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Fourier’s law fails when the mean free path of the energy carriers becomes compa-
rable to the length scales and timescales over which the temperature field varies. We
derive a thermodynamically consistent generalization in which the conductivity becomes
a nonlocal memory operator κeff (k, ω), by combining mesoscopic nonequilibrium ther-
modynamics with the Mori-Kubo–Zwanzig projection-operator formalism. The Onsager
kernel is a tensor sum over vibrational normal modes weighted by their Bose heat ca-
pacities and relaxation functions; it satisfies the second law for any closure consistent
with the fluctuation-dissipation theorem and reduces, in the relaxation-time closure, to
the nonlocal conductivity of the phonon Boltzmann equation. Two consequences follow.
First, direction-dependent sampling of this tensor in a pump-probe experiment makes a
nominally isotropic crystal exhibit apparent conductivities �z �= �r . Second, the modu-
lation frequency does not introduce temporal memory but sets the probed wave vector
through the thermal penetration depth, so that the frequency-dependent suppression of
the apparent conductivity measured by time-domain thermoreflectance on Ge and SiGe
alloys is a spatial-nonlocality effect, with effective lengths of 0.25–0.4 μm. With published
mean-free-path spectra and no parameter adjusted to the thermoreflectance data, the kernel
reproduces the spot-size dependence of Si, the frequency dependence of the apparent
conductivity of Ge and Si0.2Ge0.8, and the rise of the apparent interface conductance of
Al/Si0.99Ge0.01, and contains the two-channel ballistic/diffusive model as a two-sector
projection.

DOI: 10.1103/ggz5-nggb

Introduction. The classical theory of heat conduction rests on Fourier’s law,

Jq = −κ∇T, (1)

relating the heat flux Jq to the local temperature gradient through a scalar conductivity κ . Equa-
tion (1) is accurate whenever the carrier mean free path (MFP) �c is far shorter than the experimental
length scale Lexp, i.e., in the diffusive regime where the Knudsen number Kn ≡ �c/Lexp � 1 and
carriers (e.g., phonons in dielectrics and most semiconductors, electrons in metals [1,2]) relax to
local equilibrium much faster than the macroscopic field evolves. Local energy conservation then
yields the diffusion equation ∂t T = a ∇2T [3,4], with a the thermal diffusivity, and a localized pulse
spreads into a Gaussian profile whose width grows as 2

√
at . This description breaks down when
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Lexp is no longer large compared with the longest active MFP, as in nanostructures [5], colloids
[6], and biological organelles [7], where Kn � O(1) marks the onset of nonlocal, partially ballistic
transport [2,8]. Quantitative evidence is now abundant: quasiballistic transport and size-dependent
effective conductivity in silicon membranes [9]; the anisotropic failure of Fourier’s law in time-
domain thermoreflectance (TDTR) on Si and SiGe [10]; and non-Gaussian temperature profiles in
translucent polymers and glasses, where internal infrared radiation provides an additional transport
channel with millimeter-scale effective MFPs [11].

These breakdowns are not all of the same kind, and a useful theory must distinguish them.
The general constitutive response is nonlocal in both time and space, but a given experiment
probes one axis preferentially. In TDTR, the relevant timescale 1/ f is far longer than carrier
lifetimes, so temporal memory is negligible and the modulation frequency f acts only by fixing
a spatial scale, the thermal penetration depth dp = √

κref/πC f , with C the volumetric heat ca-
pacity [10] and κref a fixed reference conductivity (the bulk value below); the same holds for the
macroscale radiative anomaly of Ref. [11]. Temporal memory dominates instead in second-sound
experiments, whereas room-temperature transient gratings, like TDTR, probe spatial nonlocality
[12]. The TDTR breakdown is moreover anisotropic: Beam-offset measurements on nominally
isotropic Si return distinct through-plane and in-plane conductivities, �z ≈ 140 W m−1 K−1 and
�r ≈ 80 W m−1 K−1 [10,13], and it is interface mediated, requiring a nonequilibrium resistance
beyond a local boundary conductance [10]. Following Wilson and Cahill, we use �A, �z, and �r
to denote apparent conductivities extracted by fitting TDTR data with local diffusive models, while
κbulk denotes the intrinsic bulk conductivity in the Fourier limit. Related nonlocal approaches include
phonon Boltzmann transport equation (BTE) kernels in the relaxation-time approximation [14–17]
and beyond it [18], applied to TDTR analytically [15,19], through mean-free-path spectroscopy
[20], by Monte Carlo [21], or with measured interfacial transmissivities [22]; Guyer-Krumhansl
hydrodynamic analyses [23,24]; two-channel interface models [25]; and, closest to the present
work, a spatiotemporal Green-Kubo kernel obtained by Zwanzig projection and realized for phonons
through the linearized BTE [26]. The kinetic treatments start from a prescribed collision operator,
so that their second law and exponential memory are those of that operator, and the interface
enters them through a boundary condition, fitted rates, or a separable kernel with illustrative
parameters. The constitutive law derived here starts instead from mesoscopic entropy production
and the Mori-Kubo-Zwanzig identity: It guarantees non-negative entropy production for any closure
consistent with the fluctuation-dissipation theorem, recovers the BTE and Guyer-Krumhansl kernels
as Markovian and single-pole limits of a memory function that obeys this theorem, and, given a
modal boundary condition, yields the interfacial nonequilibrium resistance from the same kernel,
the two-channel model [25] being its two-sector projection (Sec. SIX of the Supplemental Material
[27]).

In this Letter, we derive this constitutive law. Combining mesoscopic nonequilibrium thermo-
dynamics (MNET) [35–37] with the Mori-Kubo-Zwanzig projection-operator formalism [38–41]
promotes the conductivity to a nonlocal memory operator κeff (k, ω) whose Onsager kernel de-
composes into vibrational normal modes weighted by Bose heat capacities. We show that this
single kernel (1) produces apparent anisotropy �z �= �r as a consequence of the directional modal
weights; (2) accounts for the TDTR conductivities of Si, Ge, and Si1−xGex as a spatial-nonlocality
effect set by dp( f ): in its parameter-free relaxation-time closure, with first-principles-anchored MFP
spectra, it reproduces the spot-size dependence and in-plane anisotropy of Si and the frequency
dependence of Ge and Si0.2Ge0.8 (Secs. SIV B to SVIII of the Supplemental Material [27]); and
(3) contains the two-channel ballistic/diffusive description of nondiffusive transport [10,12,42] as a
two-sector projection.

Generalized constitutive relation. We extend the validity of the Gibbs equation to internal degrees
of freedom � = (p, r) that have not yet relaxed to local equilibrium. For a phase-space density
ρ(�, t ) of heat carriers, the entropy production rate is σ = − ∫

J� · ∇�(μ/T ) d� � 0, with μ(�, t )
a nonequilibrium chemical potential [36,37]. Even in steady state, bosonic carriers can acquire a
nonzero effective chemical potential, as in near-field photonic cooling [43] and nonequilibrium
Casimir experiments [44].
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Postulating a causal linear response in phase space consistent with σ � 0, and coarse graining
onto the energy-density field, yields a generalized constitutive law for the macroscopic heat flux
(see the Supplemental Material [27]),

Jq(r, t ) =
∫ t

−∞
dt ′

∫
dr′ Lqq(r, r′, t − t ′) ∇r′

[
1

T (r′, t ′)

]
. (2)

The spatiotemporal kernel Lqq is not ad hoc: It arises from the projection of phase-space correlations
connecting transport at r′ to r through carrier propagation and scattering, and its symmetric part is
positive semidefinite, guaranteeing σ � 0 [27]. Linearizing about a reference T0 via ∇(1/T ) 

−T −2

0 ∇δT and Fourier transforming in space and time recasts Eq. (2) as a generalized Fourier law,

Jq(k, ω) = −i κeff (k, ω) · k δT (k, ω), (3)

with κeff (k, ω) ≡ L̃qq(k, ω)/T 2
0 the generalized conductivity tensor. The classical law, Eq. (1), is

recovered strictly in the hydrodynamic limit k → 0, ω → 0, where the kernel reduces to a Dirac
delta in space and time and κeff → κ 1. In TDTR, the surface response is a Hankel-space integral
over in-plane wave vectors weighted by the beam profiles [13,45], so that the in-plane kernel enters
that integral, κr → κrr

eff (k), without a single-wave-vector approximation (to leading order in kz/kr ,
away from the transducer interface); the dominant gradients are nevertheless set by kz ∼ d−1

p ( f )
through-plane and kr ∼ w−1

0 in-plane, making the fitted local conductivities directional proxies for
κeff (k) [10].

Modal kernel and anisotropy. To ground the kernel microscopically, we project the Liouville
evolution of � onto a column vector A(t ) of slow variables. The Mori-Kubo-Zwanzig identity yields
the exact generalized Langevin equation (GLE) [27],

dA(t )

dt
= i� A(t ) −

∫ t

0
dτ �(τ ) A(t − τ ) + F(t ), (4)

with � the reversible frequency matrix, F(t ) the projected stochastic force, and the memory kernel
obeying the fluctuation-dissipation theorem �(τ ) = 〈F(τ )FT (0)〉 C−1, C ≡ 〈AAT 〉. The normal-
ized propagator R(t ) = C(t )C−1 has Laplace transform R̃(z) = [z1 − i� + �̃(z)]−1, whose poles
set the mesoscopic timescales.

Choosing the components of A as the modal energy fluctuations Aμ(t ) = δEμ(t ) = εμ[nμ(t ) −
neq

μ ] of the vibrational eigenmodes φμ(r) of the confined medium (with εμ = h̄ωμ), the heat flux
separates into geometry and dynamics, Jq(r, t ) = ∑

μ �μ(r) Aμ(t ), with the vectorial mode flux
functions

�μ(r) = vμ(r) |φμ(r)|2 (5)

carrying the directional group velocity vμ. The Onsager kernel then follows in closed, tensor form
[27],

Li j
qq(r, r′, t ) = T 2

0

∑
μ,ν

� i
μ(r) � j

ν (r′) Rμν (t ) cph(ων, T ), (6)

where the classical variance is replaced by the spectral (Bose) heat capacity

cph(ω, T ) = kB

(
h̄ω

2kBT

)2

csch2

(
h̄ω

2kBT

)
. (7)

Equation (6) is the central structural result. In a confined structure, spatial nonlocality is carried
by the mode overlap � i

μ(r)� j
ν (r′); in a bulk crystal, where |φμ|2 is uniform, it is carried by the

reversible streaming term i�μν (k) = −i k · vμδμν of Eq. (4), so that Rμν acquires a k dependence;
temporal memory resides in the dissipative kernel �; and the quantum weight cph(ων, T ) “freezes
out” high-frequency modes for kBT � h̄ων , correcting the systematic overestimate of heat flow by
classical models below the Debye temperature [8,46], and coincides with the modal heat capacity
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FIG. 1. Apparent anisotropy from a single nonlocal kernel. Longitudinal and transverse blocks κL (k), κT (k)
of the relaxation-time kernel of Si at 300 K, Eqs. (6)–(8) with a first-principles-anchored MFP spectrum (Secs.
SIV B and SVIII of the Supplemental Material [27]; no adjustable parameter), and the one-length Lorentzian
of Eq. (10) with � = 0.4 μm (dotted). A TDTR experiment samples the through-plane direction at kz 
 d−1

p ( f )
and the in-plane direction at kr 
 2.4/w0 (dashed lines; f = 9.8 MHz, w0 = 1 μm), so a nominally isotropic
crystal yields �z �= �r ; symbols are the beam-offset values of Wilson and Cahill [10], normalized to the
measured κbulk = 142 W m−1 K−1 (the kernel to its own bulk value, 148 W m−1K−1). The through-plane
point lies above κL (kz ) because the Si response in that direction is interface dominated (Sec. SIV C of the
Supplemental Material [27]).

Cμ of kinetic theory [22,26]. With the Markovian closure �μν = 2τ−1
μ δμνδ(t ), Eqs. (4) and (6)

give κ
i j
eff (k) = V −1 ∑

μ Cμvi
μv

j
μτμ/[1 + (k · �μ)2], with �μ = vμτμ and V the volume, which is

the nonlocal conductivity of the Boltzmann equation [14,22]; its longitudinal and transverse blocks
are suppressed as 1 − 3

5 (k�)2 and 1 − 1
5 (k�)2 at long wavelength (Fig. 1; Sec. SIV B of the Supple-

mental Material; scope and limitations are provided in Sec. SVIII A of the Supplemental Material
[27]). Distinct carrier families (acoustic and optical phonons, or internal radiation in translucent
solids [11]) enter additively through disjoint mode sectors.

The tensor structure of Eq. (6) has an immediate, testable consequence. Fourier transforming in
space and time, the diagonal blocks of the conductivity read

κ ii
eff (k, ω) = 1

V

∑
μ,ν

�̃ i
μ(k) �̃ i

ν (−k) R̃μν (k, ω) cph(ων, T ), (8)

where the mode overlap (confined modes) or the streaming propagator R̃μν (k, ω) (bulk) is maximal
at k → 0 and is cut off for |k| � �−1, so each block decreases monotonically with |k|. Because �μ

points along the mode group velocity, the kernel is a tensor whose blocks a TDTR experiment sam-
ples at direction-dependent wave vectors, kz 
 d−1

p ( f ) = √
πC f /κref and kr 
 c/w0 (c 
 2.3–2.4

for the beam-offset width at w0 ≈ 1–1.5 μm, rising slowly with w0; Sec. SVIII of the Supplemental
Material [27]); this sampling yields, in the absence of interfacial effects,

�z = κzz
eff

(
kz ∼ d−1

p

) �= �r = κrr
eff (kr ∼ c/w0), (9)

with the more strongly sampled direction the more suppressed (Fig. 1). For Si at w0 ≈ 1μm and
f = 9.8 MHz, with κref ≈ 142 W m−1 K−1 (taken as the bulk value) and C ≈ 1.6 × 106 J m−3 K−1,
one finds dp ≈ 1.7μm, hence kz ≈ 0.6 < kr ≈ 2.4 μm−1 and �r < �z, in qualitative
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GENERALIZED FOURIER’S LAW IN MESOSCOPIC …

agreement with the beam-offset values quoted above: A nominally isotropic kernel produces
apparent anisotropy purely through direction-dependent sampling. Raising f shifts kz outward
and suppresses the through-plane channel; shrinking w0 shifts kr outward and suppresses the
in-plane channel, reproducing the experimentally observed selectivity of the two knobs [10].
Inserting this parameter-free relaxation-time kernel, built from a first-principles-anchored MFP
spectrum, into the multilayer TDTR model [13,45] reproduces both the pump-diameter depen-
dence �A(D) of Ding et al. [21] (121 → 148 W m−1 K−1 versus 115 → 143 W m−1 K−1 for
D = 3.7 → 60 μm) and the beam-offset �r at w0 = 1 μm (70–92 W m−1 K−1, depending on the
MFP spectrum, versus 80 W m−1 K−1) [Figs. S1(b) and S1(c) and Sec. SVIII of the Supplemental
Material [27]], whereas through-plane transport in Si is governed by the interfacial condition
(below).

Limiting cases. For a bath spectral density S(ω) ∝ ωs, �̃(z) ∼ zs−1 classifies normal (s = 1),
anomalous (0 < s < 2, s �= 1), and ballistic (s = 2) transport (Sec. SV of the Supplemental Material
[27,47–51]). A Markovian kernel �(t ) ≈ 2τ−1

q 1 δ(t ) makes the flux correlations exponential, i.e.,

gives R̃(z) a single inertial pole at z = −τ−1
q : For ωτq � 1, it recovers Fourier’s law (and, with

streaming, the Boltzmann kernel above), while retaining the pole yields the Cattaneo-Vernotte
equation [52,53] τq∂t Jq + Jq = −κ∇T , whose spatial counterpart is the Guyer-Krumhansl kernel
[26,54]. Temporal memory (ωτq ∼ 1) thus governs second sound, whereas TDTR and room-
temperature transient gratings [12] operate on timescales far longer than τq.

Spatial nonlocality and the TDTR data. To lowest order in gradients, the isotropic nonlocal
conductivity is represented by a minimal one-length ansatz, a Lorentzian in wave vector,

κeff (k) = κbulk

1 + (k�)2
, (10)

which is the [0/1] Padé closure consistent with the long-wavelength expansion of a finite-range
spatial kernel (Sec. SIV A of the Supplemental Material [27]); in the relaxation-time closure �2 =
3
5 〈�2〉κ , with 〈�2〉κ the κ-weighted second moment of the MFP spectrum, but for broad spectra the
full kernel decays almost logarithmically in k (Fig. 1), so that Eq. (10) is an effective one-length
description over the measured decade.

Evaluated at kz = d−1
p , this gives a frequency-resolved apparent conductivity

�A( f ) = κbulk

1 + f / f ∗ , f ∗ = κref

πC �2
, (11)

controlled by a single effective length � rather than a relaxation time. The crossover frequency f ∗ is
large (response flat) when � is short, and small (early roll-off) when � is long.

Figure 2 compares Eq. (11) with the apparent conductivities of Wilson and Cahill [10] over
f = 1–20 MHz. Fitting κbulk and f ∗ per material (C fixed, � derived from f ∗) matches every dataset
(χ2

ν < 1); with six points over one decade, this is a consistency check of an effective one-length
description, not a stand-alone test of the theory, which rests on the parameter-free calculations
of Fig. 1 and Figs. S1 and S2 of the Supplemental Material [27]. Pure Si and boron-doped Si
(Si:B) remain flat (dp � �; �Si � 0.6 μm at 1σ ), while Ge and the SiGe alloys roll off, yielding
�Ge = 0.41 ± 0.09 μm, �Si0.99Ge0.01 = 0.34 ± 0.07 μm, and �Si0.2Ge0.8 = 0.25 ± 0.04 μm (1σ statisti-
cal; systematic ±0.15 μm from the functional form and the treatment of κbulk; Sec. SVI A and Table
S1 of the Supplemental Material [27]). Within this one-length description, the trend across materials
is transparent in Eq. (6): Mass-disorder scattering [55] (∝ ω4) removes high-frequency modes and
increases the fraction of κ carried by long-MFP modes (from 24% to 47% above 1 μm when 1%
Ge is added to Si; Sec. SVIII of the Supplemental Material [27]), while the lower alloy conductivity
shrinks dp and pushes kz = d−1

p deeper into the nonlocal regime, so that � reflects the MFP window
sampled by dp( f ) [10,56]. Solving the through-plane boundary-value problem directly with the
modal kernel (Sec. SIV C and Fig. S2 of the Supplemental Material [27]) reproduces �A( f ) of Ge
and Si0.2Ge0.8 without adjustable parameters under an interface condition adiabatic below 3 THz
[25] (Si0.99Ge0.01 falling between this condition and a fully thermalizing interface); for Si, the
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FIG. 2. Apparent thermal conductivity �A vs modulation frequency: TDTR data of Wilson and Cahill [10]
[symbols, with error bars; digitized from their Fig. 3(a) at w0 = 10 μm] and two-parameter fits of Eq. (11)
(solid lines). Fourier’s law predicts a constant �A; Si and Si:B stay flat while Ge and the SiGe alloys are
suppressed at high f , where the shrinking penetration depth dp( f ) probes a larger wave vector. The effective
lengths are � = 0.41, 0.34, and 0.25 μm for Ge, Si0.99Ge0.01, and Si0.2Ge0.8, respectively. Parameter-free kernel
calculation of the same data and of the apparent interface conductance GA( f ): Fig. S2 of the Supplemental
Material [27].

bulk kernel alone overpredicts the through-plane suppression by an amount set by the fraction of
κ in long-MFP modes (19% or 13% decline over the band for 40% or 24% of κ above 1 μm,
against 7% ± 8% measured), the flat �z( f ) being controlled by the Al/Si interface [22] and by the
amplitude-phase compensation of the out-of-phase signal [15].

Role of the interface. The same modal picture clarifies why a local boundary conductance is insuf-
ficient [10]. Near a metal/sample boundary, the reflected and transmitted modes truncate the overlap
� i

μ(r)� j
ν (r′) within a layer of thickness set by the MFP, leaving residual off-diagonal correlations

Rμν (μ �= ν) that do not relax to a single local temperature. In the language of Eq. (6), the short- and
long-MFP sectors are driven out of mutual equilibrium over a finite length, which is precisely the in-
terfacial nonequilibrium resistance inferred phenomenologically from the frequency dependence of
the apparent interface conductance in SiGe alloys [10,25]. Projecting Eq. (4) onto a long-MFP sector
and a diffusive reservoir recovers the two-channel model of Ref. [25] and maps its nonequilibrium
length d 
 150 nm onto the range of the ballistic sector, �1 = d

√
(�1 + �2)/�2 
 0.28 μm, with

�1,2 the conductivities of the two channels (Sec. SVII of the Supplemental Material [27]). For a
thermalizing interface, the boundary-value solution (Sec. SIV C of the Supplemental Material [27])
yields the excess resistance Rneq = �Tneq/q′′, the additional interfacial temperature drop per unit
heat flux q′′ that a local model must assume: ≈6.5 × 10−9 m2 K W−1 at 1 MHz for Al/Si0.99Ge0.01

(3.0 and 2.5 × 10−9 for Si and Ge). This is comparable to measured interface (Kapitza) resistances
(3–7 × 10−9 m2 K W−1 for Al/Si and Al/SiGe [20,22,25]) and decreases with f , reproducing the
frequency increment, though not the absolute level, of the rise of the apparent interface conductance
GA( f ) that accompanies the drop of �A( f ) [25] (Fig. S2(b) of the Supplemental Material [27]).
The kernel thus places the diffusive reservoir and the nonlocal ballistic channel of the two-fluid
description [12,42] on a common, entropy-producing footing, rather than positing them separately.
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Conclusion. We have derived a thermodynamically consistent generalization of Fourier’s law in
which the conductivity is a nonlocal memory operator κeff (k, ω), whose Onsager kernel decomposes
into vibrational normal modes weighted by Bose heat capacities and relaxation functions [Eq. (6)].
The kernel is a tensor even in a cubic crystal, and direction-dependent sampling of it yields
apparent anisotropy �z �= �r in a nominally isotropic crystal; the recognition that TDTR samples
κeff at a frequency-set wave vector kz ∼ d−1

p recasts the measured suppression in Ge and SiGe
as spatial nonlocality, described by an effective length � 
 0.25–0.4 μm and, without adjustable
parameters, by the relaxation-time kernel with the interfacial condition on the long-MFP modes;
for the through-plane response of Si, the kernel alone overpredicts the suppression and the interface
condition dominates; and the truncation of modal overlaps at a boundary provides a microscopic
origin for the interfacial nonequilibrium resistance. Together, these results place the two-channel
ballistic/diffusive picture on a thermodynamic and microscopic footing [10,12,25,42], and recover
the relaxation-time kernel of the Boltzmann equation as the Markovian closure of the GLE. Relative
to BTE-based and hydrodynamic analyses of TDTR [15,21,22,24], the framework adds a second law
that holds for any closure consistent with the fluctuation-dissipation theorem and non-Markovian
memory; relative to the Green-Kubo kernel of Ref. [26], which shares its positivity and its Guyer-
Krumhansl limit, it adds the thermodynamic (MNET) route, the fluctuation-dissipation structure
of the memory function, and an interface resistance computed from the same kernel, given a
modal boundary condition, rather than from a separate interfacial kernel; and it does not replace
the first-principles input (lifetimes, transmissivities) on which those analyses rely and which it
consumes unchanged. Three predictions follow (Sec. SX of the Supplemental Material [27]): For
the same in-plane wave vector, the apparent in-plane suppression should exceed the through-plane
one by a factor of 1.5–2 for w0 = 1–10 μm (bounded by 3 at long wavelength) in a material
whose through-plane response is not interface dominated; �r measured with different spot sizes
and geometries should collapse on the single curve κL(k) once each geometry is mapped to its
effective wave vector by the forward model (k 
 2.3/w0 at w0 = 1 μm, 3.6/w0 at 10 μm); and
isotopically enriched 28Si should show the same �r as natural Si at w0 = 1 μm despite an 8% larger
κbulk. Because the kernel is expressed through equilibrium correlation functions and modal heat
capacities, the framework connects experimental observables to microscopic parameters without ad
hoc extensions and applies directly to nanowires, superlattices, and quantum dots, to the temperature
dependence of nondiffusive transport through cph(ω, T ), and, by extension to electronic variables,
to thermoelectric and active quantum devices [57].
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