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F. Ţolea and M. Ţolea *
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We model a direct solid-state phase transition through a nucleation-and-growth pro-
cess in which plates have simple, regular shapes—squares, cubes, or square-faced
lamellae—and grow homothetically (self-similarly) until they either reach a randomly
assigned maximum size or are stopped by impingement with previously formed plates.
The reverse transformation is represented by the preferential disappearance of smaller
plates, while larger plates are retained during an incomplete reversion. A subse-
quent direct transformation therefore produces a modified plate-size distribution—a
memory effect that forms the main focus of this study. Building upon an earlier two-
dimensional (2D) formulation, we extend the model to cubes (3D) and to lamellar
plates (3DL) in order to examine how dimensionality affects transformation memory.
We introduce a quantitative descriptor of memory, the size mass ratio and find that
memory is robust in all geometries but overall stronger in 2D than in 3D or 3DL .
We provide growth snapshots, arrest-regrowth cycles, size distributions, and differen-
tial scanning calorimetry simulations, and we compute the Shannon size-entropy to
quantify configurational diversity. Although motivated by the thermal memory effect in
shape-memory alloys, the model more generally identifies a purely geometric mech-
anism for memory in first-order solid-solid transformations, highlighting the role of
dimensionality and geometric blocking in controlling the strength of transformation
memory.

DOI: 10.1103/fh9q-z7j9

I. INTRODUCTION

The theoretical description of solid-solid phase transitions spans from macroscopic thermody-
namics to microscopic statistical models. Landau’s phenomenological theory [1,2] introduced the
order parameter concept and showed how the free-energy landscape determines whether a transition
is first or second order. Phase-field and Ginzburg-Landau-type approaches [3,4] generalize this
picture to spatially varying order parameters and naturally include interfaces, gradient effects,
and microstructure evolution (with kinetic extensions such as Allen-Cahn). Complementary to
these continuum perspectives, first-order kinetics in terms of stochastic nucleation and interface-
controlled growth lead to the well-known Avrami temporal laws [5]. At a more microscopic level,
lattice models such as the Ising, Potts, and Blume-Emery-Griffiths models [6,7] capture criticality,
nucleation barriers, and cooperative behavior directly from nearest-neighbor interactions. Finally,
for ferroelastic and martensitic transitions, strain-based phenomenological models [8] express
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the order parameter in symmetry-adapted strain components and link continuum elasticity with
mesoscopic microstructure.

While the classical frameworks have been extremely successful in establishing thermodynamic
and kinetic foundations, they remain largely continuum or mean field in nature. They do not
usually resolve, in a direct manner, the geometric constraints that arise during growth, impingement,
and finite-domain blocking, as is the case in martensitic transformations of shape memory alloys
(SMA). SMA undergo a nondiffusive phase transition from a high-temperature, high-symmetry
phase (austenite) to a low-temperature, low-symmetry phase (martensite) (see, e.g., Refs. [9–17]).
These alloys also exhibit a surprising temperature memory: the ability to recall temperatures where
a previous phase change was halted. This so-called thermal memory effect (TME) [18–28]—
sometimes called “thermal arrest”—is still not fully understood and has received less attention
than the shape aspect. In short, if a sample in martensite is heated and the martensite → austen-
ite transformation is intentionally stopped at a certain temperature (the arrest temperature, AT),
then cooled back to martensite and finally heated again through the whole transformation, the
calorimetric signal during this last heating will show a small dip at a temperature close to that
previous AT.

Despite earlier approaches, a direct geometric mechanism for memory remains largely unex-
plored. In particular, the influence of dimensionality and growth geometry on the strength of
such memory effects has received little systematic attention. This work generalizes a statistical
geometry model introduced for the 2D case [29,30], originally developed to explain TME in SMA,
to the three-dimensional (3D) and quasi-three-dimensional lamellar (3DL) cases in a single coherent
framework. A central goal of the present work is to understand how this purely geometric memory
behaves when moving from an idealized 2D setting to more realistic three-dimensional situations.
Real martensitic microstructures are inherently three dimensional and often form platelike variants
with a pronounced habit plane.

Within this model, the transformation is represented as random nucleation and homothetic finite
growth of regular units (squares in two dimensions, cubes in three dimensions, and lamellae in
the quasi-three-dimensional case). Growth continues until direct contact with neighboring units
produces a jammed configuration. During reverse transformations, smaller units are preferentially
eliminated, producing a size-dependent hysteresis and a measurable memory effect in subsequent
cycles. In all dimensionalities explored, this simple geometrical mechanism consistently produces
memory of incomplete reverse transformations: the system “remembering” how far back it had been
previously transformed.

Changes in the plate distribution after earlier incomplete cycles (i.e., the memory) are visualized
through bar-chart size histograms and simulated calorimetric signals and quantified using both a
local size mass ratio (SMR) and a global Shannon size entropy. Our results indicate an overall
stronger memory in 2D than in 3D and 3DL.

The present model is intentionally minimal and focuses on the geometric aspects of nucleation,
growth, and impingement. It does not include elastic interactions, long-range strain fields, or explicit
energetic terms, which are known to play an important role in many real solid-solid transformations.
In other words, under these strongly simplified assumptions, the memory emerges purely from
geometry and geometric blocking of growth, offering a minimal mechanism by which memory
can arise in first-order solid-solid transformations. Our goal is not to replace established contin-
uum theories or other phenomenological descriptions of martensitic transformations (including
stress-based approaches [20]) but rather to complement them by providing an intuitive geometric
perspective.

The outline of the paper is as follows. Section II introduces the adaptive nucleation-growth model
in its 2D, 3D, and quasi-3D lamellar (3DL) forms. Section III examines memory effects under arrest-
regrowth cycles. Section IV visualizes these effects by constructing simulated DSC signals for the
reverse transformation, and Sec. V quantifies them using the Shannon size entropy and the SMR.
Section VI concludes the paper.
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II. HOMOTHETIC NUCLEATION—GROWTH MODEL FOR 2D, 3D, AND 3DL

A. General overview

Although purely geometrical in nature, our model is inspired by the martensitic transformation
in SMA, where martensite plates stop growing at finite dimensions and the transition proceeds
primarily through the formation of new plates. Within the model, any newly formed plate is assumed
to have an intrinsic maximum size it could, in principle, reach; however, this maximum is typically
not attained in practice because preexisting plates impose geometric constraints that arrest growth
earlier. Naturally, such constraints become increasingly dominant as the transformation approaches
completion (the jamming limit). More technically, the model represents a geometry-controlled
transformation on a discrete lattice. Each transformed domain is a regular body: a square (2D),
a cube (3D), or a thin plate constrained to a habit plane (3DL).

In more detail, the direct transformation has the following features:
(1) Plate geometry and size range: All plates have sizes within [Lmin, Lmax]. Their shapes are

regular: squares in 2D, cubes in 3D, and square-faced parallelepipeds in the 3DL model.
(2) Nucleation (seeding): Each new plate (“nucleus” or “seed”) is introduced at the mini-

mum size Lmin, placed at a location chosen uniformly at random from all currently available
positions.

(3) Intrinsic maximum size and homothetic growth: Every plate is assigned an intrinsic max-
imum size L ∈ [Lmin, Lmax]. It then attempts to grow homothetically (self-similarly) toward this
size.

(4) Growth limitation by impingement: Growth may stop earlier, at some L1 < L, if further
expansion is blocked in all directions by existing plates or by the system boundaries.

(5) Termination of the direct transformation: The direct phase transition ends once no empty
region remains where a new seed of size Lmin can be placed.

Note that no explicit energetic terms are used; the evolution is entirely geometric and governed
by excluded volume (i.e., no overlap between plates is allowed).

The reverse transformation is much simpler to describe and essentially has one single feature: It
is modeled as the disappearance of plates in reverse size order—the smaller plates vanish first.
Even though we do not introduce explicit thermodynamics here, the underlying justification is
that smaller plates have a higher surface-to-volume ratio and are therefore the first to become
unstable.

Let us briefly relate this assumption to two previous thermodynamic models addressing the
thermal memory effect. In Ref. [29], the formation of martensite plates explicitly includes the energy
penalty associated with the border length, which naturally leads to smaller plates transforming back
first. Earlier, Ref. [20] considered an even distribution of embedded stress among the martensite
plates; in that framework, the reverse transformation begins with the plates having the highest stress
density, which become unstable first as the temperature increases. Although based on different
physical ingredients, the models [29] and [20] are thermodynamically similar in that they both
impose an ordering in the reverse transformation.

In the present model we do not explicitly include temperature (in line with Ref. [30]), but the
reverse process can be interpreted as if an “effective temperature”—monotonically related to the
plate sizes—had to increase progressively for larger plates to transform back, corresponding to an
athermal transformation.

To this end, we draw attention to the long-standing debate over whether the martensitic trans-
formation (direct or reverse) is thermal or athermal, with arguments supporting both viewpoints for
different alloys (see, e.g., Refs. [26,31–33]).

Recent work has explored the combination of physical modeling and statistical learning through
energy-based neural-network formulations for mechanics problems [34]. While the present study
adopts a minimal geometric model, such approaches illustrate possible ways in which modeling
frameworks might be combined with data-driven methods.
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(a) (b) (c)

FIG. 1. 2D squares. Snapshots at (a) low coverage, (b) moderate coverage, and (c) the jamming limit.
Visualization run for A = 30. Each new square is randomly placed among available L2

min positions. Lmin = 3
while Lmax = 7 and the maximum intrinsic size L for each new square is randomly chosen in this interval.
The progressive crowding reduces available perimeter for growth and only small squares can grow towards
jamming.

B. Visualization of phase-transition evolution up to jamming

Our simulations use a cubic-square discrete domain of edge A. For visualizations and clarity in
this subsection we take A = 30 (while for better statistics we later take A = 80). Nucleation attempts
are drawn uniformly among all currently available L = Lmin seed positions. Each accepted nucleus
receives an intrinsic target size L ∈ (Lmin, Lmax) sampled uniformly. Growth proceeds by outward,
shape-preserving dilation, accepting an increment only if all newly covered cells are empty; a
domain becomes frozen when no further increment is feasible. A jammed state is declared when no
Ld

min seed fits anywhere. Ensemble statistics are computed over multiple independent realizations. In
the simulations presented in this paper, we take Lmin = 3, meaning, in particular, incomplete phase
transitions because minimal seeds cannot fit into the remaining pores near jamming. Taking the
limit value Lmin = 1 corresponds to a complete phase transition, with the whole surface eventually
transformed—such a situation is described in Ref. [30] and does not bring qualitative differences
for the 2D case. Lmax will be either 7 or 9 throughout the paper.

Figures 1–4 provide representative snapshots at low coverage, intermediate coverage, and at the
jamming limit for the three geometries considered in this paper: 2D, 3D, and 3DL. Panels (a)–(c) in
each figure therefore show how an initially sparse configuration of seeds evolves toward a crowded,
highly partitioned microstructure, with colors indicating the plate sizes that will later appear as bins
in the histograms of Sec. III.

We stress again that when adding each new plate (a “nucleus” or “seed” of minimum size
Lmin), we use brute-force seeding: all available positions are identified, and one of them is chosen
at random. While this procedure is somewhat computationally expensive (particularly in 3D), it
ensures that the final distributions do not rely on any particular choices of nucleation sites.

Figure 1 illustrates the gradual filling of a large square domain (side A = 30) with smaller squares
whose sizes range from Lmin = 3 to Lmax = 7. In our model, each newly placed square nucleates at
the minimum size and then “grows” to a target size drawn randomly from the interval (Lmin, Lmax),
while preserving its square shape. Owing to this randomness in size selection, the early stages of
the transformation contain comparable numbers of squares of all sizes. Figure 1(a) displays a single
random placement of the first few squares, but when averaged over many realizations the number of
squares per size tends to equalize. Figures 1(b) and 1(c) make visually clear how, as space fills, new
squares are forced to stop at smaller L and progressively occupy the remaining “holes,” anticipating
the quasiuniform mass-per-size distribution at jamming.

As the transformation progresses, however, geometrical constraints become increasingly im-
portant. Many squares are forced to stop growing before reaching their assigned target size.
Consequently, by the stage shown in Fig. 1(c), the smallest squares (L = 3, shown in blue) already
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(a) (b) (c)

FIG. 2. 3D cubes. Snapshots at (a) low coverage, (b) moderate coverage, and (c) the jamming limit.
Visualization run for A = 30. Brute-force seeding uniformly among available L3

min places, then growth up
to a random maximum intrinsic size, not bigger than Lmax = 7. In three dimensions, accessible free surface
collapses faster than in 2D, favoring earlier lack of space for larger cubes.

dominate in number. Upon averaging over a large ensemble, our model predicts that at the jamming
limit the total surface area (“mass”) contributed by each size becomes nearly uniform—despite the
fact that the counts of squares are nearly uniform only in the very early stages of the transformation.
These statistical averages will be illustrated below, when the comparison with the regrowth after
arrest is emphasized.

In 3D (Fig. 2), the side lengths are the same (A = 30, Lmin = 3, Lmax = 7), and the nucleation–
growth rules are unchanged, except that we now place cubes instead of squares. As in 2D, the initial
stages contain cubes of all sizes due to the randomness of the size selection and the initially low
incidence of geometrical blocking. However, as jamming is approached, the accessible free-growth
volume shrinks more rapidly and biases the jammed state toward smaller cubes. As before, we show
only a single random realization for visualization of the process; the statistical mass distributions
obtained from many realizations will be presented in the next subsection. The visual impression
from Figs. 2(b) and 2(c) is that large cubes become rare “islands” embedded in a sea of small ones,
which is precisely the microscopic picture behind the biased histograms in Fig. 9.

For the 2D case, the detailed description of our model can be found in Refs. [29,30], while the
3D case is technically very similar. The lamellar geometry (3DL) is slightly more complex, so we
describe it here in more detail. In the lamellar case, plates have fixed thickness along the plane
normal and grow only within their habit plane (XY, XZ, or YZ). The width is taken as TW = 2,
corresponding to two lattice sites (one lattice constant), whereas TW = 1 would correspond to
infinitely thin, in-plane squares.

Figure 3(a) illustrates the possible orientations of lamellar plates in the XY, XZ, and YZ planes.
The spatial position, orientation, and intrinsic maximum size (the square facet side restricted to the
range [Lmin, Lmax]) are chosen randomly. As the transformation proceeds, the probability increases
that the growth of new plates [labelled 4 and 5 in Fig. 3(b)] is prematurely stopped due to geometric
constraints imposed by already existing plates.

Figure 4 shows an initial stage, an intermediate stage, and the jammed configuration for the 3DL

lamellar geometry.
The 3DL case (Fig. 4) further exaggerates lateral blocking: plates expand only within their habit

plane and therefore tend to freeze earlier, since they can be blocked both by plates lying in the
same plane and by plates in perpendicular planes. This yields a size spectrum strongly tilted toward
smaller L, even more pronounced than in the full 3D (cubes) case. In practice, one can already see
in Fig. 4(c) that the microstructure is dominated by short lamellae, with only a few large plates
percolating across the sample, which anticipates the strong initial bias of Fig. 10(a).

We have been talking in this section about the plate-size distribution, which is a key element
in our model. The statistics will be given in the next sections, to be directly compared with the
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(a) (b)

FIG. 3. 3DL lamellar plates. (a) Three plates nucleate randomly and expand homothetically to their intrinsic
sizes in the YZ, XZ, and XY planes. (b) As space becomes crowded, geometric constraints may prevent full
growth, so plates 4 and 5 remain smaller due to impingement.

distributions after arrested reverse transformations. The idea is that the snapshots in Figs. 1–4
provide the “real-space” counterpart of the one-dimensional histograms that will encode the memory
effect.

To this end, we make a brief comment. While the jamming limit is clearly defined, another
conceptual quantity may also be relevant for describing such systems, namely the percolation
threshold (i.e., the average filling at which a system-size cluster of touching plates first appears).
Intuitively, the percolation threshold should be smaller than the jamming limit, but mathematically
even the jamming condition does not guarantee systemwide connectivity, since it only implies
the disappearance of available nucleation sites. While this is likely an interesting issue for all
geometries, we believe the 3D lamellar case to be particularly promising. This aspect was raised
to us by one of the referees, and we plan to address it in future work.

III. ARREST-REGROWTH CYCLES AND GEOMETRIC MEMORY

As described above, a direct transformation is simulated by nucleation followed by homothetic
growth, continuing until a jammed state is reached (no additional Ld

min seed can be inserted). A
reverse step is, however, not random, but modeled as a size-selective disappearance process in which
the smallest domains vanish first. Interrupting the reverse step at a chosen size (the “arrest size” s)
leaves a modified geometric configuration for the subsequent direct run. This altered availability

(a) (b) (c)

FIG. 4. 3DL lamellar plates. Snapshots at (a) low coverage, (b) moderate coverage, and (c) the jamming
limit. Visualization run for A = 30. Perfect-square plates in XY/XZ/YZ planes with fixed thickness TW = 2
along the normal. Brute-force seeding among available L3

min seeds; Lmin = 3, Lmax = 7. Lateral impingement
dominates and freezes many nuclei early, yielding a “bottom-heavy” size distribution.
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(a) (b)

(d) (e)

(c)

FIG. 5. 2D squares. Panels (a)–(e) correspond to the stages A–E (see description in text) of two successive
arrest-regrowth cycles. (a) Initial fully jammed configuration after complete growth. (b) First arrest: Only plates
with linear size larger than the threshold s are retained as seeds. (c) Jammed configuration after regrowth from
these seeds. (d) Second arrest, applying the same threshold s to the configuration in (c). (e) Final jammed
configuration after the second regrowth. Repeating the same arrest (“hammering”) produces an increasingly
sharp minimum in the size spectrum around s.

landscape, rather than any preferential nucleation rule, is the sole origin of the geometric memory.
Repeating the same arrest level on successive cycles (hammering) reinforces the imprint at size s by
repeatedly reapplying the same geometric constraint.

In this section we illustrate—both visually and through ensemble-averaged statistics—the com-
plete arrest-regrowth-memory cycle. The stages A-B-C-D-E correspond to the labels (a), (b), (c),
(d), and (e) in Figs. 5–7, and denote, respectively:

(1) A refers to an initial complete (jammed) direct transformation started from scratch (with no
preexisting plates).

(2) B refers to a partial reverse transformation, during which only the plates below a certain size
disappear, while the larger ones are preserved.

(3) C refers to the subsequent direct retransformation, starting from the partially reversed state
B, during which new plates nucleate and grow within the geometrical constraints imposed by the
preserved large plates.

(4) D refers to an incomplete reverse transformation applied after C, removing once more only
plates below the same size threshold and leaving the larger ones intact.

(5) E refers to the final direct retransformation starting from the state D, where regrowth
proceeds under an even more constrained geometry due to the larger population of plates that remain
untransformed.
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(a) (b) (c)

(d) (e)

FIG. 6. 3D cubes. Panels (a)–(e) illustrate stages A–E (see description in text) of an initial full transforma-
tion followed by two successive arrest-regrowth cycles, in direct analogy with the 2D case shown in Fig. 5.
Only the larger cubes (red and purple) persist through each arrest, while smaller cubes are removed and then
renucleation and growth occur again until jamming.

Figures 5–7 therefore implement two reverse arrests at the same physical size s, with a full
regrowth to jam between arrests. In all geometries, the first arrest removes small domains and
preserves larger ones [panels (b)], while the subsequent regrowth [panels (c)] inherits a modified
availability landscape. Repeating the same arrest [panels (d)] leaves more “big” plates untrans-
formed; the final regrowth [panels (e)] keeps a stronger imprint. The effect of plate-size distribution
change is not very clear in the 3D geometry, which is why the bar charts complement the pic-
ture. In other words, the eye easily follows how the red and purple plates percolate through the
cycles, but the precise loss of intermediate sizes is better captured by the histograms discussed
below.

To quantify these trends, Figs. 8–10 report the mass-per-size histograms across A-C-E for each
geometry. In all cases, the arrested bin becomes a local minimum whose depth increases under
hammering. But it is also insightful to discuss the model’s prediction for the plate-size distribution
after the initial jamming (before any arrest). The arrested size itself is indicated by the bin that is
selectively depleted from A to C and then further from C to E, and this mirrors the visual reduction
of plates of that characteristic color in Figs. 5–7.

For the 2D case, the initial jamming leads to a quasieven total area covered by squares of each size
(the “mass fraction”), as seen in Fig. 8(a). For the 3D case, we observe a slightly biased distribution
favoring smaller sizes, indicating an increased role of geometric constraints; see Fig. 9(a). The
imbalance becomes even stronger in the 3DL case, where lamellae can be blocked both by in-plane
plates and by perpendicular ones, as shown in Fig. 10(a). Panels (b) and (c) in each figure then
display how the spectrum is reshaped by one and two identical arrests, respectively, offering a direct
histogram-level view of the memory effect.
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(a) (b)

(d) (e)

(c)

FIG. 7. 3DL lamellae. Stages A–E of two successive arrest-regrowth cycles, analogous to the 2D and 3D
cases shown in Figs. 5 and 6. Large (red and purple) lamellae survive both arrests, while smaller lamellae are
removed at each arrest and renucleation and growth occur again until jamming.

IV. SIMULATED DSC SIGNAL: VISUALIZING THE MEMORY DIP

As mentioned, one aim of our model is to reproduce the TME in SMA, which is evidenced
experimentally by calorimetric measurements (usually performed in a DSC, see, e.g., Refs.
[18–24,26,27]). The martensite-austenite phase transition is characterized by a peak in the DSC
signal which, in the case of an arrested (incomplete) transformation, subsequently shows a specific
dip or a “shoulder” near the arrest temperature. This is what we are trying to simulate in this section,
starting from plate-size distributions calculated previously. In the reverse transformation, the plates

(a) (b) (c)

FIG. 8. 2D squares. Normalized mass distributions per size L at stages (a) A (initial jam), (b) C (regrowth
after first arrest), and (c) E (regrowth after second, “hammer” arrest). Mass is

∑
L2; bars show ensemble

averages. Progressive narrowing reflects elimination of small squares and preferential regrowth of larger ones.
The arrested bin is a visible local minimum that deepens from C to E.
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(a) (b) (c)

FIG. 9. 3D cubes. Normalized mass distributions per size L at stages (a) A, (b) C, and (c) E. Mass is∑
L3; ensemble-averaged histograms. Removing small cubes at arrest shifts contribution toward larger sizes

on regrowth. As in 2D, the arrested bin deepens under hammering.

“disappear” in reverse size order, so the DSC signal associated with each plate size should be
proportional to the total area covered by that size (mass), as described in more detail below.

To visualize a DSC-like signal during the reverse transformation, each disappearing size bin L
is mapped to a nominal temperature T (L), chosen as a monotone function of L (larger domains �→
higher T , consistent with later removal during reverse transformation). A heat-flow surrogate q(T )
is then obtained by depositing the mass removed from bin L into a narrow kernel (e.g., Gaussian)
centered at T (L), and summing contributions over all bins. The kernel bandwidth affects only visual
smoothness; all comparative features—especially the dip at the prior arrest temperature—are robust
to this choice.

Figures 11–13 also include error bars on the size distribution (upper panels), which are suffi-
ciently small that they do not affect the main conclusions regarding mass redistribution after arrest.
Error bars represent the standard error of the mean, calculated as SEM = σ/

√
N , where σ is the

standard deviation obtained from independent realizations and N is the number of realizations.
This mapping translates the size distribution into a notional temperature scale and enables

construction of a simulated reverse-DSC curve that qualitatively resembles experimental heat-flow
traces. In this representation, the depletion at the previously arrested size manifests as a dip or
“shoulder” in the simulated DSC signal at the corresponding temperature. Repeating the same arrest
level (the “hammer” protocol) deepens this dip, reflecting reinforcement of the geometric memory.
In practice, Figs. 11–13 should be read from top to bottom: The upper panels show which size bins
disappear at each effective temperature step, while the lower panels show how this loss translates
into the shape of the synthetic DSC peak.

(a) (b) (c)

FIG. 10. 3DL lamellae. Normalized mass distributions per in-plane edge L at stages (a) A, (b) C, and (c) E.
Mass is

∑
(L2×TW ) with fixed thickness TW . The panel (a) shows a markedly biased distribution after the

initial jamming, while after a single (b) or double (c) arrest there is a clear depletion at the arrest size “5”.
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FIG. 11. 2D squares. Size-mass evolution across stages A and C/E, including the error bars [top row, panels
(a)–(c)]. The simulated reverse-DSC surrogate [bottom row, panels (d)–(f)] is constructed as described in the
text. The dip (more accurately, a shoulder) near the prior arrest “temperature” in panel (e) reflects the memory
imprint, which becomes more pronounced under hammering, as seen in panel (f).

FIG. 12. 3D cubes. Panels (a)–(c): Size–mass evolution across stages A-C-E, including the error bars.
Panels (d)–(f): Simulated reverse-DSC surrogate (see description in the text). The arrested bin generates a
reproducible dip in the subsequent reverse run [panels (e) and (f)]. The dip appears visually clearer than in 2D
because the initial distribution in panel (a) already corresponds to a tilted DSC peak in panel (d).
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(a) (b) (c)

(d) (e) (f)

FIG. 13. 3DL lamellae. Panels (a)–(c): Size-mass evolution across stages A-C-E, including the error bars.
Panels (d)–(f): Simulated reverse-DSC surrogate (see description in the text). The biased initial distribution
in panel (a) produces an asymmetric DSC peak in panel (d), while the distributions after arrest and regrowth
show a “shoulder” after the first arrest in panel (e) and a clearer modification after the hammer procedure, as
reflected in panel (f).

For the numerical runs presented in this section (and for the averaged bar charts), we use a
square-cubic system of side A = 80 and plate sizes in the range Lmin = 3 to Lmax = 9, with arrests
imposed at sizes 5, 6, and 7, respectively.

Figures 11–13 translate the size removal on reverse into a heat-flow surrogate q(T ) by mapping
bins to monotonically ordered temperatures (Sec. II). In all geometries, the A/C/E evolution (top
rows) corresponds to a reproducible dip at a temperature close to the previously imposed arrest
(bottom rows). The dip is shallowest for 2D, deeper for 3D, and sharpest for 3DL, aligning with
the degree of lateral jamming and the spectrum narrowing described above. Note also that after
hammering [panels (f)] the dip becomes visibly narrower and deeper in all cases, even though its
absolute position along the temperature axis remains essentially tied to the chosen arrest size.

The visual illustration presented in this section will be complemented with some metrics we
propose in the next section.

V. SMR AND ENTROPY METRICS ACROSS GEOMETRIES

As previously stated, an incomplete reverse transformation removes all plates with sizes smaller
than or equal to s. During the subsequent direct transformation, the system rebuilds a modified size
distribution: Sizes L > s repopulate from both surviving plates and new nucleation events, while
the bin at size s develops a characteristic depletion caused by the geometric constraint imposed
at arrest. We quantify this imprint using two complementary metrics: the local SMR and the
global Shannon size-entropy S. These quantities are extracted directly from the same mass-per-size
histograms that appear in Figs. 8–10, so the reader can always cross-check the numerical values
against the visual trends.
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TABLE I. Size mass ratio SMR(s) = (Ms−1 + Ms+1)/(2Ms ) by arrest
size s ∈ {5, 6, 7}, using the dataset corresponding to that arrest. For non-A
instances the arrest bin is always a local minimum, hence SMR(s) > 1.

System Instance LA = 5 LA = 6 LA = 7

2D A 0.96499 0.98544 1.00556
2D C 1.67907 1.61744 1.67314
2D E 2.52924 2.48333 2.44014

3D A 0.98968 1.08359 0.89526
3D C 1.68597 1.64948 1.65830
3D E 2.20109 1.99310 2.03379

3DL A 1.01550 1.06703 0.96123
3DL C 1.56200 1.47398 1.43485
3DL E 2.20010 2.17049 2.07347

A. Local memory metric: Size mass ratio

To characterize the sharpness of the depletion at the arrested size s, we introduce the nondimen-
sional

SMR(s) = Ms−1 + Ms+1

2 Ms
, (1)

where Mk is the ensemble-averaged mass contained in size bin k (mass ∝ L2 in 2D, L3 in 3D, and
L2×TW in 3DL for fixed lamellar thickness TW ). Values SMR(s) > 1 indicate that the arrested bin
is locally depleted relative to its neighbors.

Table I reports SMR(s) for all geometries and arrest sizes. As expected, the non-A instances
(C and E) always satisfy SMR(s) > 1, since the arrest bin becomes a local minimum of the size-
mass spectrum. The hammer step (E) consistently produces a stronger depletion than C. Across
geometries, the lamellar system (3DL) yields the smallest SMR(s) at fixed s, consistent with its
weaker memory after the first arrest-regrowth and with the shallower depletion observed in the DSC
surrogate. Only after hammering does its SMR become comparable to that of 2D and 3D.

Physically, SMR(s) measures the contrast at the arrested size: Values above unity indicate that
mass at size s is depleted relative to its neighboring bins. Because each repeated partial reverse cycle
reapplies the same geometric constraint while preserving the larger plates, hammering deepens the
depletion and sharpens the spectral imprint. The A rows remain close to unity because the initial
jammed states do not yet exhibit selective depletion. The progression A → C → E in Table I can
thus be interpreted as a quantitative version of the increasingly deep notch that one sees by eye in
Figs. 8–10.

B. Global metric: Shannon configurational entropy

To complement the local SMR measure, we evaluate the global configurational Shannon entropy

S = −
∑

L

pL ln pL, (2)

where pL is the mass probability carried by size L. In 2D, pL = nLL2
∑

K nK K2 ; in 3D, pL = nLL3
∑

K nK K3 ; and in

3DL, pL = nL (L2 TW )∑
K nK (K2 TW ) . The entropy reaches its maximum for a perfectly uniform size distribution

and decreases as the spectrum becomes narrower or otherwise unbalanced. For the entropy defined
in Eq. (2), the maximum value corresponds to an equal mass distribution across all size bins and
is given by ln N , where N is the total number of bins. In the numerical data presented here (and
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TABLE II. Shannon entropy S = − ∑
i pi ln pi and its exponential eS for all geometries (2D, 3D, 3DL), for

instances A, C, and E, and arrest sizes LA ∈ {5, 6, 7}. All probabilities pi are mass-normalized.

System Instance S (LA = 5) eS S (LA = 6) eS S (LA = 7) eS

2D A 1.94567 6.9983 1.94540 6.9964 1.94536 6.9962
2D C 1.89987 6.6850 1.89306 6.6397 1.88997 6.6192
2D E 1.84947 6.3564 1.82315 6.1913 1.80860 6.1019

3D A 1.92823 6.8773 1.92743 6.8718 1.93002 6.8896
3D C 1.92197 6.8344 1.92103 6.8280 1.91420 6.7815
3D E 1.89948 6.6824 1.89475 6.6509 1.87284 6.5067

3DL A 1.86386 6.4486 1.86721 6.4702 1.86814 6.4762
3DL C 1.89768 6.6704 1.89684 6.6648 1.88418 6.5810
3DL E 1.87870 6.5450 1.88630 6.5949 1.87219 6.5025

also in Sec. IV), we used sizes from Lmin = 3 to Lmax = 9, giving N = 7. Therefore, the maximum
entropy is

Smax = ln 7 ≈ 1.94591 . . . .

This value is very close to the entropy observed in the 2D system immediately after initial jamming,
consistent with its nearly uniform size distribution.

Table II summarizes S for all geometries and arrest sizes.
For the 2D geometry, S decreases systematically from A→ C→ E, reflecting the progressive

loss of configurational diversity as small sizes are removed at each arrest and the spectrum narrows
during regrowth. The initial size distribution, before any arrest, is quasiuniform, close to the highest
attainable entropy, so a postarrest decrease is inevitable.

For the 3D system, S decreases only negligibly after the first arrest (remaining essentially
constant). This is because the initial distribution is already somewhat biased. After the second arrest
(hammer) the decrease of S is clearer.

In contrast, the lamellar system (3DL) begins with a strongly biased jammed state (A), with
entropy already low. The first arrest-regrowth cycle (C) therefore increases S, followed by a modest
decline from C→ E after hammering, while still remaining at a higher entropy than in instance A.

The exponential eS serves as an “effective number” of equally populated size bins. Reductions
in S and eS reflect spectral narrowing. Such narrowing occurs consistently for 2D and negligibly
for 3D (after first arrest) as A → C → E. In contrast, the lamellar 3DL system exhibits the ordering
sequence C > E > A, reflecting its initially overconstrained jammed state. From the point of view
of Fig. 10, this means that the first arrest partly “rebalances” the initially bottom-heavy lamellar
spectrum before the second arrest nudges it back toward a more depleted state. The evolution of
the configurational disorder is illustrated in Fig. 14, which shows the Shannon entropy of the size
distribution evaluated only at jammed configurations. The horizontal axis represents the number
of arrests (incomplete transformations) preceding each jamming event. For all three arrest sizes
considered (LA = 5, 6, and 7), the entropy decreases monotonically with the number of arrests,
indicating that repeated incomplete transformations progressively reduce the diversity of accessible
plate sizes. Each arrest selectively removes smaller plates and constrains the geometry available
for subsequent growth, leading to jammed states with increasingly restricted size distributions. The
rate of this entropy reduction depends on the arrest size. Smaller arrests (e.g., LA = 5) produce a
faster approach toward saturation, whereas larger arrests (e.g., LA = 7) lead to a slower evolution,
reflecting a weaker perturbation of the size distribution. Because the simulations rely on a strict
brute-force geometric growth algorithm, extending the full entropy-versus-hammering analysis
to higher-dimensional systems would require very large computational effort while maintaining
adequate ensemble statistics. For this reason, the systematic hammering dependence of the Shannon
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FIG. 14. Evolution of the Shannon entropy of the size distribution in the 2D system, evaluated only at
jammed configurations. The horizontal axis represents the number of arrests (incomplete transformations with
arrest sizes LA = 5, 6, and 7) that occurred before the corresponding jamming event. A value of “0” denotes
the original jamming without previous arrests. Because each hammering cycle consists of an arrest followed
by regrowth, the final jam after 10 hammerings appears at 20 on the horizontal axis.

entropy is presented here for the 2D case, where the trend can be established clearly. Corresponding
higher-dimensional calculations are left for future work.

We stress that the Shannon entropy calculated here is a “mesoscopic” one, referring to the size
distribution of plates that are far larger than inter-atomic distances. This kind of entropy is useful for
describing the diversity of plate sizes, but it should be thermodynamically irrelevant—many orders
of magnitude smaller—when discussing the entropy change at the martensitic phase transition.

VI. CONCLUSIONS

We introduced and analyzed a minimal geometry-driven phase-transition model, implemented in
2D, 3D, and 3DL, a lamellar variant. The forward transformation is modeled by random nucleation
and finite self-similar (homothetic) growth of plates (squares, cubes, or lamellae, respectively),
while the reverse transformation is nonrandom and is taken to proceed in reverse size order, with
the smallest plates disappearing first. Consequently, an incomplete reverse transformation retains
only the largest plates. These surviving plates dominate the subsequent direct transformation and,
together with the geometrical constraints they impose, generate a depletion of intermediate sizes:
This constitutes the memory effect analyzed in this paper.

If the same arrest cycle is imposed repeatedly (“hammering”), then the geometrical restrictions
become more pronounced. As a result, the selective depletion becomes sharper, producing a deeper
and narrower minimum in the recovered size distribution. In our simulations, this sharpening
manifests as an increasingly pronounced dip in the DSC-like synthetic signal, faithfully reproducing
the experimental memory effect in shape memory alloys.

Before any arrest, the initial jamming produces a quasieven size-mass distribution in 2D, a
slightly biased one in 3D, and a strongly biased distribution in 3DL, favoring an increased number of
smaller plates. After the arrest(s), the modification of the plate-size distribution is visually clear and
significant in all dimensionalities, both in the averaged bar charts and in the simulated DSC signals.
It is the quantification we propose that reveals the differences in the memory capacities across the
dimensionalities, and our model suggests that the memory effect is overall stronger in 2D than in
3D and 3DL.
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To measure how strongly an arrest leaves a trace in the microstructure, we used two complemen-
tary indicators. The first is the SMR, a local measure that compares the population of the arrest-size
bin with its neighbors. Initial distributions give SMR ≈ 1, whereas SMR > 1 signals a memory
imprint. The second is the Shannon size-entropy, a global metric that reflects how balanced or
skewed the entire size-mass distribution is.

Taken together, these measures show a consistent hierarchy. After the first arrest, the 2D and 3D
systems display comparable SMR values, while the lamellar geometry (3DL) shows a weaker imprint
because its initial distribution is already strongly biased toward small plates. After the second arrest,
the SMR in 3D and 3DL becomes similar, but both remain significantly below the 2D response, for
which our data suggest the strongest memory effect. The entropy trends mirror this ordering: The
largest entropy drop occurs in 2D, which starts from an almost uniform distribution; the entropy in
3D stays nearly unchanged after the first arrest; and 3DL even shows a slight increase, reflecting its
already low-entropy, highly skewed initial state. For the 2D case, where long hammering sequences
can be explored systematically, we extended the protocol up to 20 cycles and found that the Shannon
entropy of the size distribution progressively decreases and eventually reaches a saturation (plateau).
This saturation occurs more rapidly when the arrest is imposed at smaller sizes.

Finally, our model conclusively captures the memory effect in incomplete transformations
using geometry alone, without relying on explicit thermodynamic assumptions. This isolation of
geometric mechanisms—finite growth and domain blocking—allows their influence to be examined
cleanly and systematically across all dimensionalities considered.

We hope that our paper motivates further research on the TME, which in practice is more easily
observed in ribbons (effectively closer to 2D) than in bulk (3D), consistent with the trends predicted
here. Beyond the thermal memory itself, our study suggests that incomplete transformations can
induce significant microstructural changes, and future work may examine how these geometry-
induced memory imprints interact with additional physical ingredients (e.g., elastic or magnetic
energies) and whether such coupling produces measurable macroscopic consequences.
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[27] F. Ţolea, M. Niţă, and M. Ţolea, Thermal memory effect in NiFeGa and NiMnGa shape memory ribbons:
Toward maximum-temperature recording applications, J. Alloys Compd. 1043, 184056 (2025).

[28] A. Vidal-Crespo, A. F. Manchón-Gordón, J. J. Ipus, and J. S. Blázquez, Thermal memory effect in
Mn(CoFe)Ge intermetallic compound, Thermochim. Acta 756, 180200 (2026).

000005-17

https://doi.org/10.1063/1.1750380
https://doi.org/10.1063/1.1750631
https://doi.org/10.1063/1.1750872
https://doi.org/10.1088/0034-4885/50/7/001
https://doi.org/10.1103/PhysRevB.39.3047
https://doi.org/10.1103/PhysRevB.67.024114
https://doi.org/10.1146/annurev.ms.18.080188.000325
https://doi.org/10.1103/PhysRevLett.100.125901
https://doi.org/10.1016/j.matdes.2013.11.084
https://doi.org/10.1103/PhysRevB.59.1113
https://doi.org/10.1103/PhysRevB.72.094435
https://doi.org/10.1103/PhysRevLett.104.145702
https://doi.org/10.1103/PhysRevB.51.11310
https://doi.org/10.1016/j.scriptamat.2016.01.006
https://doi.org/10.1016/j.intermet.2018.11.005
https://doi.org/10.1016/S1359-6462(97)00057-2
https://doi.org/10.1016/j.scriptamat.2005.05.031
https://doi.org/10.1016/j.actamat.2008.04.010
https://doi.org/10.1063/1.1637958
https://doi.org/10.1016/j.matlet.2013.09.012
https://doi.org/10.1016/j.sna.2015.11.033
https://doi.org/10.1016/j.scriptamat.2005.04.005
https://doi.org/10.1016/j.ssc.2017.04.003
https://doi.org/10.1016/j.intermet.2025.108695
https://doi.org/10.1016/j.jallcom.2025.184056
https://doi.org/10.1016/j.tca.2025.180200
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