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Quantum dynamics via score matching on Bohmian trajectories
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We solve the time-dependent Schrödinger equation by learning the score function, the
gradient of the log-probability density, on Bohmian trajectories. In Bohm’s formulation
of quantum mechanics, particles follow deterministic paths under the classical potential
supplemented by a quantum potential depending on the score function of the evolving
density. These noncrossing Bohmian trajectories form a continuous normalizing flow
governed by the score. We parametrize the score with a neural network and minimize
a self-consistent Fisher divergence between the network and the score of the resulting
density. We prove that the zero-loss minimizer of this self-consistent objective recovers
Schrödinger dynamics for nodeless wave functions, a condition met by localized vibra-
tional wave packets of atoms before anharmonic dephasing sets in. We demonstrate the
approach on wave-packet splitting in a double-well potential and anharmonic vibrations of
a Morse chain. By recasting real-time quantum dynamics as a self-consistent score-driven
normalizing flow, this framework opens the time-dependent Schrödinger equation to the
rapidly advancing toolkit of modern generative modeling.

DOI: 10.1103/lmhf-ws7v

I. INTRODUCTION

The time-dependent Schrödinger equation (TDSE) for quantum particles of mass m with config-
uration x ∈ Rd and potential V (x),

ih̄
∂�(x, t )

∂t
=

[
− h̄2

2m
∇2 + V (x)

]
�(x, t ), (1)

governs quantum dynamics across electronic, atomic, and molecular physics. Grid-based methods
scale exponentially with the number of degrees of freedom d , motivating alternatives that expand
the wave function in a time-adaptive basis [1], parametrize it with neural networks [2], or represent
it through particle trajectories [3–5]—the approach we build on here.

The trajectory framework originates from the Madelung decomposition [6], which writes the
wave function as � = √

ρ eiS/h̄ and recasts Eq. (1) as two coupled Eulerian field equations: a
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continuity equation for the probability density ρ and a quantum Hamilton-Jacobi equation for the
phase S,

∂ρ

∂t
+ ∇ ·

(
ρ

∇S

m

)
= 0, (2)

∂S

∂t
+ |∇S|2

2m
+ V + Q = 0, (3)

where the quantum potential Q = −(h̄2/2m) ∇2√ρ/
√

ρ encodes all nonclassical effects. De
Broglie [7] introduced the pilot-wave picture in which a particle is guided by the wave with velocity
v = ∇S/m, and Bohm [8,9] later independently developed an alternative interpretation of quantum
mechanics in terms of hidden variables: The quantum potential Q guides an ensemble of particles
along well-defined trajectories that reproduce all predictions of the Schrödinger equation.

In this article, we turn Bohmian mechanics from an interpretive framework into a practical
computational tool for quantum dynamics by revealing its connection to modern machinery in
generative modeling, including continuous normalizing flows [10,11] and score matching [12,13].

To begin, we define the score function s ≡ ∇ ln ρ, in terms of which the quantum potential takes
the form

Q = − h̄2

4m

[
∇ · s + 1

2
|s|2

]
. (4)

Writing ln � = 1
2 ln ρ + iS/h̄, one sees that s and v are (up to constants) the gradients of the real

and imaginary parts of ln �. Both are therefore gradient fields by construction.
To follow individual particles in the Lagrangian frame, we apply the material derivative

d/dt = ∂/∂t + v · ∇ to the Madelung system, obtaining the Bohmian trajectory equations [8,9]:

dx
dt

= v, m
dv

dt
= −∇(V + Q). (5)

This is formally identical to classical mechanics with effective potential V + Q, except that
v = ∇S/m is a single-valued field on (x, t ) rather than an independent degree of freedom. By the
uniqueness theorem, trajectories cannot cross or pass through nodes (see Sec. 3.3.8 of Ref. [14]).
The flow map x(0) �→ x(t ) is therefore a diffeomorphism for nodeless wave functions, a continuous
normalizing flow [10], with det F �= 0, where F (t ) = ∂x(t )/∂x(0) is the deformation gradient (flow
Jacobian). Since v = ∇S/m is a gradient field, the flow is more specifically a Monge-Ampère flow
[11]. Each particle, initialized at x(0) ∼ ρ0 ≡ ρ(·, 0) with velocity v(0) = ∇S(x, 0)/m, follows a
deterministic trajectory, and the density evolves exactly as ρ(x(t ), t ) = ρ0(x(0))/|det F (t )|. Figure 1
illustrates this flow for a wave-packet splitting in a one-dimensional double well: The unimodal
initial density (the base distribution of the normalizing flow) is deformed into multimodal densities,
and noncrossing Bohmian trajectories launched from random samples of the initial density trace the
full density evolution in between.

In Eq. (5), the phase S no longer appears as a dynamical field: v is propagated directly and Q
depends only on the score s via Eq. (4), so the complex phase need not be represented along the
trajectory [15,16]. The phase enters only through the initial condition v(0) = ∇S(x, 0)/m (trivially
zero when the initial wave function is real), and S can be reconstructed post hoc by integrating
Eq. (3) along trajectories, if desired. The practical difficulty, however, is that integrating Eq. (5)
requires the quantum force −∇Q, which depends on the score s of the evolving density. This score
is itself unknown and must be determined self-consistently. References [3,4] pioneered quantum
trajectory methods by representing the density on a moving mesh and propagating the hydrodynamic
equations directly. References [15,16] eliminated the mesh by fitting s from the particle ensemble
via a polynomial basis and a functional equivalent to Hyvärinen score matching [17]. Reference [18]
used a Bayesian Gaussian mixture for the same purpose. These methods fit the score pointwise at
each time step using a limited basis (polynomials or Gaussian mixtures), without a global variational
principle connecting successive times.
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FIG. 1. Quantum dynamics as a continuous normalizing flow. The black curves are deterministic, non-
crossing Bohmian trajectories, launched from particle positions sampled from the initial density and tracking
the time-dependent densities shown by the blue waterfall. The blue waterfall plots the exact density |�(x, t )|2
at evenly spaced snapshots, showing an initial Gaussian wave packet splitting into multimodal densities in a
symmetric double-well potential.

In this article, we instead parametrize the score with a neural network sθ (x, t ) and train it
end-to-end by minimizing a single Fisher-divergence objective, simultaneously lifting the basis-set
restriction and enforcing spacetime self-consistency. The resulting quantum potential drives a
continuous normalizing flow from the initial density, and any zero-loss minimizer of the objective
recovers the Schrödinger solution.

II. THEORY

The central idea is to train the score network by minimizing the mismatch between sθ and the
score of its own implied density. The training objective is the Fisher divergence:

L[sθ] =
∫ T

0
dt

∫
Rd

dx ρθ |sθ − ∇ ln ρθ|2, (6)

where T is the time horizon over which the wave function is propagated. Both integrals are esti-
mated on the trajectory itself: The spatial integral becomes the per-time expectation Ex∼ρθ (·,t )[|sθ −
∇ ln ρθ|2] on the particle ensemble, and the time integral becomes a sum over trajectory checkpoints.
Crucially, ρθ itself depends on sθ: The score drives the trajectories that determine the density. Since
L � 0 with equality iff sθ = ∇ ln ρθ , minimizing L drives the system toward self-consistency. This
self-consistency is precisely what remains of the coupling between the Madelung equations once
the phase has been eliminated: The quantum potential Q[sθ] must agree with the score of the density
its own flow generates, and L is a computable measure of the residual. Because L is an expectation
over ρθ , it concentrates on regions where the physical density has support: The score need not be
accurate where no particles are sampled.

Theorem. Suppose the score sθ achieves (a) L[sθ] = 0 and (b) induces a Bohmian flow whose
density remains strictly positive on [0, T ]. Then, sθ (x, t ) = ∇ ln |�(x, t )|2, where � is the unique
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TABLE I. Derivative chain in the Fisher loss gradient. Rows 1–5 are successive spatial derivatives of
ϕθ (x, t ) of increasing order; row 6 is the parameter gradient obtained by BPTT through the trajectory.

Order Quantity Role

First s = ∇ϕ Score function
Second ∇ · s Quantum potential Q, Eq. (4)
Third −∇Q Quantum force, Eq. (5)
Fourth Hess(V + Q) Drives (F, G), Eq. (8)
Fifth ∇x(0) ln |det F | Score transport, Eq. (7)
Sixth dL/dθ Parameter gradient (BPTT)

solution of the TDSE (1) evolving from the prescribed initial wave function; in particular, the wave
function (and hence its density and phase) is fully recovered. The proof is detailed in Appendix A.
The theorem characterizes the zero-loss minimizers; it supplies no existence, convergence, or
stability result, and no error bound at finite loss. In particular, the Fisher divergence controls s
in L2(ρθ ), whereas the quantum force involves two further derivatives of the score, so a small loss
does not by itself bound the error in ∇Q without additional regularity assumptions.

Evaluating the loss function Eq. (6) requires ∇ ln ρθ along each trajectory. Differentiating both
sides of ln ρθ = ln ρ0 − ln |det F | with respect to x(0) and transforming to the current frame yields

∇x(t ) ln ρθ = F−T · [∇x(0) ln ρ0 − ∇x(0) ln |det F |]. (7)

Note that the d×d deformation gradient F is needed to obtain the target score ∇ ln ρθ . Differenti-
ating the equations of motion (5) with respect to the initial position x(0) yields the evolution of the
deformation gradient F and its velocity counterpart G = ∂v(t )/∂x(0):

dF

dt
= G, m

dG

dt
= −Hess(V + Q) · F, (8)

with initial conditions F (0) = I and G(0) = ∂v(0)/∂x(0), which reduces to G(0) = 0 whenever
the initial wave function is real (v(0) = 0), as in both applications below. Here, [Hess(V + Q)]i j =
∂2(V + Q)/∂xi∂x j is the Hessian matrix of second derivatives. F and G track how an infinitesimal
neighborhood of initial conditions deforms under the flow, and are co-integrated alongside the
particle trajectories using a symplectic leapfrog scheme.

III. IMPLEMENTATION

We parametrize the score function as sθ (x, t ) = ∇xϕθ (x, t ), the gradient of the scalar function
ϕθ , ensuring that sθ is a gradient field by construction. The loss (6) depends on θ through the score
sθ , the flow Jacobian F , and the sampling distribution ρθ . Since initial positions xi(0) ∼ ρ0 are
fixed, gradients flow end-to-end through the trajectory ordinary differential equation (ODE) via the
chain rule. The full gradient dL/dθ is computed by backpropagation through time (BPTT) along the
discretized leapfrog trajectory, with gradient checkpointing [19] to manage memory. The algorithm
chains five spatial-derivative orders of ϕθ , plus the parameter gradient via BPTT. The full derivative
ladder is given in Appendix B, Table I. Gradient stability is aided by the symplecticity of the leapfrog
integrator, which constrains the growth of Jacobian products. Figure 2 summarizes the resulting
computational loop.

IV. APPLICATION

We apply the method to a chain of d coupled Morse oscillators V = ∑d−1
i=0 D(1 − e−βxi )2 +

λ
∑d−2

i=0 xixi+1, with D = 12.5, β = 0.2, λ = 0.3, and the first mode displaced by x0 = 1. The
score is decomposed as sθ = sbase + ∇xϕθ , where sbase is the analytical score from the harmonic
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FIG. 2. Training loop for the self-consistent score matching on Bohmian trajectories. The score network
sθ determines the quantum potential Q, which together with the classical potential V drives the Bohmian
trajectories via Eq. (5). Along each trajectory, we co-integrate the deformation gradient F and its velocity
counterpart G via Eq. (8). The Fisher divergence [Eq. (6)] measures the mismatch between sθ and the score
target [Eq. (7)], and gradients dL/dθ propagate end to end through the trajectory via BPTT.

approximation to the potential, providing a warm start. The correction ϕθ is a multilayer perceptron
with feature-wise linear modulation (FiLM) [20] time conditioning, which modulates each hidden
layer by a learned scale and shift that depend on t . Training uses M = 5000 particles, T = π ,
dt = 0.01 (314 leapfrog steps). Exact Bohmian dynamics on nodeless wave functions admits
no caustics: The quantum potential Q provides the antifocusing force that keeps det F bounded
away from zero, and the flow map is a diffeomorphism (see Sec. 3.3.8 of Ref. [14]). Early in
training, however, the learned score yields an insufficient Q and classical trajectory focusing appears
transiently. We mask near-caustic time steps (|det F | < 0.1) in the loss to avoid divergent score
targets. As training progresses, the learned quantum force −∇Q prevents caustic formation and the
masked fraction drops to zero. This regularization therefore does not affect the final accuracy.

Figure 3 shows the training convergence over 45 000 epochs. The occasional spikes visible
in panels (a) and (b) are caustic events: |det F | transiently becomes small, so the score target
F−T[∇x(0) ln ρ0 − ∇x(0) ln |det F |] in Eq. (7) inflates and the network takes an outsized gradient
step. The system self-heals within tens of epochs: The learned Q strengthens, |det F | recovers, and
both the loss and energy error return to baseline. The Fisher loss [panel (a)] decreases steadily apart
from these events; being a self-consistency residual rather than an error, its magnitude serves as
a self-consistency diagnostic, while accuracy is quantified in panel (b) and against the reference
solution below. Panel (b) reports the mean-energy error |〈E〉 − Eexact|, where the per-particle energy
1
2 m|vi|2 + V (xi ) + Q(xi, t ) is averaged over all ensemble particles and over the trajectory interval
[0, T ]. For the exact Bohmian flow, 〈E〉 at each time equals the conserved expectation value, so
this scalar measures the time-and-ensemble-averaged bias relative to Eexact; a temporal drift whose
excursions cancel would not show up in it, and we monitor that separately through the temporal
standard deviation of 〈E〉(t ), which is ≈5×10−3 at convergence. The energy error decreases from
∼0.2 to a median of ∼4×10−3 at convergence, a relative error of 0.17% against Eexact = 2.3236
obtained from a four-dimensional (4D) split-operator fast-Fourier-transform (FFT) reference on a
644 grid.

To verify that the trained score reproduces the correct quantum dynamics, we propagate an inde-
pendent ensemble of M = 20 000 particles with the learned score. Figure 4 compares the resulting
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FIG. 3. Training convergence on the d = 4 Morse chain over 45 000 epochs (raw per-epoch values, log
scale). (a) Fisher loss vs epoch. (b) Mean-energy error |〈E〉 − Eexact| vs epoch. 〈E〉 is averaged over the M =
5000 particles and the trajectory time [0, T ], and Eexact = 2.3236 is obtained from a 4D split-operator FFT
reference.

per-mode mean 〈xi〉(t ) and width σi(t ) =
√

〈x2
i 〉 − 〈xi〉2 against the exact FFT reference. Panel (a)

shows dipolelike oscillations of the mode positions: The initially displaced i = 0 mode oscillates
back through and past equilibrium under its restoring force, while the bilinear coupling λ xixi+1

transmits this excitation along the chain, driving progressively delayed and smaller-amplitude
motion of modes i = 1, 2, 3. Panel (b) shows mode-specific breathing of the widths: The Morse
anharmonicity makes the local restoring force amplitude dependent, so each marginal is squeezed
and stretched as it samples regions of varying curvature, with i = 0 breathing most strongly because
of its larger excursion and the others inheriting weaker breathing through their coupled motion. The
network reproduces both effects in phase and amplitude across all four modes.

To visualize what the network has learned, Fig. 5 shows the score field sθ (x, t ) on the (x0, x1)
slice through the 4D configuration space, with nonplotted dimensions fixed at equilibrium
(x2 = x3 = 0). The background color shows the exact slice density ρ(x0, x1, 0, 0) =
|�(x0, x1, 0, 0)|2 on a logarithmic scale, computed from the FFT wave function. Streamlines
depict the learned score field sθ , which the network must produce self-consistently to satisfy
sθ = ∇ ln ρθ .

At t = 0 [panel (a)], the score field is approximately radial, reflecting the Gaussian initial state.
At t = π [panel (b)], the density has deformed significantly under the anharmonic coupled potential:

FIG. 4. Mean 〈xi〉(t ) [panel (a)] and width σi(t ) [panel (b)] for each of the four modes of the d = 4 Morse
chain. Solid lines: exact FFT reference. Open circles: M = 20 000 particles propagated with the trained score
network.
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FIG. 5. Learned score field sθ (x, t ) (streamlines) on the (x0, x1) slice of the d = 4 Morse chain
(x2 = x3 = 0). Background: Exact slice density on a log scale. (a) t = 0: Gaussian initial state with approx-
imately radial score. (b) t = π : anharmonic coupling deforms the density and the score field. The learned
streamlines remain aligned with the exact density gradient across the wave packet.

The wave packet elongates along x0 and loses its near-rotational symmetry. The score field tracks
this deformation, curving to follow the density gradient of the non-Gaussian distribution. The
network captures the full 4D score on these trajectories: Even though only a 2D projection is
displayed, sθ is a four-component vector field that must simultaneously be correct in all dimensions
to maintain the self-consistent density evolution. As a direct density-level check, we evaluate the re-
verse Kullback-Leibler divergence KL(ρθ‖ρexact )(t ) ≈ M−1 ∑

i[ln ρθ (xi(t ), t ) − ln ρexact(xi(t ), t )]
as a per-particle Monte Carlo average, using ln ρθ (xi(t ), t ) = ln ρ0(xi(0)) − ln |det Fi(t )| from the
change of variables and ρexact = |�|2 multilinearly interpolated from the 4D FFT reference. At
M = 20 000, the KL remains near the interpolation floor throughout the trajectory (∼10−2 nats at
t = 0 and t = π ), confirming that the learned density matches the Schrödinger solution at the full
density level, not only in low-order moments.

V. DISCUSSION

Bohm’s theory was famously regarded as a conceptual framework to interpret quantum me-
chanics [8,9]. Self-consistent score matching on Bohmian trajectories turns it into a practical
computational tool for the TDSE, leveraging machinery from modern generative modeling. The link
between score matching and quantum mechanics in fact predates that machinery itself. Already in
2003, Garashchuk and Rassolov [15,16] fitted the quantum potential on trajectories by minimizing
Eρ[ 1

2 |s|2 + ∇ · s] ∝ 〈Q〉 in a polynomial basis—the implicit score-matching loss of Hyvärinen [17]
up to constants. What modern generative modeling contributes—which we leverage here—is a
flexible neural parametrization of the score, automatic differentiation through long trajectories, and a
globally enforced self-consistent objective over the entire time horizon, rather than an instantaneous
least-squares fit at each time step.

The parallel between generative modeling and quantum mechanics extends from deterministic
trajectories to stochastic ones. Nelson’s stochastic mechanics [21,22] is a Schrödinger-equivalent
formulation in which particles follow a drift-diffusion process rather than the deterministic Bohmian
path; the drift combines the Bohmian velocity with an osmotic term proportional to the score,
v + (h̄/2m)∇ ln ρ. In modern generative modeling, flow-based models transport densities along de-
terministic ODEs, while diffusion-based models [12,13] use stochastic differential equations (SDEs)
with a score-proportional drift, the two linked by a probability-flow ODE that reproduces the
SDE’s marginals. The Bohmian ODE is precisely the probability-flow ODE of Nelson’s SDE:
Bohmian mechanics is to flow-based generative models what Nelson’s stochastic mechanics is to
diffusion-based ones. The same viewpoint underlies recent neural methods for the Fokker-Planck
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equation [23–27], which replace SDE simulation by integration of a deterministic ODE driven
by a self-consistently learned score or velocity field. We extend this construction to Schrödinger
dynamics. The broader toolkit of modern generative modeling, including denoising score matching
and flow matching [28–30], may extend naturally to quantum dynamics. Orlova et al. [31] have taken
a first step on the stochastic side with deep stochastic mechanics: They parametrize both the current
and osmotic velocities of Nelson’s process as neural networks, sample trajectories self-consistently
by Euler-Maruyama integration of the learned SDE, and train the networks by minimizing partial
differential equation (PDE) residuals of the corresponding velocity equations on those samples.
The sampling strategy is thus self-generated as in the present method, but the governing dynamics
are stochastic rather than deterministic, two velocity fields are learned instead of a single score, and
the loss is a PDE residual rather than the Fisher divergence.

Other neural approaches to the TDSE differ more sharply. Time-dependent variational Monte
Carlo (tVMC) [2,32], among the most established neural-variational methods for quantum dy-
namics, parametrizes the complex wave function and evolves its parameters in time by projecting
the TDSE onto the tangent space of the parameter manifold via the time-dependent variational
principle [33,34]. This projection requires inverting an often ill-conditioned quantum geometric
tensor at every integrator step, together with Monte Carlo sampling from the time-dependent wave
function. The present method trades nodal flexibility for a real-valued, density-only representation
in which the complex phase is never parametrized—only its gradient v = ∇S/m is propagated,
and every sampled quantity enters the ensemble average with a strictly positive weight—replaces
the instantaneous tangent-space projection by a single global loss over the time horizon, replaces
Metropolis sampling of particle coordinates at every step by a deterministic particle ensemble
transported along the Bohmian trajectories, and needs no metric inversion at all.

Physics-informed neural networks (PINNs) [35] are another widely used neural framework for
solving PDEs that has been applied to the TDSE. PINNs parametrize the complex space-time wave
function �θ (x, t ) directly and minimize the TDSE residual on a set of collocation points drawn
from a user-prescribed distribution over configuration space and time. As in the present method,
the optimization is a single global loss over the time horizon, but the collocation distribution is
chosen by hand rather than by the dynamics: Equal weight is given to regions the physical state
never visits, and accuracy degrades in the tails where |�|2 is small. A recent application of PINNs
to the fermionic TDSE [36] samples collocation from |�θ|2 at each fixed t to bring the training
distribution onto the physical support. A related global-in-time scheme [37] expands the complex
wave function in a fixed neural-quantum-state basis with time-dependent coefficients, and likewise
samples from |�θ|2 at each time-integration node. The present method drops the complex phase
via the Madelung passage and replaces user-prescribed collocation or |�θ|2 sampling by a self-
generated particle ensemble transported along the Bohmian trajectories, automatically allocating
the training effort where the density has support.

Closer in spirit to the present method is the parametrized Wasserstein Hamiltonian flow (WHF)
of Ref. [38], which likewise eliminates the complex wave function and casts Schrödinger dynamics
as a continuous normalizing flow on the probability density. Like tVMC, however, WHF projects the
TDSE onto the parameter manifold at each instant and integrates the resulting ODE for the neural-
network parameters step by step. The present method replaces this integrator-driven projection by
a global optimization of the Fisher divergence over the time horizon, endowed with a built-in self-
consistency diagnostic (L = 0 iff self-consistent).

Nodes also arise dynamically: Exact solutions of the linear TDSE create and annihilate vortices in
pairs of opposite circulation [39,40], and in that regime the de Broglie-Bohm flow turns singular and
its trajectories become chaotic [41,42]. Since a diffeomorphism transports the zero level set of its
base [43], a flow cannot create or reconnect nodes; this is a boundary of the smooth diffeomorphic
flow representation used here, and the long-time or split-and-recombine regimes in d � 2 where
vortices proliferate lie outside the present scope.

Fermionic wave functions generically have nodes: Antisymmetry under particle exchange forces
� = 0 on a set that partitions configuration space into sign-disconnected cells [44]. These nodes
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violate the ρθ > 0 hypothesis of the present analysis on two counts. First, at a node, the score
s = ∇ ln ρ diverges and Bohmian trajectories cannot cross. A smooth score network sθ = ∇ϕθ

cannot represent the resulting cell structure. Second, nodes resurrect the Wallstrom objection [45]:
The Madelung system recovers the Schrödinger equation only under the quantization condition∮

v · d� = 2πnh̄/m, n ∈ Z, on every closed loop in configuration space, a constraint automatic
for a single-valued � but invisible to a score-only formulation. A possible route that resolves
both issues is to employ the fermion flow architecture [46–48], which parametrizes many-electron
wave functions as a permutation-equivariant normalizing flow from a Slater determinant. A dif-
feomorphism maps nodal cells to nodal cells, so within each cell ρ > 0 and the dynamics of
Eq. (5) without explicit phase parametrization applies. The sign across cells is read off the Slater
determinant rather than learned by the score network. The Slater determinant is also single-valued
with integer phase winding fixed by its orbitals, and a diffeomorphism preserves that winding on
every closed loop, so the Wallstrom condition is automatically satisfied. This addresses the sign and
the winding, but not topology change: Mapping nodal cells to nodal cells is precisely what prevents a
diffeomorphism from altering the nodal topology on its own, which would instead have to be carried
by the determinant, for instance, through time-dependent orbitals. Combining such fermionic flow
architectures with self-consistent score matching is therefore a promising route toward real-time
quantum dynamics of many-electron systems rather than a solved construction.
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APPENDIX A: PROOF OF THE EXACTNESS THEOREM

We prove the Exactness Theorem by constructing the wave function � = √
ρθ eiS/h̄ explicitly

from sθ and verifying that it satisfies the TDSE (1). The construction also provides the practical
recipe for recovering the density and phase from a trained score.

(i) Self-consistency. The network sθ and the score ∇ ln ρθ of the density ρθ that it induces
through the flow driven by Q[sθ] are, a priori, distinct fields. Since L � 0 with equality iff its
integrand vanishes on the support of ρθ , hypothesis (a) forces sθ (x, t ) = ∇ ln ρθ (x, t ) wherever
ρθ > 0, identifying Q[sθ] with the Madelung quantum potential Q[∇ ln ρθ].

(ii) Density. The Bohmian flow driven by sθ pushes ρ0 forward to ρθ (x(t ), t ) = ρ0(x(0))/
|det F (t )|—the recipe for the density. Probability is therefore exactly conserved on Lagrangian
particles, and the Madelung continuity equation (2) holds by construction.

(iii) Existence of a phase. The initial velocity v(0) = ∇S(x, 0)/m is irrotational. Expanding the
material derivative, the Bohmian equation m dv/dt = −∇(V + Q) reads ∂tv = −∇(V + Q)/m −
(v · ∇)v. Taking the curl and using the vorticity identity ∇×[(v · ∇)v] = (v · ∇)ω − (ω · ∇)v +
ω(∇ · v) with ω ≡ ∇×v yields the standard vorticity equation dω/dt = (ω · ∇)v − ω(∇ · v),
whose right-hand side is linear in ω. Hence, ω(0) = 0 is preserved along trajectories. A single-
valued phase S with v = ∇S/m therefore exists for all t ∈ [0, T ].

(iv) Quantum Hamilton-Jacobi equation. Substituting v = ∇S/m into ∂tv + (v · ∇)v =
−∇(V + Q)/m and using the irrotational identity (v · ∇)v = 1

2∇|v|2 (from the general identity
(v · ∇)v = 1

2∇|v|2 + (∇×v)×v together with ∇×v = 0) gives ∇[∂t S + |∇S|2/(2m)+V + Q]= 0,
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so Eq. (3) holds up to a gauge function C(t ) absorbed by S → S − ∫ t
0 C(t ′) dt ′. Numerically, S is

reconstructed along each trajectory by integrating Eq. (3) from the initial value S(x, 0)—the recipe
for the phase.

By hypothesis (b), ρθ > 0 on [0, T ], so � is nodeless and the phase S just constructed is globally
single-valued. The Madelung equations [6] [Eqs. (2)–(3)] are both satisfied; hence, � solves the
TDSE (1), and step (i) gives sθ = ∇ ln ρθ = ∇ ln |�|2. �

APPENDIX B: DERIVATIVE CHAIN AND DIMENSIONAL SCALING

Computing the Fisher loss [Eq. (6)] and its parameter gradient dL/dθ chains five orders of
spatial differentiation of the learnable scalar potential ϕθ (x, t ), followed by a BPTT pass through
the trajectory. Table I summarizes the cascade.

For d degrees of freedom, each Bohmian trajectory carries its position x ∈ Rd along with
the d×d matrices F and G, co-integrated via Eq. (8). The dominant cost per leapfrog step is
forming Hess(V + Q) · F in the G update—one Hessian-vector product per column of F , O(d2) per
trajectory for a fixed-width network, against O(d ) for a bare position update. The score-transport
correction ∇x(0) ln |det F | in Eq. (7) is then obtained by automatic differentiation through this
co-integrated ODE at the same O(d2) per-step cost.

This O(d2) cost is intrinsic to second-order dynamics. In first-order probability flows for the
Fokker-Planck equation [23–27], the velocity field is a local function of (x, t ) that depends linearly
on the score, so the log-density evolves through the divergence ∇ · v—a trace of a local network
Jacobian estimable by Hutchinson’s trick [10,50] in O(d ) per step. Bohmian dynamics differs
structurally: The score enters nonlinearly through the quantum potential Q ∝ ∇ · s + 1

2 |s|2 in the
acceleration m ẍ = −∇(V + Q[sθ]), and density transport in Eq. (7) couples to the full deformation
gradient F through F−T (not merely det F ). No trace shortcut can reduce the cost below O(d2).
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