (u′), which preserves its normalization. Applying this transformation, with
the choice f (u) = 4uα+2, we see that

K±
0 (u, v) → 4(α + 2)(u v)

α+1
2 K̃±

0 (4uα+2, 4vα+2). (181)
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Comparing the right-hand sides of Eqs. (177) and (181), we see that the transformed kernel reads

K̃±
0 (u′, v′) = 1

2 K (∓γ )
Bessel(u

′, v′). (182)

Therefore, the total kernel in Eq. (169) in the transformed coordinates becomes

K̃0(u′, v′) = 1
2

[
K (γ )

Bessel(u
′, v′) + K (−γ )

Bessel(u
′, v′)

]
, (183)

where recall that γ = (α + 1)/(α + 2). Equation (183) is a sum of two Bessel kernels with different
indices ±γ , as opposed to a single Bessel kernel. Thus, the sluggish fermions in the ground-state
form a DPP with a “new kernel” that has not been encountered before in the fermionic literature, to
the best of our knowledge. This is one of the important findings of our paper.

As a consistency check, let us now consider the special case α = 0. In this case, γ = 1/2, and
Eq. (183) becomes

K̃0(u′, v′) = 1
2

[
K (1/2)

Bessel(u
′, v′) + K (−1/2)

Bessel (u′, v′)
]
. (184)

Using the elementary expressions

J1/2(z) =
√

2

πz
sin z, J−1/2(z) =

√
2

πz
cos z, (185)

we find

K̃0(u′, v′) = sin(
√

u′ − √
v′)

2π (u′v′)1/4(
√

u′ − √
v′)

. (186)

For α = 0, the transformation in Eq. (179) is

u′ = 4u2, v′ = 4v2. (187)

Using Eq. (180) to transform back to the original variables u and v, we therefore obtain

K0(u, v) = sin [2(u − v)]

π (u − v)
. (188)

To compare this result with the standard bulk sine kernel, we recall that, for α = 0, the length scale
�0 introduced near the origin becomes

�0 =
√

2

μN
. (189)

On the other hand, the local mean interparticle spacing at the center of the harmonic trap is

�(0) = 1

NρN (0)
= π√

2μN
= π

2
�0. (190)

Hence, defining the locally rescaled separation

w = x − y

�(0)
= 2(u − v)

π
, (191)

and using KN (x, y) = �−1
0 K0(u, v) near the origin, we obtain

KN (x, y) = 1

�(0)

sin(πw)

πw
= 1

�(0)
Kbulk (w). (192)

Thus, for α = 0, the origin kernel reduces precisely, after the appropriate local rescaling, to the
standard sine kernel. This also shows explicitly that the new origin kernel for α > 0 connects
continuously to the conventional harmonic-fermion result as α → 0.
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D. JPDF in the half-space

It is useful and important to examine the structure of the many-body ground state in a setting
where the JPDF can be obtained in an explicit form. For noninteracting fermions, the JPDF is
determined by the Slater determinant constructed from the single-particle eigenfunctions, and in
general, it can be expressed in terms of the determinant of the kernel. However, obtaining a closed
analytical form of the JPDF in the full space is difficult because of the complicated structure of
the eigenfunctions. A considerable simplification occurs when the system is restricted to a half-
space with an appropriate boundary condition at the origin. In this case, the parity structure of the
eigenfunctions allows one to construct the many-body ground state solely from either the odd or
the even single-particle eigenstates. As we show below, this restriction leads to a remarkably simple
and elegant form of the ground-state wavefunction and consequently of the JPDF.

The JPDF P(x1, x2, . . . , xN ) of the positions of the noninteracting fermions in the presence of
an external trap Vext (x) = 1

2 meff ω2|x|α+2 is given by Eq. (113) in terms of the determinants of the
kernel KN (x, y) given in Eqs. (115)–(117) and (120)–(123). As mentioned above, it is generally
difficult to obtain an explicit form and interestingly, it turns out that one can obtain an explicit form
of the JPDF on the positive (or equivalently negative) half-space provided one restricts oneself either
entirely to the odd sector or entirely to the even sector (but not the mixed ones where both even and
odd sectors participate).

Let us first start with the many-body ground-state wavefunction constructed out of only the odd
eigenfunctions that vanish at the origin. Physically, this can be realized by placing a hard wall
at the origin that forces the wavefunction to vanish at the origin. Consequently, the only allowed
eigenfunctions are the odd ones. Therefore, the ψ0(x1, x2, . . . , xN ) in Eq. (111) must be constructed
out of the odd eigenfunctions ψ2n+1(x) = χn(x), with n = 0, 1, . . . , N − 1, where χn(x) is given in
Eq. (61). Since the terms with lower powers in the associated Laguerre polynomials in the Slater
determinant can be removed by row or column operations, we can retain only the highest power
in χn(x). Moreover, the lead coefficients can be absorbed in the normalization. Therefore, from
Eq. (61), we have

χn(x) ∝ xα+1 e− μ|x|α+2

α+2 xn(α+2). (193)

Using Eq. (193) in Eq. (111), we obtain

ψ0(x1, x2, . . . , xN ) = Ae− μ

α+2

∑N
i=1 xα+2

i

N∏
i=1

xα+1
i

∏
1�i< j�N

(
xα+2

i − xα+2
j

)
, (194)

where A is a normalization constant. Therefore, the JPDF in Eq. (112) is given explicitly by

P−(x1, x2, . . . , xN ) = N− e− 2μ

α+2

∑N
i=1 xα+2

i

N∏
i=1

x2(α+1)
i

∏
1�i< j�N

(
xα+2

i − xα+2
j

)2
, (195)

where N− is the normalization constant.
Let us now turn to the many-body ground-state wavefunction constructed out of only even

eigenfunctions. Physically it is not clear how to force the selection of only even eigenfunctions by
imposing some conditions on the system at x = 0 (recall that for the odd sector this can achieved by
placing a hard wall at the origin). Nevertheless, it is useful to construct this many-body ground state
and see which random matrix ensemble it corresponds to. In this case, only the even eigenfunctions
ψ2n = φn(x) contribute to the Slater determinant, yielding

P+(x1, x2, . . . , xN ) = N+e− 2μ

α+2

∑N
i=1 xα+2

i

∏
1�i< j�N

(
xα+2

i − xα+2
j

)2
, (196)

where N+ is the normalization constant.
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The explicit form of the JPDF [Eqs. (195) and (196)] obtained in the half-space is useful
for several reasons. First, it reveals the underlying Vandermonde-type structure of the fermionic
correlations, thereby establishing a direct connection with log-gas type models and random-matrix
ensembles after a suitable change of variables. Such representations provide valuable intuition about
the effective repulsion between fermions and the role of the confining potential and spatially varying
effective mass in shaping the equilibrium configuration. Second, the explicit JPDF serves as a
convenient starting point for computing various statistical properties of the fermion positions, such
as density profiles, gap probabilities, and extreme-value statistics in finite and the large-N limit.

We elaborate the above points in further detail here. A useful insight follows from the change
of variables yi = xα+2

i , which maps the JPDF obtained [Eqs. (195) and (196)] to a standard log-
gas form. Using dxi = 1

α+2 y−γ

i dyi [where recall γ = (α + 1)/(α + 2)], one finds that the Dirichlet
JPDF [Eq. (195)] transforms as

P−(y1, . . . , yN ) ∝
∏

1�i< j�N

(yi − y j )
2

N∏
i=1

yγ

i e− 2μ

α+2 yi . (197)

This is precisely the joint eigenvalue distribution of the Laguerre (Wishart) random-matrix ensemble
[40,64] with Dyson index β = 2 and parameter γ = (α + 1)/(α + 2). Let us remark that a similar
connection between the ground state of the fermion problem and the JPDF of Wishart matrices was
first found in the context of fluctuating nonintersecting interfaces [62].

Similarly, with the same change of variables, the JPDF for the even sector in Eq. (196) becomes

P+(y1, . . . , yN ) ∝
∏

1�i< j�N

(yi − y j )
2

N∏
i=1

y−γ
i e− 2μ

α+2 yi , (198)

corresponding to a Laguerre ensemble with parameter −γ . This mapping establishes a direct
correspondence between the statistics of fermion positions in the sluggish quantum system and
the eigenvalue statistics of Laguerre random matrices. Consequently, as indicated earlier, many
properties of the fermion gas—such as density profiles, gap probabilities, and extreme-value statis-
tics can be analyzed using the well-developed framework of Laguerre ensembles and associated
determinantal point processes.

VII. CONCLUSION AND OUTLOOK

In this work, we studied a class of one-dimensional quantum systems characterized by a spatially
varying kinetic term arising from the continuum limit of an inhomogeneous tight-binding model
with bond-dependent hopping amplitudes. In this limit, the lattice model maps onto a Schrödinger
equation with an effective mass scaling as meff (x) = meff |x|α . This construction provides a concrete
microscopic route from engineered optical lattices with a position-dependent tunneling to a contin-
uum theory with a smoothly varying effective mass. The resulting dynamics, which we termed as
sluggish quantum mechanics, is governed by a progressive suppression of kinetic motion at large
distances.

For the case with no external confinement, we obtained exact analytical expressions for the
eigenfunctions and the full quantum propagator. The spatially varying effective mass qualitatively
modifies the structure of plane-wave eigenstates, leading to nontrivial spatial modulation and,
subsequently, to anomalous spreading of an initial wavefunction over time. Therefore, even in the
absence of an external potential, the power-law variation of the effective mass fundamentally alters
long-distance behavior compared to conventional free-particle dynamics with a space-independent
mass. In the presence of the confining potential Vext (x) = 1

2 meff (x)ω2x2 = 1
2 meff ω2|x|α+2, we

demonstrated that the model remains exactly solvable. We derived the complete spectral properties
and closed-form expressions for the propagator. The connection between the power-law effective
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mass function and the form of the confining potential ensures analytical tractability and generalizes
the harmonic oscillator structure (α = 0) to α > 0.

We then investigated the many-body ground state of N noninteracting spinless fermions in the
confining potential Vext (x) = 1

2 meff ω2|x|α+2. Using the exact single-particle eigenfunctions, we
constructed the ground-state wavefunction and obtained the joint probability density function. The
associated quantum correlation kernel was derived exactly. This enabled us to compute the density
profile both at finite N and in the large-N limit. We analyzed the universal scaling behavior of the
kernel in the bulk, at the edge, and near the origin. Our results generalize the well-known results on
harmonically trapped fermions to a system with a spatially varying effective mass.

We would like to remark that qualitatively new physics appears near x = 0, where a new kernel
in Eq. (183) describes the underlying “determinantal point process” near the origin. We find that the
kernel near the origin is a sum of two Bessel kernels with different indices, as opposed to a single
Bessel kernel that appears in Laguerre ensembles [40,62,64]. Thus, the sluggish fermions in the
ground state form a DPP characterized by a novel kernel that, to the best of our knowledge, has not
appeared previously in the fermionic literature. This represents one of the key findings of our work.

Several open directions and natural extensions emerge from our work. While we have focused
on a specific power-law profile, the continuum construction from inhomogeneous tight-binding
models suggests a broader class of spatially varying kinetic terms. It would be interesting to classify
which functional forms of D(x) admit exact solvability and whether additional families lead to inte-
grable many-body structures or determinantal point processes with modified kernels [39,40,67,68].
Needless to mention, the dynamical properties of sluggish quantum systems beyond the quantum
propagator merit further investigation. Questions related to quantum quenches [69], wave-packet
spreading, entanglement growth [70,71], and return probabilities [72] could reveal novel dynamical
scaling regimes induced purely by kinetic inhomogeneity [19–24]. Furthermore, recent works probe
the appearance of Wishart-Laguerre RMT statistics in two-dimensional fermions [25,26] directly
in the continuum. This naturally raises the question whether a d-dimensional sluggish quantum
mechanics is (1) solvable and (2) experimentally accessible, even at the single-particle level [27,28].
Another interesting direction is to generalize our work to Fermions at finite temperature [37,73,74]
where smearing effects in density profile and other quantities can be thoroughly investigated. One
can also study the bosonic version of the problem and investigate Bose-Einstein condensation and
other aspects [75] in the sluggish case.

Our work is directly motivated by engineered ultracold-atom systems in optical lattices, where
spatially varying tunneling amplitudes can be realized using programmable potentials. This raises
the possibility of experimentally probing sluggish quantum dynamics, density profiles, and edge
scaling in controlled setups. In fact, our work puts forward a route to potentially realize the
Laguerre-Wishart ensemble [40,64] in experiments [26]. More generally, the continuum limit of
inhomogeneous lattice models provides a versatile and physically motivated route to quantum
systems with spatially varying effective mass. The exact solvability uncovered here demonstrates
that such systems are not only experimentally relevant but also analytically tractable, opening
new avenues for exploring the interplay between kinetic inhomogeneity, external confinement, and
many-body quantum correlations.
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APPENDIX: CALCULATION OF THE KERNEL USING CHRISTOFFEL-DARBOUX FORMULA

In this Appendix, we provide details of the calculation of the scaling kernel KN (x, y), both near
the edge and the origin, starting from the Eqs. (120)–(123), with M = N/2 (for simplicity, we take
N even; this is immaterial in the large-N limit).

1. Kernel near the edge

As mentioned in Eq. (157), near the right edge, we expect the following scaling form for the
kernel:

KN (x, y) = 1

WN
Kedge

(
x − xedge

WN
,

y − xedge

WN

)
. (A1)

The scaling function can be found by evaluating

Kedge(u, v) = lim
N→∞

WN KN (xedge + WN u, xedge + WN v), (A2)

where KN (x, y) is given in Eq. (115), together with Eqs. (120)–(123). As discussed in Eqs. (159)
and (160),

Kedge(u, v) = lim
M→∞

W2M [K̄+
M (z1, z2) + K̄−

M (z1, z2)], (A3)

where

WN = zedge

α + 2
N− 2α+1

3(α+2) , with zedge =
(

α + 2

μ

) 1
α+2

, (A4)

and

z1 = 4M + 2(2M )1/3 u and z2 = 4M + 2(2M )1/3 v. (A5)

To obtain Eq. (A2) with the scaling Eq. (A5), we use the Plancherel-Rotach asymptotic [66],

For z = 4m + 2(β + 1) − 2(2m/3)1/3t,

e−z/2 L(β )
m (z) = (−1)m2−β (2m)−1/3 Ai(−3−1/3t ) + O(1/m). (A6)

This can be recast as

e−z/2 Lβ
m(z) = (−1)m2−β (2m)−1/3 Ai

(
z − 4m − 2(β + 1)

2(2m)1/3

)
+ O(1/m). (A7)

Setting z = z1 and z2, respectively, and using Eq. (A5), we get

e−z1/2 Lβ
M (z1) = (−1)M[2−β−1/3M−1/3 Ai(u) − 2−β−2/3(β + 1) M−2/3Ai′(u)] + O(1/M ),

e−z1/2 Lβ

M−1(z1) = (−1)M+1[2−β−1/3M−1/3 Ai(u) − 2−β−2/3(β − 1) M−2/3Ai′(u)] + O(1/M ),

e−z2/2 Lβ
M (z2) = (−1)M[2−β−1/3M−1/3 Ai(v) − 2−β−2/3(β + 1) M−2/3Ai′(v)] + O(1/M ),

e−z2/2 Lβ

M−1(z2) = (−1)M+1[2−β−1/3M−1/3 Ai(v) − 2−β−2/3(β − 1) M−2/3Ai′(v)] + O(1/M ).

(A8)
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This gives

e−(z1+z2 )/2
[
L(β )

M−1(z1) L(β )
M (z2) − L(β )

M (z1) L(β )
M−1(z2)

] = 2−2β

M
[Ai(u)Ai′(v) − Ai′(u)Ai(v)] + o(1/M ).

(A9)

Using Eq. (A9) in Eqs. (122) and (123), from Eq. (A2), we get

Kedge(u, v) = Ai(u)Ai′(v) − Ai′(u)Ai(v)

u − v
. (A10)

2. Kernel near the origin

As discussed in Sec. VI C 3, the typical interparticle separation close to the origin scales as

�0 =
(

α + 2

μ

) 1
α+2

N− 1
α+2 . (A11)

Therefore, near the origin, we expect the scaling form of the correlation kernel as

KN (x, y) = 1

�0
K0

(
x

�0
,

y

�0

)
. (A12)

The scaling function can be found by evaluating

K0(u, v) = lim
N→∞

�0 KN (�0 u, �0 v), (A13)

where KN (x, y) is given in Eq. (115), together with Eqs. (120)–(123). Since the variables x and y in
the expression of KN (x, y) appear through the combination in Eq. (159), substituting x = �0 u and
y = �0 v, in Eqs. (122) and (123), we get

z1 = uα+2

M
≡ z̃1

M
and z2 = vα+2

M
≡ z̃2

M
, (A14)

where M = N/2 and for simplicity, we take N even. This is immaterial in the large-N limit.
To evaluate Eqs. (122) and (123) in the large-M limit, we recast the Mehler-Heine formula

[58,66]

lim
m→∞ m−βL(β )

m (z/m) = z−β/2 Jβ (2
√

z), (A15)

as

L(β )
m (z̃/M ) = L(β )

m

(
(m/M ) z̃

m

)
� mβ [(m/M ) z̃]−β/2 Jβ (2

√
(m/M ) z̃), (A16)

where Jβ (x) is the Bessel function of the first kind. Now, setting m = M or M − 1, respectively, we
get

lim
M→∞

M−2β+1
[
L(β )

M−1(z1) L(β )
M (z2) − L(β )

M (z1) L(β )
M−1(z2)

] = (z̃1z̃2)−β/2[
√

z̃1Jβ (2
√

z̃2)Jβ+1(2
√

z̃1)

− √
z̃2Jβ (2

√
z̃1)Jβ+1(2

√
z̃2)], (A17)

where z1, z2 and z̃1, z̃2 are related by Eq. (A14). Using Eq. (A17) in Eqs. (122) and (123), from
Eq. (A13), we get

K0(u, v) = K+
0 (u, v) + K−

0 (u, v), (A18)

where K±
0 (u, v) are given by

K±
0 (u, v) = α + 2

2

(z̃1 z̃2)γ /2

z̃1 − z̃2
[
√

z̃1Jβ (2
√

z̃2)Jβ+1(2
√

z̃1) − √
z̃2Jβ (2

√
z̃1)Jβ+1(2

√
z̃2)], (A19)

where β = ∓γ for K±
0 (u, v), respectively, and we recall from Eq. (A14) that z̃1 = uα+2 and

z̃2 = vα+2.
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