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In this paper, we consider fluctuations in a three-stroke cycle based on quantum mea-
surement. In the first stroke, the engine is fueled by a nonselective quantum measurement;
in the second stroke, an appropriate unitary operation is applied to extract work; and
finally, the working medium is thermalized to complete the cycle. This protocol is anal-
ogous to charging, then discharging, and finally thermalizing a quantum battery. Using
the Kirkwood-Dirac quasiprobability, we derive equations that provide insights into the
fluctuations of heat and work, and thus into the charging and discharging processes.
We then propose a quantum circuit to measure the cumulants of work and heat using a
qubit ancilla. Afterward, we derive important upper and lower bounds on fluctuations in
heat; this is thanks to the way we decompose heat fluctuations and the Kadison-Schwarz
inequality. We also show, for the first time, that the imaginary part of the second cumulant
of work equals the linear response of an average work (to be defined in the main text)
or the quantum cross entropy. We further introduce an operator whose average defines
the battery capacity and whose variance quantifies the corresponding fluctuations of the
battery capacity. Our analytical results are illustrated and discussed through representative
examples. We believe that our study will, on the one hand, be useful for understanding
fluctuations in energy extracted from and injected into quantum batteries based on quantum
measurements and, on the other hand, contribute to the foundations of quantum thermody-
namics. More generally, our results can be applied beyond the three-stroke cycle considered
here, especially to quantum batteries subject to environmental noise and decoherence.

DOI: 10.1103/fls6-mxgq

I. INTRODUCTION

Quantum engines [1-9] and quantum batteries (QBs) [10-12] are among the most promising
emerging quantum technologies [13—15] and are expected to play an important role in future
applications. A central goal of quantum thermodynamics [16-21] is to investigate how resources
such as energy discreteness, quantum coherence, and quantum measurement—the main focus
of this paper—can enhance the performance of thermodynamic devices, including clocks [22],
refrigerators [2], engines [7], and batteries [12].
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However, fluctuations at the quantum scale are significant; consequently, thermodynamic
quantities such as work, heat, efficiency, and entropy production exhibit inherently stochastic
behavior [23-35]. Recent studies have shown that these fluctuations are not arbitrary but can be
bounded [35-42]. For instance, in the case of the four-stroke quantum cycle, it has been shown
that the relative fluctuations of work and heat are lower bounded [35,42-44]. Moreover, it has been
demonstrated that the ratio of work to heat fluctuations is constrained from both below and above
(see Refs. [36-43]).

A. Motivation

Here, we focus on fluctuations and address an important yet largely unexplored question in the
literature, namely, fluctuations in thermodynamic quantities of heat engines and batteries based on
(either weak or strong) nonselective quantum measurements [45-48], where it is specified when
each measurement type is considered. More precisely, we develop a general theoretical framework,
together with bounds on fluctuations, that is applicable to quantum thermodynamic machines fueled
by quantum measurements. We believe that our study opens directions that differ from those
explored in Refs. [49-75], where the focus was primarily restricted to fluctuations in work (or in
power). Strictly speaking, our work will be useful when considering the charging and discharging
of QBs using quantum operations beyond unitary ones [45—48].

B. Summary of contributions

In this work, we consider a three-stroke quantum cycle (3SQC) [76,77], where the working
medium (WM) is an arbitrary finite-dimensional quantum system. In the first stroke, the engine is
fueled by a nonselective quantum measurement [45,48]; in the second stroke, an appropriate unitary
operation is applied to extract work; and finally, in the third stroke, the WM is thermalized to close
the cycle. This cycle is analogous to charging, then discharging, and finally thermalizing a quantum
battery. Owing to this analogy, we use the terms heat (in the context of engines) and charging energy
(in the context of batteries) interchangeably.

We employ the Kirkwood-Dirac quasiprobability (KDQ) distribution [78—100] as a tool to com-
pute the cumulants of thermodynamic quantities of the engine, and thus also the cumulants of the
charging and discharging processes of the QB. Unlike cumulants derived using the two-point mea-
surement (TPM) scheme [24,101,102], these cumulants account for quantum coherence, thereby
capturing genuinely quantum features of the engine. We also propose a quantum circuit [103—-105]
that allows one to measure the real and imaginary parts of the joint characteristic function (CF),
from which the cumulants of heat and work can be extracted.

Since the cumulants of work are derived from the KDQ distribution, the second cumulant
generally possesses an imaginary part. We provide physical interpretations of this imaginary
part [106,107] in our setting. More precisely, we show that the imaginary part can be interpreted
as the linear response [108] of (1) an average work, to be defined below, and (2) the quantum cross
entropy [109].

We compare fluctuations in heat obtained from either the TPM scheme or the KDQ distribution
with those derived from the heat operator, where the latter is defined analogously to the work opera-
tor [110,111]. We show that while the average of the heat operator correctly reproduces the average
heat, its variance fails to capture all terms in heat fluctuation. Nevertheless, using the Kadison-
Schwarz inequality [112], we prove that the variance of the heat operator provides a lower bound on
heat fluctuations. Overall, we establish two lower bounds and two upper bounds on heat fluctuations.

We show that, in the ergotropy regime, the marginal quasiprobability distribution from which
work fluctuations emerge becomes a genuine probability distribution (PD). More precisely, we
demonstrate that, in this regime, the TPM scheme can be used to estimate work fluctuations even
when the initial state does not commute with the initial Hamiltonian. This is possible because the
unitary that extracts ergotropy, when acting on the pre-work-extraction state, produces a state that
commutes with the battery Hamiltonian.
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FIG. 1. Schematic representation of the 3SQC. From p, (blue atom) to p; (red atom), the WM (represented
by an atom) is fueled by a nonselective quantum measurement, which may be strong (i.e., projective) or weak,
with the type specified in each case. From p; to p, (green atom), work is extracted from the WM to charge,
e.g., a battery, where the battery sketched in red color is uncharged while the green one is charged. However,
of course, one can also consider adding work to the WM, i.e., energy injection. Finally, from p, to py, the WM
returns to its initial state via thermalization. Note that the working medium itself can also be regarded as a
quantum battery. See the main text for details.

We further introduce an operator whose average defines the battery capacity [113] and whose
variance quantifies the corresponding fluctuations. We show that this operator can be expressed as
the difference between two work operators [110]: one whose average yields the ergotropy [114],
and another whose average yields the antiergotropy [113]. We prove that the variance of the
battery capacity operator can be interpreted as a measure of the work fluctuations associated with
discharging (charging) the QB from its active (passive) state to its passive (active) state. We believe
that the variance of the battery capacity operator provides a valuable extension to the set of tools
available for characterizing the performance of quantum batteries.

C. Paper flow

The flow of this paper is as follows. In Sec. II, we define the 3SQC and demonstrate its analogy
with charging, discharging, and thermalizing a quantum battery. In Sec. III, we present our analytical
results and their limits of applicability, along with their interpretations and usefulness. Further
results are given in the Appendixes. Finally, we conclude in Sec. IV.

Throughout this paper, we set i = kg = 1. The natural logarithm is denoted by In. Furthermore,
for a given average and variance, we define the reliability as the ratio of the average to the square
root of the variance; the square of the reliability is also referred to as the signal-to-noise ratio [32].
This definition applies to both scalar quantities and operators.

II. MEASUREMENT-BASED THREE-STROKE QUANTUM CYCLE

A. Three-stroke quantum cycle

We consider a 3SQC (Fig. 1) in which the WM is a quantum system with Hamiltonian H acting
on a finite-dimensional Hilbert space H,, of dimension d,. The Hamiltonian H can be spectrally
decomposed as

dyp
H=Y) ET, M
i=1

where Ilg, = |E;)(E;| are rank-one projectors onto the energy eigenstates |E;) and E; are the
corresponding eigenvalues.
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The WM is initially in thermal equilibrium with a heat bath at temperature 7', and its initial state
is given by the Gibbs state

e
T Tr[e H/T]

We now describe the three strokes of the cycle (see, e.g., Ref. [76]):

(1) First stroke: The WM, initially prepared in the state py, is subjected to a quantum measure-
ment. Since p is a thermal equilibrium state, this stroke fuels the engine. Indeed, the Gibbs state (2)
is passive [115,116], meaning that no work can be extracted from it via cyclic unitary operations.

(2) Second stroke: An appropriate unitary operation U is applied to the WM in order to extract
work.

(3) Third stroke: The WM is recoupled to the heat bath and allowed to fully thermalize, thereby
returning to its initial equilibrium state (2).

The action of a nonselective quantum projective measurement [117-119] on a state p is described
by the quantum channel ®,;, where

Po 2

dy
Dy (p) =Y Mipl,, 3)
i=1
with IT; = |I1;) (I1;| being projective operators satisfying the orthogonality condition IT;IT; = §;;I1;.
Accordingly, during the first stroke the state changes from pg to

1 = Pu (o). “4)

The corresponding average energy change is

(Oum) == Tr[H(p1 — po)l. ®)

Since @), generally increases the von Neumann entropy of the WM, the quantity (Qy,) is interpreted
as (quantum) heatlike [3,4,120].

In Eq. (3), although the number of projectors is taken to be equal to the dimension of the
WM, this assumption is not necessary for deriving our analytical results [121]. Allowing the
number of projectors to be fewer than d;, enables measurements to be performed on only, e.g.,
a subsystem of the WM [122]. Consider a quantum system composed of N subsystems, where
the nth subsystem has dimension d,. If the measurement is performed on this subsystem, Eq. (3)
becomes ®py(p) = Y0, T p[;, where [ =14, ® - @1y, @M @1y, ® - ® 1y, Here,
the projectors I1; satisfy T1,I1,, = 8, I1;. The total Hilbert space dimension is dj, = ]_[fV: 1 di,and 1,4
denotes the identity operator on a d-dimensional space. For example, for a WM composed of two
coupled qubits, i.e., N = 2, one may restrict the measurement to a single qubit [121,122], in which
case d, = 4 and d; = 2 for i = 1, 2. In general, however, the measurement need not be restricted to
a single subsystem and can act on any subset of the global system. We also note that the channel
@y, in Eq. (3) is unital, since @y (14,) = 1y4,.

In the second stroke, the state evolves unitarily from p; to po = Up U . and the average work
(extracted or invested, depending on its sign) is

(W) =Tr[H(p2 — p1)]. 6)

Finally, in the third stroke, the WM thermalizes back to the initial state py, and the average heat
released into the bath is

(Oc) = Tr[H (po — p2)].

When the cycle operates as a heat engine, the conditions (Qy) > 0, (W) < 0, and (Q¢) < 0 must
be satisfied. The efficiency is then defined as

n=Wex/(Qu) = 14+ (Qc)/(Om), (7
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where (W) = —(W). The second equality follows from the first law of thermodynamics, (Qy) +
(W) 4+ (Qc) = 0. In Eq. (7), the efficiency 1 quantifies how much energy is recovered as useful
work from the energy injected into the engine via quantum measurement.

B. Equivalence of the 3SQC to cyclic quantum battery

An important remark is in order.

Remark 1. Our 3SQC can be interpreted as a cyclic QB [122]. A (quantum) battery is a system
that stores energy for later use. A central question in quantum thermodynamics is how much energy
can be stored in and extracted from a quantum system. In this context, the WM functions as a battery:
it starts in a thermal equilibrium state, is then charged via a quantum projective measurement (first
stroke), and is partially or completely discharged through a unitary operation that extracts useful
energy (second stroke). Finally, the battery is reset to its initial state by coupling it to a thermal bath
(third stroke).

It is worth noting that additional strokes can be added between the charging and discharging
processes to study, for example, the influence of quantum noise on the energy stored in the
battery [123,124].

This observation, namely, that measuring a WM can be interpreted as charging a QB via quantum
measurement, can be useful to avoid using the terms heat or work and instead describe the process
as either charging or discharging a QB. For example, when the measurement channel during the
first stroke is considered to be a nonselective weak measurement [48,119] rather than a projective
one, we show in Appendix L, using a qubit example, that the change in the energy of the WM can
sometimes occur with no entropy increase in its state and can therefore be considered worklike.
In this case, one can recover all the energy given to the WM during the first stroke, and hence
unit efficiency is achieved [76]. However, for nonselective quantum projective measurements, the
change in energy during the first stroke is considered (quantum) heat [120].

C. Ergotropy, antiergotropy, and battery capacity

In the second stroke, if one maximizes (W )ex over all possible unitaries € U;,, where the latter is
the set of unitary matrices of dimension dj, x dj, the resulting quantity is known as ergotropy [114],
which we denote by (W )nayx, While the unitary that attains it is denoted by Ue,. In this regime, the
corresponding efficiency iS Nmax := (W )max/(Oum), and the state p, becomes p,. With regard to work
maximization, one can consider either local or global unitaries; however, the analytical expressions
for fluctuations derived in the following section apply to both cases, since we consider an arbitrary
unitary U.

For QBs, ergotropy is not the only relevant quantity. Instead of maximizing (W) over all
unitaries, one can also minimize it. This corresponds to maximizing Tr[U p;U TH] over all unitaries
€ Uy,, and the resulting quantity is known as antiergotropy [58,124,125]. We denote it by (W )min,
which is a negative quantity [113], and the unitary achieving it is labeled Uyer,. The action of User,
on the state p; produces the active state, which we denote by p,.

From the difference between ergotropy and antiergotropy, one can define the quantum battery ca-
pacity (or, in short, the battery capacity) [58,113,124-132], given by C(p1; H) := (W )max — (W )min-
It is straightforward to show that

C(p1; H) = Tr[(Uaergp1Ufg — Uerg 1 Ul )H .

aerg

Finally, an explicit example illustrating our 3SQC based on nonselective quantum projective
measurement is provided in Appendix A.

III. RESULTS

In this section, we present the main analytical results. Detailed proofs, applications, and illustra-
tive examples are provided in the Appendixes.
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A. The importance of schemes beyond the two-point measurement scheme

In the previous section, we introduced the 3SQC and provided expressions for the average work,
heat, and battery capacity. However, these thermodynamic quantities exhibit nonzero fluctuations,
raising an important question: how can we assess fluctuations, e.g., in work and heat?

To estimate these fluctuations, the TPM scheme is typically employed [102,111]. This method
involves measuring the system’s energy at the beginning and end of its evolution, constructing the
PD, and then deriving all cumulants from this distribution.

Since the initial state of the cycle commutes with the Hamiltonian, i.e., [po, H] = 0, where
[A, B] = AB — BA denotes the commutator, fluctuations in heat can be evaluated using the TPM
without any issues—although we note that our paper also presents the expression for heat fluctua-
tions even in the case of a noncommuting state and Hamiltonian.

However, the situation becomes more intricate when considering fluctuations in work during
the second stroke. In general, [p;, H] # 0, implying that the postmeasurement state p; contains
quantum coherence in the energy eigenbasis. If the TPM approach were used, the required projective
measurements would destroy this coherence, leading to work fluctuations that fail to capture its
influence [133]. As a result, computing work fluctuations in the presence of coherence becomes
both a challenging and an interesting problem.

Recently, it has been shown that the KDQ [78-100] is a promising tool—among many other
proposed methods [87]—for analyzing work fluctuations in quantum systems where coherence
plays a significant role. This quasiprobability satisfies all Kolmogorov axioms except for positivity;
it can take on negative or complex values.

B. Derivation of cumulants using the Kirkwood-Dirac quasiprobability distribution

Remark 2. Below, when we consider the decomposition of H as in Eq. (1), we add a superscript
to the eigenvalues and eigenstates of H to indicate the state of the QB. More precisely, when the QB
.. : 0) (1) () ; i
isin the state po, p1, or p2, we denote the eigenvalues by E; ™, E i and E,*, while the corresponding

eigenstates of H are denoted by IEi(O)), |E](.1)), and |E,fz)), respectively. This is purely a notational
convention and does not affect the physics.

Let us now define Q) and W as the heat and work at the (quantum) trajectory level—i.e., at the
level of single realizations of the cycle [97,134]. In terms of Hamiltonian eigenvalues, they are given
by

OQu:=E"—E” and W:=E>-E{.

Following Refs. [92-95], the joint KDQ describing both heat and work at the trajectory level for
the 3SQC is given by

aijx = T[|EZNE U [EVNES" | @ (JENEL | o) UT]. ®

In general, Eq. (8) can be negative and even complex. Its real part is known as the Margenau-Hill
quasiprobability [18,80,93], as it may take negative values.

Using Eq. (8), the joint CF—i.e., the Fourier transform of the joint quasiprobability distribution
of heat and work (see Appendix B)—is

X (Vou yw) = Ta[e" ! U e/ eu=rM @y (=o' o) UT). ©)
Here, yp,, and yy are the Fourier conjugate variables corresponding to the stochastic variables Oy
and W, respectively. Note that in Eq. (9), if one considers an arbitrary generalized nonselective

measurement, one only needs to replace the channel ®,, in Eq. (3) by the appropriate one, and
Eq. (9) still gives the cumulants of heat and work.
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The averages of Oy and W follow from the joint CF as

dIn x(vou>

(0 = M xlren ) , (10)
d (lyQM) Yoy =yw=0
Iiyw) VQM=VW:0’

respectively. Furthermore, Egs. (10) and (11) reproduce the average quantities introduced earlier in
Eqgs. (5) and (6). In Appendix C, we prove analytically that (Qy) > 0 and (Q¢) < 0, where the latter
is in accordance with the second law of thermodynamics for our 3SQC, ensuring that heat flows on
average only from the QB to the bath.

On the other hand, the cumulants of Oy, and W, beyond averages, are obtained from the joint CF
via

_ Bnlnx(yQM, yw)

(X%)e , 12)

aUVx)" Yoy =yw=0

where X can be Qy or W, and n > 2.

C. A method to measure Eq. (9) using a qubit ancilla: Interferometric scheme

Before developing further results, an important question arises: is Eq. (9) a measurable quantity?
If so, how can it be measured? Below, we answer this question affirmatively and propose a quantum
circuit to achieve this task.

Consider a qubit ancilla [103—105] with states |e) and |g) as its excited and ground states,
respectively. In the basis {|e), |g)}, the Pauli operators are o, = |g){e| + |e){(gl, o, = i(|g)(e] —
le}{g|), and o, = |e){e| — |g){(g|. Assume that the ancilla is prepared in the state |e)(e|, and let H, =

(0, + 0,)/+/2 be the Hadamard gate. We then define the following operators, and the channel E»:

Ey:=H,® 1,
E; = le){e|] ® e "o + |g) (g ® Lg,,
dp

E) =) 0, @1 ()0, ® I,

i=1
Es = le){e| ® 14, + 1) (8] ® e7on™
Ey:=le){el ® 1y, + 1g) (gl ® e MM
ES = Ux ® U?

Es :=|e)(e| ® e + |g)(g] ® 1,

One can see that (1) Ey acts only on the ancilla, preparing it in the state (Je) + |g))/ V2 while
acting as the identity on the QB; (2) E, E3, E4, and E¢ are controlled unitary operators acting on
the QB, conditioned on the state of the ancilla; (3) the channel E; applies o, on the ancilla and the
measurement channel ®;; on the QB; and (4) E5 is a unitary operator that applies o, on the ancilla
and U on the QB. Furthermore, by the Stinespring dilation theorem [135], the measurement channel
@, in Eq. (3) can be expressed as

Dy1(00) = Tr[Upm(p0 ® pu)U; 1,

where p,, = |0)(0] is the initial state of the meter, Uy, is the unitary coupling the meter and the
QB, and Tr,, denotes the partial trace over the meter degrees of freedom. With an appropriate
choice of Uy, this dilation exactly reproduces the nonselective quantum projective measurement,

e, Tt Upm(00 ® pu)U; 1= 3% ;0011
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leXel _@ T Oy T T Oy T m Ux/O'y
: [oivor] [evor | femmil [ o o]
: e U, i s S o SN oy
m
Pm

FIG. 2. Quantum circuit to infer the joint CF. From left to right: the first black dot indicates that, when
the ancilla is in the excited state |e){e|, the QB is acted upon by e~7eu*; the first red dot indicates that, when
the ancilla is in the ground state |g)(g|, the QB is acted upon by e”eu . The remaining dots are interpreted
similarly. The final box represents a measurement on the ancilla. Measuring o, and oy of the ancilla yields the
real and imaginary parts of Eq. (9), respectively.

It should be emphasized that the circuit in Fig. 2 can, with appropriate modifications, operate
even when the ancilla is in the ground state; that is, the ancilla does not need to be initially prepared
in the excited state. More generally, the notions of excited and ground states are not essential, in the
sense that the Hamiltonian of the ancilla can be taken to be trivial [93].

At this stage, one can see (Fig. 2) that

pf = TrulEeEsE4E30.Upn((E1Eo(l€)(e] ® po)EGE]) ® pw)U,,,04E5E{EJE]]
= EGEsEsEE(E1Eo(le) (e] ® po)EjE|EJE,ELE,

= |e>5<e | vty e—invH vyt g, (e eu" ppevont) e~ ot g HY T =i H
+ |g>2<g| ® Udy(p)U" + % ® MU e reu= R @ (e~ reuH p)UT
|g) (el

+ ® U(DM(poeinMH)e_i(VQM_VW)HUTe—iVWH.

Tracing out the QB degrees of freedom gives the reduced state of the ancilla:

_ledel + x(vou yw)led (el + x (vou vw) g} el + 1) (sl
= 5 ,
where x (yg,,, yw)* denotes the complex conjugate of x (yvo,,, yw)-

By measuring o, of the ancilla, one obtains the real part of the joint CF: Tr[o,p,] =
X Vo s yw )+ X Yoy s yw)*

pa = Trylpy] (13)

, and by measuring o,, one obtains the imaginary part of the joint CF:
iX (Vou - Yw) =X Yoy - Y )")
R B . Thus,

Tr[o-ypa] =
X(VQMa VW) = Trloypa] — i Tr[oy P4l

Note that a measurement of o, reveals nothing about the joint CF, as the cumulants are encoded only
in the off-diagonal elements of the ancilla state [Eq. (13)].

It must be emphasized that, unlike most of the literature, which focuses only on the statistics
of work [104,136,137] or heat [138,139], here we propose a method to measure the statistics of
both heat and work. Furthermore, one could consider using two ancillas—one interacting with the
QB during the first stroke to infer the marginal characteristic function of heat in Eq. (B4) and the
other during the second stroke to infer the marginal characteristic function of work in Eq. (BS).
However, we prefer using a single ancilla, as it also allows us to capture cumulants that account
for correlations between stochastic heat Qy; and stochastic work W. Our circuit can be extended,
e.g., to the quantum Otto cycle (four-stroke cycle) [4], and we believe it can be experimentally
implemented using NMR techniques [140]. Other possible platforms [105] could also be suitable
for experimental implementation. Finally, our circuit can be readily adapted to scenarios in which
the measurement during the first stroke acts only on a subset of the QB or involves a weak, rather
than projective, measurement.
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D. Second cumulant expressions: Real part

Using Eq. (12), the second cumulants of heat and work are given by
(Od), = TelH?py] + Te[H? po] — 2 Te[H Py (H po)] — (Omr)’? (14)
and
(W?). =Tr[H?p] + Tr[H?py] = 2Te[HUH p U] — (W)*.

It can be shown that the latter quantity generally has both real and imaginary parts (resulting
from Tr[HU H p;U 1), while this is not the case for the second cumulant of Qy,. This is because
[po, H] = 0, implying that (Q3,). is real. In what follows, we use var(Qy) := (Q3,)., where var(X)
denotes the variance of the stochastic variable X.

The real part of the second cumulant of work, denoted by Re[(W?).], measures work fluctua-
tions [91,93-95]. Explicitly, we have

var(W) := Re[(W?).] = var(U'HU — H),, = var(H —UHU"),,, (15)

where var(X'), = (X*), — (X')7 and (X'7),, := Tr[X'?p], with p a positive integer. In the literature,
the operator UTHU — H is known as the work operator [110,111]. More precisely, the average of
this operator with respect to p; gives the average work, while the average of (UTHU — H)? gives
the second moment of work.

E. Imaginary part of the second cumulant of work

In this section, we focus on the imaginary part of the second cumulant of work, denoted by
Im[(W?).], which is given by

Im[(W?). ] =iTe[[U'HU, Hlp,] = i Tr[[H, UHU "1p,]. (16)

It can also be expressed as Im[(W?).] = i Tr[[H, pl]UTHU] = iTr[[p1, UTHU]H], and similar
variants.

From, e.g., Tr[[UTHU, H]p;] in Eq. (16), one can see that the imaginary part is strongly
influenced by the noncommutativity of H and U THU [91,93,94]. However, one may ask whether
this expression admits alternative interpretations or can be related to thermodynamic quantities. In
this paper, we answer both questions.

Defining H = UTHU, one can prove the following:

d - L
Im[(W?).] = ETr[e*“Hmelf”H]u:o. (17)

This can be interpreted as follows: (1) Prepare the QB in state p;, which is the postmeasurement
state; (2) evolve p; under the unitary e~/ generated by H; and (3) compute the average of the
Hamiltonian H of the QB in the state e~ p;e’" . Thus, Im[(W?),] can be interpreted as the linear
response of the average energy Tr[e~*" p,e’" H]. Moreover, since the derivative of a constant is
zero, we can equivalently write

d g -
Im[(W?).] = ETr[(e—*Hme’fH — p1)H]|e=0, (18)

interpreting Im[(W?).] as the linear response of the average work Tr[e’iGH p]eieg H] —Tr[pH],
since e~ is entropy preserving [3-5,114].
Now, one can show from Eq. (2) that H = —T (In py + In Tr[e~#/T]). Using this, one finds

Im[(W?).] = iT*Tr[p1[U " (In po)U, In pol]
= iT*Tr[pi[In(U" poU ), In po]]. (19)
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Here, we used U (In po)U = In(U" poU). Furthermore, since — In p is the quantum analog of the
classical surprisal (i.e., the quantum surprisal), when p = py, —In py can be interpreted as the
thermal quantum surprisal. Therefore, Tr[p;[U(In po)U, In py]] in Eq. (19) represents the average
commutator between the thermal quantum surprisal and its rotated version in the state p;. In the the-
ory of many-body quantum entanglement, — In p is known as the modular Hamiltonian [141,142],
whose average gives the von Neumann entropy. The variance of — In p is also relevant in quantum
information theory and is called the capacity of entanglement [141,143].
Finally, inspired by Eq. (18), one can show

d — P
Im[(W?).] = gTr[—e*”’(ln p0)e “TH pi]|e—o.

The quantity Tr[—e™" " (In pg)e="TH p,] represents the average of the rotated thermal quantum
surprisal in p;, which coincides with the quantum cross entropy S(p, o) := —Tr[pIno] [109]. To
make the notation explicit, we define py := ™" pye=T# . Using this, the imaginary part of the
second cumulant of work can be written as the linear response of the quantum cross entropy, or of
its change:

d d
Im[(W?).] = ES(Pl, P0) o= E(S(pl’ Po) — S(p1, po)) e (20)

To the best of our knowledge, this is the first study establishing a connection between the imaginary
part of the second cumulant of work and quantum entropies, thereby providing an interpretation be-
yond the standard commutator-based viewpoint [108]. It should be emphasized that Egs. (17), (18),
and (20) demonstrate not only that the imaginary part is experimentally accessible, but also that
they provide operational interpretations of the weak value [106—108]. Moreover, the imaginary part
plays a central role in uncertainty relations and their extensions [144—146], since, as we see from
Eq. (16), it is given (up to the imaginary unit i) by the average of the commutator of two Hermitian
operators, underscoring the importance of explicitly accounting for it.
For more on the imaginary part, we refer the reader to Appendix D.

F. Second cumulant of the charging energy: Useful upper and lower bounds

Let us now return to the variance of Q),. We can write
var(Qy) = Tr[(®y(H) — H)*pol — Tr[(Py(H) — H)pol* + Tr[H? pi] — Tr[H pi 1
— Tr[ Dy (H)? po] + Tr[Dys (H ) o). 1)

To arrive at this result, we added and subtracted the term Tr[®y (H Y2 po] + Tr[®y(H)po)? in
Eq. (14), and have used ®y(-) = ®,,(-) [see Eq. (3)] since the measurement operators are Hermi-

tian, and (D;,I denotes the adjoint of ®,, with respect to the Hilbert-Schmidt inner product, defined
by Tr[A ®y(B)] = Tr[CDL(A)B] for all operators A, B on H,,.
Equation (21) can be rewritten as

var(Qy) = var(®y(H) — H),, + var(H),, — var(®y(H)),,. (22)

This equation, written in terms of variances [or, more generally, Eq. (E3)], generalizes Eq. (15) to the
case of nonunitary operations and shows that the first term alone is not sufficient; correction terms
are needed, as captured by Eq. (21). More precisely, this means that if one defines a heat operator
given by QDL (H) — H (inspired by the work operator, i.e., U THU — H)[110,111], the heat operator
will only give the true average heat as in Eq. (5) and the first part of Eq. (21). However, the term

Tr[(@up (H?) — Du(H)*)pol

would not contribute. We will return to this quantity and show its usefulness. What is also important
about Eq. (22) is that it holds even when the state py does not commute with the Hamiltonian H,
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as explained in Appendix E. Also, it is valid, as we show in the same Appendix, for measurement
channels that are characterized by Hermitian operators. When the operators are not Hermitian, one
must use Eq. (E3).

It is easily seen that the terms in Eq. (22) are as follows: (1) var(®y (H) — H),, represents the
variance of the heat operator ®,,(H) — H with respect to the state py. The operator &, (H) — H is
Hermitian, and its average in the state py gives Eq. (5); (2) var(H),, represents the variance of H
with respect to p;. More precisely, var(H),, measures fluctuations in the Hamiltonian of the battery
in the postmeasurement state; (3) var($y(H)),, represents the variance of @y, (H) with respect to
po- Here, ®,,(H) is the Heisenberg evolution of the operator H under the measurement channel
®,,. Please note that while in var(H),, we are evolving the state of the QB, in var(®y(H)),, we are
evolving the Hamiltonian operator itself. To the best of our knowledge, the decomposition presented
in Eq. (22), as well as its comparison with the heat operator, has not been discussed in the literature.

To further appreciate the importance of Eq. (22) (see Appendix E), note that, because of the
decomposition given in Eq. (22), one can prove

0 < LowB, < var(Qy) < UppB, < UppB,/, (23)

where LowB, = var(®y(H) — H),,, UppBy = var(®y(H) — H),, + var(H),,, and UppB,’ =
var(®y(H) — H),, + Tr[®y (H 2)po]. Thus, we see that the variance of the heat operator provides
a lower bound on the fluctuations in heat or charging energy. Furthermore, since LowB,’ =
var(H),, — var(®y(H)),, = 0, as we prove in Appendix E, one can thus see that LowB,’ <
var(Qy ). However, we note that LowB, — LowB,’ can be negative or positive; see, for example,
the upper panels of Figs. 4, 5, and 7, and Eq. (K3), where LowB, — LowB,’ is nonpositive,
while in Eq. (L3) LowB, — LowB,/, i.e., for the case of weak measurement, can be positive or
negative depending on the parameters. What we do not know is whether LowB, — LowB,' is always
nonpositive in the case of nonselective quantum projective measurements. Numerical plots suggest
that it is, but we could not prove or disprove this analytically.

From the above discussion, it then follows naturally that the square of the heat reliability, defined

. . . 2
as the ratio of the square of the heat average to the heat fluctuations, i.e. Q" (also called the

> var(Qum)
signal-to-noise ratio of the charging energy), can be bounded from above and belAZ)w as
2
0 < LowB,’ < LowB, < — _(Qm)” < UppB;, (24)
var(Qy )
where LowB,’ = UppB , LowB; = LowB . This is valid independently of the

(unital) quantum measurement channel and the Hamlltoman of the QB. Please note that one
can also prove that Vdr(Q 5 S < UppB,’ = LowB . Again, it remains unclear whether UppB,’ always
provides an upper bound on heat reliability that is at most as large as that obtained from UppB;
for arbitrary nonselective quantum projective measurements. Numerical evidence supports this
conclusion, although a formal proof or disproof is left for future work.

G. Ergotropy and antiergotropy regimes and the imaginary part of the second cumulant of work

The spectral decomposition of the state p; [i.e., Eq. (4)] is given by p; = ZZ’: 1 Pl T ) (T |, with
Pr = (k] polIg) = (I |p1|I1x). Assuming that the eigenvalues of p; are arranged in descending
order, i.e., pr = pir+1, While those of H [Eq. (1)] are in increasing order, i.e., E; < Es11, it was
shown in Ref. [114] that there exists a unitary operator that extracts the ergotropy, given by

dy

Uerg := Y _ |EZ NI, (25)

t=1

This unitary rearranges the populations of p; such that the final state is the passive state p,, where
d
Pp = Uergperrg Zsbzl Ps|Es(2)><ES(2)| and Ds 2 Ds+1-
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For unitaries that maximize the average work—i.e., Eq. (25)—one can show that the imaginary
part of the second cumulant of work vanishes. More precisely, since [p, U;.gH Uerg] = 0, we find

Im[(W?).] = 0.

Thus, this implies that the unitary that extracts the ergotropy also nullifies the imaginary part of the
second cumulant of work.

Now, consider the converse question: does a vanishing imaginary part necessarily imply that
maximum work has been extracted? The answer is no—a system as simple as a single qubit is
sufficient to demonstrate this.

Example 1. Consider a qubit with Hamiltonian H, := o, prepared in the state p; := (1, +
r0y)/2. The state is evolved by the unitary U; := ¢~ i.e., a rotation about the y axis. For this
example, the imaginary part of the second cumulant of work satisfies

i Te[[U] Hy Uy, H)pr] = 0.

One can show that ergotropy is achieved by applying a Hadamard gate followed by a bit-flip gate
on p;. For our example, this corresponds to 6, = 7w /4 + 2mn, where n € Z.

More precisely, given that r, > 0 and 6, € (0, 7 /2), the average work extracted is given by
Tr[H;(p; — U, ,o,UlT)] = r, sin(26,), which equals the ergotropy, i.e., r, when 6; = 7 /4. This proves
that even when the work extracted is less than the ergotropy, the imaginary part of the second
cumulant of work can be zero.

Let us delve deeper to understand why the imaginary part of the second cumulant of work
vanishes in the ergotropy regime. Marginalizing over i in Eq. (8), it follows that the quasiprobability
describing work at the trajectory level (see Refs. [78-91,93—100]) is given by

i =Y ai = T[[EPNE| U |[ESV)ES| o UT]. (26)

This equation, when written as Tr[U"'lEliz)}(E,fz)l U |E;1))(E;1)| p1l, shows that g can be inter-
preted as the Kirkwood-Dirac distribution of the state p; with respect to the eigenbases {|EJ(.1))} and

{ut |E152))}. In the literature, see e.g. Ref. [83], people focus on understanding when g i is positive
or negative (or even complex), and in this case they call the state p;, when gj; is non-negative
for all j, k € [1, dp], a Kirkwood-Dirac classical state [83]. Though some studies suggest the name
Kirkwood-Dirac positive state is better and more logical, see e.g. Ref. [147].

Now, plugging Eq. (25) into Eq. (26), one can show that

ai = pel (| ED)* > 0. 27)

Thus, we find that in the regime of maximum work extraction, not only is the imaginary part of the
second cumulant of work zero, but the marginal KDQ of work also becomes a proper probability.
This shows that the marginal quasiprobability distribution of work given in Eq. (B3) becomes a
proper PD in the ergotropy regime.

Equation (27) can be rewritten as

g = Tel |}V NE |Ude | B NES | Ve ITe | N E 0] (28)

The interpretation of this equation is as follows: first, project the state p, onto the eigenstate
|E,§2))(E,£2)| of H; then, evolve the resulting postmeasurement state |El§2))(E,§2)| under Ugrg; and
finally, project onto |E m)(E §1)|. This procedure corresponds exactly to the TPM scheme. This
shows that even though (1) [p1, H] # 0, (2) [p1, Uerel # 0, and (3) [Uerg, H] # 0, one can still use
the TPM scheme in the ergotropy regime; however, one must do it from the passive state p,, toward
the state p;.
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Remark 3. This result shows that, although the KDQ distribution is required to obtain the
cumulants of work in the ergotropy regime in the presence of initial quantum coherence, the KDQ
itself is real and also positive. Thus, Eq. (27) aligns with the results proven in Ref. [83], which
show that noncommutation alone is not sufficient to guarantee nonclassicality (i.e., negative or even
complex values of the KDQ).

Furthermore, if we consider p; — p, (work extraction) as the forward process, then we can
define p, — p; (energy injection) as the backward process. Our result shows that the statistics of
the work extracted in the forward process (derived from the KDQ distribution) are equivalent to the
statistics of the energy injected in the backward process (derived from the TPM scheme). The only
difference is that the random variables describing these quantities have opposite signs.

Appendixes G-I are recommended for more details.

H. (Physical interpretation of) fluctuations in the battery capacity operator

Since all thermodynamic quantities generally exhibit nonzero fluctuations due to thermal and
quantum effects, an important question is how to estimate the fluctuations in battery capacity. First,
one can show that the capacity of the QB can be expressed as Tr[p; (UatrgH Uierg — Ue";gH Uery)]. This
is simply the expectation value of the operator

0 := U, HUsery — Ul ,HUpr, (29)

aerg

in the state p;. Inspired by the notion of the work operator [110,111] [see, e.g., Eq. (15)], we define
the variance of the battery capacity as the variance of the operator O (which we term the battery
capacity operator) in the state py, i.e.,

var (Cipy.m) = var(0),,.

Similarly to the property C(p;;H)=C(VpV';H) [113], one can show that var(Cp,:my) =
var(Cqp,vi.m)), for any unitary operator V. The reason is that when we evolve p; to VoV,
the unitaries Uerg and Users become, respectively, UergVT and UaergV*; hence, the first and second
moments of O are not affected by V.
Defining the ergotropy and antiergotropy operators (whose averages yield, respectively, the
ergotropy and antiergotropy) as
Oug :=H — Ul ,HUerg,  Ouerg := H — U, \HUperg,

aerg

s0 that O = Ogrg — Oaerg, the variance of the battery capacity operator can be expressed as
Var(c(pl;H)) = Var(Oerg)pl + Var(oaerg)m - ZCOV(Oerga anrg)p] ) (30)

where cov(Oerg, Ogerg)p, denotes the quantum covariance where cov(Oerg, Ogerg)p, = %Tr[{Oerg —

(W)max> Oaerg — (W)min}o1], with {A, B} = AB + BA the anticommutator [93]. From Eq. (30), we
see that the fluctuations of the battery capacity operator are given by the sum of the variances of the
ergotropy and antiergotropy operators, corrected by —2 cov(Oerg, Oaerg)p,» Where cov(Oerg, Oaerg)p,
accounts for correlations between energy extraction and energy injection.

From Eq. (29), when the QB is in the active (passive) state, the battery capacity reduces to the
ergotropy (minus the antiergotropy); i.e., one can only extract (inject) energy from (into) the QB. For
states intermediate between active and passive, both ergotropy and antiergotropy contribute, with the
dominant contribution determined by the state of the QB. Specifically, if the QB is energetic enough
to deliver more energy to the outside than it can absorb, the capacity is primarily influenced by the
ergotropy, since extraction dominates over injection.

‘We now turn to the variance of the battery capacity operator. First, one can prove that

var (Cip 1)) = var(0y),, = var(0y),,, 31
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(/‘rn(‘ro DYT

g¥ erg

FIG. 3. Triangle diagram showing that charging from p; to p, occurs via Uy, discharging from p; to p,
occurs via Uy, and discharging from p, to p, occurs via UergU;erg. Dashed arrows indicate reverse evolution.

where

01 = UergU# HUaergU

aerg erg

H, 03 =H — UprU HU., U]

erg aerg’

and C(p1; H) = Tr[O; p,] = Tr[O; p,]. Thus, from Eq. (31) we see that if the QB is prepared in
the passive state p, and evolved via UaergUJ;g (see Fig. 3), the resulting variance of O in state p,
captures the fluctuations of work during the charging process. Similarly, evolving the active state
pq to the passive state via UergUaTerg (see Fig. 3) allows the variance of O, in state p, to quantify the
fluctuations of work extracted during discharging (see Appendix J).

IV. CONCLUSIONS AND OUTLOOKS

In this paper, we focused on fluctuations in a three-stroke quantum cycle [148—151] based on
quantum measurement [76,77,122]. This cycle, as we have shown and discussed, is beneficial not
only for understanding the thermodynamics of quantum engines but also for QBs.

First, we presented how to compute cumulants of work and heat based on the KDQ distribution, a
tool that has recently gained increasing interest in the quantum thermodynamics community due to
its remarkable properties. The cumulants derived from the KDQ distribution can be experimentally
inferred using a qubit ancilla, as illustrated in Fig. 2.

Furthermore, we proposed two interpretations of the imaginary part of the second cumulant of
work: as the linear response of (i) an average work defined in the main text and (ii) the quantum cross
entropy. This question regarding the interpretation of the imaginary part of the second cumulant of
work had already been pointed out in the literature [87], which we address in this paper.

By manipulating the expression in Eq. (14), we were able to prove two upper and two lower
bounds on fluctuations in the charging energy, from which bounds on the heat reliability follow
directly. In the literature, the negativity and complex parts of the KDQ are usually associated with
advantages in work extraction [91,93] and metrology [152,153]. In this work, we showed that in the
ergotropy regime the marginal KDQ distribution of work becomes a proper probability distribution.
This means that the exotic properties of the KDQ (i.e., taking negative and complex values) do not
appear in the regime of maximum work extraction.

Furthermore, we proposed an operator to compute fluctuations in the battery capacity, which we
call the battery capacity operator. We proved that the variance of this operator can be interpreted as
a measure of work fluctuations. For further results, i.e., applications of the results presented in the
main text and their interpretations, see Appendixes K—M.

Overall, we believe that our work will be useful not only for quantum batteries and quantum
engines based on quantum measurements [45,48,122,154-160], but also for quantum refrigera-
tors [161]. From an experimental perspective, our results are relevant in this direction, as they
describe QBs under both unitary and nonunitary operations.
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However, many open questions remain. First, it is important to connect these results with
thermodynamic uncertainty relations [25], which would help us understand the trade-off between
reliability and dissipation. Our results actually highlight that many of the uncertainty-relation
bounds [162—-166] developed in the literature can be applied to the variances considered in this
work. Second, it would be important to consider how quantum correlations [121,167,168] could
influence these results. Third, one could consider adding strokes between charging and discharging
to study the battery’s capacity to store energy over longer times. For example, one may consider the
QB to be subjected to quantum noise between charging and discharging strokes, such as a damping
channel [123,125]. Fourth, it would be interesting to apply our results to relativistic QBs [169],
where fluctuations are still largely neglected. Fifth, in the case of nonselective quantum projective
measurements, it is also worth considering whether the average of the Kadison variance in the
premeasurement state, i.e., the average of @, (H?) — &, (H)? in the state py, always provides
a lower bound on heat fluctuations that is at least as tight as the variance of the heat operator
@) (H) — H evaluated in the same state. Sixth, although we proved that Eq. (26) is non-negative
in the ergotropy regime independently of the considered measurement, it would be interesting to
consider the case of local unitaries [72,131] and see whether Eq. (26) is still non-negative. Finally,
we believe that our study may also be useful for understanding quantum energy teleportation, which
is also based on quantum measurements [170], from the perspective of fluctuations.
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APPENDIX A: ILLUSTRATION OF THE 3SQC WITH AN EXAMPLE

First, note that our 3SQC, particularly when quantum noise is introduced between the charging
and discharging strokes, strongly resembles a quantum communication protocol [123]. One can
view the setup as involving two agents, Alice and Bob. First, Alice charges the QB using a quantum
projective measurement, an operation analogous to encoding information. She then transmits the
QB through a channel that may, in principle, introduce environmental noise. Upon receiving the QB,
Bob applies suitable unitary operations to extract useful energy, which corresponds to the decoding
process. Finally, Bob may send the QB back through a thermalizing channel, allowing Alice to begin
anew cycle.

Second, if one considers applying a unitary in the second stroke depending on the measurement
outcome during the first stroke, i.e., a selective measurement, our 3SQC closely resembles quantum
energy teleportation [170], highlighting the richness of our cycle.

Now, consider a QB with an equally spaced Hamiltonian, i.e., H = Zfil(i — Doli — 1){i — 1],
where |0)(0] and |dg — 1)(dp — 1] are, respectively, the ground state and the highest excited state of
H. Assume that the QB is prepared in the ground state, which corresponds to a thermal state in the
zero-temperature limit. For the quantum projective measurement, we consider a nontrivial action
only on the ground state and the highest excited state. More precisely, the projectors are chosen as
My = (|0)+|d3—1>)2(<0\+<d3—1|)’ My =|s)(s| fors=1,...,dg —2, and Iy, | = (\0)—IdB—l))2((0\—<dB—lD_
A direct calculation shows that the charging energy, the ergotropy, and the efficiency in the
ergotropy regime are given by (Qy) = w(dp — 1)/2, (W)max = @(dp —2)/2,and nax = 1 — éﬁ
The unitary that achieves the ergotropy is Uerg = (|1){dp — 1| + H.c.) + L, Where 1eq denotes
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the identity operator acting on the orthogonal complement of the subspace involved in the first
term and H.c. stands for Hermitian conjugate. This example shows that the efficiency vanishes for
dp = 2, while it approaches unity when dp > 1. The former case is expected, since for dg = 2 the
postmeasurement state of the qubit is maximally mixed, and therefore no work can be extracted
using unitary operations.

On the other hand, if one considers the energy injection during the second stroke, the antier-
gotropy, i.e., (W )nin, is achieved by the unitary Uyerg = (|dp — 2)(0] + H.c.) + Ley, and is equal to
(2 — dp)/2. Consequently, the battery capacity C(p;; H) is given by w(dp — 2).

If one were to consider replacing the quantum measurement channel in Eq. (3) with a unitary
operation given by V = (|dg — 1)(0] 4+ H.c.) + 1., One can easily show that, in this case, the effi-
ciency equals unity when choosing U = (|0){(dp — 1| + H.c.) + L, since VT = U. Furthermore,
in this case, the battery capacity is equal to w(dg — 1), which corresponds to the energy difference
between the highest excited state and the ground state of the QB. This situation of charging through
a unitary operation is not particularly interesting, since one can achieve unit efficiency; the use of
quantum measurement, on the other hand, allows us to explore the fundamental limits of energy
injection and extraction beyond unitary operations, and thus makes the cycle more realistic.

APPENDIX B: PROOF OF EQ. (9) AND THE MARGINAL (QUASI)PROBABILITY
DISTRIBUTIONS OF THE JOINT KDQ DISTRIBUTION P(Qy, W)

Let us now briefly prove Eq. (9).
Proof. Inspired by Refs. [24,84,92-95,101,102], we define the joint PD of Qy and W with
respect to the joint KDQ, also known as the joint quasiprobability distribution:

PQu. W)= qiud(Qu — (E\” —E?))s(W — (EZ — E{V)). (B1)
ijk

Taking the Fourier transform, i.e.,

x (Yo yw) = [ P(Qu, W) e eV g0 dw,

we obtain
XV ) = 3 qyje e7ou BB e EZ-E),
ijk
Using Eq. (8), one can then derive Eq. (9). |

Remark 4. The marginal (quasi)probability distributions of the joint KDQ distribution P(Qys, W)
are given by

PQ) = _qi;8(0u — (E}" — E”)) (B2)
ij
and
PW) =Y qus(W — (E —E")). (B3)
jk

where ¢;; = ), qijx and qjx = Y, gijx- Moreover, one can prove that while P(Qy) is a proper PD
since g;; = 0, P(W) is, in general, a quasiprobability distribution, as g can be negative or even
complex. Now it is clear that the marginal CFs of heat and work are given, respectively, by

x(voy) = Tr[erout! @y (e~ ront pg)] (B4)
and

x(yw) =Tr[e™ U e p U] (B3)
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APPENDIX C: SECOND LAW OF THERMODYNAMICS

In the 3SQC, we focus on initial states in thermal equilibrium for two main reasons: first, these
states are considered free states within resource theories [18,20]; second, starting, for example,
from the ground state (thermal state at zero temperature) can be useful to find better ways to charge
quantum systems.

For example, in Refs. [121,122], the authors considered the initial state of the QB, made of two
qubits, to be out of equilibrium. To prepare this state, they included the coupling between the qubits,
with each qubit weakly interacting with its own thermal bath. They showed that, in this case, the
steady state of the QB would deviate from a thermal state. When the coupling between the qubits
is turned off, each qubit is individually in a thermal state. However, the joint state of the two qubits
can still be out of equilibrium, in the sense that work can be extracted from it, which is not possible
for a global thermal state.

As shown in the plots in Refs. [121,122], if the initial state is out of equilibrium—though not
necessarily noncommuting with the Hamiltonian—the average work extracted can exceed the heat;
that is, the ergotropy can exceed the charging energy. This scenario does not occur in our setting,
since the cycle always starts from a thermal state, enabling a meaningful definition and analysis of
the engine’s efficiency. Consequently, the efficiency will always be bounded by 1.

To understand this, we must mention that, since —(W) = (Qy) + (Q¢) from the first law of
thermodynamics, the condition for — (W) to exceed (Qy) is that (Q¢) must be positive [122]. When
considering an initial equilibrium state, i.e., Eq. (2), the measurement channel in Eq. (3) (or, more
generally, any unital channel), one can prove the following result:

(Qc) < 0.

Proof. First, letus define Xy := (E\” — E\”)/T and py :=Tt[|[EZWE U @y (|1EPVE | 00)
U™]. We can now easily prove that Zik pire”=* = 1, where we use the fact that the channel in Eq.(3)
is unital, i.e., @y (14,) = 14,. Using Jensen’s inequality, i.e.,

§ pike*Eik =1>e D 1711<2ik’
ik

one obtains Zik Pit Zik = —(Qc)/T = 0; thus, (Qc) < 0[95]. This result is a manifestation of the
second law of thermodynamics: heat can only flow from the QB to the bath, and —(Q¢)/T is nothing
but the entropy generated in the bath. Thus, —(W) < (Qur), and the efficiency 7 is therefore bounded
by unity. ]

Actually, there is another simpler proof. First, note that the average heat released to the bath can
also be written in terms of entropies [95]. More precisely, one can prove that

{(Qc) = =T (S(p2) — S(po) + S(p2llp0)). (CI)

where S(p) = —Tr[pIn p] and S(p|lo) = Tr[p(In p — Ino)] are, respectively, the von Neumann
entropy and the Kullback-Leibler divergence, and S(p2) — S(po) = S(p1) — S(po) = 0 measures
the entropy increase in the QB state caused by the nonselective quantum projective measurement,
while S(p2||00) measures the deviation of the state p, from the equilibrium state pj. The entropic
decomposition in Eq. (C1) proves that (Q¢) < 0.

Analogously, note that one can easily prove that

(Oum) =T (S(p1) = S(po) + S(p1llpo)) = 0.

This means that a nonselective quantum projective measurement, or more generally any unital
measurement channel, cannot decrease the energy of the quantum battery; it can only increase it
or keep it unchanged. Overall, since p, = U p,U", it follows that S(p,) = S(p1); therefore, one can
see that

(W) =T S(p2llp0) — S(pillpo))s
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where the latter can be either positive or negative. Thus, our 3SQC, under unital measurement
channels, e.g., the one in Eq. (3), can only function as a heat engine—where work extraction is
possible in the second stroke (2)—or as an accelerator, where during the second stroke the battery
energy is increased rather than decreased. The latter can be understood as follows: energy is supplied
to the QB in both the first and second strokes, and all of this energy is ultimately dissipated to the
bath, and thus wasted.

Finally, we must mention that

P(Qu, W) = eWFe/Tp(—0y, —W), (C2)

where (W + Ou)/T = S, P(Qu, W)=Y, d1ji 8(Qu + (E} — EP)sW + (EP — EV)),
and gyj;i = Tr[ @}, (U (ool E N (ES DU IES )V (E D DIE ) (E 1. Equation (C2) can be interpreted
as a fluctuation theorem [23,24,31,44,95] for joint quasiprobability distributions, where the back-
ward process is governed by U’ followed by @L, and the initial state of the backward cycle
is the thermal state py [44]. From Eq. (C2), it follows that the joint CFs satisfy ¥ (yo,,, yw) =
x(=voy, +i/T, —yw +i/T), where %(vo,,yw) = [ P(Qu, W) e"euQ eV g0, dW. However,
it remains an open question whether Ref. [31] can be used to derive a thermodynamic uncertainty
relation. This question is motivated by the fact that, for our 3SQC, we have

P(¢, Tix) = ™ P(—¢, —Zip),
where ¢ =W, Q.

APPENDIX D: LOWER BOUNDS ON WORK VARIANCE IN TERMS OF THE IMAGINARY PART
OF THE SECOND CUMULANT OF WORK

First, note that the imaginary part of the second cumulant of work satisfies
Im[(W?).] = iTt[[U'HU — H,H]p:] = éTr[[UTHU —H,H+U'HU]p].

Using the Robertson-Schrodinger uncertainty relation [144,145], which states that for two Hermi-
tian operators A and B and an arbitrary state o/,
Tr[p'[A, BIII?
M < var(A), var(B),,
one can show that

[Tm[(W?).]|*> < var(W) var(U'HU + H),,.
This provides a lower bound on work fluctuations:

2 2
Re[<W2)C] > |III1*[<W Yell .
var(UTHU + H),,

Thus, the imaginary part can be used to develop a lower bound on fluctuations in work. Equa-
tion (D1) has not appeared previously in the literature.

One can go further and prove that [145]

[Im[(W?)]]? | Tr[pi{A — Tr[Api], B — Tr[Bpi1}/2]1?
var(UTHU + H),, var(UTHU + H),,

(D1)

Re[(W?),] > : (D2)

where A= UTHU — H and B=U'HU + H, with {A, B} = AB + BA the anticommutator. How-
ever, testing the bound in Egs. (D1) and (D2) is left for future work.
Finally, note that the imaginary part of the second cumulant of work can also be written as

d d
Im[(W?).] = 7S erllpo)| _ = —=(S(oillpo) = S(orlleo))| _ - (D3)

where (see Appendix C) S(p1]lpo) is the Kullback-Leibler divergence.
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APPENDIX E: PROOF OF EQ. (23) AND GENERALIZATION OF EQ. (22) TO ARBITRARY
COMPLETELY POSITIVE AND TRACE-PRESERVING MAPS

1. Proof of Eq. (23)

Proof. First, note that, because of our decomposition in Eq. (22), and since var(®y (H) — H),,,
var(H),,, and var(®y(H)),, are all non-negative, it follows that

var(Qp) < var(®y(H) — H),, + var(H),, .

Furthermore, note that since H is Hermitian and ®,, is a completely positive and unital map—i.e.,
id,, ® @), maps positive operators to positive operators on any extended Hilbert space and preserves
the identity operator, where id,, stands for the identity map—the Kadison-Schwarz inequality [112]
implies that

Oy (H?) > Dy (H) .

The difference @, (H?) — @) (H)? can be referred to as the Kadison variance [112,171]. Further-
more, since pg is positive semidefinite (where the latter means that (1| po|Y) = 0 for all |v) € Hy),
it follows that

Tr[(Dp (H?) — Dy (H)*)pol = 0, (E1)

thus obtaining the lower bound in Eq. (23). Therefore, we have shown that the variance of the
charging energy can be lower bounded by the variance of the heat operator ®,,(H) — H. Please
note that, as a direct consequence of Eq. (E1), one can easily see that var(H),, = var(®y(H)),,.
and thus var(Qu) = var(H),, — var(®y(H)),,.

Now, from the fact that both ®,;(H?) and ®,,(H)? are positive semidefinite, i.e., they are >0,
one can easily prove that

var(Qu) < UppB, < var(®y (H) — H),, + Tr[®u(H?)pol. (E2)

To stay self-contained, let us prove that ®,,(H?) and ®,,(H)* are positive semidefinite. First,
note that from Eq. (1) we have H> = Zf”:’] E?Tg > 0, and due to the fact that @, maps positive
operators to positive operators, one can clearly see that ®,,(H?) > 0. Furthermore, one can prove
that dy(H)? = Y% THT, Y% THT, = Y% TLHILHT, = Y% (T |H|;))2T;, since
IT;IT; = §;;T1;; hence, it is clear that now &y (H )? > 0. Note that this proof does not require that
H>0.

Finally, note that now Eq. (24) follows straightforwardly. ]

2. Two examples validating our bounds

Example 2. Consider a two-qubit QB with the Hamiltonian H = (€40, ® 1, + €31, ®
0;)/2, and prepared in thermal equilibrium with respect to H. Consider that |[1;) =
cos(%)lee) + sin(%)lgg), M) = cos(£)leg) + sin(£)|ge), [T5) = —sin(£)leg) + cos(£)|ge), and
IT4) = —sin(5)|ee) + cos(5)|gg), with «, B € [0, ]. From Fig. 4, we see that our bounds are
respected.

Example 3. Now consider a three-qubit QB with Hamiltonian H = (€40, ® 1, ® 1, + €51, ®
0, @1y +€cl, ®1, ®o,)/2 prepared in thermal equilibrium with respect to H. Consider

IT1;) = cos(5)|eee) + sin(F)|ggg), |T12) = sin(7)|eee) — cos(7)lggg), ITl3) = COS(§)|€€g> +
sin(£)|gge), [T14) = sin(£)leeg) — cos(£)|gge). ITTs) = cos(})lege) + sin(%)|geg), [TTe) =
sin(%)|ege) — cos(%)|geg), TT7) = cos($)legg) + sin(3)|gee), and |TTg) = sin($)legg) —

cos(%)|gee), with «, 8, y,6 € [0, w]. From Fig. 5, we see that our bounds are again respected
as demonstrated analytically.
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FIG. 4. The parameters are 4 = 1,5 = 0.7, 8 = 7 /4,and T = 1. The upper panel shows that var(H),, —
var(®Py (H)),, gives a lower bound that is tighter than, or in the worst case equal to, the variance of the heat

0.0 0.5 1.0 1.5 2.0 2.5
a

operator, var(®y (H) — H),,.

3.0

3. Generalization of Eq. (22) to arbitrary completely positive and trace-preserving maps

We believe that Eq. (22) will be valuable for assessing the reliability of the charging process,
specifically the quality of energy transferred to the QB. Furthermore, this equation can also
be relevant for discharging protocols implemented via completely positive and trace-preserving
(CPTP) quantum operations. For example, the authors in Refs. [46,47] recently considered energy
extraction, i.e., discharging, through CPTP and even non-CPTP (but still physically realizable)

operations.
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FIG. 5. The parameters are €4 = 1, €5 =04, ec =12, =n/2, y =n/3,§ =n/6,and T = 0.5. The
upper panel shows that var(H),, — var(®,(H)),, provides a tighter lower bound than the variance of the
heat operator, var(®y(H) — H),,. The heat operator variance still gives a valid lower bound, but it is less
informative. The second panel shows that its associated signal-to-noise ratio can sometimes significantly
overestimate the square of the heat reliability.

To support our statement, let us consider replacing ®,, in Eq. (9) by an arbitrary CPTP map,
denoted by ®. In this case, the expression in Eq. (21) becomes

Re[(X?).] = Tr[H>®(po)] + Tr[H?po] — 2Re[Tr[H ®(H po)]] — (Tr[(D(po) — po)H]) .

Here, we replace Q) by X, since the interpretation of this variable depends on the specific CPTP
map ®, and thus it cannot always be interpreted as heat. For example, when & is a unitary operation,
Re[(X?).] quantifies work fluctuations. On the other hand, when ® is a measurement channel, e.g.,
@y, in Eq. (3), Re[(X?).] is interpreted as heat fluctuations, and Eq. (22) is recovered.
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Now, let us define ® as the adjoint map of ®, where ® is defined by
Tr[X ®(Y)] = Tr[®F (X)Y]

for any operators X and Y. This implies that if the action of ® is given by ®(X) = ) KX KJT then
of(X) = Zj K;XKj. One can then prove that

Re[(X?).] = Tr[(®T(H) — H)*po] — Tr[(®'(H) — H)pol* + Tr[H*®(pp)] — Tr[H D(po)]?
— Tr[®T(H)? po] + Tr[®" (H)po]?
= var(® (H) — H), + var(H ) o(p,) — var(®'(H)),,. (E3)

This expression shows that our results can be used to study fluctuations in quantum batteries under
both projective and weak measurements. Note, however, that if one considers a measurement chan-
nel characterized by, e.g., non-Hermitian operators, Eq. (E3) must be used instead of Eq. (22). An
example of a weak measurement channel with non-Hermitian operators can be found in Ref. [76].

For further generalizations and additional bounds beyond those in Eq. (23), we refer the reader
to Ref. [172]. More precisely, in Ref. [172] one of the authors provides additional lower and upper
bounds on fluctuations for arbitrary observables beyond Hamiltonian operators.

Finally, note that Eq. (22) remains valid even if [pg, H] # 0. More precisely, in the derivation of
Eq. (22) we do not assume that H and py commute (although in our setup they do). This can be easily

verified, since we used Re[ — 2 Tr[H ®y; (H po)]] = —(Tr[H Oy (H po)] + Tr[H @y (0oH)]), which

correctly accounts for [pg, H] # 0, in contrast to Re[—2 Tr[H @y (H po)l] = —2 Tr[H @y (H po)],
valid when [pg, H] = 0. For information on the imaginary part of the second cumulant of heat, see
Ref. [172].

In Appendix F, we consider fluctuations in the energy extracted from or injected into a qubit used
as a QB through nonselective quantum projective measurement, with the qubit prepared in a state
that does not commute with the Hamiltonian. We also test the validity of the bounds in Eqgs. (23)
and (24).

APPENDIX F: FLUCTUATIONS IN THE ENERGY EXTRACTED FROM OR INJECTED
INTO A QUBIT AS A QB THROUGH QUANTUM MEASUREMENT:
STATE AND HAMILTONIAN OF THE QB DO NOT COMMUTE

Let us now consider an example of a qubit acting as a quantum battery, with Hamiltonian H, =
0,/2. The QB is initially prepared in the pure state

ly) = cos(%)le} + e sin(%)lg),

and is subjected to a nonselective quantum projective measurement described by the operation

2
Dpra() = Y TN ()TN,

i=1

where the measurement basis vectors are defined as

1) = cos(%)k) + e sin(%) lg),
IMy) = sin<a72)|e) e cos(%) 12),

where o1, ap € [0, 7] and x1, x2 € [0, 27).
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Consider p; = |¢) (¥ |. Then, using Egs. (5) and (22), the energy extracted from or injected into
the battery, as well as its fluctuations, is given, respectively, by

(Oum) = Tr[Ha(Puya(pi) — pi)] (F1)

and
var(Qp) = var(Py,(Hy) — Hy), + var(Hy) e, (o) — Val @y (Hy)) - (F2)

In Fig. 6, we plot these quantities, as well as (Qy7)?/var(Qy). By varying the measurement angle
o, one can either inject into or extract energy from the QB. However, energy extraction tends to
dominate. This can be explained by the fact that the QB has a higher probability of being in the
excited state before the measurement, since cos(cr; /2) ~ 0.854 for o) = 7 /4.

Interestingly, as shown in Fig. 6, the maximum magnitude of the extracted energy is larger than
that of the injected energy. The fluctuations are also higher during energy extraction (i.e., when the
battery loses energy). Nevertheless, this does not significantly affect the ratio (Qy)2/var(Qy); in
fact, (Qy)?/var(Qyy) attains its largest values in the energy extraction regime.

Note that the initial state does not commute with the Hamiltonian, i.e., [p;, H,] # 0, thus
supporting our claim regarding the validity of Eq. (22) for initial states with nonzero coherence.
Finally, in Fig. 7 we plot the lower and upper bounds given in Eqs. (23) and (24), and observe that
they are respected.

APPENDIX G: THE IMAGINARY PART OF EQ. (8)

Let us now consider the (joint) quasiprobability describing both heat and work at the trajectory
level for the 3SQC, i.e., Eq. (8). One can easily show that in the ergotropy regime, i.e., by plugging
the unitary in Eq. (25) into Eq. (8), one obtains

aije = (E” | oo E”) [T E”) [l £7) > 0.

Thus, the joint KDQ becomes a proper probability in the ergotropy regime, i.e., under the unitary in
Eq. (25).

Equation (8), when marginalized over k, yields information only on the cumulants of heat [or,
equivalently, the cumulants of the charging energy; see Eq. (B4)]. It is easy to show that this
expression is always non-negative. This non-negativity holds because the initial state commutes
with the Hamiltonian. However, we emphasize that Eq. (8) remains valid even when the initial state
does not commute with the Hamiltonian.

Inspired by Eq. (18), one can prove that the imaginary part of Eq. (8) can be written as

d . N
Im[g;j ] = ﬁTr[|E;I))<E,('1)| 14 CDM(|E[(O))<E1‘(O)|) VT]

e=0
d

= SB[V ou (IEPNED]) VIIE")

; (G1)

€=

A : () ) P12 2) . . .
where V= @€ THEDETIWIUIESNETIU/2 - jg 3 unitary  evolution  generated by

Tr[|El.(0)) (Ei(0)|p0] UT|E,£2))(E,§2)|U/2, and note that we use [|El.(0)) (Ei(0)|, po] = 0 for the derivation
of Eq. (G1).

In Eq. (G1), the first equality corresponds to the linear response of the average of the energy
projector |Ej(.1))(Ej(.l)| in the state VCIDM(|Ei(0))(Ei(O)|)V*. The second equality gives the linear re-
sponse of the transition probability (E;1)|V<DM(|Ei(0))(E,.(O)|)VT|EJ(.1)) [107]. Finally, we note that
(E;”W ¢M(|Ei(0))(Ei(())|)VT|E;l)) also corresponds to a quantity known in the literature as the
fidelity.
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The parameters used are x, = 0, oy = 7 /4, and x; = 7 /7.
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FIG. 7. The parameters are the same as in Fig. 6. Please note that, again, the signal-to-noise ratio associated
with the heat operator can sometimes significantly overestimate the square of the charging energy reliability.
The last panel is the same as the second one, except that we eliminate UppB,, since the latter overestimates the
square of the heat reliability. We observe that the remaining bounds still provide meaningful estimates of the
square of the heat reliability.
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APPENDIX H: TPM SCHEME AND QUANTUM STATES WITH NONZERO COHERENCE:
AN EXPLICIT EXAMPLE

Consider a qubit system prepared in the pure state o; = |0;)(0il, |0;) = %, with Hamiltonian

H = |e){(e|. One can easily show that the unitary operator (a Hadamard gate followed by a bit-flip
gate) Uey = %(i 711) extracts the ergotropy by driving the qubit to the ground state.

Furthermore, one can verify that

(1) [oi, H] = —ioy/2,

(2) (07, Uergl = 0:/3/2,

(3) [Uerg, H1 = 0://2.
Despite these noncommutation relations, the KDQ distribution can be shown to reduce to a
proper PD.

Moreover, while the application of Ue, to 0; corresponds to a discharging process, the application
of Ujrg to the ground state |g)(g| corresponds to a charging process. These two processes satisfy

(1) Trl(UggHUerg — H) 0;] = =Tr[(Ueg HU S, — H) ) (2],

erg
) var(UfHUeg — H)o, = Var(UegHU, — H) g [see Eq. (15)], where var(UegHUS, —

erg erg

H), ) Tollows from the TPM scheme since [H, |g)(g]] = 0.
This is in agreement with the statement made in Remark 3.

APPENDIX I: PROOF OF THE POSITIVITY OF EQ. (26) IN THE ERGOTROPY
AND ANTIERGOTROPY REGIMES EVEN WHEN THE MEASUREMENT CHANNEL
HAS FEWER PROJECTORS THAN d,

Consider the case when the measurement channel ®,, has a number of projectors fewer than the
Hilbert space dimension dj,. In this case, by considering a measurement only on the nth subsystem,
where the working medium is composed of N subsystems, we have

dn
p1 = Pu(po) = ) Mipoll,, an
i=1

where [, =14, ® - ® 1y, , @ I; ® 14, ® -+ ® L4y In general, the measurement need not be
restricted to a single subsystem and can be applied to any part of the working medium.

Diagonalizing the state in Eq. (I1) gives p; = Zf”z 1 Is|ps) (os|. Assuming that the eigenvalues
of p; are arranged in descending order, i.e., [y > [y, while those of H [Eq. (1)] are in increasing
order, i.e., E; < E;;, one can prove that in the ergotropy regime

@ik = T |EZNE? | Uerg [ESNES| 1 UG, ]
= (o | ESV) (=0)
= Tl |E})E UG B NED Ve ST [ [ ECNE 0] 12)

where Ueg 1= Y% | |[E®)(p,|. Please note that gj; remains non-negative not only when the state
02 becomes passive, but for any unitary acting on p; that produces a state with the same eigenstates
as H.

Finally, using the fact that Usery 1= ;ji ! |E[(1,2)+ 1—.){I1;] is the unitary that maximizes the magni-

tude of the energy injected into the QB, the quantity g satisfies the following equalities:
D\ (2 1 1
9k = Te[|EZNES | Users | ESJES" | 01 U]

= pd,,+17k|(ndb+17k|Ej(‘l))|2

= Tl £} "N} | U | B NES | U T B NES | 0]
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FIG. 8. Triangle diagram of quantum states connected by unitaries and their daggers.

This quantity is also non-negative, i.e., gjx > 0. Again, this holds even when the measurement
channel has fewer projectors than d,. The same proof as in Eq. (I2) applies.

APPENDIX J: VARIANCE OF THE DIFFERENCE OF TWO WORK OPERATORS
CAN BE INTERPRETED AS A VARIANCE OF A WORK OPERATOR

Consider an arbitrary QB with Hamiltonian H and prepared in the state p;. Suppose p; evolves
under either U; or U,. In this case, we have two work operators O,,, = UiTHin —Hgfori=1or
2, where we do not care about the sign of the average work for our purposes. One can show that
var(Oy, — Oy, ), = var(0,, — Oy, ),, satisfies the following equation:

var(Oy, — Oy,)  =var(0,, ) = var(0,)

Ps o5 5

, an

where (see Fig. 8) p; = U, ,oSUlT and p;, = Uz,osUzT are states; on the other hand, O/, =

wy
U, UZTH;UQUIT — H; and O;UZ = UZUFHXUl U; — H; are work operators [110]. Equation (J1) shows
that the variance of the difference of the work operators O,, and O,,, in state p, is equivalent to the
(1) variance of the work operator O’wl in state ,0;1 or (2) variance of the work operator O;Uz in state
p;,- Please note that this statement can be easily generalized to the case in which the Hamiltonian

H; of the QB is not fixed.

APPENDIX K: SINGLE QUBIT AS A QUANTUM BATTERY

First, one may wonder why we are interested in work and heat fluctuations. In the literature,
it is common to search for unitaries that maximize the average extracted work—Ileading to the
notion of ergotropy. A natural question then arises: what are the fluctuations in work under optimal
extraction? In this case, we can simply insert the optimal unitary that maximizes (W )ex; into Eq. (15)
and compute the work fluctuations. We denote this quantity by var(W )ma.x, which we can refer to as
ergotropy operator fluctuations (see Sec. 111 H) or simply ergotropy fluctuations in this section.

1. Expressions for the cumulants of heat and work in terms of transition probabilities

Let us consider an arbitrary qubit Hamiltonian and a nonselective quantum projective measure-
ment, given, respectively, by

H=$HM—HPD (K1)

and

2
Dy () =Y L.

i=1
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Here, v is the energy gap of the qubit, and |+) and |—) denote the excited and ground states of
the Hamiltonian, respectively. The operators I1; are projectors onto the eigenstates of the measured
qubit observable.

Let us now define the following transition probabilities:

2
0 = (= Py |+ (+DI=) = Y (=T )P,
i=1
2
0y == (—[U Dy (I4)(+DUT|=) = Y (= [UTL|+) %,

i=1

63 := [(=|U|+)*.

Using these, we can express the averages and variances as
(Qu) = 16 tanh ( —
=0 tanh | — |,
M 1 T

(W) = v(6 — 6,) tanh <%>

(Oc) = —v6, tanh (%)

var(Qy) = 6,v% — (O)? = 91v2<1 —_ 6, tanh? (%))
var(W) = 630> — (W)? = v2(93 — (6, — 6,)* tanh? (%)) (K2)

From the average quantities, we can identify only two modes of operation:

(1) Heat engine: (W) < 0, (Qp) > 0, and (Q¢) < 0. This occurs when 8; > 6,. That is, the QB
receives energy during the first stroke through quantum measurement, during the second stroke part
of this energy is extracted as useful work, and finally the remaining energy is dumped into the bath.

(2) Accelerator: (W) > 0, (Qp) > 0, and (Qc) < 0. This occurs when 0, < 6,. That is, the QB
receives energy during the first stroke through quantum measurement, during the second stroke
useful energy is added to the battery, and finally all of this energy is released to the bath.

The refrigerator and heater modes are not possible. This is because (Qy) = 0, as we have
already proved in Appendix C. This can be understood via the notion of passivity [114]: since the
battery starts in thermal equilibrium, its energy cannot be lowered by measurement—only increased.
Moreover, for the heater mode to be possible, both (Qy) and (Q¢) must have the same sign, which
cannot happen here [see Eq. (K2)].

2. Explicit verification of the bounds in Eqs. (23) and (24)

First, one can easily prove that

[

var(H),, = %[1 —(1—=26,) tanhz(%>].

On the other hand, by using the fact that
, v’ 2 : 2
Sy (H) = Z(2a1+ = 1D,,  with oy = [(IL[+H)]7,

000020-28



FLUCTUATIONS IN MEASUREMENT-BASED QUANTUM ...

one can show that

2 2
var(®y (H)),, = (g(ZaH _ 1)) _ (g(l _ 201)tanh<%)> ,

and after a few lines of algebra, one arrives at
91 V2
2

Now using all these equations [and the fact that 0 < a;, < 1 and 6; = 2a;, (1 — «,)], one can
prove that

var(®y(H) — H),, = (Oum)*.

var(®y (H) — H),, = var(Q) — viars (1 — ai4)
2
= var(Qy) — 917” < var(Qy) < var(®y (H) — H),,

2
%
+var(H), < var(@y(H) — H)p, + ——.

4
Please note that var(H),, — var(®y(H)),, — var(®y(H) — H),, = (Om)? > 0; thus,
0 < LowB, < LowB,’ < var(Qy) < UppB, < UppB,’. (K3)

This result shows that LowB,’ provides a lower bound on heat fluctuations that is at least as tight as
LowB,.

3. Maximizing charging energy, work extracted, and efficiency

It can be shown that 8, is bounded above by 1/2, with the maximum value (i.e., 1/2) attained
when

) = [T1)) = i(|+> + €?]-)), (K4)
V2

where ¢ € [0, 27 ). Equation (K4) defines the bases on the Bloch sphere where the projection of the
eigenstates of the qubit Hamiltonian (K1) yields a probability of % These bases maximize the heat,
thereby enhancing the charging process of the qubit. The maximum charging energy is given by
% tanh(%). In this case, the state p; becomes the maximally mixed state. Please note that Eq. (K4)
is an eigenstate of the operator o.(¢p) = e~ |+)(—| + €| —)(+|. The latter is the operator that must
be measured during the first stroke to achieve the maximum charging energy.

Furthermore, from Eq. (K2), it can be seen that when the qubit starts in the ground state, i.e.,
T — 0, the charging process becomes even more efficient. Thus, initializing the QB in states closer
to the ground state is desirable for better charging. Additionally, Eq. (K2) shows that lowering the
temperature also reduces the fluctuations of work and heat.

Since, for the charging energy to be maximal, the measurement must drive the battery toward the
maximally mixed state—a state that cannot be changed unitarily—work extraction or injection are
impossible; hence, the efficiency is also zero.

Now consider work extraction. One can show that if (IT1;]p;|I1;) > (I1»|p;|I1;), then the unitary
that maximizes the average work is

Urgt := [+) (T2 + [=)(IT4]. (K5)
Otherwise, the optimal unitary is
Urg i= [+ (I + [=)(T2| = Uyt (ITR)(TT | + [T1 ) (T2 ]) = () (=1 + [ =) (+DUra.  (K6)

Actually, one can show that when U, maximizes the work extracted, U, maximizes the magnitude
of the energy injected into the quantum battery (i.e., the magnitude of the antiergotropy), and vice
versa.
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Using Eq. (KS5), one can prove that the maximum value of ergotropy occurs when
) = )@ = 1|+) +e'WT§|—> = cos(3)|+) + € sin(3)[—), and thus |I1,) = |M)" :=
—e‘i“’?l—i—) +1|—) = —esin(%)|+) + cos(%)|—). On the other hand, for the unitary in
Eq. (K6), one can prove that the maximum value of ergotropy occurs when [IT;) = [IT,)" and
IT;) = |IT1;)®. Overall, one can show that the maximum value of ergotropy is given by ¢ tanh(35).

One can show that the operator that must be measured during the first stroke for the discharging
process during the second stroke to reach highest possible value of ergotropy [i.e., g tanh(57)]
is 04(@) = V3 |4) (=] + €| =) (+1)/2 — (|+)(+] — |=)(=])/2. What we mean is that we
maximize the ergotropy over all possible qubit nonselective projective measurements during the
first stroke.

The value of the charging energy when the discharging process (i.e., ergotropy) reaches its
highest value is %" tanh(%). In this case, the efficiency is %

Using Eq. (K5) or (K6), one can prove that the maximum value of efficiency npax is % That is, the
best we can recover from the charging energy is % The proof is as follows: in the ergotropy regime,
one can show that 8, = 26,(1 — 6,). Using this and substituting it into the efficiency expression, we
obtain

1 0,
2 2(1—6y)°

Nmax =

This expression reaches its maximum when 6, = 0. Furthermore, one can see from Eq. (K2) that in
this case, both charging energy and ergotropy go to zero. This is reminiscent of the Carnot efficiency
being attained when all average quantities vanish. Put differently, when the engine is more efficient,
the amount of work extracted is zero.

When 6, goes to 0, what is happening is that the projectors IT; and IT, become eigenstates of the
Hamiltonian; hence, both the charging energy and the work extracted go to zero. This means that
measuring an observable that is diagonal in the energy eigenbasis is the case where the 3SQC can
be most efficient. Unfortunately, this comes with vanishing work.

The results of this section show that maximizing ergotropy, then computing the charging energy
and the efficiency for the measured observable that maximizes the ergotropy, is the more interesting
regime.

Finally, and briefly, one can show that var(Qy,) — (QM)2 > 0, where equality is achieved when
0y =1/2 and T — 0. This means that, under the condition 7 — 0, not only measuring o.(¢)
is optimal in terms of charging energy, but also this charging happens with the highest possible
reliability, which is 1.

4. Comparison between a unitary that achieves ergotropy and one that does not,
in terms of enhancing charging, discharging, and their reliabilities

Let us now choose a specific basis for H and ®,,. Consider a Hamiltonian defined in the z basis,
as

H = §(|e)(e| — 1) {gl).

The measurement projectors are given by

o oW . [
|TT;) := cos <E)|e) + €'% sin <§>|g),
|TT,) := sin (ﬂ) le) — e'X cos <g>|g),
2 2

where @ € [0, 7] and x € [0, 27).
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FIG. 9. The parameters used are 7 = 10/3, v = 1,60 = 7/9, and x = 7 /2. Panel (a) shows the ergotropy
(orange dashed line) and the average work extracted using the unitary in Eq. (K7) (blue solid line), while panel
(b) presents their corresponding fluctuations. Panel (c) displays the reliability of three quantities: the charging
energy (green dash-dot line), the ergotropy, and the work extracted using the unitary in Eq. (K7). Panel (d)
shows the efficiency nm. and the efficiency nY corresponding to the unitary in Eq. (K7). In all panels, the
vertical red dashed line (vertical gray dash-dotted line) corresponds to o = %” (o = %); at this angle, panels
(b) and (c) show the intersection of the orange dashed and blue solid lines [panel (a) shows that the maximum
value of ergotropy is attained].

From what we explained above, any measurement in the xy plane of the Bloch sphere—i.e.,
when o« = 7 /2 and for any value of x—suffices to maximize the charging energy. The optimal
operator is given by o.(x) = cos(x ) oy + sin(x ) oy. Further, note that when « = 7 /2 and x =0,
Eq. (K6) corresponds to a Hadamard gate, while Eq. (K5) corresponds to a Hadamard gate followed
by a bit-flip gate (or equivalently, a phase-flip gate followed by a Hadamard gate). Considering
the optimal operator for discharging, one can show that it is given by oy(x) = v/3(cos(x oy +
sin(x)oy)/2 — o,/2.

Now, consider work extraction via the unitary operator U defined as

U= e, (K7)

where 6 € [0, 2r]. More precisely, Eq. (K7) realizes a unitary rotation about the x axis.

When applying U during work extraction, we denote the average work extracted as (W)Y, , the
variance as var(W )V, the reliability as (W)Y, /+/var(W)YV, and the efficiency as nV.

Our aim is to compare the usefulness of the unitaries given in Egs. (K7) and (K5) [or (K6)] in
terms of the work extracted, its fluctuations, and its reliability. Of course, Egs. (K5) and (K6) are,
by definition, superior in terms of the work extracted (and thus the efficiency).

In Fig. 9, we present four panels. Here are our key observations.
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From panel (a), we observe that by choosing the right measurement angle «, one can achieve the
ergotropy using the unitary in Eq. (K7). However, the work extracted via this unitary does not reach
the ergotropy across the entire domain of .

The expression for the ergotropy [using Eq. (K6)] is given by

(W) = vcos(a) sin® g tanh 2 (K8)
max — 2 2T .
One can show that the maxima of this expression occur at
b4
o= :l:g +2nn, nel. (K9)

For example, the vertical gray dash-dotted line in Fig. 9 corresponds to o = 7 /3. Further-
more, note that Eq. (K8) corresponds to ergotropy only when it is positive, which occurs for
o € (2nn, 5 +27rn) U (37” + 2mn, 2w (n + 1)); otherwise, it becomes negative and corresponds to
antiergotropy, in which case it is denoted by (W )nin. On the other hand, when using Eq. (KS5), we
have

(Whmax = —V cos(oz)cos2 <%> tanh (%) (K10)

The maxima occur at
2
oc:j:T+27m, nel. (K11)

Again, note that Eq. (K10) corresponds to ergotropy only for a € (3 + 27n, 37” + 2mn) excluding
o = 7 + 2mn, where the extracted work vanishes; otherwise, it becomes negative and corresponds
to antiergotropy, in which case it is denoted by (W) y;y.

Regarding the fluctuations shown in panel (b), we see that as « increases, the fluctuations in
ergotropy increase, whereas the fluctuations in the work extracted using the unitary in Eq. (K7)
remain (approximately) constant. However, note that for @ < 27 /9 we have var(W)Y > var(W )max,
while for & > 27 /9 we have var(W)V < var(W )pax.

From panel (b), one can see that unitaries [i.e., Eqs. (K5) and (K6)] maximizing work extracted
may also increase fluctuations, which can reduce the reliability of the extracted work, as demon-
strated in panel (c).

More precisely, from panel (c), we observe that within the regime [0, 27 /9), the ergotropy
reliability is higher than (W)Y /\/var(W)V. Beyond & = 27 /9, however, the trend is reversed. The
problem is that when o > 27 /9, ergotropy achieves higher values. Thus, we see that regions where
ergotropy attains higher values may not correspond to higher reliabilities, suggesting a trade-off
between ergotropy and its reliability.

In panel (c), we also plot the reliability of the charging energy (green dash-dot line). We observe
that the reliability of the charging energy increases monotonically and is greater than the other
two reliabilities. This indicates that the charging process (even though it is done through quantum
measurement) is more reliable than the discharging process (done via unitary operations).

In panel (d), we show the efficiencies. As expected, the efficiency reaches high values in the
ergotropy regime. Furthermore, note that the upper bound of the efficiency, i.e., 5, is reached in the
limit where both work and heat approach zero. In this limit, 6, 6, — 0.

Overall, from Fig. 9, we observe that although maximizing the average work over all unitaries can
be advantageous in terms of the average work extracted [panel (a)] and efficiency [panel (d)], it can
significantly increase fluctuations in the work [panel (b)], which may reduce its reliability [panel
(©)]. In particular, the extracted work (or ergotropy) can exhibit larger fluctuations and decreased
reliability.

1
>0
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5. Fluctuations in the battery capacity operator: Purity and quantum coherence as resources

Let us now look at the expression for the battery capacity and its fluctuations. When p, =
(ITz] p1|[T12) = py = (I11]p1|I1}), the battery capacity is given by

C(pr:H) = v(psr — p1) = v cos(a) tanh (%) (K12)

From this equation, we see that the battery capacity is maximal when the difference p, — p; is
maximal. Furthermore, given the constraint p; + p, = 1, one can show that the capacity reaches its
maximum when p, is maximal (and equivalently, p; is minimal). On the other hand, for fluctuations
in the battery capacity, we have
v (1 + 6e/T + e2/T — (=1 4 ¢"/T)? cos(2a))
2(1 + ev/T)? ’
The first equality in the latter equation, i.e., Eq. (K13), shows that the variance of the battery capacity
is maximal when p; = p,, i.e., when the state p; is maximally mixed. Thus, we see that as p,
increases, not only do we increase the battery capacity, but we also decrease fluctuations in the
battery capacity. This highlights the relationship between the purity of the state p; and the battery
capacity. Furthermore, please note that when p; = (I1;|p1|I1;) = p» = (I12]p1|I1,), we only need
to change p; with p; and p, with p; in Egs. (K12) and (K13).

From Fig. 10, we see that increasing the gap of the qubit has a positive influence on the battery
capacity and its reliability, while it also increases its fluctuations. In these plots, one can see that
the highest values of battery capacity and the lowest values of its fluctuations occur at o« = 0. This
corresponds to the z basis in the Bloch sphere, i.e., the basis where the charging energy is zero.
From this figure, it is also clear that the purity, as well as the reliability, exhibits the same behavior
as the battery capacity.

In Refs. [113,173], the authors have shown that purity and quantum coherence can be resources
to enhance the battery capacity. This naturally raises the question: what is the influence of purity
and quantum coherence on fluctuations in the battery capacity?

Example 4. Consider an arbitrary qubit state given by

p = 52 + 10y + 1,0y + 1,0), (K14)
with 7 4 r; 4 2 < 1, and a Hamiltonian given by

(K13)

Var(c(m;H)) =1 —(p—p1)) =

H, = %((10]12 + aco, + ay0, + a;o;),
where a; are arbitrary real coefficients.
The eigenvalues of p are Ar = (1 £ vr? + ry =+ 7). On the other hand, the eigenvalues of H,
are given by Ex = j(ao = Vai + a} + a2).
One can show that the corresponding active and passive states of p in Eq. (K14) are given,
respectively, by

Pa = A |+q) (+ql+r-|—q){(—ql,
Pp = A+ {(+ql+ril=q){=ql,

where |+¢) and |—q) are the eigenstates of H, corresponding to E, and E_, respectively.
The expressions for ergotropy, antiergotropy, and battery capacity are, respectively, given by

ag + acry + ayry + a;r;

(Wmax = ) - E+)L— - E—)\+,
(W)min = ot @it -|—2ayry + A Erl —E_A_,
and
C(p;Hy) = \/a)% —|—a§ +a? x \/rf + rf, +r2= \/a)% —i—a}z, +a? x /2P -1, (K15)

where P = Tr[p?] is the purity of the state p.
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FIG. 10. Here, T = 1. From top to bottom: the first panel shows the battery capacity [Eq. (K12)], the second

panel shows the fluctuations in the battery capacity [Eq. (K13)], the third panel shows the battery capacity

reliability defined by — L) and the fourth panel shows the purity of the state p,, i.e., Tr[p?] = p? + p3,
/var(C(p];H)) 1 1 2

342"/ T 4362/T 4 (—14¢"/T )2 cos(2a)
4(1+e"/T)2 '

which is equal to
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Using the battery capacity operator, one can show that the fluctuations are given by

var(Cp:n,)) = (aﬁ + a}z, + af)(l -2 - ry2 — rf) = Z(az + a§ + af)(l —-P). (K16)

From the expressions for the battery capacity [Eq. (K15)] and its fluctuations [Eq. (K16)], one can
see that the more mixed the state p is (i.e., the lower P), the lower the capacity, while the fluctuations
increase. This shows that the purity of the initial state is a valuable resource for achieving higher
battery capacity and lower fluctuations (see Fig. 10). Furthermore, one can see easily that when the
battery capacity is maximal, then in this case the fluctuations vanish, and the state p becomes a pure
state, where p can be any state on the surface of the Bloch sphere. On the other hand, when the state
is maximally mixed, then the battery capacity vanishes while the variance is maximal.

Now consider (without loss of generality) a, = a, = 0. In this case, the Hamiltonian is diagonal
in the z basis. Equations (K15) and (K16) simplify to

C(psHy) = a\Jri + 1 + 72 (K17)

var(Copm,) = az(1 —r; —ry —r2). (K18)

and

The latter can be decomposed as

var (Cyp,)) = var (Cw;Ht,))(inw) — (a:C, (p))z,
where

var(Copun,)) ™ = a2(1 - 12)

and

Cip)i= Jrrtri=\[2P—1-7

are the incoherent variance and the amount of quantum coherence in the state p with respect to the
z basis quantified by the /; norm [174], respectively.

This decomposition shows that quantum coherence with respect to the z basis can serve as a
resource for both enhancing the battery capacity and reducing fluctuations. Please note that this
result can be extended to arbitrary bases (e.g., x and y bases); that is, we can choose any qubit
Hamiltonian and isolate the coherent and incoherent parts in the battery capacity and its fluctuations.

Finally, in Appendix L, we show that replacing projective measurement with weak measurement
can improve the performance of the 3SQC. In Ref. [175], the authors considered the influence of
weak measurements on three-, four-, and five-stroke cycles, and demonstrated that such measure-
ments can enhance the performance of the engine. However, the question of fluctuations is also
important and must be addressed. To this end, we apply our previously developed framework to the
case of weak measurement as well.

APPENDIX L: FLUCTUATIONS IN THE 3SQC BASED ON WEAK MEASUREMENT
OF THE OPERATOR o,

Consider a qubit used as a working medium, with Hamiltonian H = o0,/2, initially prepared
in the thermal state py = Tf[%,/;,] Suppose that during the charging stroke we perform a weak
measurement of the operator o, on the qubit. The measurement operators describing the weak
measurement of o, are given by [175]

Kj: = moﬂz + ny oy, (Ll)
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where mo € [0,1//2], 2m3+m}) =1, ¥, | K'K =1,, and K[K_=K'K, = 2m} -
1/2)1,. The postmeasurement state is then given by

pr= @ (po) = Y KipokKi.
ie{+,—-}

Furthermore, one can show that p; remains diagonal in the eigenbasis of o,. This fact means that
the unitary that achieves ergotropy is nothing but oy.

For this example of a battery charged via weak measurement, one can compute the following
average quantities and variances:

1
(Om) = (1 — 2mj) tanh (ﬁ)

1
(W)max = (1 —4mg) tanh (ﬁ)’ only for my € [0, 1/2),

1 1
var(Qy) = (1 — 2mp) (1 — m} + m} cosh <7>>sech2 <ﬁ)’

1 1
var(W)max = (1 — 4mg + 8my + (4m§ — 8m) cosh <T>>560h2<ﬁ>'

These results can be obtained straightforwardly using the tools developed in Sec. III and Ap-
pendix E. Note that, since the operators K; and K_ are Hermitian, one can still use Eq. (22) to
compute fluctuations in heat.

From (W)max/{Oum), the efficiency can be written as

1 n 1 —6m} L2)
nmax 2 2(1 _ Zm%) ’
so that the efficiency exceeds one half when my < /1/6 ~ 0.41.

From Fig. 11, we observe that weak measurement can be an important resource to enhance both
the charging and discharging processes, as well as their reliabilities. More precisely, first from the
first panel of Fig. 11 we see that by tuning the parameter my, one can increase both the charging
energy and the ergotropy beyond the maximum values attainable under projective measurement
[see Appendix K]. Note that as my — % the measurement operators K;, where j € {+, —}, become
projectors. More precisely, K, and K_ become eigenstates of o,, with respective eigenvalues +1
and —1; hence, for my # %, the measurement corresponds to a weak measurement of oy.

In the second panel, the efficiency of the cycle is plotted. It is evident from the figure that the
efficiency can surpass 1/2; in fact, it can even become unity: the efficiency expression is given by

1 . . . .
NMmax = 2 — Tt In this case, what is happening is that when mg goes to zero, the post-weak-

measurement state becomes equivalent to applying a o, operator to the equilibrium initial state py.
This explains why the efficiency is equal to 1, since applying another o, allows one to extract all the
energy that was just injected into the QB. If we keep increasing mg beyond 1/2, then one can only
inject energy into the qubit through o,. In this case, the expression (1 — 4m) tanh(%) plays the role
of antiergotropy. Furthermore, note that the battery capacity is equal to ergotropy for mg € [0, 1/2),
while beyond that it is equal to minus antiergotropy. At my = 1/2, of course the battery capacity is
zero, since the battery state is maximally mixed.

From the third panel, we observe that fluctuations in both the charging energy and the work
are maximal in the projective limit my — 1/2. Conversely, as my — 0, the fluctuations vanish
(thanks to T = 1/10), indicating that the reliability of these quantities diverges in this limit. Overall,
we conclude that weak measurement can be utilized to enhance the charging and discharging
performances of the cycle beyond what is achievable with projective measurement.
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FIG. 11. Here, T = 1/10. In the last panel (numerical plot not shown), the fluctuations in the charging
energy come almost entirely from the second term in Eq. (22), i.e., var(H),,, while the first and last terms
are negligible, i.e., var(®),(H) — H),, ~ 0 and var(®),(H)),, ~ 0. This means that, thanks to T = 1/10,
fluctuations in the charging energy are equal to fluctuations in the Hamiltonian of the battery in the post-
measurement state. The reason is that while the operators ®),(H) — H and ®),(H) are proportional to o,
the probability of finding the qubit in the excited state before the measurement is almost zero for T = 1/10,
suppressing the variance of these operators in py. In fact, whenever the initial state p, is an eigenprojector of
the Hamiltonian H, the fluctuations are equal to var(H),, even for an arbitrary finite-dimensional quantum
system, i.e., var(Qy) = var(H),, . Furthermore, at my = 1/2, the fluctuations reach their maximum (see the
third panel), with var(W ).« = 1 and var(Qy) = 0.250045. The third panel also shows that, in fact, work
fluctuations are larger than those of heat.
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Finally, since the operators in Eq. (L1) are Hermitian, one can easily prove the
validity of Eqgs. (23) and (24). Strictly speaking, one can show that var(®),(H)—H), +
Tr[®), (H?)po] — var(Qu) = (1 —4mg)* >0,  var(®),(H) — H),, + var(H),, — var(Qy) =
11— 4m)? sech?(5) > 0, var(Q) — (var(H),, — var(®y, (H))p) = (1 — 2m3)? sech? (%) >
0, and var(Qy) — var(®),(H) — H),, = 2m(2)(1 — Zm(z)) > 0.

Please note that

var(H),, — var(®},(H)),, — var(®), (H) — H),,

1 1
= (1 —2mg) <—1 + 3m3 + m3 cosh <?)) sechz(ﬁ), (L3)

which can be positive or negative depending on the parameters my and 7. This shows that
LowB,” — LowB, can be either positive or negative. More precisely, Eq. (L3) is >0 whenever
m(z) > 1/(3 + cosh(1/T)), and is negative otherwise. For example, for T = 1, when my < 0.47,
we have LowB,’ < LowB,, while for 0.47 < my < +/1/2, we have LowB,” > LowB,.

APPENDIX M: FLUCTUATIONS IN THE GLOBAL AND LOCAL BATTERY CAPACITY
OPERATORS: TWO-QUBIT BELL-DIAGONAL STATES

Consider a two-qubit Hamiltonian Hyp given by
Hup = Hy + Hp,
with Hy = E4 0, ® 1; and Hp = Eg 1, ® 0, and a state psp given by
pas = (12 ® 1y + c1 0y ® 0x + €20, ® 0y + €30, ® 02),

where we assume ¢y > ¢, > ¢3 > 0and E4 > Eg > 0.

The eigenvalues of Hsp and psp, arranged in descending order, are given, respectively, as
follows [128,154]:

eig(Hap)' = {Ea + Ep, Es — Ep, Eg — Ea, —(Ea + Ep))
and

eig(pap)’ = {A1, Aoy A3, Aa).

Here, 1| = H"lf‘&, A = H"‘j++"3, Az = 1_‘"J§++"3, and Ay = 1_“_4# The coefficients c;
are chosen such that A; € [0, 1] for j = 1, 2, 3, and 4. The eigenstates of psp are, as one can verify,
the four maximally entangled states, i.e., the Bell states.

For these two qubits with Hamiltonian Hup and in state p4p, it has been shown that the global
and local battery capacities are [128,154], respectively, given by Cy(p0ap; Hap) = 2¢c1E4 + 2¢2Ep
and C;(pa;Ha) = Ci(pp; Hp) = 0. Here, p4(p) is obtained from psp by tracing out qubit B (A).
Furthermore, one can easily see that the global battery capacity is zero when ¢; = ¢, = 0. In
this case, the state psap becomes diagonal in the eigenbasis of Hsp and, more precisely, the state
pap becomes maximally mixed. This means that quantum coherence with respect to the energy
eigenbasis acts as a resource for nonzero battery capacity, and the higher the coherence, the higher
the battery capacity.

In Refs. [128,132,154,155], the authors considered projectively measuring qubit B in the eigen-
basis of Hg and then the influence of this local measurement on the global and local capacities of the
battery. For example, in Ref. [154], after the measurement, the authors considered two scenarios:
(1) for the first scenario, the global state of the two qubits is computed from the equally distributed
conditional postmeasurement states, while (2) for the second scenario, they considered nonequally
distributed conditional postmeasurement states.

For the first scenario, the eigenvalues of the final state p}; were given by [128,154]

eig(pAB) = %{1 +c37 1 — C3, 1 — C3, 1 +c3}’
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while for the second scenario we have

eig(php) = 2{mo(l + c3), i1 — c3), po(1 — ¢3), i (1 + ¢3)},

where o+ @y = 1 and o = uy.

For the first scenario, it was shown that the global and local capacities are given [128,154],
respectively, as follows: Cqo(0)5; Hag) = 2¢3E4 and Ci(p)y; Ha) = Ci(pg; Hg) = 0. Here, p} and pj
are the states obtained from p), by partial trace. Thus, we see that this first scenario worsens the
global battery capacity since Cq(pap; Hap) = Cq(p45; Hap), While noting that the local capacities
are unchanged (see Ref. [154]). Furthermore, note that one can easily see that the global battery
capacity is zero when ¢z = 0.

Before measuring qubit B, the global battery capacity was not a function of ¢z, but depended
only on ¢; and c;. After measuring qubit B, the parameter c3 becomes important and is the main
source of nonzero battery capacity. The reason c¢; and ¢, no longer contribute is that the authors in
Ref. [154] considered the local measurement to be in the eigenbasis of Hg, which erases quantum
coherence.

For the second scenario, it was shown that C,(0}5; Hag) = 2(to — 1)Eg + 2¢3E4, Ci(py; Ha) =
2(wo — p1)e3Es, and Ci(pg; Hp) = 2(wo — 1 )Ep. In this case, it was shown in Ref. [154] that while
the global battery capacity can increase or decrease, the local battery capacity is enhanced, and
that while C;(p}; Ha) can be zero when ¢3 = 0, C;(pp; Hp) is always positive as long as o > ;.
Furthermore, one can prove that [132,155]

Co(ppgs Hag) = Ci(pys Ha) + Ci(pg; Hp). MI)

Equality is satisfied when either c3 = 0 or iy = 1, or when both conditions are satisfied.

Note that in the derivation of the global battery capacity for the second scenario, we assumed
that o < ]J;“. When py > 145"3 , we just need to apply the exchange E4 <> Ep in the expression
for the global battery capacity.

Remark 5. Please note that to compute the battery capacities, we only need the eigenvalues of
PaBs Py, and Hyp. The same holds true when considering fluctuations. Now, let us see whether
these two scenarios can reduce fluctuations in the (global and/or local) battery capacity.

First, the fluctuations in the battery capacity operator when the two qubits are in the state psp
are given, respectively, as follows: var(Cy(p,,:m.y)) = 4(Ef + Ef) — 8c3EsEp — (2¢1Eq + 202Ep)?,
Var(Cz(pA;HA)) = 4E§, and var(Cl(pB;HE)) = 4E12;

We see that, unlike the global battery capacity, i.e., C4(04p; Hap), the variance var(Ce(p,,:H,5))
depends on c3, and that increasing this parameter can reduce fluctuations in the battery capacity
operator, while the global battery capacity remains unchanged. Furthermore, one can show that

Va'r(cg(pAB§HAE)) < VaI(CI(pA;HA)) + Var(cl(PB;Hﬂ))' (M2)

This equation shows that fluctuations in the global battery capacity operator are less than or equal
to the sum of the fluctuations in the local battery capacity operators. Equality is attained when
c1 = ¢ = c3 = 0. In this case, the state p4p is the maximally mixed state.

Now consider fluctuations in the global and local battery capacities for the first scenario. One
can show that var(Cy(p, :1,,)) = 4(Ef + E3) — (2¢3E4)*, var(Cyp,:,)) = var(Cip:n,)) = 4E3, and
var(Cpy:Hy)) = var(Cl(pl;; 1)) = 4E g. From these equations, we see that not only do the local battery
capacities remain unchanged, but so do the fluctuations of the battery capacity operators at the local
level. For the global battery capacity, we observe that while the battery capacity is reduced, the
fluctuations in the global battery capacity operator increase. Furthermore, one can again show that

var (Cyp,yitian) < Var (Cupyemy) + var(Cicopitiy))» (M3)

and equality is attained when ¢3 = 0.
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FIG. 12. The blue solid line shows the difference between the battery capacity in the second scenario
[i.e., 2(;o — m1)Ep + 2c3E4] and the battery capacity before the measurement [i.e., 2¢1E4 + 2¢,Ep], while
the orange dashed line shows the difference in their corresponding fluctuations presented in the main text, as
a function of uy € [0.5, 1] for the fixed parameters E4 = Eg = 0.6, ¢; = 0.3, and ¢; = ¢3 = 0.1. As can be
seen, choosing higher values of 11y can make the difference in battery capacities positive and the corresponding
difference in fluctuations negative. The battery capacities are equal at po = 0.65, while the fluctuations are
equal at uy =~ 0.8. For example, in the domain [0.5, 0.65), increasing 1 toward 0.65 reduces the plotted
differences, but this is still not sufficient to enhance the battery capacity or reduce fluctuations. In the domain
(0.65, 0.8), only the battery capacity is higher than before the measurement, while the difference in fluctuations
remains positive. Finally, in the domain (0.8, 1], both the battery capacity is enhanced and the difference in
fluctuations is negative, indicating a reduction in the fluctuations of the battery capacity for the second scenario
compared to before the measurement.

For the second scenario, one can show that var(Cy, .m,y)) = 4(Ej + Eé) + 8EAEp(1o —
pi)es — (2o — 1)Ep + 2¢3Eq)%, var(C(p,:1,)) = 4E3(1 — ((o — 1)c3)?) < 4E3, and
var(Cypy:my)) = 4E3(1 — (o — m1)*) < 4Ej. The difference between fluctuations in the battery
capacity for the first and second scenarios is given by 4EZ(1 — 29)?, which shows that the first
scenario actually increases the fluctuations.

At the local level, we see that not only are the local battery capacities enhanced, but also the
fluctuations in the local battery capacity operators can be reduced. For fluctuations in the global
capacity, as with the global capacity itself, they can either decrease or increase, as we see from
Fig. 12. Furthermore, one can again show that

Var(cg(p;B;HAB)) < Var(czwg;HA)) + var (Q@;;HB)), (M4)

where equality is attained when ¢; = 0 and/or p; = 0.
To sum up, our results show that, in addition to the fact that the global battery capacity is greater
than or equal to the sum of the local battery capacities [128,132,154,155], we have proved that
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fluctuations in the battery capacity operator at the global level are less than or equal to the sum of

fluctuations in the local battery capacity operators [see Eqs. (M2)—(M4)]. This means that the square
Cy(p3Hap)*

> var(Cy(p):Hap))’

and (M4) as follows [assuming that var(Cy(,, .11,5)) > O]

of the global battery capacity reliability, i.e. can be lower bounded from Eqs. (M1)

CelPhpiHan? _ (Ci(phs Ha) + Ci(pp: Hp))’
var(Co(plp; Hag)) ~ var(Ci(py; Ha)) + var(Ci(py; Hp))'

Please note that this advantage at the global level requires implementing complex unitaries, which
can be difficult and significantly more costly than in the local case. Overall, it would be interesting
to consider the fluctuations in the battery capacity operator proposed in Sec. IIT H for more complex
systems.

[1] H. E. D. Scovil and E. O. Schulz-Dubois, Three-level masers as heat engines, Phys. Rev. Lett. 2, 262
(1959).
[2] R. Kosloff, A quantum mechanical open system as a model of a heat engine, J. Chem. Phys. 80, 1625
(1984).
[3] T. D. Kieu, The second law, Maxwell’s demon, and work derivable from quantum heat engines, Phys.
Rev. Lett. 93, 140403 (2004).
[4] H. T. Quan, Y.-X. Liu, C. P. Sun, and F. Nori, Quantum thermodynamic cycles and quantum heat engines,
Phys. Rev. E 76, 031105 (2007).
[5] H. T. Quan, Quantum thermodynamic cycles and quantum heat engines. II, Phys. Rev. E 79, 041129
(2009).
[6] R. Kosloff and A. Levy, Quantum heat engines and refrigerators: Continuous devices, Annu. Rev. Phys.
Chem. 65, 365 (2014).
[7] J. RoBnagel, O. Abah, F. Schmidt-Kaler, K. Singer, and E. Lutz, Nanoscale heat engine beyond the
Carnot limit, Phys. Rev. Lett. 112, 030602 (2014).
[8] M. T. Mitchison, Quantum thermal absorption machines: Refrigerators, engines and clocks, Contemp.
Phys. 60, 164 (2019).
[9] N. M. Myers, O. Abah, and S. Deffner, Quantum thermodynamic devices: From theoretical proposals to
experimental reality, AVS Quantum Sci. 4, 027101 (2022).
[10] R. Alicki and M. Fannes, Entanglement boost for extractable work from ensembles of quantum batteries,
Phys. Rev. E 87, 042123 (2013).
[11] E. C. Binder, S. Vinjanampathy, K. Modi, and J. Goold, Quantacell: Powerful charging of quantum
batteries, New J. Phys. 17, 075015 (2015).
[12] E. Campaioli, S. Gherardini, J. Q. Quach, M. Polini, and G. M. Andolina, Colloquium: Quantum
batteries, Rev. Mod. Phys. 96, 031001 (2024).
[13] J. P. Dowling and G. J. Milburn, Quantum technology: The second quantum revolution, Philos. Trans.
R. Soc. London Ser. A 361, 1655 (2003).
[14] A. Aufteves, Quantum technologies need a quantum energy initiative, PRX Quantum 3, 020101 (2022).
[15] S. Campbell et al., Roadmap on quantum thermodynamics, Quantum Sci. Technol. 11, 012501 (2026).
[16] S. Vinjanampathy and J. Anders, Quantum thermodynamics, Contemp. Phys. 57, 545 (2016).
[17] J. Goold, M. Huber, A. Riera, L. del Rio, and P. Skrzypczyk, The role of quantum information in
thermodynamics—A topical review, J. Phys. A: Math. Theor. 49, 143001 (2016).
[18] N. Yunger Halpern, Toward physical realizations of thermodynamic resource theories, in Information
and Interaction: Eddington, Wheeler, and the Limits of Knowledge, edited by 1. T. Durham and D.
Rickles (Springer International Publishing, Cham, 2017), pp. 135-166.

000020-41


https://doi.org/10.1103/PhysRevLett.2.262
https://doi.org/10.1063/1.446862
https://doi.org/10.1103/PhysRevLett.93.140403
https://doi.org/10.1103/PhysRevE.76.031105
https://doi.org/10.1103/PhysRevE.79.041129
https://doi.org/10.1146/annurev-physchem-040513-103724
https://doi.org/10.1103/PhysRevLett.112.030602
https://doi.org/10.1080/00107514.2019.1631555
https://doi.org/10.1116/5.0083192
https://doi.org/10.1103/PhysRevE.87.042123
https://doi.org/10.1088/1367-2630/17/7/075015
https://doi.org/10.1103/RevModPhys.96.031001
https://doi.org/10.1098/rsta.2003.1227
https://doi.org/10.1103/PRXQuantum.3.020101
https://doi.org/10.1088/2058-9565/ae1e27
https://doi.org/10.1080/00107514.2016.1201896
https://doi.org/10.1088/1751-8113/49/14/143001

EL MAKOURI, SLAOUI, AND AHL LAAMARA

[19] F. Binder, L. A. Correa, C. Gogolin, J. Anders, and G. Adesso, Thermodynamics in the quantum regime,
Fundamental Theories of Physics (Springer Nature Switzerland AG, Cham, Switzerland, 2018), Vol.
195.

[20] M. Lostaglio, An introductory review of the resource theory approach to thermodynamics, Rep. Prog.
Phys. 82, 114001 (2019).

[21] S. Deffner and S. Campbell, Quantum Thermodynamics: An Introduction to the Thermodynamics of
Quantum Information (Morgan & Claypool Publishers, San Rafael, California, 2019).

[22] P. Erker, M. T. Mitchison, R. Silva, M. P. Woods, N. Brunner, and M. Huber, Autonomous quantum
clocks: Does thermodynamics limit our ability to measure time? Phys. Rev. X 7, 031022 (2017).

[23] C. E. Crooks, Entropy production fluctuation theorem and the nonequilibrium work relation for free
energy differences, Phys. Rev. E 60, 2721 (1999).

[24] H. Tasaki, Jarzynski relations for quantum systems and some applications, arXiv:cond-mat/0009244.

[25] A. C. Barato and U. Seifert, Thermodynamic uncertainty relation for biomolecular processes, Phys. Rev.
Lett. 114, 158101 (2015).

[26] T.R. Gingrich, J. M. Horowitz, N. Perunov, and J. L. England, Dissipation bounds all steady state current
fluctuations, Phys. Rev. Lett. 116, 120601 (2016).

[27] K. Brandner, T. Hanazato, and K. Saito, Thermodynamic bounds on precision in ballistic multiterminal
transport, Phys. Rev. Lett. 120, 090601 (2018).

[28] K. Macieszczak, K. Brandner, and J. P. Garrahan, Unified thermodynamic uncertainty relations in linear
response, Phys. Rev. Lett. 121, 130601 (2018).

[29] J. Liu and D. Segal, Thermodynamic uncertainty relation in quantum thermoelectric junctions, Phys.
Rev. E 99, 062141 (2019).

[30] K. Proesmans and J. M. Horowitz, Hysteretic thermodynamic uncertainty relation for systems with
broken time-reversal symmetry, J. Stat. Mech. (2019) 054005.

[31] A. M. Timpanaro, G. Guarnieri, J. Goold, and G. T. Landi, Thermodynamic uncertainty relations from
exchange fluctuation theorems, Phys. Rev. Lett. 123, 090604 (2019).

[32] Y. Hasegawa and T. Van Vu, Fluctuation theorem uncertainty relation, Phys. Rev. Lett. 123, 110602
(2019).

[33] G. Falasco, M. Esposito, and J.-C. Delvenne, Unifying thermodynamic uncertainty relations, New J.
Phys. 22, 053046 (2020).

[34] J. Horowitz and T. Gingrich, Thermodynamic uncertainty relations constrain non-equilibrium fluctua-
tions, Nat. Phys. 16, 15 (2020).

[35] M. E. Sacchi, Thermodynamic uncertainty relations for bosonic Otto engines, Phys. Rev. E 103, 012111
(2021).

[36] K. Ito, G.-H. Xu, C. Jiang, E. Rolddn, R. A. Rica-Alarcén, I. A. Martinez, and G. Watanabe, Universal
relations and bounds for fluctuations in quasistatic small heat engines, Commun. Phys. 8, 60 (2025).

[37] S. Saryal and B. K. Agarwalla, Bounds on fluctuations for finite-time quantum Otto cycle, Phys. Rev. E
103, 060103 (2021).

[38] S. Saryal, M. Gerry, 1. Khait, D. Segal, and B. K. Agarwalla, Universal bounds on fluctuations in
continuous thermal machines, Phys. Rev. Lett. 127, 190603 (2021).

[39] S. Mohanta, S. Saryal, and B. K. Agarwalla, Universal bounds on cooling power and cooling efficiency
for autonomous absorption refrigerators, Phys. Rev. E 105, 034127 (2022).

[40] M. Gerry, N. Kalantar, and D. Segal, Bounds on fluctuations for ensembles of quantum thermal
machines, J. Phys. A: Math. Theor. 55, 104005 (2022).

[41] G.-H. Xu, C. Jiang, Y. Minami, and G. Watanabe, Relation between fluctuations and efficiency at
maximum power for small heat engines, Phys. Rev. Res. 4, 043139 (2022).

[42] S. Mohanta, M. Saha, B. P. Venkatesh, and B. K. Agarwalla, Study of bounds on non-equilibrium
fluctuations for asymmetrically driven quantum Otto engine, Phys. Rev. E 108, 014118 (2023).

[43] A. El Makouri, A. Slaoui, and R. Ahl Laamara, Monitored nonadiabatic and coherent-controlled
quantum unital Otto heat engines: First four camulants, Phys. Rev. E 108, 044114 (2023).

[44] A. El Makouri, A. Slaoui, and R. Ahl Laamara, Monitored quantum unital Otto heat engines: Fluctua-
tions of the released heat and entropy production, Physica A 669, 130591 (2025).

000020-42


https://doi.org/10.1088/1361-6633/ab46e5
https://doi.org/10.1103/PhysRevX.7.031022
https://doi.org/10.1103/PhysRevE.60.2721
https://arxiv.org/abs/cond-mat/0009244
https://doi.org/10.1103/PhysRevLett.114.158101
https://doi.org/10.1103/PhysRevLett.116.120601
https://doi.org/10.1103/PhysRevLett.120.090601
https://doi.org/10.1103/PhysRevLett.121.130601
https://doi.org/10.1103/PhysRevE.99.062141
https://doi.org/10.1088/1742-5468/ab14da
https://doi.org/10.1103/PhysRevLett.123.090604
https://doi.org/10.1103/PhysRevLett.123.110602
https://doi.org/10.1088/1367-2630/ab8679
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.1103/PhysRevE.103.012111
https://doi.org/10.1038/s42005-025-01961-1
https://doi.org/10.1103/PhysRevE.103.L060103
https://doi.org/10.1103/PhysRevLett.127.190603
https://doi.org/10.1103/PhysRevE.105.034127
https://doi.org/10.1088/1751-8121/ac4c10
https://doi.org/10.1103/PhysRevResearch.4.043139
https://doi.org/10.1103/PhysRevE.108.014118
https://doi.org/10.1103/PhysRevE.108.044114
https://doi.org/10.1016/j.physa.2025.130591

FLUCTUATIONS IN MEASUREMENT-BASED QUANTUM ...

[45] J.-S. Yan and J. Jing, Charging by quantum measurement, Phys. Rev. Appl. 19, 064069 (2023).

[46] A. Bhattacharyya, K. Sen, and U. Sen, Noncompletely positive quantum maps enable efficient local
energy extraction in batteries, Phys. Rev. Lett. 132, 240401 (2024).

[47] P. Chaki, A. Bhattacharyya, K. Sen, and U. Sen, Positive and non-positive measurements in energy
extraction from quantum batteries, arXiv:2404.18745.

[48] A. H. A. Malavazi, R. Sagar, B. Ahmadi, and P. R. Dieguez, Two-time weak-measurement protocol for
ergotropy protection in open quantum batteries, PRX Energy 4, 023011 (2025).

[49] N. Friis and M. Huber, Precision and work fluctuations in Gaussian battery charging, Quantum 2, 61
(2018).

[50] B. Morris and G. Adesso, Quantum coherence fluctuation relations, J. Phys. A: Math. Theor. 51, 414007
(2018).

[51] A. M. Alhambra, L. Masanes, J. Oppenheim, and C. Perry, Entanglement fluctuation theorems, Phys.
Rev. A 100, 012317 (2019).

[52] A. Crescente, M. Carrega, M. Sassetti, and D. Ferraro, Charging and energy fluctuations of a driven
quantum battery, New J. Phys. 22, 063057 (2020).

[53] F. Caravelli, G. Coulter-De Wit, L. P. Garcifa-Pintos, and A. Hamma, Random quantum batteries, Phys.
Rev. Res. 2, 023095 (2020).

[54] L. P. Garcia-Pintos, A. Hamma, and A. del Campo, Fluctuations in extractable work bound the charging
power of quantum batteries, Phys. Rev. Lett. 125, 040601 (2020).

[55] D.Rosa, D. Rossini, G. M. Andolina, M. Polini, and M. Carrega, Ultra-stable charging of fast-scrambling
SYK quantum batteries, J. High Energy Phys. 11 (2020) 067.

[56] S. Cusumano and L. Rudnicki, Comment on “Fluctuations in extractable work bound the charging power
of quantum batteries”, Phys. Rev. Lett. 127, 028901 (2021).

[57] S. Y. Wang, Fluctuations in extractable work and bounds on the charging power of quantum batteries,
Entropy 23, 1455 (2021).

[58] R. Salvia and V. Giovannetti, On the distribution of the mean energy in the unitary orbit of quantum
states, Quantum 5, 514 (2021).

[59] F. Barra, Efficiency fluctuations in a quantum battery charged by a repeated interaction process, Entropy
24, 820 (2022).

[60] F.-Q. Dou, Y.-Q. Lu, Y.-J. Wang, and J.-A. Sun, Extended Dicke quantum battery with interatomic
interactions and driving field, Phys. Rev. B 105, 115405 (2022).

[61] S.Imai, O. Giihne, and S. Nimmrichter, Work fluctuations and entanglement in quantum batteries, Phys.
Rev. A 107, 022215 (2023).

[62] P. Bakhshinezhad, B. R. Jablonski, F. C. Binder, and N. Friis, Trade-offs between precision and
fluctuations in charging finite-dimensional quantum batteries, Phys. Rev. E 109, 014131 (2024).

[63] G. Francica and L. Dell’ Anna, Role of quantum correlations in daemonic expected utility, Phys. Rev. A
109, 052221 (2024).

[64] W.-X. Guo, F.-M. Yang, and F.-Q. Dou, Analytically solvable many-body Rosen-Zener quantum battery,
Phys. Rev. A 109, 032201 (2024).

[65] T. K. Konar, A. Patra, R. Gupta, S. Ghosh, and A. Sen(De), Multimode advantage in continuous-variable
quantum batteries, Phys. Rev. A 110, 022226 (2024).

[66] D. Rinaldi, R. Filip, D. Gerace, and G. Guarnieri, Reliable quantum advantage in quantum battery
charging, Phys. Rev. A 112, 012205 (2025).

[67] R. Salvia and V. Giovannetti, Zero-fluctuation quantum work extraction, Phys. Rev. A 110, 012213
(2024).

[68] A. A. Zahia, M. Y. Abd-Rabbou, and A. M. Megahed, Entanglement-driven energy exchange in a two-
qubit quantum battery, J. Phys. B: At. Mol. Opt. Phys. 58, 065501 (2025).

[69] G. Francica, Quantum advantage from negativity of work quasiprobability distributions,
arXiv:2503.18115.

[70] A. Sarkar, P. Chaki, P. Ghosh, and U. Sen, Fluctuation in energy extraction from quantum batteries: How
open should the system be to control it? arXiv:2505.16851.

[71] B. Polo and F. Centrone, Precision bounds for bosonic quantum batteries, arXiv:2505.24604.

000020-43


https://doi.org/10.1103/PhysRevApplied.19.064069
https://doi.org/10.1103/PhysRevLett.132.240401
https://arxiv.org/abs/2404.18745
https://doi.org/10.1103/bv4w-jr6q
https://doi.org/10.22331/q-2018-04-23-61
https://doi.org/10.1088/1751-8121/aac115
https://doi.org/10.1103/PhysRevA.100.012317
https://doi.org/10.1088/1367-2630/ab91fc
https://doi.org/10.1103/PhysRevResearch.2.023095
https://doi.org/10.1103/PhysRevLett.125.040601
https://doi.org/10.1007/JHEP11(2020)067
https://doi.org/10.1103/PhysRevLett.127.028901
https://doi.org/10.3390/e23111455
https://doi.org/10.22331/q-2021-08-03-514
https://doi.org/10.3390/e24060820
https://doi.org/10.1103/PhysRevB.105.115405
https://doi.org/10.1103/PhysRevA.107.022215
https://doi.org/10.1103/PhysRevE.109.014131
https://doi.org/10.1103/PhysRevA.109.052221
https://doi.org/10.1103/PhysRevA.109.032201
https://doi.org/10.1103/PhysRevA.110.022226
https://doi.org/10.1103/6kwv-z6fx
https://doi.org/10.1103/PhysRevA.110.012213
https://doi.org/10.1088/1361-6455/adbc56
https://arxiv.org/abs/2503.18115
https://arxiv.org/abs/2505.16851
https://arxiv.org/abs/2505.24604

EL MAKOURI, SLAOUI, AND AHL LAAMARA

[72] G. Di Bello, D. Farina, D. Jansen, C. A. Perroni, V. Cataudella, and G. De Filippis, Local ergotropy and
its fluctuations across a dissipative quantum phase transition, Quantum Sci. Technol. 10, 015049 (2025).

[73] D. Murphy, A. Kiely, I. D’ Amico, and S. Campbell, Ergotropy transport in a one dimensional spin chain,
Phys. Rev. A 112, 052214 (2025).

[74] B. Mohan, T. Pandit, M. Lewenstein, and M. N. Bera, Fundamental limitations on the reliabilities of
power and work in quantum batteries, arXiv:2601.05315.

[75] D. Rinaldi, R. Filip, D. Gerace, and G. Guarnieri, Maximum precision charging of multi-qubit quantum
batteries, arXiv:2601.12183.

[76] N. Behzadi, Quantum engine based on general measurements, J. Phys. A: Math. Theor. 54, 015304
(2021).

[77] A. N. Jordan, C. Elouard, and A. Aufféves, Quantum measurement engines and their relevance for
quantum interpretations, Quantum Stud.: Math. Found. 7, 203 (2020).

[78] J. G. Kirkwood, Quantum statistics of almost classical assemblies, Phys. Rev. 44, 31 (1933).

[79] P. A. M. Dirac, On the analogy between classical and quantum mechanics, Rev. Mod. Phys. 17, 195
(1945).

[80] H. Margenau and R. N. Hill, Correlation between measurements in quantum theory, Prog. Theor. Phys.
26, 722 (1961).

[81] N. Y. Halpern, B. Swingle, and J. Dressel, Quasiprobability behind the out-of-time-ordered correlator,
Phys. Rev. A 97, 042105 (2018).

[82] A. Levy and M. Lostaglio, A quasiprobability distribution for heat fluctuations in the quantum regime,
PRX Quantum 1, 010309 (2020).

[83] D. R. M. Arvidsson-Shukur, J. C. Drori, and N. Yunger Halpern, Conditions tighter than noncommuta-
tion needed for nonclassicality, J. Phys. A: Math. Theor. 54, 284001 (2021).

[84] G. Francica, What is the most general class of quasiprobabilities of work? Phys. Rev. E 106, 054129
(2022).

[85] M. Lostaglio, A. Belenchia, A. Levy, S. Herndndez-Gémez, N. Fabbri, and S. Gherardini, Kirkwood-
Dirac quasiprobability approach to the statistics of incompatible observables, Quantum 7, 1128 (2023).

[86] A. Santini, A. Solfanelli, S. Gherardini, and M. Collura, Work statistics, quantum signatures, and
enhanced work extraction in quadratic fermionic models, Phys. Rev. B 108, 104308 (2023).

[87] Ji-Hui Pei, Jin-Fu Chen, and H. T. Quan, Exploring quasiprobability approaches to quantum work in the
presence of initial coherence: Advantages of the Margenau-Hill distribution, Phys. Rev. E 108, 054109
(2023).

[88] G. Francica and L. Dell’ Anna, Quasiprobability distribution of work in the quantum Ising model, Phys.
Rev. E 108, 014106 (2023).

[89] A. Budiyono and H. K. Dipojono, Quantifying quantum coherence via Kirkwood—Dirac quasiprobabil-
ity, Phys. Rev. A 107, 022408 (2023).

[90] S. S. Pratapsi, S. Deffner, and S. Gherardini, Quantum speed limit for Kirkwood-Dirac quasiprobabili-
ties, Quantum Sci. Technol. 10, 035019 (2025).

[91] S. Herndndez-G6émez, S. Gherardini, A. Belenchia, M. Lostaglio, A. Levy, and N. Fabbri, Projective
measurements can probe nonclassical work extraction and time correlations, Phys. Rev. Res. 6, 023280
(2024).

[92] L. M. Johansen, Quantum theory of successive projective measurements, Phys. Rev. A 76, 012119
(2007).

[93] S. Gherardini and G. De Chiara, Quasiprobabilities in quantum thermodynamics and many-body sys-
tems, PRX Quantum 5, 030201 (2024).

[94] D. R. M. Arvidsson-Shukur, W. F. Braasch, Jr., S. De Biévre, J. Dressel, A. N. Jordan, C. Langrenez,
M. Lostaglio, J. S. Lundeen, and N. Yunger Halpern, Properties and applications of the Kirkwood—Dirac
distribution, New J. Phys. 26, 121201 (2024).

[95] A. El Makouri, A. Slaoui, and R. Ahl Laamara, Quantum unital Otto heat engines: Using Kirkwood-
Dirac quasi-probability for the engine’s coherence to stay alive, Ann. Phys. 473, 169889 (2025).

[96] L. Donati, F. S. Cataliotti, and S. Gherardini, Energetics and quantumness of Fano coherence generation,
Sci. Rep. 14, 20145 (2024).

000020-44


https://doi.org/10.1088/2058-9565/ad9cbb
https://doi.org/10.1103/96cm-ktcb
https://arxiv.org/abs/2601.05315
https://arxiv.org/abs/2601.12183
https://doi.org/10.1088/1751-8121/abca74
https://doi.org/10.1007/s40509-019-00217-2
https://doi.org/10.1103/PhysRev.44.31
https://doi.org/10.1103/RevModPhys.17.195
https://doi.org/10.1143/PTP.26.722
https://doi.org/10.1103/PhysRevA.97.042105
https://doi.org/10.1103/PRXQuantum.1.010309
https://doi.org/10.1088/1751-8121/ac0289
https://doi.org/10.1103/PhysRevE.106.054129
https://doi.org/10.22331/q-2023-10-09-1128
https://doi.org/10.1103/PhysRevB.108.104308
https://doi.org/10.1103/PhysRevE.108.054109
https://doi.org/10.1103/PhysRevE.108.014106
https://doi.org/10.1103/PhysRevA.107.022408
https://doi.org/10.1088/2058-9565/add55d
https://doi.org/10.1103/PhysRevResearch.6.023280
https://doi.org/10.1103/PhysRevA.76.012119
https://doi.org/10.1103/PRXQuantum.5.030201
https://doi.org/10.1088/1367-2630/ada05d
https://doi.org/10.1016/j.aop.2024.169889
https://doi.org/10.1038/s41598-024-67037-2

FLUCTUATIONS IN MEASUREMENT-BASED QUANTUM ...

[97] T. Upadhyaya, W. F. Braasch, Jr., G. T. Landi, and N. Yunger Halpern, Non-Abelian transport distin-
guishes three usually equivalent notions of entropy production, PRX Quantum 5, 030355 (2024).

[98] A. V. Mallik, L. M. Cangemi, A. Levy, and E. G. Dalla Torre, Probing quantum anomalous heat flow
using mid-circuit measurements, Adv. Quantum Technol. 8, e00328 (2025).

[99] E. Doucet and S. Deffner, Compatibility of quantum measurements and the emergence of classical
objectivity, Phys. Rev. A 111, 042217 (2025).

[100] M. Pezzutto, G. De Chiara, and S. Gherardini, Non-positive energy quasidistributions in coherent
collision models, Quantum Sci. Technol. 10, 035066 (2025).

[101] M. Esposito, U. Harbola, and S. Mukamel, Nonequilibrium fluctuations, fluctuation theorems, and
counting statistics in quantum systems, Rev. Mod. Phys. 81, 1665 (2009).

[102] M. Campisi, P. Hinggi, and P. Talkner, Colloguium: Quantum fluctuation relations: Foundations and
applications, Rev. Mod. Phys. 83, 771 (2011).

[103] R. Dorner, S. R. Clark, L. Heaney, R. Fazio, J. Goold, and V. Vedral, Extracting quantum work statistics
and fluctuation theorems by single-qubit interferometry, Phys. Rev. Lett. 110, 230601 (2013).

[104] L. Mazzola, G. De Chiara, and M. Paternostro, Measuring the characteristic function of the work
distribution, Phys. Rev. Lett. 110, 230602 (2013).

[105] S. Herndndez-G6mez, T. Isogawa, A. Belenchia, A. Levy, N. Fabbri, S. Gherardini, and P. Cappellaro,
Interferometry of quantum correlation functions to access quasiprobability distribution of work, npj
Quantum Inf. 10, 115 (2024).

[106] Y. Aharonov, D. Z. Albert, and L. Vaidman, How the result of a measurement of a component of the spin
of a spin-1/2 particle can turn out to be 100, Phys. Rev. Lett. 60, 1351 (1988).

[107] J. Dressel, M. Malik, F. M. Miatto, A. N. Jordan, and R. W. Boyd, Colloguium: Understanding quantum
weak values: Basics and applications, Rev. Mod. Phys. 86, 307 (2014).

[108] J. Dressel and A. N. Jordan, Significance of the imaginary part of the weak value, Phys. Rev. A 85,
012107 (2012).

[109] Z. Shangnan, Quantum data compression and quantum cross entropy, arXiv:2106.13823.

[110] A. E. Allahverdyan and T. M. Nieuwenhuizen, Fluctuations of work from quantum subensembles: The
case against quantum work-fluctuation theorems, Phys. Rev. E 71, 066102 (2005).

[111] P. Talkner, E. Lutz, and P. Hinggi, Fluctuation theorems: Work is not an observable, Phys. Rev. E 75,
050102(R) (2007).

[112] R. V. Kadison, A generalized Schwarz inequality and algebraic invariants for operator algebras, Ann.
Math. 56, 494 (1952).

[113] X. Yang, Y.-H. Yang, M. Alimuddin, R. Salvia, S.-M. Fei, L.-M. Zhao, S. Nimmrichter, and M.-X. Luo,
Battery capacity of energy-storing quantum systems, Phys. Rev. Lett. 131, 030402 (2023).

[114] A.E. Allahverdyan, R. Balian, and T. M. Nieuwenhuizen, Maximal work extraction from finite quantum
systems, Europhys. Lett. 67, 565 (2004).

[115] W. Pusz and S. L. Woronowicz, Passive states and KMS states for general quantum systems, Commun.
Math. Phys. 58, 273 (1978).

[116] A.Lenard, Thermodynamical proof of the Gibbs formula for elementary quantum systems, J. Stat. Phys.
19, 575 (1978).

[117] K. Kraus, States, Effects, and Operations: Fundamental Notions of Quantum Theory (Springer, Berlin,
1983).

[118] H. M. Wiseman and G. J. Milburn, Quantum Measurement and Control (Cambridge University Press,
Cambridge, 2010).

[119] K. Jacobs, Quantum Measurement Theory and Its Applications (Cambridge University Press, Cambridge,
2014).

[120] C. Elouard, D. A. Herrera-Marti, M. Clusel, and A. Auffeves, The role of quantum measurement in
stochastic thermodynamics, npj Quantum Inf. 3, 9 (2017).

[121] A. El Makouri, A. Slaoui, and R. Ahl Laamara, Nonlocal measurement outperforms local and separable
measurements in enhancing the performance of nonequilibrium and equilibrium quantum batteries.

[122] J. Du, Y. Guo, and B. Li, Nonequilibrium quantum battery based on quantum measurements, Phys. Rev.
Res. 7, 013151 (2025).

000020-45


https://doi.org/10.1103/PRXQuantum.5.030355
https://doi.org/10.1002/qute.202500328
https://doi.org/10.1103/PhysRevA.111.042217
https://doi.org/10.1088/2058-9565/aded2e
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/RevModPhys.83.771
https://doi.org/10.1103/PhysRevLett.110.230601
https://doi.org/10.1103/PhysRevLett.110.230602
https://doi.org/10.1038/s41534-024-00913-x
https://doi.org/10.1103/PhysRevLett.60.1351
https://doi.org/10.1103/RevModPhys.86.307
https://doi.org/10.1103/PhysRevA.85.012107
https://arxiv.org/abs/2106.13823
https://doi.org/10.1103/PhysRevE.71.066102
https://doi.org/10.1103/PhysRevE.75.050102
https://doi.org/10.2307/1969657
https://doi.org/10.1103/PhysRevLett.131.030402
https://doi.org/10.1209/epl/i2004-10101-2
https://doi.org/10.1007/BF01614224
https://doi.org/10.1007/BF01011769
https://doi.org/10.1038/s41534-017-0008-4
https://doi.org/10.1103/PhysRevResearch.7.013151

EL MAKOURI, SLAOUI, AND AHL LAAMARA

[123] S. Tirone, R. Salvia, S. Chessa, and V. Giovannetti, Quantum work extraction efficiency for noisy
quantum batteries: The role of coherence, Phys. Rev. A 111, 012204 (2025).

[124] S. Tirone, G. M. Andolina, G. Calajo, V. Giovannetti, and D. Rossini, Many-body enhancement of energy
storage in a waveguide QED quantum battery, Phys. Rev. A 112, 013717 (2025).

[125] S. Tirone, R. Salvia, S. Chessa, and V. Giovannetti, Quantum work capacitances: Ultimate limits for
energy extraction on noisy quantum batteries, SciPost Phys. 17, 041 (2024).

[126] S. Julia-Farré, T. Salamon, A. Riera, M. N. Bera, and M. Lewenstein, Bounds on the capacity and power
of quantum batteries, Phys. Rev. Res. 2, 023113 (2020).

[127] A. Ali, S. Al-Kuwari, M. 1. Hussain, T. Byrnes, M. T. Rahim, J. Q. Quach, M. Ghominejad, and S.
Haddadi, Ergotropy and capacity optimization in Heisenberg spin-chain quantum batteries, Phys. Rev.
A 110, 052404 (2024).

[128] Y.-K. Wang, L.-Z. Ge, T. Zhang, S.-M. Fei, Y. Gao, and Z.-X. Wang, Dynamics of quantum battery
capacity under Markovian channels, Quantum Inf. Process. 24, 34 (2025).

[129] S. Elghaayda, A. Ali, S. Al-Kuwari, A. Czerwinski, M. Mansour, and S. Haddadi, Performance of a
superconducting quantum battery, Adv. Quantum Technol. 8, 2400651 (2025).

[130] X. Yang, Y.-H. Yang, X.-Z. Liu, J.-L. Jiang, X.-Z. Zheng, S.-M. Fei, and M.-X. Luo, Experimental
verification of quantum battery capacity with an optical platform, Cell Rep. Phys. Sci. 5, 102300 (2024).

[131] R. Castellano, R. Nery, K. Simonov, and D. Farina, Parallel ergotropy: Maximum work extraction via
parallel local unitary operations, Phys. Rev. A 111, 012212 (2025).

[132] Y. Wang, X. Huang, and T. Zhang, Distribution relationship of quantum battery capacity, Adv. Quantum
Technol. 8, 2400652 (2025).

[133] M. Perarnau-Llobet, E. Baumer, K. V. Hovhannisyan, M. Huber, and A. Acin, No-go theorem for the
characterization of work fluctuations in coherent quantum systems, Phys. Rev. Lett. 118, 070601 (2017).

[134] U. Seifert, Stochastic thermodynamics, fluctuation theorems and molecular machines, Rep. Prog. Phys.
75, 126001 (2012).

[135] W. F. Stinespring, Positive functions on C*-algebras, Proc. Am. Math. Soc. 6, 211 (1955).

[136] T. B. Batalhdo et al., Experimental reconstruction of work distribution and study of fluctuation relations
in a closed quantum system, Phys. Rev. Lett. 113, 140601 (2014).

[137] M. Campisi, R. Blattmann, S. Kohler, D. Zueco, and P. Hinggi, Employing circuit QED to measure
non-equilibrium work fluctuations, New J. Phys. 15, 105028 (2013).

[138] S. Pal, T. S. Mahesh, and B. K. Agarwalla, Experimental demonstration of the validity of the quantum
heat-exchange fluctuation relation in an NMR setup, Phys. Rev. A 100, 042119 (2019).

[139] S.Pal, S. Saryal, D. Segal, T. S. Mahesh, and B. K. Agarwalla, Experimental study of the thermodynamic
uncertainty relation, Phys. Rev. Res. 2, 022044(R) (2020).

[140] C. H. S. Vieira, J. L. D. de Oliveira, J. F. G. Santos, P. R. Dieguez, and R. M. Serra, Exploring quantum
thermodynamics with NMR, J. Magn. Reson. Open 16-17, 100105 (2023).

[141] H. Yao and X.-L. Qi, Entanglement entropy and entanglement spectrum of the Kitaev model, Phys. Rev.
Lett. 105, 080501 (2010).

[142] J. de Boer, J. Jarveld, and E. Keski-Vakkuri, Aspects of capacity of entanglement, Phys. Rev. D 99,
066012 (2019).

[143] P. Boes, N. H. Y. Ng, and H. Wilming, Variance of relative surprisal as single-shot quantifier, PRX
Quantum 3, 010325 (2022).

[144] H. P. Robertson, The uncertainty principle, Phys. Rev. 34, 163 (1929).

[145] E. Schrodinger, Zum Heisenbergschen Unschirfeprinzip, Sitzungsber. Preuss. Akad. Wiss. Phys.-Math.
Kl. 19, 296 (1930).

[146] L. Maccone and A. K. Pati, Stronger uncertainty relations for the sum of variances, Phys. Rev. Lett. 113,
260401 (2014).

[147] C. Langrenez, D. R. M. Arvidsson-Shukur, and S. De Bievre, Characterizing the geometry of the
Kirkwood-Dirac-positive states, J. Math. Phys. 65, 072201 (2024).

[148] M. Lobejko, P. Mazurek, and M. Horodecki, Thermodynamics of minimal coupling quantum heat
engines, Quantum 4, 375 (2020).

000020-46


https://doi.org/10.1103/PhysRevA.111.012204
https://doi.org/10.1103/c4hd-8vfj
https://doi.org/10.21468/SciPostPhys.17.2.041
https://doi.org/10.1103/PhysRevResearch.2.023113
https://doi.org/10.1103/PhysRevA.110.052404
https://doi.org/10.1007/s11128-025-04645-5
https://doi.org/10.1002/qute.202400651
https://doi.org/10.1016/j.xcrp.2024.102300
https://doi.org/10.1103/PhysRevA.111.012212
https://doi.org/10.1002/qute.202400652
https://doi.org/10.1103/PhysRevLett.118.070601
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1090/s0002-9939-1955-0069403-4
https://doi.org/10.1103/PhysRevLett.113.140601
https://doi.org/10.1088/1367-2630/15/10/105028
https://doi.org/10.1103/PhysRevA.100.042119
https://doi.org/10.1103/PhysRevResearch.2.022044
https://doi.org/10.1016/j.jmro.2023.100105
https://doi.org/10.1103/PhysRevLett.105.080501
https://doi.org/10.1103/PhysRevD.99.066012
https://doi.org/10.1103/PRXQuantum.3.010325
https://doi.org/10.1103/PhysRev.34.163
https://doi.org/10.1103/PhysRevLett.113.260401
https://doi.org/10.1063/5.0164672
https://doi.org/10.22331/q-2020-12-23-375

FLUCTUATIONS IN MEASUREMENT-BASED QUANTUM ...

[149] K. Ptaszynski, Non-Markovian thermal operations boosting the performance of quantum heat engines,
Phys. Rev. E 106, 014114 (2022).

[150] D. Saha, A. Bhattacharyya, K. Sen, and U. Sen, Energizing a quantum system using quantum engine-
inspired architectures An optimization study, New J. Phys. 28, 044513 (2026).

[151] T. Biswas and C. Datta, Optimal performance of a three-stroke heat engine in the microscopic regime,
Phys. Rev. A 110, 032218 (2024).

[152] H. F. Hofmann, Uncertainty limits for quantum metrology obtained from the statistics of weak measure-
ments, Phys. Rev. A 83, 022106 (2011).

[153] D. R. M. Arvidsson-Shukur, N. Yunger Halpern, H. V. Lepage, A. A. Lasek, C. H. W. Barnes, and S.
Lloyd, Quantum advantage in postselected metrology, Nat. Commun. 11, 3775 (2020).

[154] T. Zhang, H. Yang, and S.-M. Fei, Local-projective-measurement-enhanced quantum battery capacity,
Phys. Rev. A 109, 042424 (2024).

[155] Y. Wang, H. Liu, S.-M. Fei, and T. Zhang, Improving quantum battery capacity in tripartite quantum
systems by local projective measurements, Adv. Quantum Technol. 8, 2500095 (2025).

[156] A. Solfanelli, L. Buffoni, A. Cuccoli, and M. Campisi, Maximal energy extraction via quantum mea-
surement, J. Stat. Mech. (2019) 094003.

[157] S. Gherardini, F. Campaioli, F. Caruso, and F. C. Binder, Stabilizing open quantum batteries by
sequential measurements, Phys. Rev. Res. 2, 013095 (2020).

[158] K. Koshihara and K. Yuasa, Quantum ergotropy and quantum feedback control, Phys. Rev. E 107,
064109 (2023).

[159] P--R. Lai, J.-D. Lin, Y.-T. Huang, H.-C. Jan, and Y.-N. Chen, Quick charging of a quantum battery with
superposed trajectories, Phys. Rev. Res. 6, 023136 (2024).

[160] M. A. Satriani and F. Barra, Daemonic quantum battery charged by thermalization, Quantum Sci.
Technol. 9, 045035 (2024).

[161] L. Buffoni, A. Solfanelli, P. Verrucchi, A. Cuccoli, and M. Campisi, Quantum measurement cooling,
Phys. Rev. Lett. 122, 070603 (2019).

[162] S. Luo, Heisenberg uncertainty relation for mixed states, Phys. Rev. A 72, 042110 (2005).

[163] Y. M. Park, Improvement of uncertainty relations for mixed states, J. Math. Phys. 46, 042109 (2005).

[164] A. Mayumi, G. Kimura, H. Ohno, and D. Chruscifiski, Uncertainty relations based on a state-dependent
norm of a commutator, Phys. Rev. A 110, 062215 (2024).

[165] G. Kimura, A. Mayumi, H. Ohno, J. Lee, and D. Chruscinski, Beyond Robertson-Schrédinger: A general
uncertainty relation unveiling hidden noncommutative trade-offs, arXiv:2504.20404.

[166] G. Kimura, A. Mayumi, and H. Yamashita, Tight generalization of Robertson-type uncertainty relations,
arXiv:2505.19861.

[167] G. Francica, J. Goold, F. Plastina, and M. Paternostro, Daemonic ergotropy: Enhanced work extraction
from quantum correlations, npj Quantum Inf. 3, 12 (2017).

[168] A. Touil, B. Cakmak, and S. Deffner, Ergotropy from quantum and classical correlations, J. Phys. A:
Math. Theor. 55, 025301 (2022).

[169] X. Hao, K. Yan, J. Tan, and Q.-Y. Wu, Quantum work extraction of an accelerated Unruh—DeWitt battery
in relativistic motion, Phys. Rev. A 107, 012207 (2023).

[170] M. Hotta, Quantum energy teleportation in spin chain systems, J. Phys. Soc. Jpn. 78, 034001 (2009).

[171] R. Bhatia, Positive Definite Matrices (Princeton University Press, Princeton, New Jersey, 2007).

[172] A. El Makouri (unpublished).

[173] M. Yadav, D. Tiwari, and S. Banerjee, (Thermo-)dynamics of the spin-boson model in the weak coupling
regime: Application as a quantum battery, Adv. Quantum Technol. 9, 00333 (2026).

[174] C. Napoli, T. R. Bromley, M. Cianciaruso, M. Piani, N. Johnston, and G. Adesso, Robustness of
coherence: An operational and observable measure of quantum coherence, Phys. Rev. Lett. 116, 150502
(2016).

[175] S. Jakhar and R. S. Johal, Ergotropic advantage in a measurement-fueled quantum heat engine, Phys.
Rev. E 113, 024142 (2026).

000020-47


https://doi.org/10.1103/PhysRevE.106.014114
https://doi.org/10.1088/1367-2630/ae6096
https://doi.org/10.1103/PhysRevA.110.032218
https://doi.org/10.1103/PhysRevA.83.022106
https://doi.org/10.1038/s41467-020-17559-w
https://doi.org/10.1103/PhysRevA.109.042424
https://doi.org/10.1002/qute.202500095
https://doi.org/10.1088/1742-5468/ab3721
https://doi.org/10.1103/PhysRevResearch.2.013095
https://doi.org/10.1103/PhysRevE.107.064109
https://doi.org/10.1103/PhysRevResearch.6.023136
https://doi.org/10.1088/2058-9565/ad7316
https://doi.org/10.1103/PhysRevLett.122.070603
https://doi.org/10.1103/PhysRevA.72.042110
https://doi.org/10.1063/1.1876874
https://doi.org/10.1103/PhysRevA.110.062215
https://arxiv.org/abs/2504.20404
https://arxiv.org/abs/2505.19861
https://doi.org/10.1038/s41534-017-0012-8
https://doi.org/10.1088/1751-8121/ac3eba
https://doi.org/10.1103/PhysRevA.107.012207
https://doi.org/10.1143/JPSJ.78.034001
https://doi.org/10.1002/qute.202500333
https://doi.org/10.1103/PhysRevLett.116.150502
https://doi.org/10.1103/npcw-l6gn

