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Simulated quantum annealing (SQA) has been widely studied as a heuristic for
solving hard optimization problems, including integer factorization formulated as a
quadratic unconstrained binary optimization (QUBO) problem. In this work, we present
a replication-oriented benchmark of annealing-based solvers applied to biprime factor-
ization using the direct QUBO mapping. We perform a controlled comparison of SQA,
implemented via path-integral Monte Carlo, simulated annealing (SA), and asynchronous
parallel simulated annealing (A-PSA), evaluating their performance in terms of probability
of success and time to solution. Here, A-PSA denotes a multistart strategy consisting
of multiple independent SA trajectories with no inter-replica interactions. Solver and
encoding parameters are systematically optimized using Bayesian optimization to ensure
a fair and reproducible comparison. Our results reproduce previously reported perfor-
mance trends: SQA outperforms conventional SA on the considered QUBO landscapes,
while SQA and A-PSA can exhibit closely comparable performance in specific regimes,
highlighting the importance of multistart baselines in annealing-based benchmarking. All
simulations are performed on commodity multithreaded CPU hardware using open-source
software, enabling straightforward reproducibility without reliance on specialized experi-
mental platforms. As a reference benchmark, the largest semiprime successfully factorized
in our study is 8219999 = 32749 x 251, matching results previously obtained using
quantum annealing hardware.

DOI: 10.1103/hjd6-qw5t

I. INTRODUCTION

Integer factorization is a canonical computational problem with central relevance to public-
key cryptography, most notably the Rivest—Shamir—Adleman (RSA) cryptosystem [1-8]. The
problem has also become a standard benchmark for assessing emerging computational paradigms,
including quantum and quantum-inspired optimization methods. While Shor’s algorithm demon-
strates that fault-tolerant quantum computers could factor large integers efficiently [9], current
quantum hardware remains far from the scale required for cryptographically relevant instances
[10-16]. As a result, alternative approaches based on heuristic optimization, quantum annealing,
and their classical simulations continue to attract attention. Quantum annealing (QA) and related
techniques aim to solve optimization problems by exploiting quantum fluctuations to navigate
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complex energy landscapes. In practice, access to physical quantum annealing hardware is limited,
and device performance is constrained by noise, connectivity, and control imperfections. For this
reason, simulated quantum annealing (SQA), typically implemented via path-integral Monte Carlo,
has become a widely used classical proxy for studying QA dynamics and benchmarking annealing-
based heuristics [17-26]. Classical simulated annealing (SA) [27] provides a natural reference point
for such comparisons. In this work, we also consider a parallel classical baseline based on running
multiple SA trajectories concurrently with no interprocess communication, which we denote as
asynchronous parallel simulated annealing (A-PSA). This corresponds to the “asynchronous” class
of parallel simulated annealing (PSA) methods in which parallel runs evolve independently and
no information is exchanged among replicas [28,29]. Such “parallel multistart” or “independent
trajectory” strategies are widely used as a scalable parallelization model for trajectory-based meta-
heuristics [30,31]. Importantly, A-PSA should not be confused with Replicated Simulated Annealing
schemes based on coupled replicas and robust-ensemble objectives, as introduced by Baldassi et al.
[32,33] and further analyzed by Gripon et al. [34]. In those replicated/robust-ensemble methods,
replicas are explicitly coupled (e.g., via a reference/centroid term), whereas our A-PSA baseline
uses no inter-replica interactions. A substantial body of prior work has investigated the relative
performance of QA, SQA, and classical annealing-based heuristics on a variety of optimization
problems [20,35-37]. Beyond comparisons with SA, SQA has also been evaluated against stronger
classical sampling/optimization baselines that exploit parallelism, such as parallel tempering, in
both algorithmic studies and hardware-oriented probabilistic Ising machines [38—40]. These works
reinforce the need for careful, resource-aware baselines when assessing SQA performance and
motivate including an explicit A-PSA control that captures the benefit of multistart exploration
under comparable computational budgets. For stoquastic Hamiltonians, it is well established that
SQA can outperform conventional SA on some landscapes, and that the precise relationship
between SQA dynamics and quantum adiabatic optimization algorithm can be instance dependent
[41,42]. Within this context, the contribution of the present work is not to introduce a factorization
algorithm or claim quantum advantage, but rather to provide a careful and reproducible replication
study focused on integer factorization formulated as a quadratic unconstrained binary optimization
(QUBO) problem. We adopt the direct method for mapping biprime factorization into QUBO
form [43] and benchmark SQA, SA, and A-PSA under controlled and explicitly documented
conditions. To the best of our knowledge, controlled benchmarks that directly compare SQA against
an explicitly asynchronous PSA (multistart SA) baseline on QUBO-based semiprime factoriza-
tion remain limited; accordingly, our study aims to help fill this gap with a replication-oriented
methodology. Recent experimental work by Grimaldi et al. [44] implemented SQA using stochastic
magnetic tunnel junctions on field-programmable gate array (FPGA)-based probabilistic computing
hardware, demonstrating factorization of integers up to 26 bits using thousands of p-bits. A key
conclusion of that study was that, when normalized for computational resources, SQA does not
significantly outperform an optimized classical approach. In this work, we treat such results as a
replication target and investigate whether analogous performance trends can be observed using only
commodity CPU hardware and open-source software implementations. Our study differs from prior
hardware-focused investigations in three deliberate aspects: hardware, software, and methodolog-
ical transparency. All simulations are performed on standard multithreaded CPU platforms using
widely adopted open-source libraries [45-49], with the explicit goal of enabling straightforward
reproducibility and independent verification. We systematically document solver configurations,
stopping criteria, and performance metrics to support meaningful comparison across studies. To
ensure a fair comparison between SQA, SA, and A-PSA, we employ Bayesian optimization to tune
solver and encoding parameters under realistic computational constraints. This approach allows us
to reproduce known performance regimes while controlling for confounding effects arising from
suboptimal parameter choices or annealing schedule instabilities. Similar optimization strategies
based on time to solution (TTS) have been employed in related benchmarking studies [50]. The
primary objective of this work is therefore to provide a transparent, reproducible benchmark that
clarifies under which conditions SQA offers an advantage over SA, and when its behavior converges
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to that of A-PSA, in the specific setting of QUBO-based semiprime factorization. By focusing on
replication rather than novelty, we aim to supply the community with a reliable reference point
for future algorithmic, hardware, or hybrid comparisons. The paper is structured as follows. In
Sec. II, we introduce the QUBO formulation of the factorization problem and the annealing-based
solvers. Section III describes the Bayesian optimization pipeline used to tune solver parameters. In
Sec. IV, we present the benchmarking results for SQA, SA, and A-PSA. Section V summarizes the
findings and discusses their implications. Four Appendixes provide additional supporting material:
Appendix A estimates the search-space cardinality; Appendix B discusses an alternative polynomial
constrained Boolean optimization (PCBO) formulation; Appendix C presents a structural analysis of
the derived Ising models; and Appendix D reports the optimized parameters used in the simulations.

II. METHODS

In 2001, Burges [43] demonstrated that factoring a biprime number N into its prime numbers p
and g can be mapped to an optimization problem. Consider an integer N that could be represented
in binary form using Ly bits:

[og, (N)1 = Ly, ey

where [.] is the ceiling function. The factorization problem asks to find the two prime factors p and
g such that

N=p-q. 2

We assume that N is odd as otherwise the factorization problem is trivial. Expressing the above
numbers N, p, and g in binary, the following relations are obtained:

Ly—1

L1 L—1
N=Y 2m p=) 2p. qa=7) 2a. 3)
i=0 =0 k=0

where n; € {0, 1} are known bits of N and p;, g; € {0, 1} are unknown binary variables. Since N is
assumed to be an odd number, p and g are odd primes, which implies that the least significant bits,
denoted as py and ¢y, are always 1.

Our analysis mainly focuses on balanced factorizations, with L, and L, of comparable size, as
the digital signature standard for RSA [51] recommends an even bit length for the modulus N and
prime factors of approximately half that length. However, since unbalanced cases have also been
explored in the literature, we consider an iterative encoding [52] capable of handling both balanced
and unbalanced factorizations:

— Ly — | Ln
Ly S Ly even, Ly L 2 J e Ly odd, 4)
Ly=%+1+a, Ly=[5]+1+a

where a is an integer initially set to zero and iteratively incremented, as described in Sec. III. Such
encoding allows to handle asymmetries in bit length between factors while enforcing the condition

Ly+L,=Ly+1, 5)

thereby ensuring that a sufficient number of bits is allocated to represent both factors.

Several approaches can be followed in order to convert this problem into an optimization problem
[53]. Moreover, it often happens that the objective function O(p, ¢) involves terms with order higher
than 2. This means that O(p, ¢q) is not the desired QUBO form [53,54] but rather it is expressed
as a higher-order unconstrained binary optimization (HUBQO) problem [55]. The trick used to
transform HUBOs into QUBO:s is to add ancillary variables and substitute higher-order terms with
an expression having the same minimum and containing only quadratic terms [56]. We delegate this
task to the open-source library QUBOVERT [45]. A straightforward optimization model penalizes
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the deviation of the product p - g from N:
Op.q) = (N —p-q)7, 6)

where the square at the exponent ensures that the function has its global minimum only when p and
q are factors of N, i.e., where the objective function has value 0. Knowing the value of the objective
function at the global minimum is not trivial information, because it allows the computation of the
probability of success metric [57,58]. This is the basis of our approach to the search of optimal
parameters for simulations in Sec. III.

Expanding p and ¢ in their binary forms yields

2
Ly—1 L,—1

Ly—1
Op.q) = [ Y 2m—| D 2p; || D2 | | - (7)
i=0 j=0

k=0

This objective is polynomial in the binary variables but contains many cubic and higher-order terms,
which can be burdensome when converting to a QUBO (quadratic) form. Various approaches have
been proposed to find this minimum by using a Hamiltonian to find the ground state. Most methods
use arithmetic simplifications of equations resulting from the binary multiplication table when
multiplying p and g as binary numbers. For a detailed explanation of those approaches, we refer
to Ref. [59].

The QUBOVERT library allows the conversion of the objective function to a QUBO formulation.
At this point, the objective function is amenable to be mapped to an Ising model [60], in order to
exploit energy minimization methods coming from statistical physics. The classical Ising model
describes a system of N spins s; € {—1, +1} with Hamiltonian

d

Higing = — Z]ijsisj - Zhisi + b, ®)
i> i=1

where J;; are coupling constants, /; are local fields, and d is the dimension of the system. The
bias term b comes from the mapping process of the QUBO problem and allows to offset the energy,
preserving the minimum global value to 0. The bias term is not relevant for the search of the optimal
solution and in the following we do not report this term in the Hamiltonian representation in order to
have more clarity in the exposition. A visualization of the Ising model corresponding to factorization
problem for N = 143 is shown in Fig. 1.

The entries of matrix J and vector 4 are determined by the QUBO encoding, so their magnitudes
and patterns reflect the arithmetic structure of the problem and not statistical disorder. A detailed
structural analysis is reported in Appendix C for the values of N = 59 989. The list of semiprime
integers considered for factorization and the corresponding Ising-model statistics are summarized in
Table I, where |J| is defined by Eq. (30). The list is defined from lists already analyzed in different
previous studies [52,59,61,62].

A. Simulated quantum annealing

In the quantum, i.e., transverse field, Ising model (TFIM), the classical spin variables s; are
promoted to quantum operators [63—-65]. The Hamiltonian becomes

d d

Hrem = — Z]ij-&f&; — Zh,-&f —TI'@) Za’lx (9)
i~ i1 i

= Hising + Hrr(2), (10)

where 67 and 67 are Pauli matrices acting on spin i and I'(¢) is the strength of the transverse field.
The eigenvalues of 67 are &1, which correspond to the classical Ising spin states. The transverse-
field term introduces quantum fluctuations, enabling tunneling between classical configurations and
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FIG. 1. Visualization of the Ising model for the eight-bit number N = 143, consisting of the upper-
triangular interaction matrix J, the local fields &, and the global energy offset, all plotted with a shared color
scale centered at zero. Asymmetric encoding is used.

thus allowing a quantum search of the phase space. Initially, the strength of the transverse field
I'(t) is chosen to be very large, and the total Hamiltonian is dominated by the second kinetic term.
The coefficient is then gradually and monotonically decreased toward 0, leaving eventually only
the potential term Higing. Accordingly, the state vector is expected to evolve from the trivial initial
ground state of the transverse-field term to the nontrivial ground state of Hygi,g, which is the solution
of the optimization problem.

An important issue is how slowly I'(¢) should be reduced to keep the state vector arbitrarily
close to the instantaneous ground state of the total Hamiltonian [64]. The power decrease of
the transverse field guarantees the adiabatic evolution. This annealing schedule, however, does
not provide practically useful algorithms because infinitely long time is necessary to reach the
exact solution. An approximate algorithm for finite annealing time t should be used in practice.
Since such a finite-time algorithm does not satisfy the generic convergence condition, the answer
includes a certain amount of errors. Annealing schedules showing errors proportional to 72" (m > 1)
were developed in Ref. [64]. The ordinary Hamiltonian of quantum annealing [66—69] with finite
annealing time 7 is composed of the potential term and the kinetic energy term:

H(s) = f(s)Hsing + [1 — f(s)]HrE. (11)

Here, s = ¢/t is a normalized time and I'(#) = I". The function f(s), representing the anneal-
ing schedule, satisfies f(0) =0 and f(1) = 1. Thus, H(0) = Hrr and H(1) = Higy,e. The above
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TABLE I. Semiprime integers considered for factorization and corresponding Ising-model statistics.

N p q nN np Ng a4 Rgpins Jmin Jmax |1 Nmin Nmax

15 3 5 4 2 30 4 —6.45x 10" 3.62x 10" 3.41x 10" —8.82x 10" 9.65 x 10!
21 3 7 5 2 30 8 —3.86x102 197 x 10> 6.82x 10! —4.17 x 10> 5.78 x 10?
35 5 7 6 3 30 11 —9.62x 10> 3.89 x 10> 3.08 x 102 —1.75x10° 1.44 x 103
57 3 19 6 2 51 8 —1.02x10° 5.12x10%2 1.66 x 10> —2.14 x 10> 1.54 x 103
77 7 11 7 3 40 15 —4.61x10° 1.44x10° 572x 102 —6.02x 10> 6.91 x 10°
123 3 41 7 2 6 2 10 —4.10x 10> 2.05 x 10®> 2.56 x 10> —9.85x 10° 6.14 x 103
143 11 13 8 4 40 19 —215x10* 736x10° 1.26x10° —2.61 x 10* 3.23 x 104
253 11 23 8 4 50 19 —2.15x10* 512x10° 9.29x 102 —3.94x 10* 3.23 x 10*
451 11 41 9 4 6 1 24 —9.22x10* 205x10* 230x10° —1.76 x 10° 1.38 x 10°
511 7 739 3 7 2 20 —645x10* 246 x10* 2.05x10° —2.12x10° 9.68 x 10*
899 29 31 10 5 5 0 29 —430x10° 7.37x10* 4.10x 10° —6.43 x 10° 6.45 x 10°
1011 3 337 10 2 9 3 16 —2.62x10° 131 x10° 2.05x 10> —6.86x10° 3.93 x 10°
1769 29 61 11 5 6 0 35 —1.84x10° 3.12x105 8.19x 10° —2.56 x 10° 2.76 x 10°
2047 23 89 11 5 71 34 —1.78x 100 295x10° 7.14x 103 —2.96 x 10° 2.67 x 10°
4009 19 211 12 5 8 1 41 —-7.23x10° 1.18x10° 1.64x10* —1.25x107 1.08 x 107
4087 61 67 12 6 7 0 41 —-7.62x10° 1.11x10° 1.64x 10* —1.19x 107 1.14 x 107
5723 59 97 13 6 7 0 48 —3.15x107 8.48x10° 328 x 10* —3.77 x 107 4.72 x 107
8189 19 431 13 5 9 2 46 —291x107 472x10° 328 x10* —5.12x 107 4.37 x 107
15853 83 191 14 7 8 0 55 —128x10% 1.73x107 6.55x 10* —1.92x10% 1.92 x 108
16379 11 1489 14 4 11 3 44 —1.00x10% 2.10x 107 6.55x 10* —2.12x 108 1.51 x 108
21733 103 211 15 7 8 0 63 —520x10% 1.51 x10® 8.19x 10* —6.04 x 108 7.80 x 108
32743 137 239 15 8 8 0 63 —520x10% 6.82x107 7.78 x 10* —7.85x 108 7.80 x 108
49583 179 277 16 8 9 0 71 —210x10° 511 x10% 1.64x10° —2.66x 10° 3.15 x 10°
59989 239 251 16 8 8 0 71 —210x10° 3.41x10® 1.64x10° —3.00x 10° 3.15 x 10°
65509 109 601 16 7 10 1 69 —2.07x10° 277 x 108 1.64 x10° —3.19x 10° 3.11 x 10°
94037 271 347 17 9 9 0 80 —846x10° 224x10° 2.87x10° —1.03 x 1010 1.27 x 10'°
131069 53 2473 17 6 12 3 74 —8.05x10° 1.14x10° 3.93x10° —1.30x 100 1.21 x 10'°
159317 313 509 18 9 9 0 89 —3.40x 10" 1.09x 100 557 x 105 —3.77 x 10'® 5.09 x 10'°
262099 349 751 18 9 10 0 89 —3.40x 100 433 x10° 557 x10° —5.12 x 10! 5.09 x 100
374599 521 719 19 10 10 0 99 —1.36 x 101 3.64 x 1010 1.08 x 10° —1.66 x 10! 2.05 x 10'!
376289 571 659 19 10 10 0 99 —1.36x 10" 3.62 x 100 1.08 x 10° —1.66 x 10'" 2.05 x 10'!
524281 269 1949 19 9 11 1 98 —1.36 x 10" 1.73 x 1010 1.08 x 10° —2.05 x 10" 2.04 x 10!
881851 727 1213 20 10 11 0 109 —5.47 x 10'" 1.11 x 10" 2.15x 10° —7.34 x 10'1 8.20 x 10"
1005973 997 1009 20 10 10 0 109 —5.47 x 10" 7.87 x 10" 2.15 x 10® —8.00 x 10" 8.20 x 10'!
1028171 1009 1019 20 10 10 0 109 —5.47 x 10'! 7.29 x 1010 2.15x 10° —8.11 x 10'! 8.20 x 10!
1048561 911 1151 20 10 11 0 109 —5.47 x 10'' 6.90 x 100 2.13 x 106 —8.22 x 10'! 8.20 x 10"
1794953 907 1979 21 10 11 0 120 —2.19 x 10'2 4.30 x 10'! 4.26 x 10°® —2.97 x 10'2 3.29 x 102
2093809 1447 1447 21 11 11 0 120 —2.19 x 102 2.75 x 10'! 4.26 x 10° —3.28 x 10'2 3.29 x 102
3819047 1873 2039 22 11 11 0 131 —8.77 x 10'2 1.48 x 10'2 8.42 x 10° —1.24 x 10"3 1.32 x 103
8219999 251 32749 23 8 15 3 134 —3.49x 103 4.65x 102 1.69 x 107 —5.20 x 1013 5.24 x 1013

Hamiltonian connects the trivial initial state and the nontrivial desired solution after evolution time
7. The condition on the bounding error 72" holds if the kth derivative of f(s) is zero at s = 0 and
1 fork=1,2,...,m— 1; moreover, f(s) is an mth differentiable function whose mth derivative
is continuous. Examples of such annealing schedules are the linear one or others defined in Ref.
[64]. The open-source package Openjij [46] implements such schedules until the quartic power.
Inverse temperature schedules for the SA and A-PSA algorithms were computed using a geometric
progression.

000067-6



BENCHMARK STUDY OF SIMULATED QUANTUM ...

Starting from the quantum Hamiltonian of Eq. (9), the partition function at inverse temperature
B is
Z = Tr[e P, (12)
Applying the Suzuki-Trotter decomposition with M slices [70],

_ . _ . _ M
e B(Hising+Hrr) p (e AtHgsing ATHTF) . AT = B (13)

where At is the width of each imaginary-time slice. At = /M is the discretization step along the
imaginary-time axis of length 8 = 1/(kgT ). It does not represent real physical time or the annealing
time. It is a numerical parameter controlling the Trotter approximation error. In natural units (i = 1),
imaginary time has the same dimension as real time, but here it is purely a mathematical construct.
After inserting complete sets of o° eigenstates and tracing over o* contributions, the quantum model

maps to a (d 4 1)-dimensional classical Ising model with spins s, € {£1}, where i=1,...,d
labels spatial sites and k = 1, ..., M labels Trotter slices. The effective classical Hamiltonian is
[71,72]
M d d M
Ha=—=> | Y I siasin+ D S siac | =T DD sinsiksr (14)
k=1 | i>j i=1 i=1 k=1

with periodic boundary conditions s; y7+1 = s;1 and couplings
I = Atgy, B = Ath, J; = jIncoth(ATT). (15)

In simulated quantum annealing, the transverse field I'(#) changes according to an annealing sched-
ule. For each fixed I', the classical Hamiltonian uses the same At because 8 and M are fixed by
the simulation temperature and discretization choice. The coupling J; depends on I'(¢), so quantum
fluctuations are encoded in the interslice interaction, while At remains constant throughout the
schedule.

II1. BAYESIAN PIPELINE PARAMETER SEARCH

Since the performance of SA, SQA, and A-PSA is highly sensitive to the choice of parameters,
identifying their optimal values is essential to provide a fair assessment of the efficiency of each
algorithm. To this end, we resorted to a Bayesian optimization procedure fixing the algorithm
computational budget and choosing as objective function the probability of success, i.e., the fraction
of successful annealing runs over a given annealing ensemble. The use of this metric is enabled by
the fact that the minimum of the prime factorization objective function [Eq. (6)] is known a priori,
which uniquely determines the ground-state energy Ej of the associated Ising Hamiltonian.

A run is considered successful according to solver-specific criteria, with two variants defined for
SA and A-PSA. In particular, one variant evaluates success solely based on the final state of the
system at the end of the annealing process, while the second—referred to as continuous evaluation
(CE)—also accounts for intermediate configurations by monitoring the system energy throughout
the annealing. This choice is motivated by the absence of convergence theorems defining annealing
schedules that guarantee asymptotic ground-state occupation for the considered Ising systems.
The resulting five solvers, obtained from the combination of algorithms and success criteria, are
described in Table II.

Therefore, we define the probability of success computed over a sample of K runs as a function
of the solver S, namely,

Po(S) = ZI EL(S)), (16)
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TABLE II. Definition of the success criteria used for each solver.

Solver Success criterion

SA E, is attained at the end of the annealing process.

SA-CE E, is attained at any Monte Carlo sweep during the annealing.
SQA-CE E, is attained by any Trotter slice at the end of any Monte Carlo sweep.
A-PSA E, is attained by any replica at the end of the annealing process.
A-PSA-CE E, is attained by any replica at the end of any Monte Carlo sweep.

where Z4(x) is the indicator function and EX _(S) is the residual energy for the kth trial and solver

res

S:
min E(t;) — Eo, S = SA-CE,
nliinMEv")(zj) —E,, S=SQACE,
Ees(8) =1 ;1. (17)
min EC())— Eo, S = A-PSA,
7nl{in’RE<f>(t,) —E,, S =A-PSACE,
J=lond

where the superscripts (m) and (r) denote the mth Trotter slice and rth replica, respectively, ¢;
denotes the jth Monte Carlo sweep, J is the number of Monte Carlo sweeps, M is the number
of Trotter slices, and R is the number of replicas.

It is worth noting that, as some of the parameters affect not only the annealing process but also the
computational load of the algorithm, the metric that is typically used to compare the performance
of different annealing algorithms is the time to solution, a composite metric representing the total
computation time required to obtain the optimal solution with probability pg, defined as follows:

In(1 — pr)
In(1 — py(S))’

where 7(S) is the computation time for a single annealing process. This metric does not inherently
impose any constraints on the computational budget and is usually computed after the parameter
values have been set. As during the optimization process it is necessary to ensure a fair and
controlled comparison between parameter configurations, we first fixed the computational budget,
shared among algorithms, and then ran the Bayesian optimizers. In this context, the computational
budget is represented by the total number of Monte Carlo steps (MCS) per spin [35] performed by
the algorithm, i.e., a normalized budget with respect to the total number of spins. Specifically, this
is equal to the number of Monte Carlo sweeps for SA, the product between the number of Trotter
slices and the number of Monte Carlo sweeps for SQA, and the product between the number of
replicas and the number of Monte Carlo sweeps for A-PSA.

The global pipeline is described in Algorithm 1. The first section shows the optimization phase
to find optimal parameters, i.e., Oy, for solvers fixing the budget; the second section shows the
evaluation phase using different computational budgets for fixed solvers parameters determined
by the first phase. 6,y describes only the solver parameters; instead, the optimizer parameters are
assigned their default values.

The encoding phase, formalized by Eq. (4), requires a dedicated subroutine that we show in
Algorithm 2. The result is the Ising model for the different instances of N analyzed in the current
study.

After fixing the computational budget, we proceeded with the optimization of the remaining
parameters, each of which required a dedicated approach. The SA algorithm is governed by the

TTS(S, pg) := ©(S) (18)
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ALGORITHM 1. Meta-heuristic factorization with Bayesian optimization.

Input: N, ay,, optimizer_params, solver_params
Input: optimizers <« [tpe, gp]

Input: solvers <« [sa, sa_ce, sqa_ce, apsa, apsa_ce]
l:a<0

2: global_max_ps < 0

3: do

4 model < ENCODEISINGMODEL(N, a)

5 for all optimizer € optimizers then

6: for all solver € solvers do

7 (Bopt> PSopt) <— OPTIMIZE(model, optimizer, optimizer_params, solver, solver_params)
8 best_params[optimizer][solver] < 6y

9: if PS,,; > global_max_ps then
10: global_max_ps < PS,y

11: end if

12: end for

13:  end for

14: a<a+1

15: while ¢ < a,,,x and global_max_ps = O then
16: global_max_ps > 0

17:  for all optimizer € optimizers do

18: for all solver € solvers do

19: for all mcs € mcs_list do

20: (PS, TTS, €,s) < COMPUTEMETRICS(model, best_params [optimizer] [solver], solver)
21: end for

22: end for

23:  end for

24: end if

ALGORITHM 2. Encode Ising model (N, a).

Input: N, a
Output: ISINGMODEL(#, J, C) >C := Ising offset
n < [log, N1
if n (mod 2) = 0 then
n, < n/2—a
ng<n/2+1+a
else
n, < [n/2]+1—-a
ng < |n/2l+1+4+a
end if
Define binary vectors x, € {0, 1}"»~!, x, € {0, 1}"~!

R A A Sl ey

10: p(x,) < Y0 20 +1

1 qlr,) < X0 2750 +1

12: Fuupo(x) < (V = p(x,) - q(x,)) B 1= [, %,]

13: (Q, ¢) <« HUBOTOQUBO(Fyugo) >c := QUBO offset
14: (h,J,C) < QUBOTOISING(Q, ¢)

15: return ISINGMODEL(%, J, C)
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B schedule, whose functional form was fixed to be geometric, while its boundary values were
estimated, for each number to be factorized, following the approach implemented in D-Wave’s
neal library [47]. More precisely, to allow the system to explore widely separated regions of the
configuration space in the initial annealing phase, Bnin was chosen such that

PP (B = e PdE” S 05 v (19

flip . o e . . .
where AE;™ is the variation in the system energy due to the spin flip, namely,

AEM™ = 25| b + Zfijsj = 2h{"s;, (20)
J
and
W™ =hi+ ) Jijs; 1)
J
is the effective field for spin i.
Introducing

A | = max [ (7l + > 131 ] (22)

J
the maximum energy variation resulting from a spin flip can be approximated by
AEDD ~ 2 nf| . (23)

Thus, the condition given by Eq. (19) can be rewritten as
e*ﬂminAEﬂTx =0.5, (24)

from which B, can be calculated.

At the end of the annealing process, instead, to favor the convergence of the system toward the
configuration corresponding to a local or global energy minimum, the value of B« is estimated
from the following condition on the total excitation rate:

i —Bmin AE
D P Buin) = YA < 0.01. (25)

Defining
|Almin := nilijn{lhiL ij1}s (26)

the minimum energy variation resulting from a spin flip can be approximated by
| AE™ iy ~ 215 . 27

Considering only the contribution deriving from the spins associated with the minimum effective
field and denoting with yn;, the number of such spins, we obtain the following relation:

3 P Bin) ~ mine P s < 0,01, (28)
1
from which the value of B,.x can be retrieved.

Such estimate was further refined performing Bayesian optimization within the range
[max{Bmin, Pmax/10}, 10Bmax], Where Brax and Bmin denote the parameter values estimated with the
method derived from D-Wave.

The intermediate values of 8 were selected according to a geometric annealing schedule.

In contrast to SA, all SQA parameters, i.e., M, B, and I', were optimized using a Bayesian
approach. Since the optimization had to be performed for different Ising systems, each of which
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corresponding to the integer to be factorized, we introduced

—~ MT  ~ r
M

T =——/, T :=—, 29)
I/ 171
where |J|, representing the typical spin coupling scale, was defined as
|[J] := median{|J;;| : J;; #0,i, j=1,...,d}. 30)

This choice is motivated by the high degree of sparsity characterizing the matrix J.

Bayesian optimizers were then applied to MT, I', and M, yielding the optimal set of SQA
parameters. This approach was guided by Ref. [17], which analyzed how the interplay between
I', MT, and the spin coupling scale affects the performance of path-integral Monte Carlo. The
functional form of the annealing schedule was fixed to be quartic.

Finally, the B schedule for the A-PSA algorithm was determined in the same way as the SA
algorithm. The number of replicas, instead, was set equal to the number of Trotter slices provided
by the Bayesian optimization, as A-PSA was primarily studied to compare the performance of SQA
to a straightforward SA replication using the same computational budget as SQA.

Given the computational cost to evaluate the objective function, parameter optimization was
carried out relying on two sequential model-based global optimization algorithms: the Gaussian-
process (GP)-based surrogate model, whose implementation was provided by the scikit-optimize
[48] Python library, and the tree-structured Parzen estimator (TPE), whose implementation was
provided by the Optuna [49] Python library. For both approaches, parameter search was based on the
optimization of the expected improvement criterion [73] for the probability of success metric. The
use of both methods is motivated by the fact that GP-based optimization provides a well-established
baseline, whereas TPE is particularly well suited for high-dimensional parameter spaces under
limited evaluation budgets.

The maximum values of p; obtained for each optimizer and solver, for all integers N, are
summarized in Table III. Each value of p; was estimated from a sample of runs of size neqqds
and achieved within 100 optimizer iterations. An extended version of the table, including the
computational budget allocated to each solver and the corresponding optimal parameter values,
is provided in Appendix D.

The SA and SA-CE solvers generally yield the lowest probabilities of success, while optimal
values of p, exhibit an overall decreasing trend across solvers as N increases. Notable exceptions
to this trend are observed for specific instances, such as N = 59989, 1028 171, 8219999, which
display substantially higher values of p; compared to semiprimes of comparable size. In the case
of N = 8219999, this behavior can be partially attributed to the strong imbalance between its
factors; however, this explanation does not apply to the remaining two instances, which correspond
to balanced factorizations. The observed anomalies in the trend of p; may indicate that |J| does
not accurately represent the coupling scale for all N or that the functional forms of the annealing
schedules are suboptimal, pointing to potential avenues for further optimization.

IV. SIMULATION RESULTS

All simulations were run on a Google Cloud server equipped with Linux VM, Jupyter Python
Environment, and Intel Xeon Gold 6242 @ 2.80 GHz CPU, 128 GB RAM. In this section, we show
the simulation results for the cases N = 59989 and N = 8219 999. The parameters and results are
shown for the optimization phase, i.e., the phase where optimizers determine optimal values for
solver parameters with fixed computational budget expressed in Monte Carlo steps, and for the
evaluation phase, i.e., where the computational budget is variable in a given range allowing the
evaluation of the different solvers using the optimal parameters. In this section, the term energy
refers to the residual energy as defined in Eq. (17), and the global minimum is obtained when the
energy is zero. The simulation results can be computed using the code package available as the
Supplemental Material [74].
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TABLE III. Optimal values of p, obtained for each value of N, solver, and optimizer. For each optimizer,
the maximum value of p; is highlighted in bold.

N Ny Mewas  Optimizer  SA SA-CE  SQA-CE  APSA  A-PSA-CE
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2 s TR T e 1w 1o
506 w0 T 0D e 1o e 1
o6 w0 T 6 Lo 1w 1w 1o
o7 0l e 1w 1w 160
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w80 0 e 1w L
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TABLE IIl. (Continued.)

N ny Treads Optimizer SA SA-CE SQA-CE A-PSA A-PSA-CE

TPE 0.00 0.02 0.02 0.02 0.02
49583 16 100 GP 0.01 0.03 0.02 0.02 0.02
TPE 0.02 0.04 0.88 0.92 0.97
39989 16 100 GP 0.02 0.02 0.86 0.96 0.97
TPE 0.01 0.02 0.02 0.02 0.02
65509 16 100 GP 0.01 0.02 0.02 0.01 0.02
TPE 0.01 0.01 0.03 0.06 0.04
94037 17 100 GP 0.01 0.01 0.03 0.05 0.06
TPE 0.00 0.01 0.01 0.01 0.01
131069 17 100 GP 0.00 0.01 0.01 0.01 0.01
TPE 0.01 0.02 0.09 0.11 0.14
159317 18 100 GP 0.00 0.01 0.08 0.11 0.11
TPE 0.01 0.01 0.05 0.05 0.05
262099 18 100 GP 0.01 0.01 0.03 0.06 0.05
TPE 0.00 0.00 0.01 0.01 0.01
374599 19 100 GP 0.00 0.01 0.00 0.00 0.01
TPE 0.01 0.00 0.01 0.02 0.02
376289 19 100 GP 0.01 0.00 0.01 0.02 0.02
TPE 0.01 0.01 0.01 0.00 0.01
524281 19 100 GP 0.00 0.01 0.00 0.01 0.00
TPE 0.00 0.00 0.01 0.02 0.01
881851 20 100 GP 0.01 0.00 0.01 0.01 0.01
TPE 0.01 0.00 0.02 0.01 0.02
1005973 20 100 GP 0.00 0.00 0.01 0.02 0.02
TPE 0.01 0.01 0.09 0.12 0.13
1028171 20 100 GP 0.01 0.01 0.14 0.12 0.13
TPE 0.01 0.01 0.00 0.01 0.01
1048561 20 100 GP 0.01 0.00 0.01 0.02 0.02
TPE 0.00 0.01 0.01 0.01 0.01
1794953 21 100 GP 0.01 0.00 0.01 0.01 0.01
100 TPE 0.00 0.00 0.00 0.00 0.01
2093 809 21 GP 0.00 0.01 0.00 0.00 0.00

200 TPE 0.00 0.00 0.005 0.005 0.005

GP 0.00 0.01 0.00 0.00 0.005
TPE 0.00 0.00 0.01 0.02 0.02
3819047 22 100 GP 0.00 0.00 0.01 0.01 0.01
100 TPE 0.00 0.01 0.20 0.11 0.12
GP 0.01 0.01 0.17 0.10 0.11

TPE 0.005 0.005 0.1525 0.10 0.0875
8219999 23 400 GP 0.000 0.0025 0.155 0.095 0.09

A. The case of N = 59989

For this case, the parameters used for the optimization phase are reported in Table IV, where the

search space for the parameters of different solvers is described.
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TABLE IV. Configuration parameters for the optimization phase for N = 59 989.

Parameter Value
encoding.N 59989
encoding.max_factor_extra_bits 4
encoding.factor_extra_bits 0
optimization.num_mc_steps 20000
optimization.optimizer.num_trials 100
optimization.sampler.num_reads 100
optimization.ca_params.static.beta_min 4.1 x 107"
optimization.ca_params.static.num_mc_sweeps_per_beta 1
optimization.ca_params.optimized.beta_max [0.075, 7.49]
optimization.sqa_params.static.num_mc_sweeps_per_gamma 1
optimization.sqa_params.optimized.num_trotter_slices [200, 2000]
optimization.sqa_params.optimized.gamma_par [1.0,5.0]
optimization.sqa_params.optimized. MT_par [1.0,5.0]

The optimization phase gives the optimal parameter results described in Table V for the different
solvers.

The probability of success p; reaches its maximum value for the A-PSA-CE solver, followed
by SQA-CE and SA. The optimal parameters are kept fixed in the following phase, where the
computational budget is variable. The parameters used for the evaluation phase are reported in
Table VI.

In order to illustrate the metric results, we select the evaluation phase corresponding to the
optimal parameters provided by the GP Optimizer. Overall, we will focus on comparing the
performance of SQA and A-PSA, as they exhibit similar behavior and consistently outperform
the SA solver. The first metric we analyze is connected to the frequency of obtaining the global
minimum during the annealing process. For this analysis, the computational budget is the same as
that reported in Table IV. In this case, the relevant quantities for statistics are the number of 100
reads, the optimal number of Trotter slices/replicas: 1249, and the optimal number of sweeps: 16.
A-PSA inherits the number of replicas from the number of optimal Trotter slices. The product of
these three numbers gives the total number of energy evaluations of the system that are recorded by

TABLE V. Optimal parameter values obtained for N = 59 989, optimizer, and solver. For each optimizer,
the maximum value of p; is highlighted in bold.

N N Mgeaqs Optimizer N MCS p; Bin Brnax R M B r
SA 20000 0.02 4.1 x 10711 6.8 — — — -
SA-CE 20000 0.02 4.1 x 10711 7.5 — — — -

GP SQA-CE 19984 0.86 - - 1249 2.7 x 1072 8.2 x 103
A-PSA 19984 0.96 4.1 x 1071 7.5 x 1072 1249 — - -

50989 16 100 A-PSA-CE 19984 0.97 4.1 x 10~ 7.2 1249 - - -
SA 20000 0.02 4.1 x 10711 52 - - -
SA-CE 20000 0.04 4.1 x 107! 33 - - - -
TPE SQA-CE 18760 0.88 - - - 134024 x 1073 5.9 x 10°
A-PSA 18760 0.92 4.1 x 107! 6 1340 - - -
A-PSA-CE 18760 0.97 4.1 x 10711 55 1340 - - -
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TABLE VI. Configuration parameters for the evaluation phase for N = 59 989.

Parameter Value
evaluation.num_mc_step_list.min 6000
evaluation.num_mc_step_list.max 60000
evaluation.num_mc_step_list.num 10
evaluation.metrics.cl 0.95
evaluation.metrics.p_r 0.99
evaluation.metrics.n_resamples 1000
evaluation.sampler.num_reads_ts 100
evaluation.sampler.num_reads_perf 100

the software pipeline. The global minimum is found 913 times in the case of the SQA-CE solver.
This represents a fraction of fiinglob = 4.6 x 10~* of the total number of evaluations. This fraction
should not be confused with the value of p; reported in Table V, because we should remember the
definition of success given in Table II. According to this definition, ps 2 fuinglob, because for CE
solvers one success can correspond to many different findings of the global minimum during the
annealing. The global minimum is found 2187 times in the case of the A-PSA-CE solver. It is clear
that these occurrences are distributed between different reads and different Trotter slices. For each
read and each Trotter slice, we normalize the number of times that the global minimum is found by
the number of sweeps, i.e., the total number of updates of energy during the annealing. In this way,
we compute a frequency to find the global minimum. Then, we calculate the mean value of these
frequencies over the Trotter slices for each read, noting that such means can have a different basis
depending on different reads. These mean values are reported in Fig. 2. The values are higher for
the A-PSA-CE solver relative to the SQA-CE solver.

At this point, we select different reads for each solver in order to illustrate the energy dynamics
during the annealing of the system. For the case of SQA-CE exploration, we select read 0 and read
9 corresponding to frequency mean of 43.75 and 62.5, respectively. The energy dynamics is shown
in Fig. 3. The energy dynamics shows boxplots computed on Trotter slices and energy is plotted
with +1 bias in order to compute a log scale. The panels are coherent with zero-energy frequencies

Zero-energy frequency mean per read (N=59989), SQA-CE Zero-energy frequency mean per read (N=59989), A-PSA-CE
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FIG. 2. Zero-energy frequency mean per read for SQA-CE and A-PSA-CE solvers for N = 59 989. The

results for the SQA-CE solver are shown in panel (a) and for the A-PSA-CE solver in panel (b).
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Per-sweep energy distributions (box plots) — read=0 [energy—energy+1, log y]
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(a) Energy of the system for SQA-CE solver in the read 0.
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(b) Energy of the system for SQA-CE solver in the read 9.

FIG. 3. Energy of the system explored by SQA-CE solver for N = 59989. The boxplot’s statistics are
computed over the different Trotter slices. The results corresponding to read 0 are shown in panel (a) and to
read 9 in panel (b).

because the extreme values of boxplots reach the global minimum more in Fig. 3(b) compared to
Fig. 3(a). The annealing process is capable to reach the global minimum as extreme energy values
of Trotter slices. The energy ranges of the different Trotter slices are quite stable, as displayed by the
bulk of the boxplots, demonstrating an exploration of the energy landscape in a quantum freezing
regime [35,75], because different Trotter slices explore and tunnel between different energy valleys
until the very end of the annealing.

For the case of A-PSA-CE exploration, we select read 3 and read 12 corresponding to mean
frequencies equal to 56.25 and 68.75, respectively. The energy dynamics is shown in Fig. 4. The
energy dynamics shows boxplots computed on replica slices and energy is plotted with 41 bias
in order to compute a log scale. The panels are coherent with zero-energy frequencies because
the extreme values of boxplots reach the global minimum more in Fig. 4(b) than in Fig. 4(a). The
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Per-sweep energy distributions (box plots) — read=3 [energy—energy+1, log y]
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(a) Energy of the system for A-PSA-CE solver in the read 3.
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(b) Energy of the system for A-PSA-CE solver in the read 12.

FIG. 4. Energy of the system explored by A-PSA-CE solver for N = 59 989. The boxplot’s statistics are
computed over the different replica slices. The results corresponding to read 3 are shown in panel (a) and to
read 12 in panel (b).

annealing process is capable of reaching the global minimum as extreme energy values of replica
slices. The energy ranges of the different replica slices are quite stable, as displayed by the bulk
of the boxplots, demonstrating an exploration of the classical energy landscape similar to that of a
quantum freezing regime.

To characterize the performance scaling of each solver as a function of the allocated computa-
tional budget, the annealing process was run 100 times for 10 different values of the total Monte
Carlo steps. Three performance metrics were calculated: the probability of success py, the time to
solution, and the mean of the minimum residual energy attained, as shown in Fig. 5.

The computational budgets were selected in the range [5000, 50 000] following a geometric
progression. For each of the considered budgets, the annealing processes were performed using the
optimal parameter set identified for each solver by the GP Optimizer.
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FIG. 5. Performance-scaling metrics for N = 59 989 computed from samples of size 100. Missing data
points in panels (a) and (b) for the SA and SA-CE solvers correspond to samples for which p; = 0. Error
bars represent the 95%-confidence intervals estimated using the Wilson score interval [panel (a)], bootstrap
resampling with 1000 resamples [panel (b)], and Student’s ¢ distribution [panel (c)]. The absence of error bars
in panel (b) for the SA and SA-CE solvers results from the failure of the bootstrap interval estimation due to
vanishing p;.

The SQA-CE, A-PSA, and A-PSA-CE solvers exhibit similar behavior across all three per-
formance metrics and demonstrate vastly superior performance compared to SA and SA-CE. In
particular, the probability of success increases with the allocated computational budget, accompa-
nied by a corresponding decrease in the mean residual energy. In spite of this improvement in py,
the TTS shows an increasing trend, indicating that the additional computational cost required to run
the simulations outweighs the enhanced ability of the solver to reach the global minimum.

It is worth noting that, since the parameter values for each solver were held fixed and set to
those provided by the GP-based optimization, for computational budgets different from the one
used during the optimization phase, the employed parameters might no longer be optimal. Further-
more, for the SQA-CE, A-PSA, and A-PSA-CE solvers, variations in the computational budget
correspond exclusively to changes in the number of Monte Carlo sweeps, as the number of Trotter
slices and replicas was kept constant. We show details of schedules used for the different solvers
in Fig. 6.

B. The case of N = 8219999

For this case, the parameters used for the optimization phase are reported in Table VII, where the
search space for the parameters of different solvers is described. We consider two different values
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FIG. 6. Annealing schedules employed by each solver for N = 59 989. Panel (a) describes the case of SA
solver. Panel (b) describes the case of SA-CE solver. Panel (c) describes the case of SQA-CE solver. Panel (d)
describes the case of A-PSA solver. Panel (e) describes the case of A-PSA-CE solver.

for the number of reads, i.e., 100 and 400, to obtain more precision regarding the estimate of the

probability of success in the optimization phase.

The optimization phase gives the optimal parameter results described in Table VIII for the

different solvers.

The probability of success p, reaches the maximum value for the SQA-CE solver, followed by A-
PSA and SA. The optimal parameters are kept fixed in the following phase, where the computational
budget is variable. The parameters used for the evaluation phase are reported in Table IX.

TABLE VII. Configuration parameters for the optimization phase for N = 8219 999.

Parameter Value
encoding.N 8219999
encoding.max_factor_extra_bits 3
encoding.min_factor_extra_bits 0-3
encoding.factor_extra_bits 3
optimization.num_mc_steps 20000
optimization.optimizer.num_trials 100
optimization.sampler.num_reads 100-400
optimization.ca_params.static.beta_min 2.5x 1075
optimization.ca_params.static.num_mc_sweeps_per_beta 1
optimization.ca_params.optimized.beta_max [0.075,7.5]
optimization.sqa_params.static.num_mc_sweeps_per_gamma 1
optimization.sqa_params.optimized.num_trotter_slices [200, 2000]
optimization.sqa_params.optimized.gamma_par [1.0,5.0]
optimization.sqa_params.optimized. MT_par [1.0,5.0]
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TABLE VIII. Optimal parameter values obtained for N = 8219999, optimizer, and solver. For each
optimizer, the maximum value of p; is highlighted in bold.

N N Mreads Optimizer S MCS Ps Brnin Bmax R M B r

SA 20000 0.01 2.5x10°9 7.5 - - - -
SA-CE 20000 0.01 25x1071 76x1072 - - - -

GP SQA-CE 18914 0.17 - - — 1351 2.3 x107° 8.4 x 107
A-PSA 18914 0.10 2.5x 1071 1.4 1351 - - -
A-PSA-CE 18914 0.11 2.5x 1071 43 1351 - - -

100
SA 20000 0.00 2.5x 1071 4.8 - - - -
SA-CE 20000 0.01 2.5x10"15 3.9 - - - -
TPE SQA-CE 18928 0.20 - - — 1183 3.1 x 107° 8.1 x 107
A-PSA 18928 0.11 25x 1071 5.3 1183 - - -
_PSA- 15 _ _ _
$219999 23 A-PSA-CE 18928 0.12 2.5x 10 1.4 1183
SA 20000 0.00 2.5x 101 2.6 - - - -
SA-CE 20000 0.0025 2.5 x 10715 7.5 - - - -
GP SQA-CE 19012 0.155 - - 1358 1.6 x 107 1.8 x 107
A-PSA 19012 0.095 2.5x 101 24 1358 - - -
e A-PSA-CE 19012 0.090 2.5x 1071 5.2 1358 - - -

SA 20000 0.005 2.5x 1071 5.6 - - - -
SA-CE 20000 0.005 2.5x 10715 6.4 - - - -

TPE SQA-CE 19824 0.1525 - - - 1239 1.5x107° 7.3 x 107
A-PSA 19824 0.10 2.5x 1071 54 1239 - - —
A-PSA-CE 19824 0.0875 2.5 x 101 1.5 1239 - - -

In order to illustrate the metric results, we select the evaluation phase corresponding to the
optimal parameters identified by the TPE optimizer. Overall, we will focus on comparing the
performance of SQA and A-PSA, as they exhibit similar behavior and consistently outperform
the SA solver. It is important to stress that also in this case the SA solver can provide a positive
probability of success. The first metric we analyze is connected to the frequency of obtaining the
global minimum during the annealing process. For this analysis, the computational budget is the
same as that reported in Table VII. In this case, the relevant quantities for statistics are the number
of 400 reads, the optimal number of Trotter slices/replicas: 1239, and the optimal number of sweeps:
16. A-PSA inherits the number of replicas from the number of optimal Trotter slices. The product of
these three numbers gives the total number of energy evaluations of the system that are recorded by
the software pipeline. The global minimum is found 354 times in the case of SQA-CE solver. The
global minimum is found 185 times in the case of A-PSA-CE solver. It is clear that these occurrences

TABLE IX. Configuration parameters for the evaluation phase for N = 8219 999.

Parameter Value
evaluation.num_mc_step_list.min 6000
evaluation.num_mc_step_list.max 60000
evaluation.num_mc_step_list.num 10
evaluation.metrics.cl 0.95
evaluation.metrics.p_r 0.99
evaluation.metrics.n_resamples 1000
evaluation.sampler.num_reads_ts 400
evaluation.sampler.num_reads_perf 400
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Zero-energy frequency mean per read (N=8M), SQA-CE Zero-energy frequency mean per read (N=8M), A-PSA-CE
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FIG. 7. Zero-energy frequency mean per read for SQA-CE and A-PSA-CE solvers for N = 8219 999. The
results for the SQA-CE solver are shown in panel (a) and for the A-PSA-CE solver in panel (b).

are distributed between different reads and different Trotter slices. For each read and each Trotter
slice, we normalize the number of times that the global minimum is found by the number of sweeps,
i.e., the total number of updates of energy during the annealing. In this way, we compute a frequency
to find the global minimum. Then, we calculate the mean value of these frequencies over the Trotter
slices for each read; e.g., this mean can have a different basis depending on different reads. These
mean values are reported in Fig. 7. The maximum values are higher for the SQA-CE solver with
respect to the A-PSA-CE solver.

At this point, we select different reads for each solver in order to illustrate the en-
ergy dynamics during the annealing of the system. For the case of SQA-CE exploration,
we select read 2 and read 158 corresponding to frequency mean of 56.25 and 68.75, re-
spectively. The energy dynamics is shown in Fig. 8. The energy dynamics shows boxplots
computed on Trotter slices and energy is plotted with +1 bias in order to compute a log
scale. The panels are coherent with zero-energy frequencies because the extreme values of
boxplots reach the global minimum more in Fig. 8(b) compared to Fig. 8(a). The anneal-
ing process is capable to reach the global minimum as extreme energy values of Trotter
slices. The energy ranges of the different Trotter slices are quite stable, as shown by most
of the boxplots, demonstrating an exploration of the energy landscape in a quantum freezing
regime [35,75].

For the case of A-PSA-CE exploration, we select read 65 and read 4 corresponding to frequency
mean of 56.25 and 62.5, respectively. The energy dynamics is shown in Fig. 9. The energy dynamics
shows boxplots computed on replica slices and energy is plotted with +1 bias in order to compute
a log scale. The panels are coherent with zero-energy frequencies because the extreme values of
boxplots reach the global minimum more in Fig. 9(b) compared to Fig. 9(a). The annealing process
is capable to reach the global minimum as extreme energy values of replica slices. The energy ranges
of the different replica slices are quite stable, as displayed by the bulk of the boxplots, demonstrating
an exploration of the classical energy landscape similar to that of a quantum freezing regime.

The performance-scaling analysis for N = 8219999 was conducted following the same proce-
dure described for N = 59 989, as shown in Fig. 10, the sole differences being the use of a sample of
size 400 and the choice of the computational budget range [6000, 60 000]. The parameters for each
solver were fixed to the optimal values retrieved by the TPE-based optimization. We show details
of schedules used for the different solvers in Fig. 11.
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Per-sweep energy distributions (box plots) — read=2 [energy—energy+1, log y]
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(a) Energy of the system for SQA-CE solver in the read 2.
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(b) Energy of the system for SQA-CE solver in the read 158.

FIG. 8. Energy of the system explored by SQA-CE solver for N = 8219 999. The boxplot’s statistics are
computed over the different Trotter slices. The results corresponding to read 2 are shown in panel (a) and to
read 158 in panel (b).

Across all three computed metrics, the solvers display behavior analogous to that observed
for N = 59989. Notably, increasing N from 59989 to 8219999 results in a reduction of p, by
approximately one order of magnitude, while the TTS increases by roughly 2 orders of magnitude,
reflecting the growing complexity of the factorization problem. Furthermore, for computational
budgets exceeding 10000 Monte Carlo steps, SQA-CE emerges as the best performing solver in
terms of TTS.

We further observe that increasing the computational budget beyond 20 000 Monte Carlo steps
does not result in a substantial improvement in p,, which saturates at the optimal value achieved
by the TPE optimizer, i.e., p; & 0.15. With the fully quantum approach described in Ref. [62], the
factorization of N = 8219999 was achieved in 329 runs out of a sample of 1000, corresponding to
a probability of success that is about twice the optimal value obtained with the approach considered
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Energy + 1 (log scale)
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Per-sweep energy distributions (box plots) — read=65 [energy—energy+1, log y]
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(a) Energy of the system for A-PSA-CE solver in the read 65.

Per-sweep energy distributions (box plots) — read=4 [energy—energy+1, log y]
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(b) Energy of the system for A-PSA-CE solver in the read 4.

FIG. 9. Energy of the system explored by A-PSA-CE solver for N = 8219 999. The boxplot’s statistics are

computed over the different replica slices. The results corresponding to read 65 are shown in panel (a) and to
read 4 in panel (b).

here. While this comparison should be interpreted with caution, given the differing samples sizes,
the different architectures of the two approaches, and the dependence of the optimal parameter val-
ues on the allocated computational budget, it nevertheless suggests that quantum-inspired methods
can provide a viable classical approximation of quantum annealers for this problem class [76-79].

V. CONCLUSIONS

A central outcome of our investigation is that the relative hierarchy of success probabilities is

instance dependent, even after Bayesian optimization of solver parameters. During the optimization
phase, for the medium-sized instance N = 59 989 we observe A-PSA > SQA > SA, whereas for
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FIG. 10. Performance-scaling metrics for N = 8219999 computed from samples of size 400. Missing
data points in panels (a) and (b) for the SA and SA-CE solvers correspond to samples for which p; = 0. Error
bars represent the 95%-confidence intervals estimated using the Wilson score interval [panel (a)], bootstrap
resampling with 1000 resamples [panel (b)], and Student’s # distribution [panel (c)]. The absence of error bars
in panel (b) for the SA and SA-CE solvers results from the failure of the bootstrap interval estimation due to
vanishing p;.

the larger instance N = 8219999 the hierarchy reverses to SQA > A-PSA > SA. From a replica-
tion standpoint, this instance dependence is itself an important benchmark feature: It highlights
that solver comparisons based on a single instance (or a narrow regime of hyperparameters)
can be misleading, and that reproducible claims require explicit reporting of the instance family,
computational budget, and tuning protocol. Our A-PSA baseline is an asynchronous multistart
strategy: multiple SA trajectories evolve independently with no inter-replica communication or cou-
pling. Consequently, its dynamics are qualitatively different from parallel-tempering [80] and from
interacting-replica approaches such as robust-ensemble/replicated simulated annealing [32,34]. In
particular, the methods of Refs. [32,34] introduce explicit couplings among replicas (e.g., via a
reference/centroid constraint) that bias the search toward dense regions of solutions; by construction,
this mechanism is absent in A-PSA. In contrast, SQA—through the path-integral mapping—evolves
a set of Trotter slices coupled along imaginary time, enabling tunnelinglike transitions across tall
and narrow barriers in canonical examples [20,81]. The comparison between these qualitatively
distinct mechanisms, performed under the same QUBO encoding and evaluation metrics, is one of
the key reproducible messages of the present benchmark. The superiority of A-PSA over SQA for
N = 59989 suggests that the corresponding QUBO landscape does not strongly reward multislice
tunnelinglike mechanisms. In this regime, diversity provided by many independent annealing trajec-
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FIG. 11. Annealing schedules employed by each solver for N = 8219 999. Panel (a) describes the case of
SA solver. Panel (b) describes the case of SA-CE solver. Panel (c) describes the case of SQA-CE solver. Panel
(d) describes the case of A-PSA solver. Panel (e) describes the case of A-PSA-CE solver.

tories can be sufficient to locate the optimum more frequently than SQA’s structured updates, whose
imaginary-time correlations constrain the exploration process. This interpretation is consistent with
the view that SQA’s advantage is most pronounced on landscapes dominated by tall, narrow barriers
[20,81], which may not be the dominant obstacle for the instance N = 59989 under the direct
QUBO encoding [43]. In contrast, the reversal for N = 8219999 indicates that the larger instance
presents a more rugged or barrier-dominated landscape where SQA’s quantum-inspired mechanism
becomes beneficial. Because A-PSA uses uncoupled trajectories, it cannot exploit any collective or
tunnelinglike dynamics and effectively behaves as an ensemble of independent SA-like searches.
Under these conditions, SQA can surpass A-PSA, reinforcing that the qualitative SQA-A-PSA
relationship depends on the landscape structure induced by the chosen QUBO encoding and by the
instance size. We also observe that SQA and A-PSA can display superficially similar late-anneal
phenomenology (e.g., plateaus in residual energy or in progress toward the ground state), but the
underlying causes differ. In SQA, the late-stage slowdown is associated with the effective strength-
ening of interslice coupling as the transverse field I decreases, which suppresses configurational
changes and leads to a freeze-out of the imaginary-time dynamics [17,18]. In A-PSA, any analogous
plateau originates from classical thermal effects: as the temperature decreases, Metropolis accep-
tance for uphill moves diminishes and each independent trajectory becomes increasingly trapped
in the basin it has already entered [27]. The similarity of curves should therefore be interpreted
cautiously: it does not imply identical dynamics, but rather that both methods can become dominated
by basin-selection effects late in the schedule. A plausible explanation for the observed similarity
between SQA and A-PSA in some regimes for QUBO-based factorization is the following. The
direct mapping yields dense, highly constrained QUBOs where success at finite budget is often
governed less by sustained “barrier traversal” and more by whether the solver enfers a basin
connected to the true factorization early enough to survive the subsequent cooling/freeze-out. In
that situation, increasing the number of effectively independent “attempts” becomes a primary driver
of success probability: A-PSA provides such attempts explicitly via independent restarts, whereas
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SQA can provide an implicit multiplicity through its multislice representation and repeated sampling
during the anneal, even if its slices are correlated. When this basin-selection mechanism dominates,
both methods can yield comparable success probabilities once normalized by computational effort,
despite their different microscopic update rules. This perspective is compatible with the resource-
normalized conclusions reported in hardware-oriented studies that compare SQA against optimized
classical baselines for factorization workloads [44]. Finally, SA consistently performs worst in both
instances, in line with the well-known limitations of single-trajectory thermal annealing in escaping
deep local minima. Within this replication study, SA therefore serves as a baseline confirming
that, for the considered factorization QUBOs and computational budgets, additional mechanisms—
either multistart diversity (A-PSA) or quantum-inspired multislice dynamics (SQA)—are necessary
to obtain competitive success probabilities. Overall, the benchmark supports three reproducible
conclusions: (1) An asynchronous multistart baseline (A-PSA) can outperform SQA when the
induced landscape does not strongly reward tunnelinglike barrier crossing; (2) SQA can become
superior for instances whose induced landscapes contain more significant barrier structure [20,81];
and (3) SQA and A-PSA can exhibit similar late-anneal phenomenology under fixed budgets,
albeit for fundamentally different reasons rooted in quantum freeze-out versus classical thermal
trapping [17,18,27]. By explicitly documenting solver settings and the evaluation pipeline, this
work is intended to provide a stable reference point for future comparisons, including alternative
QUBO mappings, improved schedules, and different computational budgets. The evaluation phase
with varying computational budgets further indicates that scaling to larger semiprimes rapidly
increases computational effort, emphasizing the practical importance of transparent time-to-solution
reporting. Moreover, as discussed in Appendix C 6, more accurate and instance-tailored annealing
schedules may improve performance in future studies. Additional algorithmic improvements may
also arise from more efficient treatments of slack variables [82], which could reduce overhead
in constraint handling and improve effective landscape navigation. From a broader perspective,
these results reinforce that reproducible, CPU-based simulation benchmarks can meaningfully
support the assessment of annealing-inspired optimization behavior in the near term, complementing
hardware-specific evaluations. As quantum technologies mature, such reproducible benchmarks
can serve as a common baseline for evaluating solver improvements, comparing implementations
across platforms and clarifying when observed performance differences originate from algorithmic
mechanisms versus tuning, budget, or instance effects.
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APPENDIX A: SEARCH-SPACE REDUCTION IN QUBO-BASED INTEGER FACTORIZATION

In the QUBO formulation of integer factorization, one typically considers the objective

O(p.q) = (N — pq)’, (A)
where p and g are binary-encoded integers. The objective function obeys the permutation symmetry
O(p. q9) = O(g. p). (A2)

which induces a twofold degeneracy in the energy landscape for all pairs (p, g) with p # g. Such
degeneracy can adversely affect the performance of optimization procedures such as Simulated
Classical Annealing (SA) or SQA. It is therefore useful to quantify the exact number of redundant
configurations arising from this symmetry, and how much can be eliminated by breaking it.

In this Appendix, we analyze two symmetry-breaking mechanisms:

(1) enforcing the ordering constraint p > g;

(2) using asymmetric bit lengths for the two factors.

Both analyses include exact formulas valid for finite bit lengths (e.g., 2-20 bits), followed by
asymptotic simplifications.

1. Case 1: enforcing the ordering constraint

Assume that p and ¢ use the same number of bits,
n,=n,=n, p,qef{0,...,2"—1}.
The full configuration space is the square
Q=1{0,...,2" =12, |Q|=2>".

The symmetry O(p, q) = O(q, p) identifies all pairs (p, g) and (g, p) with p # q. Thus, the
redundant configurations correspond to the strict upper (or lower) triangular part of the 2" x 2"
square, whose exact cardinality is

22n _on
O _ _ ~2n—1 n—1
R = —5—=2""-2"" (A3)

This counts every pair (p, g) with p < g (or p > g), each of which has a symmetric partner. The
surviving configurations are all pairs on or above the diagonal:

Q)54 = 22" — R() =221 4 2n ! (A4)

sym

The exact reduction in search space is therefore

R(]) 22n71 _ 2n71 1
Rord = L =

= =— -2 A5
9] 22n 2 (AS)

For large n, the asymptotic expression is

Rord — %

2. Case 2: asymmetric encoding (n, > n,)

Suppose
pef0,....,2" -1}, qe{0,...,2" =1}, n,>n,.
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Then,
|Q| = 2"t
The permutation (p, g) <> (g, p) is valid only when both coordinates lie inside the domain, i.e.,
p,qg <2,
Thus, the symmetry acts only on the square
§S=10,...,2M —1}>, |S| = 2%,
Inside S, all off-diagonal pairs (p, ¢) with p # g are redundant:

22nq —Jng
R, = — = 2%t — ma=l (A6)

The exact reduction relative to the whole rectangular domain is therefore

R(Z) 22nq—1 _ 2nq—l

sym
Rasym = |Q| = oty (A7)
2M — 1
= S (A8)
For n, > 1, the asymptotic form is
2" 1
Rasym ~ W = 5 AL

If n, = ny + k, then

Rasym ~ 27(k+1) .

3. Example reductions for small and midsize bit lengths

The following tables illustrate the exact reduction fractions for practical bit lengths.

n Exact Roy = § — 27" Numeric value
2 1-1=0375 0.375

4 1— 1 =046875 0.46875

8 1 — & ~ 049805 0.498 05

12 - #2 ~ 0.499 88 0.499 88

20 1 — 5 ~0.4999995 0.499999 5
() Exact Rygym = 22",,‘;—1,1 Approx. 3 2"~" Numeric value
(3,2) 4]— =0.1875 0.25 0.1875
4,3) 81 =0.21875 0.25 0.21875
(5,3) % =0.109375 0.125 0.109375
(6, 4) Ll =0.1171875 0.125 0.1171875
(8, 4) ol =10.0292969 0.03125 0.0292969
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TABLE X. Statistics of the Ising model corresponding to different PUBO and PCBO encodings for
N =59989.

EnCOding nspins Jmin Jmax IJI hmin hmax

PUBO (asymmetric) 71 —-2.10 x 10° 341 x10®  1.64 x 105> —3.00 x 10°  3.15 x 10°
PUBO (symmetric) 80 —8.46 x 10° 3.35x10°  2.87 x 10° —8.07 x 10° 1.27 x 100
PCBO (x =1) 89 —8.46 x 10° 3.35x10°  2.62 x 10° —8.07 x 10° 1.27 x 10'°
PCBO (A = 10) 89 —8.46 x 10° 3.35 x 10° 2.62 x 10° —8.07 x 10° 1.27 x 10'°
PCBO (1 = 10%) 89 —3.28 x 10" 328 x 10 1.05x 10® —7.35x 10  6.54 x 10'°
PCBO (1 = 10°) 89 —3.28 x 108 328 x 10"  1.05 x 10® —6.54 x 10"*  6.54 x 10"
PCBO (A = 10'9) 89 —3.28 x 10'"% 328 x 10"  1.05x 10° —6.54 x 10"*  6.54 x 10'

APPENDIX B: POLYNOMIAL CONSTRAINED BOOLEAN OPTIMIZATION
FOR INTEGER FACTORIZATION

The encoding defined by Eq. (4), adopted for the numerical simulations, allows for different bit
lengths for the factors p and ¢, but does not otherwise restrict the degeneracy of the search space.
To assess its efficiency, we compare the solver performance with that obtained using a symmetric
encoding, whereby

Ly
L,,:Lq=’77—‘+1+a, (B1)
in which the constraint ¢ > p is enforced through an additional penalty term in the QUBO for-
mulation of the objective function [Eq. (6)]. This construction leads to a polynomial constrained
Boolean optimization [83], where the magnitude of the constraint term is controlled by a the penalty
parameter A.

Finally, to assess the impact on the solver performance when transitioning from QUBO to PCBO,
we also considered a QUBO formulation based on Eq. (B1).

The Ising-model statistics and the corresponding optimal probabilities of success obtained for
N = 59989 are summarized in Tables X and XI.

TABLE XI. Maximum p; values. Statistics of the Ising model corresponding to different PUBO and PCBO
encodings. For each optimizer, the maximum value of p; is highlighted in bold.

Encoding Optimizer SA SA-CE SQA-CE A-PSA A-PSA-CE
PUBO TPE 0.02 0.04 0.88 0.92 0.97
(asymmetric) GP 0.02 0.02 0.86 0.96 0.97
PUBO TPE 0.02 0.01 0.64 0.79 0.85
(symmetric) GP 0.01 0.01 0.66 0.82 0.82
PCBO TPE 0.01 0.01 0.04 0.21 0.25
r=1) GP 0.01 0.01 0.05 0.44 0.52
PCBO TPE 0.01 0.02 0.08 0.17 0.23
x=10) GP 0.01 0.01 0.08 0.41 0.45
PCBO TPE 0.01 0.01 0.27 0.26 0.28
(» = 10%) GP 0.01 0.01 0.28 0.39 0.35
PCBO TPE 0.00 0.01 0.06 0.05 0.03
(. =10%) GP 0.01 0.00 0.04 0.04 0.04
PCBO TPE 0.00 0.00 0.03 0.03 0.04
(. =109 GP 0.00 0.00 0.06 0.04 0.04
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We note that, although PCBO-based encodings reduce the redundancy of the configuration
space, they give rise to a substantially larger search space than PUBO-based encodings, as the
corresponding Ising models involve a larger number of spins.

For PUBO-based encodings, the higher efficiency of the asymmetric formulation results in
an increased probability of success. In contrast, for PCBO encodings, the probability of success
is strongly dependent on the choice of the penalty parameter L. Nevertheless, even the highest
optimal probability of success achieved with PCBO-based encodings remains significantly lower
than that obtained with PUBO-based encodings. This indicates that the reduction of configurational
redundancy alone is insufficient to compensate for the increase in search-space size arising from the
additional constraint encoded in the PCBO formulation.

It should be emphasized, however, that determining the optimal value of A is, in general, a
challenging task. In the present study, the range of A values explored was not subject to extensive
fine tuning. Consequently, a definitive assessment of the effectiveness of the PCBO-based encoding
can only be made following a more systematic investigation of the penalty parameter optimization
[76].

APPENDIX C: COMPARATOR PIPELINE: CONSTRUCTIONS AND METRICS

In this Appendix, we present a comprehensive quantitative analysis of the Ising model derived
from the QUBO formulation of the integer factorization problem. The model is specified by the
set of couplings J;;, local fields h;, and a constant offset. Since the structure of the interaction
graph plays a central role in determining dynamical behavior, algorithmic hardness, and similarity
to known physical systems, we compute structural metrics motivated by statistical physics, spectral
graph theory [84], and spin-glass theory.

We furthermore compare the empirical structure of the QUBO instance to canonical benchmark
models in the physics literature, namely, (1) the Sherrington-Kirkpatrick (SK) spin glass [85-87],
(2) the Hopfield associative-memory model [88], (3) a sparse Edwards-Anderson-like (EA-like)
model based on the DATA sparsity pattern [89,90], and (4) a canonical two-dimensional (2D) EA
lattice model. To these four standard comparators, we add three advanced comparators motivated
by geometrically frustrated magnets and artificial spin-ice (ASI) systems: (5) a nearest-neighbor
kagome antiferromagnet (KAGOME_NN), (6) a nearest-neighbor triangular-lattice antiferromagnet
(TRIANGULAR_NN), and (7) a kagome dipolar artificial spin-ice analog (ASI_KAGOME_DIP)
[91,92].

All comparators [93-95] are rescaled to match the off-diagonal coupling variance of the DATA
instance so that comparisons reflect structural differences rather than trivial global energy units.

1. Symmetric reconstruction and Hamiltonian conventions

The QUBO-derived Ising instance is given as an upper-triangular dictionary JPA™ = {(i, j)
Jij (i < j)}, local fields A”PA™A and a constant offset. We reconstruct the symmetric coupling matrix
JPDATA — JDATA and set JPATA = 0, inferring the system size N from the largest index occurring in J
or h. The Hamiltonian is written over unordered pairs as

1
H(S) = — Z]ijSiSj — Zhisi — offset = —5 ZJ,']'S,‘SJ' — Zhisi — OffSCt, (Cl)
<J L i#j i
with the factor % avoiding double counting. This symmetrized matrix representation guarantees
real spectra and orthogonal eigenvectors, consistent with standard treatments of mean-field and
short-range spin glasses [85,88,89].
Let

Gpata = std ({J2A™ 10 < j, Ty #0))

denote the empirical off-diagonal standard deviation. This quantity serves as the reference energy
scale for calibrating all comparators.
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2. Classical comparators matched to DATA scale

(1) Sherrington-Kirkpatrick, fully connected mean field: The SK model [85] is the canonical
infinite-range spin glass:

Ji(jSK) ~ N(Ov aI%ATA)(i <7 J/(zSK) = Ji(jSK)’ Ji(iSK) =0. (€2)

This produces fully connected, mean-field disorder with a Wigner-like spectral density in the large-
N limit [86].

(2) Hopfield model (Hebbian low rank): Given p random patterns £* e {£1}", the Hebbian
matrix is

~ 1< 7
(HOP) _ el (HOP) _
Jij N E :si i i =0. ©
n=1
We rescale
- 6 i
JHOP) _ J(HOP)%’ & =std ({777 :i < j}). (€4

so that the typical coupling magnitude matches DATA. This model exhibits low-rank structure and
p macroscopic outliers [88]. We draw p = (N/10) random patterns.

(3) EA-like (instance-matched short-range surrogate): We preserve the DATA sparsity pattern
and magnitudes while randomizing signs:

TEN = o [IDAA| (< j), oy € {£1}idd. (C5)

This removes logical correlations while isolating geometry-driven frustration in the spirit of short-
range EA glasses [90,96].

(4) EA_LATTICE (canonical 2D nearest-neighbor EA): We embed N spins on a square L, x L,
lattice, assign nearest-neighbor bonds

JEAAD e (1) or N(O, 1), (C6)
and rescale nonzero bonds so that
std ( {L(]EA*LAT) +# 0}) = ODATA-

This produces a canonical short-range spin glass with regular geometry [89].

3. Advanced comparators: frustrated lattices and dipolar spin ice
(5) KAGOME_NN (nearest-neighbor kagome antiferromagnet): We construct a kagome lattice
of N sites and include only nearest-neighbor bonds. The Ising Hamiltonian is

Hkagome = — Z J,’j SiSj, Jl-(;)) =—1on kagome NN edges, (C7)

(i, J)kag
and J;; = 0 otherwise. Thus, each bond is antiferromagnetic and the model realizes the classical
Ising kagome frustrated magnet composed of corner-sharing triangles. After construction, the
nonzero couplings are rescaled so that std(J;; # 0) = épara.
(6) TRIANGULAR_NN (nearest-neighbor triangular antiferromagnet): On a triangular lattice,

the Ising Hamiltonian is
ij

Htri = — Z Jl/ SiSj, J(O) = —1 on NN edges, (CS)
(i.J)a

and zero otherwise. This generates the canonical geometrically frustrated triangular Ising AFM,
in which each triangle contains one unsatisfied bond. As above, all nonzero couplings are finally
rescaled so that std(J;; 7 0) = 6para-
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(7) ASI_KAGOME_DIP (kagome artificial spin-ice dipolar model): ASI systems exhibit long-
range dipolar interactions, ice-rule manifolds, emergent monopoles, and rich frustration physics
[91,92]. We construct a kagome lattice, assign each site an easy axis (three directions at 120°), and
compute a dipolar kernel:

ydip o &€~ 3(e; - 7j)(e; - ’A’ij)'
ij ’”,'3]'

(C9)

We restrict to interactions within a cutoff radius or to the k nearest neighbors. The final matrix is
symmetrized and rescaled so that its nonzero entries have standard deviation Gpara.

4. Calibration summary: the key uniformity constraint

All comparators J*) (classical and advanced) are rescaled so that the standard deviation of their
off-diagonal nonzero couplings matches that of the DATA instance:

std ({17 1i < j, I # 0}) = 6para- (C10)

This ensures that similarity measurements reflect structural differences—geometry, frustration
patterns, spectral structure, and motif densities—rather than trivial global rescaling of energies.

The only exception is the EA-like comparator, which already inherits bond magnitudes from
DATA and therefore naturally shares its scale.

5. Why this design matters

By embedding DATA into a unified family of models of increasing structural specificity—from
fully connected random glasses (SK) to low-rank models (Hopfield), to irregular short-range glasses
(EA-like), and finally to geometrically frustrated lattices and dipolar ASI systems—we obtain a
robust “structural phase portrait” of the QUBO instance.

This broad comparator ensemble allows one to diagnose

(1) whether DATA behaves like a mean-field glass (SK-like),

(2) whether it contains low-rank coherent structure (Hopfield-like),

(3) whether its complexity is graph-geometric (EA-like),

(4) whether it resembles ideal short-range glasses (EA_LATTICE),

(5) whether frustration arises primarily from triangular motifs (TRIANGULAR_NN)),

(6) whether DATA exhibits kagome-like degeneracies (KAGOME_NN),

(7) whether DATA mimics long-range dipolar frustration (ASI_KAGOME_DIP).

Because all comparators share both the same number of spins and the same effective coupling
scale, this comparison is structurally meaningful and enables principled similarity analysis as
described in Appendix C 6.

a. Structural metrics (DATA and comparators)

To characterize the structure of the DATA Ising instance and to enable a meaningful comparison
with the classical and advanced comparators, we compute a set of metrics rooted in statistical
physics, spectral graph theory, and the mathematical theory of spin glasses. These metrics probe
disorder distributions, graph geometry, frustration, spectral structure, and dynamical features of the
corresponding energy landscape.

Let the set of unique off-diagonal couplings be

T =i<j} (C11)
and define the unweighted interaction graph by the adjacency matrix
Aij = 1(Jijl > Jo)s Jiat 2 0. (C12)
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Distributional statistics. We compute summary statistics of 7: mean, standard deviation, skew-
ness, excess kurtosis, minimum and maximum, sign fractions P(J > 0) and P(J < 0), and robust
scales such as [E(|/J|) and median(|J|). These quantities are routinely used in the study of mean-field
spin glasses [85], short-range EA glasses [89,90], and low-rank associative-memory models [88].

Graph measures. The adjacency A induces a structural graph G = (V, E) with degrees k; =
>_;Aij. We compute

(1) connected components;

(2) local clustering coefficients C; = 27;/(k;(k; — 1)), where T; is the number of triangles inci-
dent on i;

(3) global transitivity

3 No. of {triangles}
Y i kiki — 1)

which measures the overall density of triangular motifs.

Clustering and motif densities are central diagnostics for geometric frustration [91] and irregular
random graphs.

Triangle frustration. For each triangle (i, j, k) in the interaction graph, define the loop product
I;jx = JijJjxJwi; the triangle is frustrated if sign(I1;;x) = —1. We report both an unweighted and an
interaction-weighted fraction:

Catob = : (C13)

_ No. of {sign(I1;) = —1} Foo— Zfrustrated | T |
No. of {triangles} = ™ > an M|

(C14)

Frustration is a defining signature of competing interactions and glassy landscapes [91,96].

Spectral diagnostics. Since J is symmetric, the spectrum consists of real eigenvalues A; > --- >
Ay with orthogonal eigenvectors. We compute

(1) the empirical spectral density (histogram of eigenvalues),

(2) the scree curve (sorted eigenvalues),

(3) participation ratios (PRs) of the leading eigenvectors PR(v) = 1/}, v}, probing localiza-
tion.

The participation ratio (PR) is a standard diagnostic of eigenvector localization used across
Anderson localization theory [97,98], random-matrix theory and quantum chaos [99,100], spectral
graph theory [101], and spin-glass models [102]. Extended eigenvectors have large PR, while
localized modes have small PR. Mean-field SK exhibits a semicircular spectral bulk [85,86],
Hopfield models exhibit p macroscopic outliers [88], and sparse EA-like models often show partial
localization.

Optional landscape probe: overlap distribution P(g). Using a Metropolis sampler at inverse
temperature B, independent replicas s’ and s® can be produced. The spin overlap

1 N
— E : (1) ()
q o N Si Si
i=1

estimates the distribution P(g): sharp peaks at g # 0 indicate retrieval/memory structure (as in
Hopfield systems [88]), while broad or multimodal P(g) indicates glassy landscapes (as in SK/EA
glasses [85,90]).

Its distribution P(q) distinguishes phases: A single sharp peak indicates a paramagnet, multiple
peaks correspond to retrieval states in associative-memory models, and a broad or continuous
distribution reflects replica-symmetry breaking in spin glasses. The concept originates from Parisi’s
solution of the SK model [103] and is reviewed extensively in Refs. [104,105]. In Hopfield networks,
peaks in P(q) signal memory attractors [106,107]. Modern numerical studies use Monte Carlo
sampling to estimate P(q) in EA and SK glasses.
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TABLE XII. Similarity components and mappings S, € [0, 1]. JS distance is mapped via 1 —JS/In2, KS
via 1 — KS.

Component Definition Structural intent

J_dist JS/KS on off-diagonal J histograms Local coupling statistics (bimodal versus Gaussian).
eig_dist JS/KS on eigenvalue density Bulk spectra: Wigner-like (SK) versus sparse (EA).
scree Cosine similarity of top-m eigenvalues  Outliers (Hopfield) versus bulk-dominated profiles.
pr Cosine similarity of top-k PR vectors Mode localization across graph.

F,Fw 1 — |Fpata — Fx|, 1 — |Ful Spin-glass frustration in triangular loops.

Cglob 1 — |Caiob,paTA — Colob x| Triangle motif density/geometry.

deg_dist JS/KS on degree histogram Graph sparsity structure.

pg_dist JS/KS on P(q) Landscape signature (retrieval versusglassy).

6. Similarity analysis methodology

The goal of the similarity analysis is to quantify how close a comparator X (e.g., SK, HOP,
EA, EA_LATTICE, or any advanced comparator) is to the DATA instance in an interpretable,
multicomponent manner as is summarized in Table XII. Each component is mapped to a unit interval
[0, 1] (higher = more similar), and a final composite score Scomp(X) € [0, 1] summarizes the overall
resemblance.

If a component is unavailable for a comparator [e.g., P(g) not computed], its weight is redis-
tributed across the remaining components.

a. Distributional similarities: Jensen-Shannon and KS

Given normalized histograms P and Q over common bins, the Jensen-Shannon divergence [108]
IS(PIQ) = 3KL(PIIM) + ;KL(QIM), M = 3(P+ Q). (C15)
is finite, symmetric, and takes values in [0, In 2]. We convert it to similarity via
Sis =1—1S/In2.

We apply this to the distributions of off-diagonal couplings (J_dist) and eigenvalues (eig_dist).
Optionally, the Kolmogorov-Smirnov test statistic [109] is used instead, with S = 1 — KS.

b. Spectral-shape similarities

Let the top-m sorted eigenvalues of DATA and model X be XERATA) > 2 )LEB‘)\TA) and

A ,/\(ffl).

(Ql"he scre(e )similarity compares the leading m sorted eigenvalues Ay = - - - = Ay of the DATA
matrix to those of the comparator model. Since the upper tail of the spectrum encodes global
structure—mean-field randomness (SK), low-rank “pattern” outliers (Hopfield), or sparse short-
range geometry (EA-like)—the shape of the scree curve provides a robust structural fingerprint.
This idea originates from classical scree plots in multivariate analysis [110] and is widely used in
random-matrix theory [86,111] and the spectral theory of spin glasses [107,112]. We measure the
cosine similarity of the leading eigenvalue vectors and map it to [0, 1].

Define the scree similarity

1 Zl )L(DATA) X)
SsereeX) = = 14 =0 __© ) e [0, 1]. (C16)
o 2( et N Ve

For the top-k participation ratios PR(v) of DATA and model X, we similarly compute a cosine
similarity Sy (X) € [0, 1].
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c. Frustration and geometric similarities
We define

Sp(X) =1~ |Fpata — Fxl,  Srw(X) =1 — |Fy,pata — Fae x|,

Sc(X) =1 — |Cgob,pata — Clob x|

each in [0, 1]. Degree distributions are compared via JS (or KS) to obtain Sge, (X ). These metrics
capture graph-level sparsity, motif structure, and loop frustration, which play central roles in
physical spin glasses [91,96].

d. Dynamical similarity via P(q) (optional)
If P(g) is available for DATA and model X, we compute
IS(Ppara(q)lIPx(q))
In2

(or the KS analog). This component detects whether the comparator replicates the dynamical/glassy
landscape structure: sharp peaks (retrieval), broad multimodal profiles (spin glass), or near-zero
peaks (paramagnet) [85,88,90].

S,X)=1-

e. Composite score

Let Ay be the components available for model X, with non-negative weights {w,} summing to
1. We define the composite similarity as

> e, WaSe(X)
ZQEAX wa

with the denominator ensuring consistent renormalization when some components [e.g., P(g)] are
missing.

Default weight choice. Our default weights reflect a balanced combination of structural signa-
tures:

(1) distributional statistics: wj_gist = 0.15, Weig_aist = 0.15;

(2) spectral-shape diagnostics: Wscree = 0.10, wpy = 0.10;

(3) frustration and geometry: wr = 0.15, wry = 0.05, we = 0.05, wgeg = 0.10;

(4) dynamical information (optional): wpq_aist = 0.15.

This weighting scheme reflects established practice in benchmarking classical and quantum
annealing performance using spectral densities, frustration measures, and graph motifs [113]. It
ensures that no single diagnostic dominates unless its similarity is genuinely anomalous.

Scomp X) = ’ (C17)

7. Pipeline inputs, metrics, and similarities for the N = 59 989 instance

We executed the complete structural analysis pipeline on the number 59 989 of 16 bits length,
represented by d = 71 spins in Fig. 12, using the following call to Python routines:

manifest = run_full_ising analysis(

ising_dict,

outdir="‘‘ising_qubo_structure_3’’,

hopfield_p=None, # defaults to N//10

compute_overlap=True, # compute P(q)

beta_for_Pq=0.15,

sweeps_for_Pq=300,

topk_PR=10,

J_tol_edge=0.0,

random_seed=12345,
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Ising N=59989 (shared scale includes offset)
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FIG. 12. Visualization of the Ising model for the 16-bit number N = 59989, consisting of the upper-
triangular interaction matrix J, the local fields &, and the global energy offset, all plotted with a shared color
scale centered at zero. Asymmetric encoding is used.

build_advanced=True, # build advanced comparators

advanced_specs=None, # defaults for 3 advanced comparators

ea_lattice_periodic=False,

ea_lattice_dist=‘‘pmJ’’

)

The factorization problem is represented using the asymmetric encoding of Eq. (4).

Meaning of the main parameters.

(1) hopfield_p: number p of Hopfield patterns; by default p = |d/10].

(2) compute_overlap: If True, compute the overlap distribution P(g) via a Metropolis sampler
at inverse temperature § = beta_for_Pq with sweeps_for_Pq Monte Carlo sweeps per replica
pair.

(3) topk_PR: number k of leading eigenvectors used to form the PR vector for spectral-shape
comparisons.

(4) J_tol_edge: edge threshold on |J;;| for building the unweighted interaction graph (trian-
gles, clustering).

(5) build_advanced: If True, generate the three advanced comparators (KAGOME_NN,
TRIANGULAR_NN, ASI_KAGOME_DIP) using advanced_specs or defaults sized to N; ASI
uses a dipolar kernel on a kagome lattice.
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(6) ea_lattice_periodic, ea_lattice_dist: boundary condition and bond distribution
(£J/Gaussian) for the canonical EA lattice comparator; nonzero bonds are rescaled to match
DATA’s off-diagonal standard deviation Gpara -

All comparators are then analyzed with the suite of structural (distributional, graph, frustration)
and spectral metrics, and the results exported to CSV files for post hoc similarity analysis (Appendix
Co).

a. Summary statistics discussion

The DATA instance for N = 59989 produces an Ising model with d = 71 spins. The metrics
summary regarding DATA and comparators is shown in Table XIII. Its coupling distribution has
heavy positive bias (90.4% positive), strong heavy tails (excess kurtosis *136), and moderate
frustration (F ~ 0.244). The global clustering Cgop ~ 0.269 indicates significant triangle density.

The column offdiag_sigma_ref_DATA reports the DATA reference scale 6para = std(J;; : i <
J» Jij #0). All comparators attempt to match this via multiplicative rescaling. For models with
genuine coupling variance (SK, HOP, EA, EA_LATTICE, ASI_KAGOME_DIP), the empirical Jyq
aligns with épara up to O(1/ VM ) Monte Carlo fluctuations, where M is the number of nonzero
edges. This explains the small (< 1%) differences for SK and EA, both consistent with sampling
error.

For KAGOME_NN and TRIANGULAR_NN, all nonzero bonds are identically —1. Therefore,
std(J) = 0 and no meaningful rescaling can be applied. The pipeline properly skips rescaling,
producing Jyq = 0.

SK and HOP are dense; EA matches DATA sparsity exactly (0.4704). EA_LATTICE,
KAGOME_NN, and TRIANGULAR_NN show very low densities, consistent with their NN ge-
ometries; ASI_KAGOME_DIP shows intermediate density due to dipolar neighborhoods.

The global clustering Cyop reveals triangle content: EA and DATA match exactly (0.2691); tri-
angular/kagome comparators exhibit expected geometric triangle density (0.17-0.21); ASI dipolar
has higher clustering (0.315). EA_LATTICE is triangle-free (square NN lattice); hence Cgjop = 0
and frustration metrics are undefined.

DATA shows moderate frustration (F = 0.244). SK and EA show F =~ 0.5, matching random-
sign expectations. Triangular and kagome AFM comparators show F' = 1, as every NN triangle is
frustrated. EA_LATTICE yields blanks because no triangles are present. The ASI dipolar model
shows intermediate frustration (F & 0.507), consistent with its mixed-sign, anisotropic couplings.

The metrics collectively indicate that the d = 71 DATA instance is best described as a sparse,
irregular, triangle-rich spin glass with heavy-tailed couplings and moderate frustration, closely
captured by the EA-like comparator, with ASI_KAGOME_DIP and frustrated-lattice comparators
reproducing only portions of its structural signature.

b. Similarity analysis and implications for simulated Quantum Annealing

We compute componentwise similarities (each mapped to [0, 1]) and a composite similarity
score using the weighted scheme of Appendix C 6. Table XIV reports the results for the N = 59 989
instance (DATA size d = 71 spins). Higher values indicate closer structural proximity to the DATA
Ising model.

Key observations.

(1) EA (instance matched) remains the closest comparator (Scomp~20.752). Its perfect degree
distribution match and identical clustering (Cgiop = 1 after normalization) confirm that the DATA
graph is sparsity driven and structurally similar to an EA-like short-range spin glass [89,90]. These
high proximities reflect that DATA’s topology dominates its complexity.

(2) ASI_KAGOME_DIP is consistently the second-closest structure (*0.639). Its dipolar
weights produce mixed signs, anisotropic magnitudes, and moderate frustration (F ~ 0.507), all
qualitatively similar to DATA. This suggests the DATA instance possesses interactions whose
structure is closer to weakly long-range frustrated geometries than to ideal NN lattices [92].
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TABLE XIV. Similarity to DATA for the N = 59 989 instance. The composite score is a weighted average
of distributional (JS/KS), spectral-shape, geometric/frustration, and optional P(g) components, renormalized
to the available metrics.

Model J_dist eig_dist scree pr F F, Caop deg_dist Composite
EA 0.9971 0.8282 0.9638 0.9617 0.7530 0.4518 1.0000 1.0000 0.752
ASI_KAGOME_DIP 0.8201 0.5341 0.8307 0.9786 0.7373 0.7663 0.9543 0.5795 0.639
SK 0.5749  0.5503 0.8606 0.9836 0.7452 0.6672 0.7691 0.0931 0.546
TRIANGULAR_NN 0.9494 0.7870 0.8196 0.9838 0.2444 0.1668 0.9424 ~0 0.533
KAGOME_NN 0.9494  0.7870 0.7790 0.9677 0.2444 0.1668 0.9068 ~0 0.525
HOP 0.1749  0.1245 0.9669 0.9302 0.8367 0.9783 0.7691 0.0931 0.475
EA_LATTICE 0.0549 0.6452 0.8362 0.9640 - - 0.7309 ~0 0.402

(3) SKreaches Scomp ~ 0.546. SK matches some spectral-shape features (scree, PR), consistent
with its mean-field nature [85], but differs sharply in degree distribution and local geometry. As in
many QUBO-derived sparse Ising models, full connectivity is a poor approximation.

(4) KAGOME_NN and TRIANGULAR_NN cluster near 0.53. Both reproduce good coupling
and eigenvalue distribution matches, but their frustration fractions (F=1) strongly disagree with
DATA’s moderate value (F ~ 0.244). These comparators capture geometric frustration but lack the
heterogeneity and asymmetric coupling statistics of DATA (cf. frustrated magnetism [91]).

(5) Hopfield is significantly mismatched (*0.475). Despite excellent scree/PR similarity (due to
globally extended top modes), its poor J and eigenvalue-distribution similarities indicate that DATA
does not exhibit low rank or pattern-retrieval structure [88].

(6) EA_LATTICE is the most dissimilar (~0.402). Its triangle-free, quasiregular 2D geometry
fails to capture DATA’s motif density and frustration profile. This confirms that DATA is not well
modeled by a simple short-range regular lattice [89].

Implications for SQA schedules. The similarity structure—EA > ASI > (SK, frustrated lattices)
> Hopfield, EA_LATTICE—points to a sparse, moderately frustrated, heterogeneous Ising land-
scape. Such landscapes are well known to benefit from schedule controls [114—116] developed for
glassy models [113,117,118].

(1) Midanneal plateaus (pauses). EA- and ASI-like systems have small-gap regions where
diabatic excitations are common. Pausing shortly after the avoided crossing significantly improves
ground-state recovery [117,118]. In SQA, this corresponds to inserting a plateau in I'(¢) or S(t)
before the final descent.

(2) Inhomogeneous transverse-field driving. Because DATA’s geometry is irregular (perfectly
matched by EA), per-qubit anneal offsets (softening the field more slowly on high-degree or highly
frustrated nodes) help mitigate local first-order transitions [119,120]. This is particularly relevant
given the similarity between DATA and ASI-like couplings, which exhibit local anisotropies.

(3) Reverse-anneal refinement. For EA-like landscapes, reverse annealing (increasing I" around
a seed, brief hold, slow return) efficiently refines good classical states [121,122]. The similarity
scores suggest DATA belongs to exactly this class.

(4) Multiple short anneals with restarts. Sparse frustrated systems often exhibit wide basin
structures; repeated short runs outperform single slow runs at fixed compute budget [113]. Given
DATA’s EA-like profile, restart strategies are strongly recommended.

(5) Freeze-out mitigation. Moderate frustration and heavy tails (seen in metrics summary) imply
a freeze-out region. Pauses and restarts are significantly more effective than simply increasing
inverse temperature 8 [117].

(6) (Advanced) Controlled diabatic features. Small diabatic “bumps”—temporary increases in
I" before a pause—can exploit nonadiabatic pathways in glassy landscapes [81,123]. The similarity
to ASI-like models supports experimenting with such features numerically.
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TABLE XV. Optimal parameter values obtained for each semiprime integer, optimizer, and solver. For each
optimizer, the maximum value of p; is highlighted in bold.

N n neys Optimizer S MCS ps Bruin Brnax R M B r

SA 4000 1.00 1.3 x107* 2.7 x 1071 — — — _
SA-CE 4000 1.00 1.3 x 1073 55x 107! — - — _

GP SQA-CE 3268 1.00 - - — 817 6.3 9.6 x 10!
A-PSA 3268 1.00 1.3 x 1073 1.8 817 — - —

SA 4000 1.00 1.3 x 10~° 1.1 - - — —
SA-CE 4000 1.00 1.3 x 1073 2 - - - -
TPE SQA-CE 3798 1.00 - - — 422 3.1 1.6 x 107
A-PSA 3798 1.00 1.3x 1073 8x 107! 422 — - —
A-PSA-CE 3798 1.00 1.3 x 107* 63 x 107! 422 — — -
SA 4000 0.81 2.2 x 107 4.2 - - - -
SA-CE 4000 1.00 2.2 x 10™* 2.6 - - - —
GP SQA-CE 3934 1.00 - - — 562 3.8 3.3 x 10%
A-PSA 3934 1.00 2.2 x 107* 3.5 x 107" 562 — - —
91 5 100 A-PSA-CE 3934 1.00 2.2 x 10 2.3 x 10~ 562 — - -
SA 4000 0.74 2.2 x 1077 3.6 - = - -
SA-CE 4000 1.00 2.2 x 10™* 39 - - - —
TPE SQA-CE 3680 1.00 - - — 920 1.2 x 10" 2.8 x10%
A-PSA 3680 1.00 2.2 x 107* 1.9 x 107" 920 — - -
A-PSA-CE 3680 1.00 2.2 x 107* 1.2x 107" 920 — - —
SA 4000 0.32 59x 107 6.7x 1072 — — — —
SA-CE 4000 1.00 5.9 x 1073 1.5 - - -
GP SQA-CE 3976 1.00 - - - 56 6.1x1072 1.1 x 10°
A-PSA 3976 1.00 59 x 1073 35x 107" 56 — — —
SA 4000 0.32 5.9 x 107 5.6 - - - —
SA-CE 4000 1.00 5.9 x 1073 6.1 - - - —
TPE  SQA-CE 3952 1.00 - - — 208 3.6x 107! 6.3 x 10
A-PSA 3952 1.00 5.9 x 1073 33 208 — - —
A-PSA-CE 3952 1.00 5.9 x 1073 6.5 208 — - -
SA 4000 0.46 6.6 x 1073 4.9 - - — —
SA-CE 4000 1.00 6.6 x 1073 6.5 - - - —
GP SQA-CE 3468 1.00 - - — 867 1.6 3.2 x 10?
A-PSA 3468 1.00 6.6 x 107> 5.5 867 — - -
57 6 100 A-PSA-CE 3468 1.00 6.6x 10° 64 867 — - -
SA 4000 0.52 6.6 x 107 5.1 -
SA-CE 4000 1.00 6.6 x 107> 57 x 107! — — — —
TPE SQA-CE 3704 1.00 — — — 463 2.1 5.1 x 107
A-PSA 3704 1.00 6.6 x 1073 4.6 463 — - —
A-PSA-CE 3704 1.00 6.6 x 1073 4 463 — - —
SA 4000 0.19 1.7 x 1073 5.8 -
SA-CE 4000 1.00 1.7 x 1073 6.4 - - - —

GP  SQACE 3736 100  — - — 467 1.7x107" 2x10°
APSA 3736 1.00 1.7x107° 65 467 — - -
77 100 A-PSA-CE 3736 1.00 1.7x107° 16 467 — - -

SA 4000 0.22 1.7 x 107 2.1 - - — —
SA-CE 4000 1.00 1.7 x 1073 13 - - — —

TPE SQA-CE 3850 1.00 — — — 350 1.9x 107! 2.2 x 10°
A-PSA 3850 1.00 1.7 x 107° 3.6 350 — — —
A-PSA-CE 3850 1.00 1.7 x 1073 2.8 350 — — —
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N 1 RBgas Optimizer S MCS p; Buin Brmax R M B r
SA 6000 0.29 1.5 x 107 6.6 - = — —
SA-CE 6000 1.00 1.5 x 1073 3 - = — —
GP SQA-CE 5670 1.00 — — — 378 43 x 107" 1.1 x10°
A-PSA 5670 1.00 1.5 x 107° 5.1 378 — — —
123 7 100 A-PSA-CE 5670 1.00 1.5 x 1073 4.7 378 — — —
SA 6000 0.31 1.5x 10 2.4 - = — —
SA-CE 6000 1.00 1.5 x 107° 2.6 - = — —
TPE SQA-CE 5814 1.00 — — — 323 35x 107! 4.8 x 10?
A-PSA 5814 1.00 1.5 x 1073 5 323 — — —
A-PSA-CE 5814 1.00 1.5 x 1073 2.9 323 — — —
SA 6000 0.12 3.5 x 1076 2.6 - = — —
SA-CE 6000 1.00 3.5x 10 7.6 x 1072 — — — —
GP SQA-CE 5178 1.00 — — — 863 1.7x 107" 5.1 x 10°
A-PSA 5178 1.00 3.5 x 1076 6.6 863 — - —
143 8 100 A-PSA-CE 5178 1.00 3.5 x 10~ 3.7 863 — — —
SA 6000 0.12 3.5 x 107 3.9 - = — —
SA-CE 6000 1.00 3.5x 10 1.3x 107" — — — —
TPE SQA-CE 5715 1.00 — — — 635 34x107" 6x10°
A-PSA 5715 1.00 3.5x107° 1.6 x 107" 635 — — —
A-PSA-CE 5715 1.00 3.5 x 10~° 32 635 — - —
SA 6000 0.14 3.4 x 10~° 35 - = — —
SA-CE 6000 1.00 3.4 x 10 7.5x 1072 — — — —
GP SQA-CE 5985 1.00 — — — 285 25x 107! 1.8 x10°
A-PSA 5985 1.00 3.4 x 10~¢ 4.1 285 — - -
253 8 100 A-PSA-CE 5985 1.00 3.4 x 107° 1.7 285 — — —
SA 6000 0.14 3.4 x 107° 4.6 - = — —
SA-CE 6000 1.00 3.4 x 10 83x 1072 — — — —
TPE SQA-CE 5960 1.00 — — — 745 2x 107" 3x10°
A-PSA 5960 1.00 3.4 x 1076 5.7 745 — — —
A-PSA-CE 5960 1.00 3.4 x 107 2.5 745 — - -
SA 6000 0.10 7.3 x 1077 2.6 - = — —
SA-CE 6000 0.66 7.3 x 1077 59 x 107! — — — -
GP SQA-CE 5984 1.00 — - — 187 42 x 1072 6.5 x 10°
A-PSA 5984 0.76 7.3 x 107’ 6.6 187 — — —
451 9 100 A-PSA-CE 5984 0.91 7.3 x 1077 6.6 x 107> 187 — - -
SA 6000 0.10 7.3 x 1077 4.3 - = — —
SA-CE 6000 0.71 7.3 x 1077 73x 1072 — — — —
TPE SQA-CE 5980 1.00 — — — 92 23x1072 9.8x 103
A-PSA 5980 0.68 7.3 x 1077 53 922 - — —
A-PSA-CE 5980 0.94 7.3 x 1077 9.6 x 1072 92 — - -
SA 6000 0.11 6.9 x 1077 5 - = — —
SA-CE 6000 0.96 6.9 x 1077 6.7x 1072 — — — —
GP SQA-CE 5773 1.00 — — — 251 89x 1072 3.1 x 10°
A-PSA 5773 0.99 6.9 x 1077 5.1 251 — — —
511 9 100 A-PSA-CE 5773 1.00 6.9 x 1077 3.8 251 — — —
SA 6000 0.14 6.9 x 10~ 4.2 - - — —
SA-CE 6000 094 6.9 x 1077 27 x 107" — — — -
TPE SQA-CE 5882 1.00 — — — 346 6.5x 1072 7.6 x 10°
A-PSA 5882 1.00 6.9 x 107’ 6.2 346 — — —
A-PSA-CE 5882 1.00 6.9 x 1077 2.3 346 — — —
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SA 6000 0.11 1.9 x 1077 34 - - — _
SA-CE 6000 028 1.9x 1077 7.5x 1072 — - — _

GP  SQA-CE 5980 1.00  — - ~ 299 6.1x107 4.7 x 10°
A-PSA 5980 1.00 1.9x 1077 8.5x 10 299 — - -
299 10 100 A-PSA-CE 5980 1.00 1.9x 107 28 299 — - -

SA 6000 0.09 1.9 x 1077 1.3 - = — —
SA-CE 6000 0321.9x1077 1.1 x107! — - — —

TPE SQA-CE 5712 1.00 — — — 816 5.8x 1072 1.4 x 10*
A-PSA 5712 1.00 1.9 x 1077 6.3 816 — - -
A-PSA-CE 5712 1.00 1.9 x 1077 7.5 816 — — —
SA 6000 0.07 2.1 x 1077 6.1 x 107! —  — — —
SA-CE 6000 0.98 2.1 x1077 6.6 x 1072 — — — —

GP  SQACE 5640 100  — - — 564 1.2x 107" 6.8 x 10°
A-PSA 5640 1.00 2.1x 107 1.8 564 — - -
1011 10 100 A-PSA-CE 5640 1.00 2.1 x 107 41 564 — - -

SA 6000 0.092.1x107 66  — - = -
SA-CE 6000 097 2.1x 107 27  — - - -
TPE  SQA-CE 5964 1.00  — - — 497 1x107" 9.4 x10°
A-PSA 5964 1.00 2.1x 107 19 497 - - -
A-PSA-CE 5964 1.00 2.1x 107 4 497 — - -
SA 20000 0.05 4.6 x 107 37 - - - -
SA-CE 20000 0.37 4.6 x 1078 7.5x 1072 — - -
GP  SQACE 19516 1.00  — - — 1394 7.7x 107 2.6 x 10*
A-PSA 19516 1.00 4.6 x 107 2.5 1394 — - -
1769 11 100 A-PSA-CE 19516 1.00 4.6 x 108 3.9 1394 — - -

SA 20000 0.06 46 x 10 ° 7.9x 107 — - - -
SA-CE 20000 0.39 4.6 x 108 9.6 x 102 —  — - -
TPE  SQA-CE 18447 1.00  — - — 1677 1.9x 107" 1.5 x 10*
A-PSA 18447 1.00 46 x 10°° 64 1677 — - -
A-PSA-CE 18447 1.00 4.6 x 10°° 1.6 1677 — - -
SA 20000 0.05 4.5 x 107 2.1 - - - -
SA-CE 20000 033 45x 107 75  — - - -
GP  SQACE 19872100  — - — 207 67x 107 3.3 x 10*
A-PSA 19872 0.63 4.5x 1078 7.6 x 107" 207 — —~ -
2047 11 100 A-PSA-CE 19872 0.85 4.5 x 107 7.6 x 1072 207 — - -

SA 20000 0.06 4.5 x 107* 7 - = — —
SA-CE 20000 0.30 4.5 x 1073 1.6 - - — —

TPE SQA-CE 19668 1.00 — — — 894 2.7x107* 3.4 x 10*
A-PSA 19668 0.78 4.5 x 1078 1.6 x 107! 894 — — —
A-PSA-CE 19668 0.80 4.5 x 1078 1.3 x 107! 894 — — —
SA 20000 0.03 1.1 x 1078 42 - = — —
SA-CE 20000 0.13 1.1 x 107 6.7 x 1072 — - — —

GP SQA-CE 19998 0.54 — — - 202 6.3x107 8.1 x10*

A-PSA 19998 0.30 1.1 x 1078 4.2 202 - - —

SA 20000 0.02 1.1 x 1078 4.2
SA-CE 20000 0.11 1.1 x 1078 39 - = - -

TPE SQA-CE 19926 0.55 - - — 243 5.6 x 1073 6.2 x 10*
A-PSA 19926 0.28 1.1 x 1078 4.3 243 — — —
A-PSA-CE 19926 0.43 1.1 x 1078 6.7 x 1072 243 — - —
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SA 20000 0.05 1.1 x 1078 6.1 - - — —
SA-CE 20000 0.17 1.1 x 107® 4.4 x 107! — — - -
GP SQA-CE 19899 0.50 - - — 201 45x1073 6.7 x 10*
A-PSA 19899 0.25 1.1 x 1078 23 201 — — —
4087 12 100 A-PSA-CE 19899 038 1.1x 108 7.5x 102 201 —  — -
SA 20000 0.04 1.1 x 1078 5 - = - -
SA-CE 20000 0.17 1.1 x 1078 55 - - — —
TPE SQA-CE 19838 0.48 - - — 218 4.6 x 1073 6.8 x 10*
A-PSA 19838 0.22 1.1 x 10% 1.2 218 — - —
A-PSA-CE 19838 0.38 1.1 x 10°® 9x 1072 218 — — —
SA 20000 0.02 2.7 x 107° 1.9 - = - -
SA-CE 20000 0.10 2.7 x 10~° 5.5 - = - -
GP SQA-CE 19572 0.37 — — — 932 57x1073 1.6 x10°
A-PSA 195720.29 2.7 x 10™° 7.6 x 1072 932 — - -
SA 20000 0.02 2.7 x 10~ 6 - = — —
SA-CE 20000 0.06 2.7 x 10~° 4.3 - = - -
TPE SQA-CE 19952 0.37 - - — 688 43x 1073 1.5x10°
A-PSA 19952 0.22 2.7 x 107° 4.6 688 — - —
A-PSA-CE 19952 0.25 2.7 x 107° 4.8 688 — — —
SA 20000 0.02 2.6 x 107° 6.5 - - — —
SA-CE 20000 0.07 2.6 x 107° 1.8 - = — —
GP SQA-CE 19220 0.36 — - — 192258 x 1072 1.6 x 10°
A-PSA 19220 0.50 2.6 x 107° 6.2 1922 — - -
£189 13 100 A-PSA-CE 19220 054 2.6 x 10° 6.6 1922 — - -
SA 20000 0.02 2.6 x 10~° 4.6 - = - -
SA-CE 20000 0.06 2.6 x 107° 6.5 - - — —
TPE SQA-CE 19800 0.39 — — — 264 47 x 1073 1.3 x10°
A-PSA 19800 0.27 2.6 x 10~° 6.2 264 — - -
A-PSA-CE 19800 0.35 2.6 x 107° 6.5 264 — — —
SA 20000 0.02 6.7 x 10710 4.2 - = - -
SA-CE 20000 0.04 6.7 x 10710 6.2 - = - -
GP SQA-CE 19800 0.24 — — — 1100 1.7 x 1072 2.4 x 10°
A-PSA 19800 0.35 6.7 x 10710 32 1100 — — -
15853 14 100 A-PSA-CE 19800 0.32 6.7 x 107 7.3 1100 — - -
SA 20000 0.01 6.7 x 10710 39 - - - —
SA-CE 20000 0.04 6.7 x 10710 3.6 - - — —
TPE SQA-CE 19770 0.31 - - — 1977 1.7 x 1072 2.6 x 10°
A-PSA 19770 0.36 6.7 x 10710 35 1977 — — —
A-PSA-CE 19770 0.39 6.7 x 1071 7.6 x 1072 1977 — - -
SA 20000 0.02 6.6 x 1071° 5.1 - - - -
SA-CE 20000 0.07 6.6 x 1071° 4.1 - - - —
GP SQA-CE 20000 0.40 — - — 200 6.5x107* 3.3 x10°
A-PSA 20000 0.11 6.6 x 1010 2.8 200 — - -
16379 14 100 A-PSA-CE 20000 0.17 6.6 x 10°° 66 200 —  — -
SA 20000 0.01 6.6 x 10710 2 - = - —
SA-CE 20000 0.07 6.6 x 107199.5 x 107! — - - -
TPE SQA-CE 19872 0.42 — - — 207 7.3 x107* 3.2 x 10°
A-PSA 19872 0.09 6.6 x 10710 4.8 207 — - —
A-PSA-CE 19872 0.18 6.6 x 1071 1 x 107! 207 - — -
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SA 20000 0.02 1.7 x 10719 6.7 x 107! — — — —
SA-CE 20000 0.02 1.7 x 10710 3.1 - = - -

GP SQA-CE 18468 0.09 — - — 15397.6 x 1073 2.6 x 10°
A-PSA 18468 0.13 1.7 x 10710 2.9 1539 — - —
SA 20000 0.01 1.7 x 10710 7.2 - = - -
SA-CE 20000 0.02 1.7 x 10710 7.1 - = — —

TPE SQA-CE 19568 0.09 - - — 1223 1.1 x 1072 3.8 x 10°
A-PSA 19568 0.13 1.7 x 10~'¢ 1.4 1223 — - -
A-PSA-CE 19568 0.10 1.7 x 10710 14 1223 — - -
SA 20000 0.02 1.7 x 10710 2.8 - = - -
SA-CE 20000 0.05 1.7 x 1071© 6.2 - - - -

GP SQA-CE 19875 0.04 - - - 375 1.5x 1073 1.9 x 10°
A-PSA 19875 0.05 1.7 x 10710 5.9 3715 — - -
SA 20000 0.02 1.7 x 10710 5.1 - = - -
SA-CE 20000 0.04 1.7 x 10710 3.9 - = - -

TPE SQA-CE 19024 0.02 - - — 118943 x 1073 2.4 x 10°
A-PSA 19024 0.03 1.7 x 10710 3.1 1189 — - -
A-PSA-CE 19024 0.04 1.7 x 10710 1.8 1189 — - -
SA 20000 0.01 4.1 x 107" 6.4 - - - -
SA-CE 20000 0.03 4.1 x 10~ 54 - = - -

GP SQA-CE 19894 0.02 - - — 203 2.5x 107* 5.4 x 10°
A-PSA 19894 0.02 4.1 x 10~ 2 203 — - -
49583 16 100 A-PSA-CE 19894 0.024.1 x 10" 38 203 — - -
SA 20000 0.00 4.1 x 10~ 4.9 - = - -
SA-CE 20000 0.02 4.1 x 107" 1.7 x 107" — — - -

TPE SQA-CE 19680 0.02 - - — 492 9.8 x 107* 3.8 x 10°
A-PSA 19680 0.02 4.1 x 1071 1.8 492 — — -
A-PSA-CE 19680 0.02 4.1 x 10! 1.6 492 — - -
SA 20000 0.02 4.1 x 107! 6.8 - = - -
SA-CE 20000 0.02 4.1 x 10~ 7.5 - - — -

GP SQA-CE 19984 0.86 - - — 124927 x 1073 82 x 10°
A-PSA 19984 0.96 4.1 x 107" 7.5 x 1072 1249 — - -
50089 16 100 A-PSA-CE 19984 0.97 4.1 x 107" 72 1249 — - -
SA 20000 0.02 4.1 x 107 5.2 - - - -
SA-CE 20000 0.04 4.1 x 10! 33 - = - -

TPE SQA-CE 18760 0.88 — - — 134024 x 107359 x 10°
A-PSA 18760 0.92 4.1 x 10" 6 1340 — - -
A-PSA-CE 18760 0.97 4.1 x 10~ 5.5 1340 — - -
SA 20000 0.01 4.1 x 10~ 7.5 - - — -
SA-CE 20000 0.02 4.1 x 101 4.7 - - - -

GP SQA-CE 18928 0.02 - - — 1183 1.7 x 1073 3.4 x 10°
A-PSA 18928 0.01 4.1 x 10711 7.5 x 1072 1183 — — -
65509 16 100 A-PSA-CE 18928 0.024.1 x 10" 65 1183 —  — -
SA 20000 0.01 4.1 x 10711 3.6 - = - -
SA-CE 20000 0.02 4.1 x 10~ 3 - - — -

TPE SQA-CE 19778 0.02 - - — 319 48x107* 1.8 x 10°
A-PSA 19778 0.02 4.1 x 107! 1.1 319 - - -

A-PSA-CE 19778 0.02 4.1 x 107" 3.3 x 107" 319 — —
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SA 20000 0.01 1 x 10! 7.5 - - — —
SA-CE 20000 0.01 1 x 107! 7.5 - - - -
GP SQA-CE 19762 0.03 — — — 241 4.6 x 107* 1.4 x 10°
A-PSA 19762 0.05 1 x 107! 6.5 241 - — —
04037 17 100 A-PSA-CE197620.06 1x 107" 36 241 —  — -
SA 20000 0.01 1 x 1071 3.7 - = - -
SA-CE 200000.01 1 x 10~ 2.6 - - - —
TPE SQA-CE 19437 0.03 - - — 589 1.3x107%8.6 x 10°
A-PSA 19437 0.06 1 x 107! 4 589 — — —
A-PSA-CE 19437 0.04 1 x 107" 4.4 589 — — -
SA 20000 0.00 1 x 10~ 2.9 - - - -
SA-CE 200000.01 1x107" 66x1072 — — - -
GP SQA-CE 19800 0.01 - — — 220 1.1 x 107 4.5 x 10°
A-PSA  198000.01 1 x 10~ 6.6 220 - - -
SA 20000 0.00 1 x 107 4.4 - - — -
SA-CE  200000.01 1 x 10~ 2.1 - - — —

TPE SQA-CE 19866 0.01 — - — 231 1.6 x 107 6.6 x 10°
A-PSA 19866 0.01 1 x 107! 4.8 x 107! 231 — — —
A-PSA-CE 19866 0.01 1 x 107! 6.8 x 107! 231 - — —
SA 20000 0.00 2.5 x 10712 3.1 - - — —
SA-CE 20000 0.01 2.5 x 10712 7.5 - = — —

GP  SQA-CE 19690008  — — = 19699.6x 107 2.2 x 10°
APSA 19690 0.112.5 x 10727.5x 1021969 —  — -
159317 18 100 A-PSA-CE 1969001125 x 1072 1.5 1969 — - -

SA 20000 0.01 2.5 x 107247 x 1071 — - — —
SA-CE 20000 0.02 2.5 x 107! 1.9 - - — —

TPE SQA-CE 18950 0.09 — — — 18959.6 x 107* 1.1 x 10°
A-PSA 18950 0.11 2.5 x 10712 3.8 1895 — — —
A-PSA-CE 18950 0.14 2.5 x 10712 6.3 1895 — - -
SA 20000 0.01 2.5 x 10712 7.5 - = — —
SA-CE 20000 0.01 2.5 x 10712 7.5 - = — —

GP SQA-CE 19648 0.03 — — — 614 2.6 x 1074 2.5 x 10°

A-PSA 196480.0625x 10> 14 614 — - -
262099 18 100 A-PSA-CE 19648 0.052.5x 107> 63 614 — -~ -~

SA 20000 0.01 2.5 x 107" 2.1 - = — —
SA-CE 20000 0.01 2.5 x 107129.7 x 107! — — — —
TPE SQA-CE 19810 0.05 — - — 566 2.3 x 107 2.5 x 10°
A-PSA  198100.052.5 x 10712 1.3 x 107! 566 — — —
A-PSA-CE 19810 0.052.5 x 1072 6 x 107! 566 — — —
SA 20000 0.00 6.3 x 10713 4.5 —
SA-CE 20000 0.01 6.3 x 10713 7.5 - = — —
GP SQA-CE 19740 0.00 — — — 282 23x107* 1.4 x10°

APSA 1974000063 x107° 12 282 — - -
374599 19 100 APSA-CE197400.01 6.3 x 10-3 75 282 — - -

SA 20000 0.00 6.3 x 10713 52
SA-CE 20000 0.00 6.3 x 1013 2.8 - = — —

TPE SQA-CE 19941 0.01 — - — 391 22 x 107 4.7 x 10°
A-PSA 19941 0.01 6.3 x 1013 52 391 — — —
A-PSA-CE 19941 0.01 6.3 x 1013 35 391 — — —
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SA 20000 0.01 6.3 x 1013 7.5 - - — —
SA-CE 20000 0.00 6.3 x 10712 2.1 - - — —

GP  SQA-CE 19872001  — —  — 288 54x107° L1x10°
A-PSA 1987200263 x 107323 x 107! 288 — - -
376289 19 100 APSA-CE198720.0263x 10" 1.6 288 — - -

SA 20000 0.01 6.3 x 1071 6
SA-CE  200000.006.3 x 10712 2.6 - - — —

TPE SQA-CE 19942 0.01 — — — 338 8x 1075 4.8x10°
A-PSA  199420.026.3 x 10713 23 338 — — -
A-PSA-CE 19942 0.026.3 x 1073 2.8 x 107! 338 - — —
SA 20000 0.00 6.3 x 10713 6.9 - - — —
SA-CE 200000.016.3 x 10737.7x1072 — - — -

GP  SQA-CE 19320000  — — = 690 3.1x 107 1.1 x 10°
A-PSA 1932000163 x 10737.5x 102 690 — - -
524281 19 100 A-PSA-CE 1932000063 x 107 42 690 —  — -

SA 2000000163x10"° 19 - — - =
SA-CE 2000000163 x107° 57 - — - -
TPE  SQA-CE 189760.01  — —  — 118643 x 107 5x10°
A-PSA 189760.006.3 x 107757 x 107 1186 — - -
A-PSA-CE189760.0163x 10 35 118 — - -
SA 2000000116 x 10°37.6 x 102 — — - -
SA-CE 200000.001.6x107% 22— — - -
GP  SQA-CE 19800001  — — = 22098x107° L1x107
APSA 198000.011.6x 10°3 72 220 — -
831851 20 100 A-PSA-CE198000.011.6 x 10 7.5 220 — - -

SA 20000 0.00 1.6 x 1071 4.2 - = - -
SA-CE 200000.001.6 x 10~13 29 - = - -
TPE SQA-CE 192150.01 - - — 915 1.5x107* 1 x 10’

A-PSA 192150.021.6 x 10713 1.5 915 — - -
A-PSA-CE 192150.011.6 x 107363 x 107! 915 — - -
SA 20000 0.00 1.6 x 10713 2 - - — -
SA-CE 200000.00 1.6 x 10~13 5.4 - - - -

GP SQA-CE 193200.01 - - — 16102.6 x 107* 2.8 x 10°
A-PSA  193200.021.6 x 10713 3.1 1610 — — -

SA 20000 0.01 1.6 x 1071 4.8 - = — —
SA-CE  200000.00 1.6 x 10712 2.4 - - — —

TPE SQA-CE 19844 0.02 — — — 242 23x107° 6.1 x 10°
A-PSA 19844 0.01 1.6 x 10713 23 242 — — —
A-PSA-CE 19844 0.02 1.6 x 10713 42 242 — — —
SA 200000.011.6 x 107377 x 1072 — — — -
SA-CE 200000.011.6 x 10713 3.7 - = — —

GP SQA-CE 19040 0.14 — — — 13601.3 x 107* 2.3 x 10°

A-PSA 190400.121.6x 10 68 1360 — - -
1028 17120 100 APSA-CE190400.131.6x 10°° 63 1360 — - -

SA 20000 0.01 1.6 x 107" 49
SA-CE 200000.01 1.6 x 10712 4.5 - - — —

TPE SQA-CE 193340.09 — — — 13811.8x 10™* 2.7 x 10°
A-PSA  193340.121.6 x 10712 2.9 1381 — — —
A-PSA-CE 19334 0.13 1.6 x 1071 33 1381 — — —
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SA 20000 0.01 1.6 x 10737.6 x 1072 — — - —
SA-CE 20000 0.00 1.6 x 10713 33 - = - —

GP SQA-CE 19920 0.01 — - — 249 2.4 x 1075 1.1 x 107
A-PSA 19920 0.02 1.6 x 10713 6.1 249 — — —
104856120 100 A-PSA-CE19920 0.02 1.6 x 10-3 52 249 — - -
SA 20000 0.01 1.6 x 10753 6.9 - - - -
SA-CE 20000 0.01 1.6 x 10713 1.5 - - — —

TPE  SQA-CE 19129 0.00 - - — 17391.8 x 107* 5 x 106
A-PSA 19129 0.01 1.6 x 10713 6.9 1739 — - -
A-PSA-CE 19129 0.01 1.6 x 10713 4.6 1739 — — —
SA 20000 0.01 4 x 107 7.5 - = - —
SA-CE 20000 0.00 4 x 107" 7.1 x 107! — — - -

GP SQA-CE 19890 0.01 — - — 221 5.1 x107° 2.1 x 107
A-PSA 19890 0.01 4 x 107" 7.5 221 - - —
SA 20000 0.00 4 x 107™% 7.3 - - - —
SA-CE 20000 0.01 4 x 107 1.1 - = - -

TPE SQA-CE 19936 0.01 - - — 142425 x 107™* 1.4 x 107
A-PSA 19936 0.01 4 x 107 1.2 x 1071424 — - -
A-PSA-CE 19936 0.01 4 x 107 7.2 1424 — - -
SA 20000 0.00 4 x 107 1.6 - - - -
SA-CE 20000 0.01 4 x 107 7.5 - - - —

GP SQA-CE 18440 0.00 - - — 1844 1.4 x 107* 1.4 x 107
A-PSA 18440 0.00 4 x 107! 5.6 1844 — — —
100 A-PSA-CE 18440 0.00 4 x 107 1.1 1844 — - —
SA 20000 0.00 4 x 10~ 1.2 - = - —
SA-CE 20000 0.00 4 x 107" 1 - - - -

TPE  SQA-CE 19305 0.00 — - — 71542 x107° 5.7 x 10°
A-PSA 19305 0.00 4 x 1071 3.8 715 - - —
2093 80921 A-PSA-CE19305 001 4x 10 32 715 — - -
SA 20000 0.00 4 x 1071% 2.9 - - - —
SA-CE 20000 0.00 4 x 107 8.3 x 107! - - —

GP SQA-CE 18744 0.00 — - — 15627.4 x 107 1.6 x 107
A-PSA 18744 0.00 4 x 107" 1.2 1562 — — -
200 A-PSA-CE 18744 0.005 4 x 1074 7.5 1562 — - -
SA 20000 0.00 4 x 107™# 5 - - - —
SA-CE 20000 0.00 4 x 107 1.3 - - - —

TPE SQA-CE 19894 0.005 - - — 203 1.1 x 107 4.6 x 10°
A-PSA 198940.005 4 x 107'* 1x 107" 203 - - —
A-PSA-CE 19894 0.005 4 x 107 3.9 x 107! 203 — - —
SA 20000 0.00 9.9 x 10713 4.5 - = - —
SA-CE 20000 0.00 9.9 x 10713 3.8 - - - —

GP SQA-CE 19838 0.01 - - — 218 1.3 x 107 2.8 x 107
A-PSA 19838 0.01 9.9 x 10713 7.5 218 — - —
381904722 100 A-PSA-CE19838 001 9.9 x 105 75 218 — - -
SA 20000 0.00 9.9 x 10713 2.6 - - - —
SA-CE 20000 0.00 9.9 x 10713 6 - = - —

TPE SQA-CE 19520 0.01 — - — 976 3.5 x 107 3.7 x 107
A-PSA 19520 0.02 9.9 x 10713 5 976 — - -
A-PSA-CE 19520 0.02 9.9 x 10~ 2 976 — - -
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TABLE XV. (Continued.)

N N Npeags Optimizer S MCS p; Buin Brmax R M B r

SA 20000 0.01 2.5x 1071 75 - - — —
SA-CE 20000 0.01 2.5x10757.6 x 1072 — — — —

GP  SQA-CE 18914 017  — — = 135123 %1077 8.4 x 107
A-PSA 18914 0.10 25x 107 14 1351 — - -
100 A-PSA-CE18914 0.11 2.5x 1071 43 1351 —  — -

SA 20000 0.00 2.5x 10 438
SA-CE 20000 0.01 2.5x 1075 39 - = — —

TPE  SQA-CE 18928 020  — — = 118331 x 107 8.1 x 107
A-PSA 18928 0.11 2.5x 1075 53 1183 —  — -
$21999923 A-PSACE18928 0.12 2.5x 1075 14 1183 — - -

SA 20000 0.00 25x 107 2.6 - = — —
SA-CE 200000.00252.5 x 10°% 7.5 - - - —

GP SQA-CE 19012 0.155 — — — 13581.6 x 1075 1.8 x 107
A-PSA 19012 0.095 2.5 x 10715 2.4 1358 — — —
400 A-PSA-CE19012 0.090 2.5 x 107 5.2 1358 — - —

SA 20000 0.005 2.5 x 107 5.6 - = — —
SA-CE 20000 0.005 2.5 x 1075 6.4 - = — —

TPE  SQA-CE 198240.1525 — - — 12391.5 x 1073 7.3 x 107
A-PSA 19824 0.10 2.5x 1075 54 1239 — — —
A-PSA-CE 19824 0.08752.5 x 10715 1.5 1239 — — —

Taken together, the N = 59 989 similarity profile strongly supports SQA schedules designed for
sparse, frustration-dominated glasses: EA-like offsets, ASI-inspired plateau timing, and restart-
heavy protocols are expected to yield the best performance.

APPENDIX D: OPTIMAL HYPERPARAMETER VALUES FROM BAYESIAN OPTIMIZATION

The optimal parameter values obtained from Bayesian optimization are summarized in Table XV.
The nominal amount of Monte Carlo steps assigned to each optimizer is the same and it is equal
to the number of Monte Carlo sweeps performed by the SA and SA-CE solvers. Differences in the
number of the effective number of Monte Carlo steps reported in the table arise from the integer-
valued nature of parameters M, R, and J.
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