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The impact of disorder on collective phenomena depends crucially on whether it
is quenched or annealed. In synchronization problems, quenched disorder in higher-
dimensional Kuramoto models is known to produce unconventional dimensional effects,
including a striking odd-even dichotomy: Synchronization transitions are continuous in
even dimensions and discontinuous in odd dimensions. In contrast, the impact of annealed
disorder has received comparatively little attention. Here, we study a D-dimensional
Kuramoto model with both fundamental and higher-harmonic interactions under annealed
disorder, and develop an arbitrary-dimensional center-manifold framework to analyze the
nonlinear dynamics near the onset of collective behavior. We show that annealed disorder
fundamentally alters the role of dimensionality. With fundamental coupling alone, it
completely removes the odd-even dichotomy, yielding continuous synchronization tran-
sitions with universal mean-field scaling in all dimensions. Higher-harmonic interactions
preserve this universality while rendering the synchronization transition tunable between
continuous and discontinuous. At the same time, they give rise to a correlation-driven
transition between a symmetry-protected incoherent phase and a symmetry-broken state
lacking global synchronization, which is therefore invisible to the conventional Kuramoto
order parameter. This transition is continuous in two dimensions but discontinuous in
higher dimensions, revealing an emergent and previously unrecognized special role of two
dimensions.

DOI: 10.1103/cqwb-j1xy

I. INTRODUCTION

Disorder plays a central role in shaping collective phenomena, with its consequences depending
crucially on whether it is quenched or annealed. In systems with quenched disorder, impurities
or random fields are frozen on the timescale of the dynamics, whereas in annealed disorder,
the disorder variables fluctuate dynamically alongside the system’s intrinsic degrees of freedom.
Quenched disorder is known to profoundly alter thermodynamic, critical, and dynamical behavior,
influencing universality classes and even the existence and nature of ordered phases in both classical
and quantum systems [1-4]. It can give rise to striking phenomena such as glassy dynamics [5-7]
and non-self-averaging behavior [8,9]. In contrast, determining how annealed disorder influences
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collective phenomena has remained an enduring theoretical challenge [10-12]. The distinction
between quenched and annealed disorder has thus emerged as a unifying theme across a wide range
of contemporary research areas, including quantum gravity [13], condensed matter physics [14,15],
active matter [16], biophysics [17], and sociophysics [18,19].

Synchronization among interacting nonlinear oscillators provides a paradigmatic and broadly
relevant setting in which both quenched and annealed disorder arise naturally [20-22]. As a
prototypical form of collective order emerging from disorder, synchronization has been observed
across an extraordinary range of systems, including biological [23-28] and chemical oscillators
[29-31], power grids [32-34], quantum platforms [35-38], and even financial systems [39—41].
Over the years, the Kuramoto model has emerged as a minimal and unifying theoretical frame-
work for understanding the onset of synchronization in large populations of interacting nonlinear
oscillators [42]. The model describes phase-only oscillators with distributed natural frequencies
that are globally coupled through the sine of their phase differences. Its analytical tractability has
made it a cornerstone for the study of nonequilibrium phase transitions driven by interactions and
disorder [43-53]. A central result is the emergence of a phase transition between incoherent and
synchronized states at a finite coupling strength, whose nature depends sensitively on the form of
disorder.

Recent work has shown, however, that even minimal generalizations of the Kuramoto model
can give rise to qualitatively new phenomena. In particular, higher-dimensional extensions have
been introduced in which each oscillator is represented by a D-dimensional unit vector rather
than a single phase, with the conventional Kuramoto model corresponding to D = 2. As argued
in Ref. [54], these models naturally arise in the context of flocking birds, fish schools, flying drones,
and opinion dynamics as well as in a surprising context of neutrino oscillations [55-57]. Analyses
of these models in the presence of quenched disorder have revealed a striking odd-even dimen-
sional dichotomy: Synchronization transitions are continuous in even dimensions, while in odd
dimensions, they become discontinuous and occur at vanishing coupling strength [54,58—60]. This
unexpected result highlights the profound role of dimensionality in shaping collective dynamics
[61-64]. Dimensional effects have since been explored in numerous extensions, including models
with three-body interactions [65—69], nonuniform [70-73], adaptive [74—76], and matrix-valued
couplings [77-79], among many others [80-85]. Notably, the overwhelming majority of these
studies focus on quenched disorder, leaving open the fundamental question of whether dimensional
dichotomies persist when disorder becomes annealed. In a related class of swarming models,
annealed disorder has recently been studied both in the presence of quenched disorder in D = 3
[86] and in its absence in arbitrary dimensions [87].

A second, equally fundamental gap concerns the role of interaction structure. In two-dimensional
synchronization models, higher-harmonic interactions are known to qualitatively modify phase
transitions, alter critical behavior, and induce multistability [88—-91]. Whether such effects persist,
compete with, or fundamentally reshape dimensional phenomena in higher-dimensional systems
remains unknown, particularly when higher harmonics and annealed disorder act simultaneously.

From a theoretical standpoint, a key challenge is development of analytical tools that go beyond
linear stability analysis and are capable of addressing nonlinear dynamics in higher-dimensional
synchronization models. In two dimensions, the Kuramoto model admits a powerful center-manifold
framework [91-98], which enables a systematic characterization of phase transitions beyond lin-
ear stability analysis. In higher dimensions and in the absence of annealed disorder, substantial
progress has been achieved through generalized Ott-Antonsen-type ansatz [61,63], allowing for
exact low-dimensional reductions. However, such approaches do not extend naturally to systems
with annealed disorder. Developing an analytical framework capable of addressing this gap is
essential for understanding the nonlinear structure of the dynamics, determining the nature of phase
transitions, and characterizing behavior near criticality.

In this work, we address these challenges by studying a D-dimensional Kuramoto model with
both fundamental and higher-harmonic couplings in the presence of annealed disorder. The paper is
organized as follows. In Sec. II, we present a concise overview of our principal findings, highlighting
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the key physical insights and their implications for synchronization in the presence of annealed
disorder and higher-harmonic interactions. In Sec. III, we introduce the model in detail, starting
from its formulation and proceeding to define the relevant dynamical observables that characterize
macroscopic order. We also discuss the underlying symmetries of the system in Sec. III B and
elucidate their important consequences for the structure of the dynamics and the form of the effective
description.

In Sec. IV, we reformulate the microscopic dynamics in terms of a Fokker-Planck equation gov-
erning the evolution of the probability density in the thermodynamic limit, thereby providing a
closed macroscopic description of the system. Building on this framework, in Sec. V we develop a
nontrivial generalization of the center-manifold reduction to arbitrary spatial dimension D, enabling
a systematic analysis of the nonlinear dynamics near the onset of collective behavior.

The resulting reduced evolution equations for the two order parameters, capturing, respectively,
global synchronization and correlation-driven ordering, are derived and analyzed in Secs. VD and
VE. These sections further establish the nature of the associated phase transitions, including their
dependence on dimensionality and interaction structure. We conclude in Sec. VI. Technical details
are provided in Appendixes A—P.

II. MAIN RESULTS

Motivated by the need to systematically characterize phase transitions in higher-dimensional
Kuramoto models with both fundamental and higher-harmonic interactions in the presence of
annealed disorder, we develop a nontrivial generalization of the two-dimensional Kuramoto center-
manifold analysis to arbitrary dimension. This approach goes beyond linear stability theory and
provides direct access to the nonlinear growth of instabilities near criticality, allowing for a rigorous
determination of the nature of the associated phase transitions.

Our first main result concerns the fate of the odd-even dimensional dichotomy previously
reported for higher-dimensional Kuramoto models with quenched disorder. We show that, in the
presence of annealed disorder and fundamental coupling alone, this dichotomy disappears entirely.
The transition from incoherence to synchronization is strictly continuous in all dimensions, and
the synchronization order parameter exhibits universal mean-field scaling with critical exponent
B = 1/2, independent of dimensionality. Annealed disorder thus restores universality across di-
mensions, consistent with recent findings in related swarming models [86,87]. We further find that
on introducing higher-harmonic interactions, the transition between incoherent and synchronized
phases can be tuned from continuous to discontinuous in any dimension by varying the strength of
such interactions up to a dimension-dependent critical value.

Our second main result is that higher-harmonic interactions give rise to a transition from a
symmetry-protected incoherent phase to a symmetry-broken state that does not exhibit global
synchronization. This transition appears to be a feature of the D-dimensional Kuramoto model, not
previously observed in higher dimensions. Across this transition, the conventional synchronization
order parameter remains identically zero and therefore fails to detect the ordering. Instead, the
transition is characterized by a correlation matrix encoding ensemble-averaged correlations between
different components of the oscillator vectors. This correlation-driven transition is continuous in two
dimensions but becomes discontinuous in all higher dimensions, leading to a rich phase diagram
summarized in Fig. 1.

Taken together, these results show that within the framework of D-dimensional Kuramoto
models, annealed disorder gives rise to a significantly richer phase-transition landscape than might
be expected. In its presence, and with only fundamental interaction, the standard synchronization
transition remains continuous across all dimensions. However, the inclusion of higher-harmonic
interactions fundamentally alters this picture: The transition may become either continuous or
discontinuous, depending on both the oscillator dimensionality and the strength of the higher
harmonics. In this sense, while annealed disorder suppresses discontinuous transitions in the case
of purely fundamental coupling, it is no longer sufficient to prevent them once higher-harmonic
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FIG. 1. Phase diagram of the model is presented in panel (a) for D = 2 and in panel (b) for D > 2 in the
K, (strength of the fundamental interaction)—K, (strength of the higher-harmonic interaction) plane. The red
dashed lines denote continuous transition and the blue solid lines denote discontinuous transition. The enclosed
region by the blue solid and the red dashed lines and the K, K, axes denote the parameter region in which the
uniformly incoherent state [panel (c)], denoted by P = B = 0, is linearly stable. The horizontal red dashed and
the blue solid lines denote the transition points at which the order parameters P and M show a transition to
a synchronized phase [panel (d)]. The verticle red dashed/blue solid line denotes the transition points of the
uniformly incoherent state to a symmetry-broken state without global order [panel (e)] denoted by P = 0 and
B #0.

interactions are introduced. Another remark is that as we consider only annealed disorder, frustration
effects associated with quenched randomness are absent.

This dimensional dependence of the correlation-driven phase transition is the third main result
of our work. Thus, in the presence of higher-harmonic interactions, dimensional effects reemerge in
a qualitatively new manner, making D = 2 uniquely distinguished from higher dimensions. At the
nonlinear level, the special role of dimensionality is further reflected in the scaling of the leading
nonlinear terms near the correlation-driven transition. In two dimensions, the instability is governed
by a quadratic nonlinearity, whereas in higher dimensions, the leading contribution scales with a
noninteger exponent equal to 3/2. Taken together, these results identify D = 2 as uniquely special
in the presence of higher-harmonic interactions, in sharp contrast to the fully universal behavior
observed when such interactions are absent.

‘We now comment on potential applications of our results. One physical way to motivate inclusion
of annealed disorder in the dynamics is to consider the Kuramoto-like models to be in interaction
with the external environment modeled as a heat bath in equilibrium at a given temperature. Indeed,
no real system evolves in isolation and is inevitably under non-negligible interaction with its
environment, making an otherwise deterministic dynamics stochastic. On the theoretical front, a
major challenge is to carefully analyze the influence of the environment and to devise schemes to
minimize such an influence if it proves to be detrimental. Study of such issues lies at the heart
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of statistical mechanics [99], and has been pursued extensively since early days. One simplifying
assumption regarding the evolution of the environment variables is that of timescale separation,
whereby such variables are assumed to evolve on a much faster timescale with respect to the
system, and hence, the environment may be considered to be in equilibrium at all times. The
noise or the disorder introduced into the dynamics of the system by the environment qualifies
as annealed disorder. Our work demonstrates that environmental effects, manifested as annealed
disorder, play a decisive role in governing both the static and dynamic behavior of Kuramoto-like
models, with particular emphasis on how the dimensionality of the oscillators fundamentally shapes
these dynamics. It is interesting to note that noisy models such as ours, albeit for the case D = 2,
have been invoked recently in modeling experimental data of human neuronal cultures [100].

From a theoretical perspective, our generalized center-manifold reduction yields closed evolution
equations for the macroscopic order parameters. More broadly, our work establishes a unified
and versatile dynamical framework for analyzing collective phenomena in higher-dimensional
Kuramoto-type models, opening the door to systematic studies of disorder, finite-size effects, and
further extensions in higher-dimensional Kuramoto-like models.

In summary, our results establish three key conclusions: (1) Annealed disorder removes the
odd-even dichotomy and restores universal mean-field behavior; (2) higher-harmonic interactions
reintroduce tunability between continuous and discontinuous transitions; and (3) a correlation-
driven phase transition emerges, revealing a uniquely special role of two dimensions.

III. FORMULATION OF THE MODEL

We first recall the setup of the usual two-dimensional Kuramoto model. The model in the
presence of annealed disorder and higher-harmonic interactions involves a system of N phase-only
oscillators. The phase of the jth oscillator at time # is denoted by the angle variable 0;(¢) € [0, 27),
with j = 1,2, ..., N. Considering the interaction between the oscillators to be all-to-all, the time
evolution is given by [101]

do; K & K &

d—tf =+ ;sin(Qk —0)+ ; sin 2(6; — 0;) 4+ 2T (1), (1)
where the annealed disorder n;(¢) is a Gaussian, white noise acting upon the oscillator j, with the
properties (17;(¢)) = 0 and (n;(t)n; (")) = 8;;6(t — ') Vi, j. The notation (-) denotes averaging over
noise realizations. The coefficient K| is the strength of the fundamental coupling, i.e., the strength of
the first-harmonic interaction, while K is the strength of the second-harmonic interaction, which is a
representative higher-harmonic interaction. In Eq. (1), the natural frequencies w; € (—00, 00) of the
oscillators are quenched-disordered random variables distributed according to a given probability
distribution g(w), which has a finite mean wy > 0 and a finite width o > 0. Examples of such
distributions are uniform, Lorentzian, Gaussian, etc. The above model may also be interpreted as a
model of continuous classical XY spins with mean-field interactions, driven out of equilibrium, and
with T playing the role of the temperature (in suitable units) of a heat bath in contact [51].

Putting 7 = 0 and K, = 0in Eq. (1) reduces the system to the original Kuramoto model [42] with
only first-harmonic interaction. Reference [54] has recently generalized this limit of the model to
general D dimensions, where D = 2 corresponds to the Kuramoto model. In line with this work, in
this section, we will generalize the noisy Kuramoto model with first-harmonic and second-harmonic
interactions, as described by Eq. (1), to a D-dimensional noisy Kuramoto model. Before considering
the general D-dimensional case, let us first write Eq. (1) in a convenient vector form in two
dimensions. In the context of Eq. (1), we may consider each oscillator as a point particle moving
on a circle with unit radius. Let the position vector of the jth oscillator from the center of the circle
be denoted by & ;. The phase 6; thus becomes the angle that the vector &; forms with a given axis,
say, the x axis. The vector 6 ; may then be written as 6; = cos6; X 4 sin6; §, where % and ¥ are the
unit vector along the x and the y axis, respectively. Clearly, the magnitude of the vector is |6 ;| = 1.
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Taking derivative with respect to time, we obtain
do; N0 % 4 cosd A)de,» o)
—= = (—sinf; X +cosb; §)—.
dt ! Y
From the transformation relation between the Cartesian (x, y) and the polar (r, #) coordinates, we
may express the unit vector along the radial direction as £ = cosf X + sin6 § and the unit vector

along the azimuthal direction as 0 = —sinf %+ cosb ¥. On using Eq. (1), Eq. (2) may then be
written as

JG K &
. . 1 . 0
—L=Wie+ ;:] sin(6k — 0,)6;

N
2K . - o
+#Zcos(@k—Oj)sm(é‘k—9,)0j+«/2TNj(t)aj, 3)
k=1
where W; is the antisymmetric frequency matrix and N;(¢) is the antisymmetric noise matrix, given,
respectively, by

10 —w; 1 0 —n;(t)
Wj = |:a)j 0 ji|’ Nj(t) = |:77j(t) é :| €]
Using the properties of 1;(¢), we obtain
(N;j(®) =02, (Ni(@®N;(t")) = =8;;8(t =ty Vi, j, ®)

where O, is a2 x 2 matrix with all elements equal to zero, while I, is a2 x 2 identity matrix. Using
basic trigonometry, one can show that [54] cos(6y — 0;) = 6y - 6; and sin(6; — 6,;)0; = 64 — (G -
61)d ;. Equation (3) then yields

d&,- N Kl - - S5 o 2 > >
_dt —WJ i+ kEZI k_ﬁkgzl(aj O'k)Uj-i-—kE:l(O'j G )0
N
2K, S o0s .
- > (3} - 54)’6k + V2T N, ()3 ;. (6)

k=1

We may now define two order parameters, characterizing macroscopic order in the system, in the
following manner:

R
P = ]v Zak, (7)
k=1
|
MENZamak. ®)
k=1
Using the above definition of the order parameters, we may rewrite Eq. (6) as
da; . - L o= . . 5. 4 T o
? = WjO’j + K [P — (O’j . P)O’j] + 2K,[M — (O'j . MO’j)Iz]O’j + ZTNj(I)O'j. 9

Note that Eq. (9) has the structure of a single dynamical variable 6; evolving in the presence of a
mean “field” P and a mean “rotation” M produced by all the dynamical variables.
Before proceeding, let us list down some relevant properties of the order parameters. Clearly, the

norm of the vector ]f" given by P = |I§’| =VP.P , satisfies 0 < IP < 1, as follows from the fact
that |6;| = 1V k. In the fully synchronized phase, when all the 6;’s point along the same direction,
we have P = 1. In the incoherent/unsynchronized phase, when all the ;’s are spread out over the
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entire circle, we have P = 0. Thus, the quantity P characterizes qualitatively different macroscopic
behavior and is a measure of global macroscopic order in the system. For the two-dimensional case
that is being discussed here, the quantity PP is exactly the Kuramoto order parameter r; [42], i.e.,

]P)ZHE . (10)

LN
2N
P2

Note that the evolution equation (9) preserves the norm of each 6 ;, as may be seen in the following
way:

dG;-6)) _,5 49;
dt Toar
=26rj-W‘,»Fr.,-+2v2T6rj-Nj(t)&j. (11D

The antisymmetric structure of W; and N (¢) ensures that each term on the right-hand side is zero,
and hence, d(d; - 6;)/dt = 0, implying |G| = 1V j at all times.

Let us turn to the order parameter M. The unit norm of each ¢ immediately gives Tr[M] = 1.
Definition (8) further implies that M is a symmetric matrix, i.e., MT = M, where T denotes
transpose operation. Defining the second Kuramoto-Daido [42] order parameter z, = re?V? =
N~! Zf{vzl %, we may express M for the two-dimensional case as

. 114+ Re(z) Im(z»)
M—ﬂlmm 1—%@& (12)

where Re(-) and Im(-) denote the real and the imaginary part of the quantity inside the parentheses,
respectively. In Sec. IIT A, we discuss the physical property that is captured by the order parameter
M.

In the above backdrop, it is now easy to generalize Eqgs. (6) and (9) to the D-dimensional case,
when each of the ;’s may be considered a D-dimensional vector, with time evolution given by
Eq. (6) or (9) with I, replaced by I, where I denotes D x D identity matrix. The vectors o, now
have their ends on the surface of a hypersphere of unit radius that is embedded in a D-dimensional
space. The frequency matrix W is now a D x D antisymmetric matrix, known as the natural rotation
[54], and given by

r ) ) ()]
0 W) Wr3 Tt Wip
) ) )
—wp 0 Wr3 Tt Wyp
_ ) ) ()
W;=|—w3 —oy; 0 SRR 2y (13)
) ) )
L—®W)p —Wp —W3p - 0 |

in the Cartesian coordinate system, where each of these a)l(,’n) is sampled independently from a
distribution g(w). Clearly, there are D(D — 1)/2 independent elements in each natural-rotation
matrix W;. Alternatively, we may consider each matrix W; to be sampled from the ensemble of

random antisymmetric matrices following the distribution G(W). For the D-dimensional case, the
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noise matrix becomes

0 npy@ PO - mp@)]

@O 0 @ e no
Nit)= | —nd@®)  —n5)® 0 () (14)

—nﬁ’D)(r) —néﬁ(t) —ip@ 0

in the Cartesian coordinate system, with the properties <'71m)(t)> =0 and (n ;)l(t)n(’ ) (@) =
8811 8mm8(t —1t'), withm > [ and m" > I’. Using these properties, we further get

(Nj(®)) = Op, (N:(t)N;(t")) = —(D — 1)8;;8(t —t)Ip 15)

for all i, j, with Op being a D x D matrix with all entries equal to zero. Finally, the order parameter
P isa D x 1 column vector, while the order parameter Ml is a D x D symmetric matrix. Hence, the
total number of independent quantities in the two order parameters is D(D + 3)/2 — 1.

In this paper, we are going to consider the case without any quenched disorder, i.e., W; = WV j,
since our main objective to investigate the interplay of annealed disorder and higher-harmonic
interactions, as outlined in the Introduction. The ensuing calculations even in this identical natural-
rotation case are quite involved, warranting a separate study of the case with quenched disorder
[102]. For the case without any quenched disorder, using a trasformation 6; — e Vg ;Y j,Eq. (6)
can be reduced to

N N N
do; K o 2K ol
aoj zﬁ G, — 1Z(Uj'ak)aj+722(aj'6k)ak
k=1 k=1
K N
72 (G, - 31)°31 + vV2TN;(1)3;. (16)

From now on, we will consider that such a transformation has been implemented, and hence, will
study the dynamics (16).

In the next section, we discuss in detail the properties of the order parameter M, which will have
important bearing on our analysis in the later part of the paper.

A. Discussion on M

Here, we discuss the properties of the order parameter M. For simplicity, let us first focus on
three dimensions If we denote the position vector of the jth oscillator in the Cartesian coordinate
aso; = = (o7, 0 a’) then from definition (8), we obtain

(O-x)Z oroY oXo?
M= |o%6* (07)? o707 |, amn

oio* oioY  (0%)?

where we have defined

N
b= Z (18)

with a, b = x, y, z. Hence, the quantity o%c? denotes the correlation between the ath and the bth
Cartesian component of the position vector of the oscillators. Clearly, this is valid in any general
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dimension D, where the matrix element M, denotes the correlation between the ath and the bth
Cartesian component of the position vector of the oscillators, and M denotes a correlation matrix.

In the particular incoherent state where all the oscillators are uniformly spread out on the surface
of the D-dimensional hypersphere (the uniformly incoherent state), one has P = 0. Moreover, there
is no correlation between the different components of the position vector. Hence, the off-diagonal
terms of the matrix M will all be zero. Further, since in this state there is no preferred coordinate
axis, the diagonal terms of the matrix M, which denote self-correlation of different Cartesian
components, should be all equal. The sum of these diagonal elements gives the trace of the matrix
M, which we have already seen to be equal to unity. Hence, all the diagonal terms of the matrix M
have the value 1/D in the uniformly incoherent state, yielding M = D~'I. In a synchronized state
with P = 0, when the oscillators form one macroscopic cluster, there will be correlations between
the different components of the position vector, making the off-diagonal terms of the matrix M
nonzero. Hence, in this state, M deviates from D~'I,,.

Surprisingly, there can be states in which the oscillators form multiple clusters without generating
any global order, the simplest scenario being two clusters of equal size at diametrically opposite
position on the surface of the D-dimensional hypersphere, as shown in Fig. 1(e). In these states,
clearly, we have P = 0. Hence, such states cannot be distinguished from the incoherent state by
the usual synchronization order parameter P. Consequently, any phase transition between such
states and the incoherent state will be invisible to P. However, formation of clusters gives rise
to correlations between the different components of the position vector, making M deviate from
D~'Ip. To identify these states with multiple clusters without global order as well as to probe the
associated transition, we need the correlation-based order parameter M. Thus, while P captures
global synchronization, the matrix M encodes correlations that remain invisible to conventional
order parameters. This distinction becomes crucial in identifying phases with broken symmetry but
no global order.

Before moving ahead, let us first understand the symmetry of the model given in Eq. (16), a task
we take up in the following section.

B. Symmetry of the model

Since rotation matrices R are orthogonal transformations satisfying RR" = RTR = I, their
application on any vector preserves its Euclidean norm. Consequently, acting with any rotation
matrix R on any unit vector &; does not change its length, and the rotated vector R@; remains on
the surface of the D-dimensional unit sphere.

We now focus on obtaining the evolution equation of Ra ;. Let all vectors & ; be transformed by a
fixed rotation matrix R. Applying R on both sides of Eq. (16) from the left along with the properties
of the rotation matrices, we obtain

- N N N
dRG) Kix~.. K~ o o 2Kp
Tj = ﬁl ZRO’k — ﬁl Z(Raj . RGk)RO'j + 72 Z(RO’] . RO’k)RO’k
k=1 k=1 k=1
2K, &
- 72 > (R, - R3,)’R&; + v2T[RN;(1)R" ]R3 ;. (19)
k=1

We may define N i(t) = RN; (t)RT as the new noise matrix acting on the jth oscillator. In Ap-

pendix A, we show that the properties of the rotated noise matrix N j(t) are identical to those of
N;(?), which reads as

(N;(0)) = Op,  (N;(N;(1)) = —(D — 1)8;,;8(t — 1)Ip. (20)
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Thus, we may replace the noise terms N i(t)=RN j(t)RT in Eq. (19) with N;(¢) itself. Further
redefining the rotated vectors as o ;i = Ra; V¥ j, we may rewrite Eq. (19) as

= N N N
do; K] = Kl = NG 2K2 = R R
a = N0y 2@ 0E ) 6 EE
k=1 k=1 k=1
2K, &
2 e 3 = =
- > (@; )%k + V2TN, (1), Q1)

which is identical to Eq. (16). Hence, the evolution equations of the rotated vectors o i=Ra;Vj
are identical to that of ¢; V j. Thus, we conclude that the action of any constant rotation matrix
on all the vectors denoting the position of the oscillators keeps the evolution equation invariant,
making it a symmetry of the problem. This knowledge about symmetry will be useful in doing the
center-manifold analysis in Sec. V.

In the following section, we consider the limit N — oo of our system and discuss how one may
analyze it using a Fokker-Planck equation approach.

IV. FOKKER-PLANCK EQUATION

Our aim in this section is to study the system (16) in the thermodynamic limit N — oo. To this
end, we may introduce a density function F (@, t), denoting the density of oscillators at “position”
g at time 7. The normalization condition reads as

/ F(@,1)da = 1, (22)
|G|=1

where the integration is done over the (D — 1)-dimensional surface of the D-dimensional
unit sphere, represented as S = SP~! ¢ RP. We may now define a D-dimensional spherical-
polar coordinate system (see Appendix B), with r € [0, 00), 0,65, ...,0p_» € [0, ] and ¢ €
[0, 27). Then, a differential surface element on the unit sphere S may be expressed as dQ2 =
do I—[?;lz sin®~'7/ 0,d;, with the total area of the (D — 1)-dimensional surface given by

2w D=2 .n
Qp = /dQ =f d¢l_[/ de; sin®~'7 6,d6;
0 =170
2P/
= 23
[(D/2) (23

and the differential volume element in R? given by dVp = r?~'drdQ. In their terms, Eq. (22) may
be expressed as

/ FG.0)dQ = 1. 24)

To obtain the corresponding Fokker-Planck equation, following Ref. [54], we first extend the
velocity flow field given by Eq. (16) to the entire space R”, by defining ¢ = ¥/r = . Using this,
we may write the velocity flow field from Eq. (16) as

dr . 1 . 1 1
T k|P— —@ B)E|+2K| -M - —F MBI |F. 25)
dt r2 r r3

Since - d¥/dt = 0, these flow fields result in surfaces of spheres with varying radius r and centered
at r = 0 as invariant manifolds under the dynamical evolution.
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We may then extend the density function F (a, t), which is defined on the surface S, to the entire
RP space, by defining the density F (¥, ) as

F({E, t)=F(a,t)5(r—1). (26)

Hence, the normalization condition (24) may be extended as
/}'(f',t) dVp = 1. 27)

To obtain the time evolution of F (¥, t), we start by considering a continuous and differentiable
test function 4, (a(¢)) defined on the surface S and using the standard Itd calculus [103], we obtain
(see Appendix C)
where the velocity field v = d¥/dt is given in Eq. (25). Using the expression of V from Eq. (C13)
and integrating Eq. (28) over r from 1 — € to 1 + € for small € simplifies Eq. (28) into the following
form (see Appendix G):

oF - . R
Pyl Ki[VsF — (D — 1)F&]-P — 2K,F — 2K,[VsF — DFG] - MG + TVF. 29)

The order parameters defined in Egs. (7) and (8) take the form
P = / GF(3,1)dS, (30)
M:/&@&F(&,t)dgz. (31)

Since & - VsF = 0, we may rearrange Eq. (29) into the following compact form:

88—1: = —K|[VsF — (D — 1)F&]-P — 2K,[VsF — DF&] - [M — %I]& +TViF. (32
Equation (32) provides a closed macroscopic description of the dynamics in terms of the probability
density on the unit sphere. This formulation allows us to systematically analyze stability and
nonlinear dynamics in the thermodynamic limit.

Now that we have derived the Fokker-Planck equation, we show below that it admits an incoher-
ent stationary state, and our objective will be to perform its nonlinear stability via a center-manifold
analysis.

V. CENTER-MANIFOLD ANALYSIS

The Fokker-Planck equation (32) along with Egs. (30) and (31) provides a closed-form de-
scription of the time evolution of the system in the thermodynamic limit. Consider the incoherent
stationary state, when all the oscillators are uniformly spread out on the surface of the D-dimensional
unit sphere. We may express the corresponding stationary-state density in the limit N — oo as

2

BliS)

1
Fy(o)=—, withQp=

: (33)
Qp r%)
Using this in Egs. (30) and (31), we obtain
= 1 -
Bpeyy = — / Gd%2 = Op, (34)
Sp

M ! / 0®ad2 ! I (35)

- =— | 6Q0ddQ2 = —Ip,

F=F, Sp DD
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where Op is a D x 1 vector with all elements zero. Using Eq. (33) along with Eqgs. (34) and (35)
in Eq. (32), we obtain that the uniform distribution F, satisfies the Fokker-Planck equation in the
stationary state.

Note that the incoherent state, characterized by P = 0p, is satisfied by many possible incoherent
state densities. Among all these incoherent state densities, we are interested in the stability of the
uniformly incoherent state given by Eq. (33). To study this, we initiate the dynamics in a state with
small perturbation around the state Fy(6) and study the evolution of this perturbation under the
dynamics (32). For fixed K, K3, and D, if the perturbation decreases to zero with time, then the
uniformly incoherent state Fyy(o) is a stable solution of Eq. (32) and the system is in the incoherent
phase. On the other hand, if the perturbation keeps on growing in time, then Fy(@) is an unstable
solution of Eq. (32) and the system is in the synchronized phase.

In order to study the behavior of the aforementioned perturbation in time, we start by considering
the probability density F(a, t) to be of the form

1
F((TJ)ZQ—‘FU((TJ% (36)
D

where |1(6,1)] < 1 denotes the perturbation around the state Fy(6) = 1/Qp. Normalization of
F(a,1t) given in Eq. (24) puts the following condition:

/ n(a,t)d2 = 0. (37)

We now analyze the stability of the incoherent state by projecting the dynamics onto the slow
modes near criticality. This will allow us to derive reduced evolution equations for the order
parameters and determine the nature of the phase transitions.

Using Eq. (36) in Eq. (32), we obtain the evolution equation of 1(a, t), which reads as

dn

i Ln + NTnl, (38)

where the linear operator £ has the expression

2 D—1 = >/ >/ ’ D > >/ >/ >/ 7=
Ln=TVgn+K o - | an(a,)dR +2K, N g- 0 ®adan(d,d? |a,
(39)

and the nonlinear operator A/[-] has the expression

Nnl =D - 1DKno - /6’77(&'/, 1dY — K Vgn - f '@, 1)d

+ 2DK>n5 - [/a/®a/n(a/,r)dsz/}a—21<ﬁsn- [/&/(X)?r/n(&/,t)dQ/]&. (40)

Since 7 is a small perturbation, £n dominates over A'[n]. Hence, in the leading order, the dynamics
of n is determined by the eigenspectrum of the operator £. In passing, we define a new order
parameter

~ 1
Mz/&@&n(a,t)szM—BID, @1

where M is defined in Eq. (31). From now on, we will use M instead of M to characterize the
corresponding transition.

Before solving the problem for general D dimensions, let us build some intuition toward
addressing the problem by first working out explicitly the case of D = 3. We will then apply the
insights so obtained for arbitrary dimensions.
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A. D = 3 case
For illustrative purposes, let us assume K, = 0 in this section. In D = 3, the probability density
n(0,t) is a function of 6y, ¢, and . Hence, quite generally, we may express it as

o0

l
N0, G, 1) =Y Y am®) Y01, ), (42)

=1 m=—I

where Y/"(61, ¢)’s are the standard spherical harmonic functions. Here, the summation over / starts
from / = 1 instead of [ = 0 to satisfy Eq. (37).
By definition, spherical harmonics are eigenfunctions of Vfg with the eigenvalue equation

VEY™61, ¢) = —1( + DY (6, $). (43)

From now on, for brevity of notation, we will use ¥, to denote ¥;" (61, ¢). In Cartesian coordinates,
any arbitrary unit vector may be written as (see Appendix B)

cos 6 P \/zylo
G =|sinbicos¢ | =,/ — Yfl -y | (44)
sin 6; sin ¢ 3 iy iy

Note that the convention of naming the Cartesian axes is as given in Appendix B, which differs from
the usual convention.
Using Eq. (44) along with the orthonormality properties of spherical harmonics, we may write

. 20T \/Eal,o
P = / 0@ a2 =5 @ —a (45)
—ia“ — l'aqul
using which we obtain
1
Kl - N / 2K1 m
E(r-/on(a,t)dﬂ =5 > awm¥". (46)

m=—1

Combining Eq. (46) along with Eq. (43), we obtain that ¥, is also an eigenfunction of the linear
operator L (with K, = 0) with the eigenvalue equation

LYy = nY", 47)

and with the eigenvalue
2K,
M=-TII+1)+ 751,1. (48)

Note that since the eigenvalues A; are independent of m, each eigenvalue has a degeneracy (2/ + 1).
This is because for a fixed /, there are (2/ + 1) number of ¥;"’s possible.
On the basis of the above, we here conclude that in Eq. (42), n is expanded in the eigenbasis of

the operator £. Furthermore, since for a fixed /, the functions ¥;” for all m have identical eigenvalue

A;, any general linear combination an=7 ; cmY;™ will also be an eigenfunction of £ with eigenvalue

Ar. Hence, for a fixed [, instead of using ¥} as our expansion basis for 7, we may use a different
basis that is simultaneously an eigenbasis of £ and also suitable for invoking the symmetry of the
problem as discussed in Sec. III B.
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Another important observation is that any ¥;” with / > 1 may be expressed as a linear combina-
tion of the product of Yl_l, Ylo, and Yll. For example, we have

107 207
-2 —1y—1 -1 —1y0
Yz - T 1 Yl ’ Y2 - T 1 Yl ’

[20
Yy =/~ 971 [v'v + 7],
20 10
v) = ,/T”YIIYIO, Y2 = /TnYllYll. (49)

Note that this decomposition is similar to addition of angular momentum, whereby eigenstates of
total angular momentum are expressed in a product basis. Hence, the coefficents in the expansion
in Eq. (49) are simply the well-known Clebsch-Gordan coefficients. More generally, any ;" for
general (I, m) may be written as [104]

4 =12 nhn o - o o
Y/”(el,<z>>=\/( A e T ® T ® Tl ® Tilu (50)

where we have 3?1 = (Yl_l 01, 9), Y10(91, o), Yl1 (61, ¢)). Here, {A;, ® By, }, denotes the irreducible
spherical tensor of rank £ obtained by coupling two spherical tensors of ranks ¢; and ¢,. The
projection onto angular momentum ¢ is carried out via the standard Clebsch-Gordan decomposition
of the tensor product.

With this insight, let us now focus on the expansion in Eq. (42). Using Eq. (49), clearly, we may
write

1

D a1, ¢) =a-Y,, (51)

m=—1

2
D a3 01, ¢) =Yy -bYy, (52)

m=-—2
where @ = (a;,—1(t), ai0(t), a;,1(t)) and
5 V6ar »(t) Bar_i(t)  azo(t)
b4
b=,/ 5 VBar_1(t)  NAarot)  N3api() | (53)
aro®)  VBap(t)  V6aya(t)
Hence, we may rewrite Eq. (42) as
N1 ¢.1)=8-Y+ Y -bY, +---. (54)
We now express Y?l in terms of &. From Eq. (44), we have
e 7 (0 V2 0
o=C"Y, E =, —|1 0 —1 (55)
3\ .
i 0 i

inverting which we may write

R 3 0 1 —i
Y,=8a, E=,—|+2 0 0]. (56)
v\ o -1 -
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Using Eq. (56) in Eq. (54), we may express 1 as

@, 1)=A-6+6-Bo+---, (57)
where we have A = 276 and B = 2b&. Direct computation gives us B" = B and Tr[B] = 0.
Representing 6 = (01, 02, 03), A = (A1, A, A3), and ijth element of B as B;; in the Cartesian
coordinates, we may rewrite Eq. (57) as

3 303
U(avl)ZZAi,Ui, +ZZBilizUi|0ig + (58)

i1=1 i1=1 =1

with Zi:l B;,;, = 0. More generally, combining Eq. (50) along with Eq. (56), we may write the
general expansion of 7(@, t) in the following way: If T is a symmetric traceless tensor of order n
with Tl]("l)2 ’’’’’ ;, its i1ip - - - iyth element, then we may express 7 as [105,106]

o 3 3 3

n@, =3 % > > T 04050, (59)

n=1 i1=1 [2=1 i,,=]
where T ™ being symmetric implies that swapping of any indices does not change it, i.e.,

™ (60)

01,0250y Ip(1)sIP@2)s-enriP(n)
with P being any arbitrary permutation of the indices, and traceless means contracting any two
indices gives zero, i.e.,

3 3 3

Z Z e Z (SizziqTil(fqi)z ..... ipseees igseens iy = 0 (61)

i1=1 =1 ip=1

for arbitrary p, g. Comparing Eq. (59) with Eq. (58) we observe that TV = A and T® = B. We
may introduce a compact notation

o0

n(a’-’ 1) = Z (’I[‘ (ﬂ)’ 6_®n)’ (62)

n=1

where we have

(T™,5%") =

3
i1=

3
E : (n)
T Til,iz ..... i, 01Oy * O - (63)
lib=1  i,=I

Having discussed in detail the D = 3 case, we now extend our analysis to the general D-
dimensional case.

B. General D-dimensional case

Having now an explicit understanding of the structure of 1(a, t) in D = 3, here we generalize
our discussions to any general dimension D; here, we will consider the general case with K; and K,
both nonzero. Note that Eq. (57) as well as Eq. (62) can be generalized to D dimensions with the
extension that both ¢ = (01, 02, ..., 0p) and A= (A1, A,, ..., Ap) are D-dimensional vectors, B
is a D x D matrix,

D

D D
(T(ms&@"):ZZ“'ZTi% """ L 010 O, (64)

i=li=1 =1
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and the traceless property reads as

D

ZZ Y ST =0 (65)

i1=1i=1 i,=1

Before moving on, we have to first prove that Eq. (62) is still an useful expansion in general D
dimensions. In Appendix I, we prove that (T ™, ") is an eigenfunction of V2 with the eigenvalue
equation

VE(T™,5®") = —n(n+ D — 2)(T™, 5%"). (66)

Moreover, in Appendix J, we derive that

/ -/Qn / Q ~n
a-/&(1r<">,a® )dQ =5n,13D(1r<">,a® ), (67)
and in Appendix M, we derive that
;L o N 80,2282 _®n
G- /a ®§ (T™,5°")dQ |5 = =22 (T™,5®"). (68)
DD +2)

Putting Egs. (66)—(68) back into Eq. (39), we observe that (T ™, ®") is an eigenfunction of L
with the eigenvalue equation

L(T™,5%") = x,(T™, 3*"), (69)
where the corresponding eigenvalues are
(D — DK, 4K,
Ap=—nn+D—-2)T + ———68,1 + ——b,2. (70)

D "' 12

Note that putting D = 3 and K, = 0 in Eq. (69), we get back Eq. (48). The modes n = 1 and n = 2
play a distinguished role: The former governs the onset of global synchronization, while the latter
captures correlation-driven ordering. Higher modes are always stable and do not contribute to the
critical dynamics.

In a symmetric traceless tensor T ™ of order n, the total number of independent elements is given

by
dim[T®] = (DJF;’ - 1) - <D :f2_3>. (71)

Hence, each of the eigenvalues A, has degeneracy dim[T ®]. Clearly, eigenvalue A| has degeneracy
D, eigenvalue X, has degeneracy D(D + 1)/2 — 1, and so on.

In the light of the above discussion, we conclude that the expansion of 1(a, ¢) in Eq. (62) is done
in the eigenbasis of the operator L.

Further analysis necessitates taking into account effects of symmetry, which is done in the
following section.

C. Effect of symmetry

Let us consider arbitrary D dimensions and go back to the expansion in Eq. (62), which provides
the general form of 1 (g, t). Writing the first few terms, we get

n@.1)=(T",6)+(T®,6®5)+-
—A-G+6 -Bi—+--- a2

where A and ¢ are D-dimensional vectors and B is a D x D symmetric traceless matrix.
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Consider all the vectors denoting the position of the oscillators being rotated by a constant
rotation matrix R. Hence, the position vector ¢ is transformed to & = R and the probability density
n(a, t) is transformed to ’ﬁ(é, t). Since Eq. (72) provides the general form of probability density on
S, the probability density ﬁ(é, t) can also be expressed as

-

G, )=A-5+5-Bo+ (73)
Using & =Ré in Eq. (73), we obtain
7@, 1) =R'A)- 5+ - (R'BR)G +-- -. (74)

From the discussion in Sec. III B, the system remains invariant under rotation by any constant R.
Probability conservation implies

n(@.1) =73, 1) det[R], (75)

where det[R] is the determinant of the Jacobian. From the properties of the rotation matrix, we have
det[R] = 1. Using this along with Egs. (72) and (74) in Eq. (75) and comparing both sides, we
obtain

A=RA, B=RBR". (76)

Hence, the rotational symmetry of the problem restricts A and B to transform following Eq. (76).
Going in this way, we may say, for any general traceless symmetric tensor T ), it has to transform
following the rule

7 (n) (n)
Ttl [ Z Z J1sJ2seesd 11]1 12]2 o 'Ri;xj;x’ 77

Ji=1 Jn=1

where R, is abth component of R and 7:]("1)2 ..;, are the components of the rotated tensor T ™. Note

that the transformation rule (77) preserves the symmetric and traceless properties of the tensor T .

1. Critical point

We now focus on the eigenvalues A,, given in Eq. (70). For n > 3, the eigenvalues A, =
—n(n + D — 2)T are independent of the interaction strengths K;, K, and always negative. Hence,
any perturbation given by the eigenfunctions corresponding to these eigenvalues or linear combi-
nations thereof will quickly die down in time and go to zero under evolution solely due to the
linear operator in Eq. (38). On the other hand, considering the eigenvalue A, upon changing K,
it changes sign at K; = K7 = DT. Similarly, upon changing K>, eigenvalue A, changes sign at
K>, = K5 =D(D +2)T/2. When K| < K{ = DT and K, < K5 = D(D 4+ 2)T /2, the eigenvalues
A1 and A, are negative. Since the rest of the eigenvalues are also negative, any perturbation will go
to zero in time in this regime, making the uniformly incoherent state stable in the region K; < K7
and K> < K3.

For K, < K5 and K; > Kf, we have A; > 0 and rest of the eigenvalues negative. Hence, any
perturbation of the form (T", ) = A - @, which is an eigenfunction of £ with eigenvalue A, will
become linearly unstable. As a result, when A; > 0, any perturbation in its eigenspace grows with
time. Hence, in the leading order, n(a, t) will be of the form A - . From the results in Appendix L,
we have P = Jan@,t)dQ~ [ G(A - 3)d2 = (2p/D)A. Since the perturbations having the form
A5 grows in time, the quantity A also grows in time, indicating P becomes nonzero in this range.
Hence, the order parameter P shows a phase transition at

Kf =DT. (78)
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This shows that the critical point of P is independent of the interaction strength K, as long as
K> < K5. On the other hand, the nature of the criticality depends on K5, which we will discuss in
the next section. Note that when the perturbation grows sufficiently large, N'[1] starts contributing in
the dynamics of 7(a, t) in the next leading order. From the discussion in Sec. V D, this contribution
is of the form @ - BG. Hence, up to the second leading order, we have 7(d, 1) ~ A.G+d-Béd.
From the results in Appendix L, we further have M = [ ® 67(d,¢) dQ = [2Q2p/D(D + 2)]B.
This indicates that order parameter M also shows a transition at K; = K T

For K; < K5 and K, > K3, we have A, > 0 and rest of the eigenvalues negative. Hence, any
perturbation of the form (T®, & ® &) = & - B&, which is an eigenfunction of £ with eigenvalue
Ay, will become linearly unstable. When A, > 0, any perturbation in its eigenspace grows with
time. Hence, in the leading order, n(a,t) will be of the form & - B&N. From the results in Ap-
pendix L, we have P = [67(5,1) d2~ [3(@-B)dQ=0p and M = [ ® 61(G,1) dQ ~
[6®6(-Ba)dQ = {2Q2p/[D(D + 2)]}B. Since the perturbations having the form & - Bo grow
in time, the quantity B also grows in time, indicating M becomes nonzero in this range. Hence, the
order parameter M shows a phase transition at

D(D +2)T

K==

(79)
while the order parameter P does not show any transition. Note that the critical point of M is
independent of the interaction strength K, as long as K; < Kf. On the other hand, the nature of the
criticality depends on the dimension of the system, which we will discuss in the next section. As we
will discuss in Sec. V E, to probe the transition in the order parameter M, we will use the quantity
B = Tr[M?]. Let us first discuss in the following section the issue of transitions exhibited by the
quantity P.

D. Transition in P

‘We now focus on obtaining the evolution equation of P up to second leading order to understand
the nature of the transition. We consider the parameter region K, < Kj and K; > K| but close to the
critical point. If the initial perturbation at # = 0 is small, then the dynamics of 7 at initial times will
be dominated by L. In this parameter region, the eigenfunctions corresponding to the eigenvalue 1,
are linearly unstable and all other eigenfunctions are linearly stable. Hence, after some time 7, the
leading-order contribution to (@, t) will come from the eigenfunctions of A, whereas contribution
from the eigenfunctions corresponding to any other eigenvalue A,, n > 2 will be subleading. During
the initial times of the dynamics, we may write

n@.1)~A-g, (80)

where the components of A denote the amplitude along the eigenfunctions of 1. At late times, when
the components of A are sufficiently large, N[n] will start contributing to the dynamics of n. The
eigenfunctions with the least negative eigenvalue will contribute in the next leading order. In our
case, these eigenfunctions are ¢ - B with the eigenvalue A, = —2DT. Hence, in the next leading
order, we may write

n@,t)~A-G+d-Ba. (81)

Since the contribution from N[n] originates as an effect of the leading-order contribution from
the most unstable eigenmode, we may assume that B is a function of A. Hence, to satisfy the
transformation rule given in Eq. (76), the matrix B is restricted to have the following form:

B =hyA -A)p+b(A-AARA, (82)
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where by and b, are scalar functions of |A[2. To preserve the traceless property Tr[B] = 0, we
must have by(A - A) = —D~'|A|?b;(A - A). Further assuming that b, (A - A) has a Taylor expansion
bi(A-A) =big+bis|A]? + bi4|A|* + - - -, we obtain in the leading order that B can be written as

2
B = by [A ©A— QID] +. (83)

where by is to be determined later. Using this in Eq. (81), we can express 7(a, t) entirely in terms
of A. Our goal now is to obtain an evolution equation for A from the evolution equation of n as
given in Eq. (38).

Putting Eq. (81) back into Egs. (39) and (40) along with the results from Appendixes H and L,
we obtain

Ln=MA -G+ Ao Bs (84)
and
I 2Qp 2K, |- . KiQp, - 4D+ DKQp
=K QpA-§) — K A-Bé — A A+ —— """ -Bs)
./\/[77] 192p( o) D |: 1+(D+2)j| 4 + DD +2) @ )
D+ 1)Q 8K,
L P+ D&y K A-5)@ -BG)— ——L G .B% (85)
D (D+2) D(D +2)

The eigenvalues A; and A, are given in Eq. (70).
Taking a derivative with respect to time on both sides of Eq. (81), we get
an _dA dB
-0+6-—0. 86
o ar ° to ar’ (86)
Multiplying both sides of Eq. (86) with ¢ and integrating over S and using the result from
Appendix L, we obtain

-

0 Qp dA
/a—" dQ =P (87)
ot D dt
which, along with Eq. (38), gives
dAi D D
—=— [ oLndQ+— | dN[n]dS. 88
R QD/UU +QD/6 [n] (88)

Computing with the expressions of £ and N'[n] from Egs. (84) and (85) and using the results from
Appendix L, we obtain

D -
b / L d = A (89)
Qp
and
D 2Qp 2D -
oN[nldQ K, — K, |BA
[ L] D(D+2)|: ' D+2) 2]
2D — D 2D
—— | K 7 K |bplA A 90
DD+ 2) |: ' D12 2i| 0lAl? (90)

where in obtaining the last equality, we have used the leading-order expression of B as given in
Eq. (83). Putting Eqgs. (89) and (90) back into Eq. (88), we obtain
dA - 2(D- DR 2D
A= [ .

ar T DD +2) (D+2)K2}b‘°'A' A oD
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Thus, we have obtained the evolution equation of A upto the unknown constant bg. We now
have to compute the coefficient b;y. Rearranging Eq. (86) together with Eq. (38), we obtain
dB dA
0-—0o=Ln+N[n—-—-0. 92
o-—o=Ln+tNhl—-—--0 92)
Using Eqgs. (84), (85), and (91) in Eq. (92) and keeping terms up to (’)(|1§|2), we obtain

dB B, QK - -
a.E*=xza.Ba+QDK1(A-a)2— DX A, (93)

where we have used the fact that in leading order, B is (9(|§|2), which is evident from Eq. (83).
Again, using Eq. (83), we further obtain, up to leading order, that

- 1. -
8-B6:b10|:(A~6)2—BA~A}+--~. (94)
Putting this back into Eq. (93), we obtain
dB - 1. -
G- Ea = [habio + QDKI][(A .§)? — BA . A}. (95)

We now focus on computing the left-hand side of Eq. (95) directly from Eq. (83). Taking the
time derivative of Eq. (83), we obtain

dB dA . . dA 2(. dA
— =byp| —RA+AQ® — — —[A- — |I 96
i 10|:dt® + ®dt D( dt>D1|+ (96)
Using Eq. (91) up to leading order, we obtain
dB - - AP
— =2Xb1| AQA — —1I 97
T 1 1o|: ® |t CH)
which immediately gives
dB 1. -
6 — =2hbio|(A-3) — —A-A|. 98
o0 1 10[( 0) D ] (98)
Comparing Egs. (95) and (98), we finally get
QDK]
b= ——. 99
0= (99)

We have thus completely characterized Eq. (91). Let us now convert the evolution equation of A
into the evolution equation of the order parameter P = |IF’| as defined in Eq. (30). Putting Eq. (36)
along with Eq. (81) into Eq. (30), we obtain (see Appendix L)

>

R R Q
P = /a 0@, 1)dQ = /&(A .5)dQ = 3DA. (100)

Substituting this into Eq. (91) and taking the inner product with P on both sides and noting that
P2 = P . P, we finally obtain that near criticality, the evolution of the order parameter IP satisfies,
up to second order, the following equation:

dP

— =P — 3P3, 101
7 ! c3 (101)

000069-20



SYNCHRONIZATION WITH ANNEALED DISORDER AND ...

where we have

D(D — 1)K, (D +2)K, — 2DK; (102)
c3 = .
} (D+2) | (D—1)D +2)K, —2DK> + DD +2)T
Note that Eq. (101) has the usual normal form of a pitchfork bifurcation.
At criticality, we have K; = K{ = DT . Putting this into the expression of c3, we obtain
DD —-1DK;| (D+2)T —2K,
3| critical = . (103)
(D+2) |DID+2)T -2k,

The parameter region we are interested in here is K> < K5 = D(D + 2)T /2. From Eq. (103), it is
clear that in this parameter region of our interest, the denominator of c3|critical 1S always positive.
Hence, the sign of ¢3criticar 1S entirely dependent on its numerator. Explicitly, we have

C3leritical > 0, when Ky < (D +2)T/2 (104a)
=0, whenK,=(D+2)T/2 (104b)
<0, whenK, > (D+2)T/2. (104¢)

Hence, the order parameter P shows at K; = K = DT a continuous transition for 0 < K, < (D +
2)T /2 and a discontinuous transition for (D 4 2)T/2 < K, < D(D 4 2)T /2. Hence, K, = K =
(D +2)/2 is similar to a tricritical point, around which the system changes its nature of phase
transition. The corresponding phase diagram in shown in Fig. 1.

To close, let us compare our expressions with respect to standard results. For D = 2, Eq. (101)

reduces to

dP K K K, — K

el e R A ) R LT | £ (105)
dt 2 2 | Ky — Ky, +2T

aresult reported recently in Ref. [91], see Application 1 (note that IP is identical to Ry = 27 |A| used
therein; also, in this reference, the symbol D was used to denote the noise strength).

When K, = 0, at criticality, we have K| = K[ = DT . Putting this into the expression of c3, we
obtain

| DD - 1T (106)
C3 |critical (D + 2) .
Since c3|critica > 0 for any general dimension D > 2, we conclude that in the presence of noise and
without any quenched disorder, the transition becomes continuous in arbitrary dimensions. This is
unlike the noiseless case with quenched disorder as discussed in Ref. [54], where even and odd
dimensions behave differently.

In Figs. 2 and 3, we demonstrate that our theoretical predictions for both the critical points (the
one for P and the one for B) and the nature of the associated phase transitions are consistent with
simulations for both odd and even dimensions. Specifically, the D = 3 case is shown in Fig. 2(a),
while the D = 4 results are shown in Figs. 2(b) and 3. Figure 2 presents simulation results in
the absence of second-harmonic interaction for D = 3 and D = 4, whereas Fig. 3 illustrates the
phase behavior in the presence of second-harmonic interaction for the representative case D = 4.
Figure 3(a) shows the corresponding phase diagram, with the values of the order parameters in the
different phases indicated. In panel (b), we plot the stationary-state value of the order parameter P
as a function of K for a representative value K, = 2.8, where the system undergoes a continuous
transition. In contrast, panel (c) shows Py versus K; for K, = 3.2, illustrating a discontinuous
transition. Finally, the dependence of the order parameter By on K, at fixed K; for different
dimensions is shown in Fig. 4.

We may also compute higher-order terms in Eq. (101) by considering 7(a, ¢) in Eq. (81) up to
third leading order as

@, 1)~ A ¢+ -Bs+(T?,5%), (107)
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FIG. 2. The figure shows numerical-integration results for the stationary state |]f” |, ie., Py vs K; for D =3
and 4, respectively, for the case with the noise strength 7 = 1 and K, = 0. The black dashed line represents
the theoretical prediction of the critical points. All simulation data presented in this paper were generated
by integrating the equations of motion using a combination of standard fourth-order Runge-Kutta and Euler
algorithms, with integration time step equal to 0.001.

where the symmetric and traceless property, along with the symmetry condition (77), requires

- A?
7:5?() = ho(A - A){AiAjAk - m[&j& +8ikAj + 5_,'kAi]}, (108)
where h(-) is a scalar function. Following the same procedure as before, we obtain the modification
to Eq. (101), which reads as

dP
— = MP — 3PP — ¢5P?, (109)
dt
where the coefficient ¢5 reads as
20 — D)<y [(D + 2)K| — 2DK>]b1» + DKy o (110)
s = —————— — e S 7
T DD +2) ‘ PRET D+ 2ym+4) 0
where we have
D+ 1)Q 4
o = M[Kl —Kz]blo an
D@3Br — A3) (D+2)
8 — 0.6 ; ;
S e o o © 1]
o gl [B20 = e
& < B i &
\—4 4--—-- l &1’ I :
= ' P=0 P=0 ¥ !
2 : B=0 B#£0 O&i o
| OOOOOOO i OQOQQOLM 1
0 ' . : 04 ; ;
0 5 10 15 3.8 4 12 38 4 42
KQ/T Kl Kl

FIG. 3. Panel (a) shows the N — oo phase diagram of the model defined in Sec. III for D = 4. The red
dashed line marks a continuous transition, while the blue solid line indicates a discontinuous transition; at
both transitions, the synchronization order parameter Py, becomes nonzero simultaneously. The thick blue
vertical solid line denotes a discontinuous transition in By alone, across which Py remains zero. Panels (b) and
(c) show the behavior of numerically obtained Py as a function of K for a continuous case (K, = 2.8) and a
discontinuous case (K, = 3.2), respectively. The noise strength is 7 = 1.0. The square and the circular markers
correspond to N = 10* and 10*, respectively.
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FIG. 4. Stationary values of the order parameters Py (triangular symbols) and By, (circular symbols) are
shown as functions of the second-harmonic coupling K, for fixed K; = 1.0 = T and system size N = 10*.
Results are displayed for (a) D = 2, (b) D = 3, and (c) D = 4. Panels (d) and (e) show typical late-time config-
urations of the oscillators for D = 2 at K, = 6.0 and for D = 3 at K, = 11.0, respectively. For D = 4, panels (f)
and (g) display the time evolution of B(¢) for 15 independent noise realizations at K, = 11.0 (<12.0 = K5) and
K, = 13.0 (>12.0 = K7), respectively. Panel (h) shows as a function of the system size N at fixed K, = 11.0
the fraction of realizations (out of a total of 45 noise realizations) in which the order parameter B jumps from
zero to a nonzero value within an observation time ¢ = 15.

and

2Qp

bz T A
DD +2)(D+4)

{2C3b10 - [4(D — 2)K>b3, — 3DK1h10]}. (112)

T (@4h =)

The coefficients A1, c3, and by are already given in Eqs. (70), (102), and (99).
The main summary here is that the synchronization transition remains continuous with mean-

field scaling, independent of dimension. Having discussed the transition in PP, we now discuss in the
following section the transition exhibited by the quantity M.
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E. Transition in M

In this section, the parameter region we are interested in is Kj < K7 and K, > K3. In this
parameter range, eigenvalue A, is positive and the rest of the eigenvalues are negative. Hence, the
eigenfunctions corresponding to the eigenvalue A, become linearly unstable, whereas the rest of
the eigenfunctions remain linearly stable. As a result, any perturbation in the eigenspace of A,,
which has the form (T®), & ® ¢) = ¢ - B, will keep on growing with time in the leading order,
while perturbation along any other eigenspace will go to zero. If the initial perturbation at # = 0 is
small, then the dynamics of 5 at initial times will be dominated by £. Hence, after some time ¢, the
leading-order contribution to (@, t) will come from the eigenfunctions of A,, whereas contribution
from the eigenfunctions corresponding to any other eigenvalue A, n # 2 will be subleading. During
the initial times of the dynamics, (@, t) can be written up to leading order as

n(G,1) ~ & - B&. (113)

At late times, when the elements of B are sufficiently large, N'[5] will start contributing to the
dynamics of 5. Usually, the eigenfunctions with the least negative eigenvalue will contribute in
the next leading order. In our case, these eigenfunctions are either A - G with the eigenvalue A, or
(T®, 6 ® ¢ ® 6) with the eigenvalue and A3. However, since the contribution from N[n] originates
as an effect of the leading-order contribution from the most unstable eigenmode, we may assume
that the tensor elements of the second leading-order term can be written in terms of the elements
of the highest leading-order term, i.e., the elements of B. Since A is a vector and T® is a rank-3
traceless symmetric tensor, its elements can never be written in terms of the elements of a rank-2
traceless symmetric tensor B. The immediate next higher-order symmetric traceless tensor that can
be constructed with the elements of B is rank 4. Hence, in the next leading order, we may write

n@,1)~&-Ba+ (T, 5%, (114)
where T® is a traceless symmetric rank-4 tensor. The most general T® one can construct is [107]
2
Ty =ba(Te[B?], Tr[B%], ..., Tr[B"]) [(B,- Bl & BB+ BuBj) — 5 18 (Bl + 8B’y
2Tr[B?]

+ 81 [B21ji + 8k [B*1is + 8,1 [B*1ix + 81 [B*1i;1 + m(&‘j&d + 8udji + 5i15jk):|,
(115)

where Tlﬁ; denotes the i jkith element of T™. In Appendix N, we proved that the expression of

the elements of T® given in Eq. (115) is traceless and symmetric. Using this expression, we may
express (T™, 3®*) in a compact form as

(T, 3%*) = by(Tr[B?], ..., Tr[B"])

12 6

x |3(a - B&)* — - B’G +—TrB2i|. 116
[( ) (D+4)( . (D+2)(D+4) 5] (1)

Performing a Taylor series expansion of the function by as

D
by(Tr[B?], ..., Tr[BP]) = by + Zb4,mTr[B”’] + - (117)

m=2

using which, in the leading order, we may write
4 2Tr[B?]

T®, %) ~ 3b [&~B&2— B’ +—]. 118
( ) 3| @B = G 5@ B i nm ) (e
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Putting Eq. (114) back into Egs. (39) and (40) along with the results from Appendixes H, L, and O,
we obtain

Ln =25 -B& + ra(T®, 5% (119)
and
4QDK2[ W e 2 © oo } 12QpK> [ 2 a3
Nnl = o-Bo) — 0:-B0)|+ ———————=by|(D+4)(c-Bo
[n] o | ¢ ) (D+2)( ) DD LD+ 4 ( )7( )
+8(6 - B’G) — 8(D + 3)(¢ - B5)(G B2*)+2DTr[B2](* B*)] (120)
6 -B0)— 6 -Bo)o-B0)+ ———(-Bo)|.
(D+2)
Taking a derivative with respect to time on both sides of Eq. (114), we get
an dB dT® o,
.22 N aall B 121
ot adta+(dta) 1zl

Multiplying both sides of Eq. (121) with @ ® & and integrating over S and using the result from
Appendix L, we obtain

/q . an ™ 2Qp dB (122)
GR®F — = ———,
ot D(D + 2) dt
which, along with Eq. (38), gives
dB DWD+2) (. DD+2) [, .
—_— = LndQ2 + —— dQ. 123
7 o /0®a nd2 + 2 o ®Nnl (123)

Computing with the expressions of £ and A[n] from Egs. (119) and (120) and using the results
from Appendix L, we obtain from the linear part that

D(D +2
g/a@wﬁn d9 = ;B (124)
2Qp
The integral of the nonlinear part gives
DD +2)
——— | 0 QGN[nldQ
29, / 0 ®aNn]

8QpK> [2 Tr[B?]

—_ °%pA2 2B 3. 2 3
= D+2D+ D D ID:| + aby[2Tr[B°Ip — a1 Tr[B°1B — 2DB”], (125)

where we have «; = (D*> + 6D + 12)/(D +2) and o = 96QpK,/[D(D + 2)(D + 4)2(D + 6)].
Renaming

8QpkK>
= ——7" —— (126)
(D+2)D+4)
and combining Eqs. (123)—-(125), we obtain
dB »  Tr[B?] 3 2 3
= MmB+ BB — D Ip | + absy[2Tr[B°Ip — a Tr[B°]B — 2DB"]. (127)

We now have to compute the coefficient byg. Rearranging Eq. (121) together with Eq. (38), we
obtain

dT® dB
( T ,a®4) =Ln+Nnl—a- Z?" (128)
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Using Egs. (119), (120), and (127) and keeping terms up to O(B?), we obtain

dT® 4QpK:
( 6_@4) — )‘.4('1[‘(4)’ 6_®4) + %[(& . Ba_)Z

T D+2)

We now focus on computing the left-hand side of Eq. (129) directly from Eq. (118). Taking the
time derivative of Eq. (118) and using Eq. (127) up to leading order, we obtain

. 25
ar (c-B a)]. (129)

dT®
( - ,a®4) =24 (T®, ). (130)
Comparing Egs. (129) and (130), we obtain
4QpK. 2
(T®, %) = ;2[(6 .B§)” — - B%G } (131)
D2y — A4) (D+2)

In the standard language of the irreducible representation of a rank-4 symmetric tensor, the left-
hand side of Eq. (131) contains only spin-4 terms. The right-hand side of Eq. (131) contains spin-4
and spin-2 terms [107]. Since each of these irreducible subspaces is orthogonal to the others, we
should only compare the spin-4 part of the right-hand side of Eq. (131) with the left-hand side. To
extract the spin-4 part of the right-hand side, we apply a projection operator P4, which projects onto
the spin-4 subspace. We can construct this operator as
1 2

Vi[Vs +2D]. (132)

(T ESTRETAG

Before applying Ps on both sides of Eq. (131), let us first rewrite its right-hand side in a suitable
form. Using Eq. (118), we may write

2D
D+2)(D+4)

[(& -BG)> — (@ - B%)} = L(W), %) +

= [(a -B%6) — lTr[B2]]
3bs D :

(D+2)
(133)

Putting it back into Eq. (131) and rearranging, we may write

[1 4QpK, 1 } T 5 8QpK,

___ e = [(& -B%G) — lTr[Bz]:|.
3D(2)o — A4) bao (D+2)D+4)2ry — rg) D

)

(134)
In Appendix P, we show that
1

m[(a -B%G) — BTr[BZ]} =0, (135)
Py(T®, 5% = (TW, 3%). (136)

Hence, applying P4 on both sides of Eq. (134), we immediately obtain

4QpK,

by= ————"—. 137
7 3D — Ag) (137)

Putting this back into Eq. (127), we have obtained the evolution equation of the matrix B.
__ Let us now convert the evolution equation of B into the evolution equation of the order parameter
M as defined in Eq. (41). Putting Eq. (114) into Eq. (41), we obtain (see Appendix L)

2Qp
——— B.
D(D +2)

~

M = /3®3n(6,t)d9 - /a®a(a-Ba)dQ - (138)
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Using this in Eq. (127), we obtain the evolution equation of the M, which reads as

VI V2
% = M+ B [Mz - Tr[lliﬂ ]ID] + @ba[2Tr[M3 L) — o TI[M2IM — 2DMA],  (139)
where B =BD(D+2)/(2Qp) and @ = a[D(D + 2)/(22p)]>. When A, < 0, the order parameter
M becomes Op, a matrix with all elements equal to zero at long times. On the other hand, when
A2 > 0, the order parameter M starts having nonzero matrix elements at long times. Since M is
always a traceless matrix, Tr[M] cannot capture this effect. The simplest scalar that captures this
transition is

B = Tr[M?]. (140)

Multiplying both sides of Eq. (127) with 2M and taking trace, we obtain the evolution equation of
B, which reads
aB 7 Vi3 ~ 2 4
e 20,8 + 2BTr[M”] — 2&byola B~ + 2DTr[M™]], (141)
where we have used that M is traceless.
Below, we consider successively the cases D = 2 and D > 2.

1. D =2 case

For D = 2, the most general traceless symmetric matrix has the form

Mlp = [Z _ba}. (142)

This immediately gives the eigenvalues of the matrix M as £+/a? + b2. Hence, for D = 2, we have
Tr[M2™+1] = 0 and Tr[M?"] = (Tr[M?2])" /2"~!. Thus, for D = 2, we have from their definitions,
Qp=2n, a =K,/Bm), ay =7, by = 3nK,/[3(K> + 4T)], which reduces Eq. (141) to

dB 4K3 B

a B oy

T (143)

Since the coefficient of B is positive, the order parameter B shows a continuous transition. Note
that, unlike the transition in ]f” where the nature of the transition depends on the interaction strength
K5, here the nature of the transition is independent of the interaction strength K;. The leading
nonlinear exponent in the reduced equation (143) is 2, which turns out to be a special property
of two dimensions. Indeed, we will show in the next section that for any other dimension D > 2,
this exponent is 3/2 [see Eq. (147)].

Simulation results for the stationary-state value of the order parameters Py and By as a function
of the the second-harmonic coupling K, are shown in Fig. 4(a) for D = 2 with fixed values K| =
1.0 =T and system size N = 10%. Clearly, P does not show a transition, whereas By, shows a
continuous transition as predicted by our theory. A representative configuration in the symmetry-
broken phase at K, = 6.0 is shown in Fig. 5(d), where the oscillators spontaneously organize into
two macroscopic clusters.

2. D > 2 case

For general D, the condition Tr[M] = 0 does not automatically guarantee Tr[M2+1] = 0.
Hence, the second leading-order term in Eq. (141) is Tr[M?]. Note that Eq. (141) is still not closed
in B since it contains terms Tr[M?] and Tr[M*]. To obtain a closed evolution equation of B from
Eq. (141), we need to use the symmetry of the problem. Since our system as given in Eq. (16) does
not have any preferential direction, the correlation between different axes should be identical for
all possible pairs of axes. Hence, in the symmetry-adapted basis, the matrix M should have the
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FIG. 5. The figure shows for D = 3 the dynamics of the phases of 10* oscillators for parameter values
K, =1.0, K, =11.0, T = 1.0 and integration time step 0.01. One may observe how starting with a state with
P =B = 0 the system evolves to a state with B # 0, yet P = 0.

following form:

0 b b b
b 0 b b

M=|b b O b (144)
b b b --- 0

This matrix has one nondegenerate eigenvalue (D — 1)b and (D — 1)-fold degenerate eigenvalue
—b. Hence, we can immediately write Tr[M?] = DD — 1)b?. Similarly, we can write for any m that
Tr[M?"] = (D — D)[(D — 1)**~! 4 1]p*" and Tr[M?*"*'] = (D — 1)[(D — 1)*" — 1]b*"+!. Using
these, we may write

T = — 2 =2 g2 (145)
VDD —1)
and
~ 1 (/D*>-3D+3
ﬂmm:—-———i—ﬂ? (146)
D D—1
Up to second leading order, Eq. (141) reads as
dB 2(D —2)B
— =2uB+ ( )ﬂW@ (147)

dt VDD - 1)

Since B > 0, the order parameter B shows a discontinuous transition for any D > 3. In contrast to
the case D = 2, we see that the leading nonlinear exponent in the reduced equation (147) is 3/2.

Simulation results for the stationary-state order parameters Py and By as functions of the
second-harmonic coupling K, are shown in Fig. 4(b) for D = 3 and in Fig. 4(c) for D = 4, for
fixed K; = 1.0 = T and system size N = 10*. While P does not show a transition as predicted, By
exhibits a sharp discontinuous jump, in agreement with our theoretical prediction. A representative
configuration in the symmetry-broken phase for D = 3 at K, = 11.0 is shown in Fig. 4(e), where
the system clearly splits into two macroscopic clusters, resulting in nonzero correlation-based order
parameter M and correspondingly B.

An interesting feature of Figs. 4(b) and 4(c) is that the jump in By does not occur precisely
at the point where the uniformly incoherent state loses linear stability. To elucidate this behavior,
we examine the time evolution of B(7) near the critical coupling K, = K;. Each of Figs. 4(f) and
4(g) shows B(¢) for 15 independent noise realizations, for three system sizes N = 2 X 103, 5 x
103, 10*, at two representative values: K = 11.0 < K3 [panel (f)] and K, = 13.0 > K7 [panel (g)].

For K, > K5, the uniformly incoherent state is linearly unstable, and in all realizations the system
rapidly evolves toward a symmetry-broken double clustered state, as seen in Fig. 4(g). In contrast,
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for K, < K3, the uniformly incoherent state is linearly stable, so trajectories initiated close to it
should remain trapped there. However, Fig. 4(f) shows at long times a relaxation to symmetry-
broken clustered state. This is due to the fact that the simulations are done with finite number
of oscillators, and the associated finite-size fluctuations induce transitions out of the metastable
incoherent state with small but finite probability [91]. Consistently, increasing N suppresses these
finite-size fluctuations, leading to longer residence times near the uniformly incoherent state. We
found that the fraction f of realizations relaxing to the clustered state within a fixed time decreases
with N [see Fig. 4(h)]. In the thermodynamic limit N — oo, these fluctuation-induced escapes are
suppressed, and the uniformly incoherent state remains stable for all K, < K5, fully consistent with
our linear-stability analysis.

The main summary of the current section is that in contrast to the synchronization transition,
the correlation-driven transition exhibits a dimension-dependent nature, being continuous in two
dimensions and discontinuous otherwise.

VI. CONCLUSION

We have studied the effect of higher-harmonic interactions and annealed disorder in a generalized
D-dimensional Kuramoto model. The collective dynamics of the system is characterized by two dis-
tinct macroscopic descriptors: (1) The conventional synchronization order parameter characterizing
how the position vectors of the different oscillators are spread out in space, and is thus a measure
of global order in the system. (2) A correlation matrix capturing how different components of an
oscillator’s position vector correlate when averaged over the ensemble. Our central finding is that
these two measures of collective order need not behave identically and, in fact, display qualitatively
different critical behaviors depending on the dimensionality of the system.

To build intuition about the results for the general D-dimensional formulation, it is useful to
briefly consider the simplest cases. In D = 1, the unit vector &; reduces to a scalar taking values
+1, so the dynamics becomes effectively that of globally coupled binary variables. In this limit,
the order parameter P reduces to the average “magnetization,” while the matrix M becomes trivial
due to the absence of transverse components, and no nontrivial rotational structure exists. As a
result, the system does not exhibit a genuine synchronization transition; rather, the only possible
ordering corresponds to trivial alignment, and no distinct correlation-driven phase transition arises.
In contrast, the case D = 2 corresponds to the conventional Kuramoto model, where each oscillator
is described by a phase 6; on the unit circle, with 6; = (cos6;, sin6;). In this case, the order
parameter P = |P| coincides with the standard Kuramoto order parameter measuring global phase
coherence, while the matrix M encodes second-harmonic correlations. In the presence of annealed
disorder and fundamental coupling alone, one recovers a continuous synchronization transition
with universal mean-field scaling. Upon introducing higher-harmonic interactions, the transition can
become discontinuous depending on the interaction strength [see Eq. (101)] and the discussion fol-
lowing the equation. At the same time, the correlation-driven transition associated with M remains
continuous in two dimensions [see Eq. (143)], highlighting the special role of D = 2 as the boundary
between qualitatively different nonlinear behaviors observed in higher dimensions [Eq. (147)].
These low-dimensional limits illustrate how the general framework interpolates between a minimal
scalar system and the familiar phase-oscillator picture, thereby clarifying the physical meaning of
the vector and tensor order parameters introduced for arbitrary D.

Remarkably, the macroscopic state of the system cannot be fully characterized by the magnitude
of the synchronization order parameter alone. The uniformly incoherent state can lose stability in
two qualitatively distinct ways: either through the emergence of global synchronization, signaled
by both order parameters becoming nonzero, or through the formation of multiple clusters that
break rotational symmetry without generating any global order. The latter transition is captured
by the correlation matrix becoming nonzero, while the global synchronization order parameter
remains strictly zero. While the nature of the first kind of transition is determined by the strength
of the higher-harmonic interaction, the nature of the second kind of transition is determined
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entirely by the dimensionality of the system. In particular, the transition of the correlation ma-
trix is continuous for D = 2 and becomes discontinuous for any D > 2 with distinct dynamical
exponents.

On the analytical side, we put forward a nontrivial generalization of the standard center-manifold
reduction used for the two-dimensional Kuramoto model to arbitrary dimensions. This extension
allows us to go beyond linear stability and derive closed evolution equations for the macroscopic
order parameters, providing direct access to the nonlinear dynamics near the transition. Importantly,
the method is not restricted to the specific model studied here, and its principles can be applied to
a broad class of mean-field higher-dimensional models, opening the door to systematic analytical
studies of nonlinear synchronization phenomena in high dimensions.

Our results show that higher-harmonic interactions fundamentally enrich the phase structure
of generalized Kuramoto models by allowing for transitions that are invisible to standard order
parameters but are captured by correlation-based measures. Several natural extensions of this work
remain open. An immediate direction is to study the robustness of these phenomena in the presence
of quenched disorder, where fluctuations are expected to play a more prominent role. It would also
be of interest to investigate network-based coupling, where heterogeneity in interaction topology
may further differentiate the roles of synchronization and interaxis correlations. Another interesting
direction would be to understand how the nature and location of the transition can be manipulated
through dynamical interventions applied either to the entire system [108,109] or to a subset of its
degrees of freedom [110,111], without tuning the interaction strengths or introducing additional
couplings, and how the effectiveness of such interventions depends on the system dimension. Fi-
nally, understanding finite-size effects near the observed transitions will be essential for connecting
our results to realistic systems and for developing a comprehensive theory of collective behavior in
high-dimensional oscillator models.

Coming to real-world applications, two issues of paramount importance that we have not
considered are time delays in the interaction (we have considered the oscillator interactions to be
instantaneous in time) and network topologies (we have considered the case of fully connected
networks). We briefly comment on how our formalism may be applied to tackle such issues.
Time-delayed interactions in the standard Kuramoto model (D = 2) have already been analyzed in
Ref. [97] using a center-manifold expansion, by invoking the theory of delay differential equations.
Although this formalism can, in principle, be generalized to higher dimensions (D > 2), deriving
concrete results requires an explicit and nontrivial implementation of the analysis, as key features,
such as phase boundaries and the nature of the resulting phase transitions, can only be determined
through a detailed computation. Such a computation is deferred to a future publication. To move
beyond fully connected networks, a natural first step is to consider a one-dimensional lattice
with Kuramoto oscillators residing on its sites. For the case D = 2, Ref. [112] demonstrates that
an approximate time-averaged theory, originally introduced in Ref. [113], provides an accurate
description of the order parameter, particularly in regimes exhibiting continuous transitions. Build-
ing on this framework, one can systematically investigate how the phenomena discussed in this
work, which are expected to hold in the dense-network limit, are modified as the connectivity is
progressively reduced. Such an approach offers a controlled way to assess the robustness of our
results against increasing network dilution.
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APPENDIX A: DERIVATION OF EQ. (20)

The Imth element [ﬁ j ()] of the rotated noise matrix N j(t) is related to the elements of the
original noise matrix N;(¢) as

N/ Ol =Y > RlN; (LR, (A1)
n.p

where Ry, is the [nth element of R, [N;(#)],, = sgn(n — p) n(”(t) is the npth element of N (), and
RT is the pmth element of RT. Here, sgn(x) is the standard sign function or the signum function.
Since R is a constant matrix, we obtain

(IN()im) —ZZRM [N;()1up)R,,, =0, (A2)

since ([N;(#)],p) = sgn(n — p)(n(j)(t)) = 0. Hence, we have
(N;(1)) = Op. (A3)

Similarly, the /mth element of N; ()N, (') = RN;(:)RTRN; ()R = RN;()N,(t")R" is
NiON;(im = Y Y Ri[Ni(ON;(t)pR),.- (A4)
n p

which, upon averaging over the noise, gives

(N ON; (Y im) Z ZRM (IN(ON;(t)]up)R), (A5)

Since for any matrix B, we may write ([B],;) = [(B)]., i.e., the average of the abth element is
equal to the abth element of the average matrix, we may rewrite the noise terms in Eq. (A5) as

(IN:(ON;; (t)]np) = [N:(©N; () 1p
=-D- 1)5ij8(t - t/)[ID]np
= —(D — 1)8;;8(t — 1")3,, (A6)

where in obtaining the last equality, we have used the properties of the noise matrix from Eq. (15).
Putting Eq. (A6) back into Eq. (AS5), we obtain

(IN(ON; (Vi) = —(D = 188 — 1)y RuR),

n

= —(D — 1)5;;8(t —t')8ym, (A7)

where, in obtaining the last equality, we have used ), Rl,,R,Tm = [RR" 1;m = [Iplim = 8;m. Hence,
we have

(NAON; (1)) = —(D = 1)8;;8(t — ). (A8)
Equations (A2) and (A8) derived here are Eq. (20). We conclude that the properties of the rotated

noise matrix N (¢) are identical to those of N;(z), which are given in Eq. (15).

APPENDIX B: D-DIMENSIONAL SPHERICAL-POLAR COORDINATE SYSTEM

In D dimensions, let a point be represented in the Cartesian coordinate system as (xi, x2, ..., Xp).
In spherical coordinates, the same point may be expressed as (7, 0, 0,, ..., Op_2, ¢), where we have
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6; € [0, 7] and ¢ € [0, 27r). The relation between these coordinates is given by

X] = rcosb, (B1)

Xy = rsin6; cos b, (B2)

Xx3 = rsin 6 sin 6, cos 63, (B3)

(B4)

Xp_o = rsind;sinb, - - -sinfp_3 cosbp_s, (BS)
Xp_1 = rsinf;sinf, - - -sinOp_3 sinfp_, cos ¢, (B6)
Xp = rsinf; sin6, - - -sinfp_3 sin Op_, sin ¢. (B7)

APPENDIX C: DERIVATION OF FOKKER-PLANCK EQUATION

We start by considering a continuous and differentiable test function 4;(6(¢)) defined on the
surface S. Similar to how F (¥, t) was extended to the entire R? space in Eq. (26), we may now
extend this function to the entire R” space by defining

h(#(t)) = hi(a(t))3(r — 1)
- h1<r(—:))5(r - 1. (C1)

As argued in the main text, the dynamics (25) will keep the value of any initial r constant throughout
the evolution. Note that the function /4 has no explicit dependence either on time ¢ or on the
underlying stochastic evolution. However, since the evolution of ¥(¢) is inherently stochastic [see
Eq. (25)], the value of the function % at time ¢ will also be random, even when the dynamics of ¥
is initiated from a given initial condition. We will be interested in the average of A(¥(¢)) over all
possible stochastic trajectories of F(z) generated by the evolution (25); we denote this average by
(h(¥(¢))). This quantity can also be represented as an average with respect to the distribution of ¥,
which reads as

(h(¥(t))) = /h(i‘)}"(i‘,t)dVD- (C2)
Taking the time derivative on both sides of Eq. (C2), we obtain
dh(¥(1)) _ OF (¥, 1)
——=)=|h dVp. C3
<dt>/(r)8tD (©3)

Now, using the standard multidimensional Taylor expansion, we obtain
dh(¥(t)) = h(¥(t) + dF) — h(¥())
o 1 N
= (dt - Vh(F()) + E(df VY?hE@) + - - - (C4)

We are interested in terms up to order dr from the right-hand side of Eq. (C4). From Eq. (25), the
quantity d¥ may be expressed as

V2T
d¥ = Vdt + ~—— dN()F, (C5)
r

where we have V= K|[P — (F- P)§/r?] 4+ 2K:[M/r — (f - MF)Ip/r3]F and dN(r) = N(7)dt.
Clearly, in the Cartesian coordinates as in Eq. (14), the independent elements of the matrix
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dN(z) are given by independent Wiener processes, as [dN(t)];; = dW;; = n;;(t)dt ¥V i < j, where
the quantities W;; are Wiener processes. Well-known properties of the Wiener processes give
(dW;;dWy) = 8ixédt, which further implies that (dN(#)dN(t)) = —dt(D — DIp.

Let us now focus on the first term on the right-hand side of the second equality in Eq. (C4). Its
average with respect to the stochastic noise gives

(@F - VIRE®))) = (V- VIRE®)))dr + JﬁG(dN(r)f : v)h(m))>, (C6)

where we have used Eq. (C5). In the Itd interpretation of stochastic differential equations, the Wiener
increment dN(r) at time 7 is statistically independent of the state ¥(z). Hence, we may write

1 - 1 >
<;(dN(t)f‘ : V)h(f(t))> = <;((dN(t))f‘ : V)h(f(t))>

=0, (C7)

where in obtaining the first equality, we perform the averaging in two steps, by first fixing the value
of ¥(¢) and averaging over dN(¢), and finally averaging over ¥(¢). Equation (C6) then simplifies to

((dF - VIR(E())) = (V- VIR(EQR)))dr. (C8)

Let us now turn to the second term in the second equality on the right-hand side of Eq. (C4).
Using Eq. (C5), the only O(dt) contribution from that term is then obtained as

1 - 1 \’
E(df V)2 h(E®R)) ~ T(— dN()F - V) h(F(t)). (C9)
! r
Using vector calculus, this expression can be further simplified (see Appendix D); we get

2
GdN(r)f . %) h(E(1)) = r—12dN(t)dN(t)f - Vh(E®))

- rlzTr[dN(t){V ® VhE?))}dN®{E @ F}]. (C10)

Performing the average of Eq. (C10) with respect to the stochastic noise gives

2
<(%dN(t)f' : §> h(F(t))> = <r—12(dN(t)dN(t))f' : Vh(f'(t))>

- <%Tr[dN(z)W ® VAE®))}dN®{E ® f'}]>. (C11)
Using the properties of dN(t), we may simplify Eq. (C11) into (see Appendix E)
2
<<%dN(t)f' : ?) h(f(t))> = dt(V?h) — dt(D — 2)<rl2f . w> —dt (- V)*h). (Cl12)

We now express the gradient operator V in terms of its radial and angular components on the
sphere S as

Vs, (C13)

N | ==

Vi +
=r—
or

where Vs is the surface divergence on the surface of the unit sphere S in D dimensions. Clearly,

F- Vs = 0. Hence, we have
1. - 10h
—E-Vh)=(-—) (C14)

r ror

000069-33



RUPAK MAJUMDER AND SHAMIK GUPTA

. 82h
((®-V)h) = <—> (C15)
or?
3%h D—10h 1
VZh) = (— — 4+ —V2h), C16
(Vo) <8r2 r E)r—i_r2 S> (16)

where Vfg is the Laplace-Beltrami operator on S. For a proof of Eq. (C16), see Appendix F. Hence,
Eq. (C12) simplifies to

1 o=\ L 1_, 1 0h
—dN(@)F -V | h(¥(1)) ) = di{ 5 Vsh)+di{——). (C17)
r r r or
Since h is a function defined on the unit hypersphere, and the dynamics of the particles always
confines the particles on the hypersphere with same radius, the second term must be zero, giving

2
<<ldN(t)F : %) h(f(z))> - dr<i2v§h>. (C18)
r r
Putting Egs. (C8), (C9), and (C18) back into Eq. (C4), we obtain
dh(E B} 1
< (;t(t))> = ((V- VIR(E®))) + <ﬁV§h(F(t))>, (C19)

Using the same argument as the one used to obtain Eq. (C2), we may also write the first term on the
right-hand side of Eq. (C19) as

(V- VHRE®))) = / F(F, 1)V - VhE) dVp

=— / h(E)V - [F(F, 1)V] dVp, (C20)

where in the last step we have performed integration by parts and have taken the boundary
contributions to vanish. Similarly, the second term on the right-hand side of Eq. (C19) may also
be simplified as

1 . Lo 1 -
<r—2V§h(r(t))> = / J-‘(r,t)r—zvgh(r) dvp. (C21)
Using the definition of 4 from Eq. (C1) in Eq. (C21), we obtain

1 ]

<—2v§h(f(t))>=/ —28(r—1)[/?(F,t)V§h1(8)dQ}rD_ldr
r 0 r

1 S\ o2 Tn D—1

=/ —8(r—1) /hl(a)VSf(r,t)dQ P ldr

0 T

= / h(f)[r—lzvgf(f-, t)i|dVD, (C22)

where in obtaining the second equality, we have performed integration by parts for the term within
the square brackets.
Using Egs. (C3) and (C19) along with Egs. (C20) and (C22) and noting that / is an arbitrary
function on S, we arrive at the desired Fokker-Planck equation, which reads as
aF

B, T
o =V P+ ﬁvfg}‘. (C23)

Equation (C23) is the desired equation (28).
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APPENDIX D: DERIVATION OF EQ. (C10)

Here, we prove the expression given in Eq. (C10). The left-hand side is of the form (r—'MF -
V)?h(E), where M is a constant (F-independent) antisymmetric matrix. The given quantity is
rewritten as

1 _\? 1 .1 .
(—MF . V) h(F) = ~MF - V[-Mf . Vh]. (D1)
r r r

Using the vector calculus identity V( fo=1 %g + g% f for any two scalar functions f and g, we
may simplify Eq. (D1) into

_T1 _ L1\ 1. _
V[-Mf : Vh] = (MF - Vh)V(—) + —V[MF - VA

r r r
| |
= ——3r(Mr -Vh) + ;V[Mr -Vh]. (D2)
’
Using this in Eq. (D1), we obtain
Lo o\ s LI (PR
=Mr -V ) i) = = F(MF - Vh)(MF - T) + — (MF - V)“h(F). (D3)
r r r

Since M is an antisymmetric matrix, we have M¥ - ¥ = 0. Hence, Eq. (D3) reduces to
1N o
-Mr -V ) h(F) = —Z(Mr - V) h(F). (D4)
r r

Let us now focus on computing (MF - %)2h(f'). We will do further computations in the Cartesian
coordinate system. Let M;; denote the i jth element of the matrix M. Similarly, let the ith component

- . - D A Ak . .
of the vector F be r;. Hence, we may write ¥ = ) _._, x;f;, where f; is the unit vector along the ith
Cartesian coordinate axis. Using this, we may write

Mk - VA(E) = ZZMkaja . (D5)

k=1 j=1

Proceeding in a similar way, we obtain

L D D 5 [ 2 o
Mr - VIMF - VA(©)] = ;;Mlmxma_xl k; ;Mij.ia_xk
D D D D 9h D D D D 22
= IZZ] n; ; j; 8 Mlka]-xm BXk + l:Z] "; k; ;Mzkajmej—ax[a)Ck .
(D6)
Now, the first term may be simplified as follows
D D D D D D o
ZZZZSZ}MIWM}(}X’" ZZ ZMkj Jjm -xm
I=1 m=1 k=1 j=1 m=1 k=1
D D
= Z Z(MZ )km-xm aah
k=1 m=1
= M*t - VA(E). (D7)
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Using the antisymmetry property of the M matrix, the second term simplifies to

D D D D D D D D

3h
ZZZZMlkaJmeJa 9 = _ZZZZM’M[(‘) I ]Mkj[xjxm]

=1 m=1 k=1 j=1 m=1 I=1 k=1 j=1

D D D
n=1 =

D
==Y > > > MulV ® VAlM,[F @ Fljm
j=1

m=1 1 k=1 j

~Tr[M(V ® VA)M(F ® F)]. (D8)
Hence, combining Egs. (D6), (D7), and (D8), we finally obtain

(MF - V)*h(F) = M’F - VAE) — TiM(V ® VAME © F)]. (D9)
Using this in Eq. (D4), we finally obtain

1 _\? 1 _ 1 .-
(—Mf . V) h(¥) = —2M2f' - VA(F) — 5 Tr[M(V @ VA)M(E @ F)], (D10)
r r r
which is used to obtain Eq. (C10) of Appendix C.

APPENDIX E: DERIVATION OF EQ. (C12)

The independent matrix elements of dN(z), represented by [dN(¢)];;, are independent differential
Wiener processes. We represent them by [dN(7)];; = —[dN(#)];; = dW;; Vi > j. This further gives
us

([dN@)]ij[dN@)]xr) = dt(Bixdji — 8iudjk)- (E1)
Using (dN(#)dN(t)) = —dt(D — 1)L in the first term on the right-hand side of Eq. (C11), we obtain

<iz<dN(t)dN(t))f' : Vh> = —di(D - 1)<12f : w>. (E2)
r r

We now focus on the second term on the right-hand side of Eq. (C11). We will do all further
computations in the Cartesian coordinate system. Using Eq. (E1) in the second term, we obtain

<rl2Tr[dN(t)(% ® VR)AN@)E ® F)]>

2

33 ~ (1 9%h
=222 <r_2[dN(l)]ml T [Nk jxjxm>

b L2l Xpx; 0%h
=->>> Z([dN(r)]lm[dN(rnk,)( - >

0x;0x
I=1 m=1 k=1 j=1 10X

b 222 XpX; 0°h
= 2»» Z(a,kamj - a,jgmk)< % W>
B —dtZin a2h> <x,,,x, 0%h H
- r? 9x> r2 9x;0%,

_dt<1 v2h>+dz<iiw’ >
2 9x;0%,,

=1 m=1
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XmX|
= —dt (V*h) +dt E3
+<zzﬂww> )

=1 m=1

In the semifinal step, we have used r* = ZD Let us now focus on the second term. From

m=1%m"
definition,
D D 9 9
r-v 2= m
#9725 o]
o9 2) 3] [
- Im la . 1 maxlaxm
=1 m=1
D 3 D D 92
- 2 — E4
sz axl + szlx 8)613)6,” ( )
=1 =1 m=1
This finally gives

sz’x’"ax,ax =®-V)?—%F-V. (E5)
Using Eqgs. (E2) and (E3) in Eq. (C11), we finally obtain
<;(dN(t)F . ﬁ)zh(f(t))> = —dt (D — 2)<r1—2f' . €h> —dt((#- V)?h) +dt(V?h),  (E6)
which is Eq. (C12).

APPENDIX F: DERIVATION OF EQ. (C16)
We start with the expression of V in D-dimensional spherical-polar coordinates, which reads as

N d 1~
V=ft—+-Vgs. (F1)
ar r

Now, our quantity of interest may be evaluated as follows:

. _ [ oh 1
Vzh:V-Vh:V~[ }+V [—Vgh}
r

ar

oh 17 - 1o -
= (V. )—+ V[ i|+V|:—:|~Vsh+—VoVsh
r r

or
D—103h 8% 1_,
=— §+m+ﬁvsh. (F2)

In the last step we have used the fact that t - Vs =0. Also, we have used V - = (D — 1/r.
Equation (F2) is Eq. (C16) of Appendix C.

APPENDIX G: DERIVATION OF EQ. (29)

We start with the first term on the right-hand side of Eq. (28), which upon using standard vector
identity gives

V. [FVl=V-VF+FV.¥, (G1)
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where we have v = K; [P — (f- ]13’)F/r2] + 2K,[M/r — (¥ - M¥)Ip/r3]¥. Now, using Eq. (C13), we
have

- _OF
VF=t— + —-VgF. (G2)
ar r

Since v is along the tangent to the sphere centered at the origin, we have ¥ - v = 0. This is also
evident from the expression of v on using the result ¥ - ¥ = 2. Hence, we have
L e 1, -
V- Vf" = =V Vg]'—
r

(- )
= ~(K\P +2K,M&) - Vs F
"

. D[(Kllﬁ +2K,Mg) - VsF], (G3)

where in deriving the second equality, we have used T - VsF=0 by the definition of VsF.
We now focus on the second term on the right-hand side of Eq. (G1). Using the expression of Vv,
we obtain

_ I R R . [1 1
V.¥y=KV. |:IP’ — (- ]P’)F} + 2K,V - [—Mf — (- MF)F}. (G4)
T r T

Focusing on the first term on the right-hand side of Eq. (G4), in terms of Cartesian components, we
may write

-
=—[(P-5)V-6+V(P-5)- 5]
- D_l 1 = = N
=_[ap> ) }+—[JP>—(1P>-&>&] a}
r r
z_%(p_nn%.a. (G3)

Here, in obtaining the fourth equality, we have used the identity VA.5)= }[1& — (A - §)5] for
any constant vector 11, which we derive below [see Eq. (H4)].
We now focus on simplifying the second bracketed term in Eq. (G4). From Eq. (H12), we obtain

- 1 1
V. |:—MF] = —[Tr[M] — o - Ma], (G6)
r r
and from Eq. (H21), we obtain
- 1 D -1
V. |:—3(F . Mf')i"i| = ( )(& - Ma). (G7)
r r
Combining these results, we obtain
- 1. . 1 o 1 - -
V. |:—Mr — —3(r . Mr)r:| = —[1 — Do - Ma], (G8)
r r r

where we have used the fact that Tr[M] = 1. Hence, from Eq. (G4), we get

_5(r—1) s(r—1) S(r—1)

FV .V = Ki(D—1)FP -5 + 2K F —

2K,DFG -Mg.  (G9)

r
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Using Egs. (26), (G1), (G3), and (G9) in Eq. (28), we obtain

oF o(r — 1 - > 8(r—1
o(r — I)E = - 4 )[(K1IP’ +2K,M6) - VsF] + )
r r

S — 1 5 — 1 S —1
= Doprs s - "= Vogr ¢ (r2 )
-

Ki(D—1)FP .-

+

TVAF. (G10)

Integrating both sides over r from 1 — € to 1 + € for small €, we finally obtain
oF

= =" K\[VsF — (D — 1)F&) - P — 2K,F — 2K,[VsF — DFG]-Ma + TV:F.  (Gll)

Equation (G11) is the desired equation (29).

APPENDIX H: DERIVATION OF SOME USEFUL IDENTITIES
We start from the following expression:
Iy

ﬁ(g.a)::6<x.:). (H1)

r

Now, in the Cartesian coordinates, if we denote the jth component of A by A; and that of ¥ by x;,
then we may write

o s N b Aj)Cj
VA 5)=V|> = (H2)
r
j=1

Hence, the kth component of V(A - 5) may be written as

d Aj.Xj
Bxk Z r

Jj=1

VA - )k

. XD: Aj(gjk _ XD:Aijxk
o4 r , r’
j=1 j=1
A -
— 2 _2E 5. (H3)
ror
Hence, we may write
NN 1 - -
V(A-6)=-[A—(A-6)d]. (H4)
r
Now, from Eq. (C13), we may rewrite the left-hand side of the equation as
o oo .0 1~ -
VA-0)= ra——i-—VS (A-0). (H5)
ror

Since A - ¢ is independent of r, we may immediately write
VA.-§) = %%S(A - 5). (H6)
Comparing Egs. (H4) and (H6), we finally obtain
Vs(A-3)=A —(A-5)5. (H7)
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Taking divergence on both sides of Eq. (H7), we obtain
V.Vs(A-6)=-V - [(A-5)3], (H8)
where we have used V - A = 0, since A is a constant vector. The left-hand side of Eq. (HS8) gives

-

1, -
= -Vi(A-5), (H9)
r

where we have used # - Vs = 0. Let us now simplify the right-hand side of Eq. (H8). Using standard
vector identity, we obtain

V[(A-&)&]:(A-aﬁ +VA-5)-
. 1. -
=(A-5) } +-[A—(A-6)5] -6
r
1 o
=—-(D-1A-0, (H10)
r

where in obtaining the second equality, we have used Eq. (H4), while in arriving at the last step
of Eq. (H10), we have used & - @ = 1, which makes the second term on the right-hand side of the
second equality equal to zero. Putting Eqs. (H9) and (H10) back into Eq. (H8), we finally obtain

Vi(A.3)=—(D—-1A-G. (H11)

Another expression we want to compute is

B} 29

I
\U:i
|;|

\
5
|
=
3
o =
~.
[

D 1 2 D
= |:ZBmm - —2 Z ZBjmxmi|
m=1 =1
1 |
= - |:Tr[B] - 5T Br:|
r r
- %[Tr[B] GB35, (H12)

We now present another computation of interest:

-
-

_( F T
V(G -B&) = V(B— : ->. (H13)
r

r

Now, in the Cartesian coordinates, if we denote the jth component of ¥ by x; and i jth element of B
by B;;, then we may write

D

D
V(- B3)=V ZZB,,-)% . (H14)

i=1 j=1
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If we focus on the kth component of V(3 - Bd), we obtain

[V(@ - B&)lk Bxk ZZ B,,x;x’

i=1 j=1

D D b D -
:ZZ 78k 2+ZZB,,3,k =YY By

i=1 j=1 i=1 j=1

D D D
:%ZZB,U»——i— ZZB,k——§ Y BT s
i=1 j=1 i=1 j=1 i=1 j=1

Since B is a symmetric matrix, we may simplify the previous expression as

b D D D
(VG -B&) = - ZZBJk_+ ZZB’W')%_% ZXiZBijxj 3%

i=1 j=1 i=1 j=1 i=1 j=1

:%[Bf} j(f.,ﬁ)[f}
r r g r\r r r g

= %[B& — (Bo - 6)0];. (H16)
Hence, we may write
V(@ -Bs) = %[B& — (B3 - §)3]. (H17)
Now, from Eq. (C13), we may rewrite the left-hand side of the equation as
V(@ -Bo) = [fi + 163}(3 -B3). (HIB)
ar r
Since (6 - Ba) is independent of r, we may immediately write
VG - BG) = %%S(a -B&). (H19)
Comparing Egs. (H17) and (H19), we finally obtain

V(@ -BG) = 2[BG — (BG - 5)5]. (H20)

Another quantity we want to compute is

=
<

BG]+ (6 -Bo)V .o
D=1

r

[
=8-|:%B6—%(B6-8)5:|+(6 Bg)
r r

O-1 . ..
= (¢ - Bo). (H21)
;

APPENDIX I: DERIVATION OF EQ. (66)

In the Cartesian coordinates in D dimensions, we may write a general position vector ¥ = ro =
(x1,x2,...,xp) and the corresponding unit vector ¢ = (o7, 0, ..., 0p) as defined in Sec. V B.
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Using this, we may define a new function

D

(0. = YT e, an

=1 i=1 i,=1

where T is a symmetric traceless tensor of order n. Since x; = ro; forany j =1,2,..., D, we
may write

(T™,#") = (T, 5%"), (12)

where (T™, 3®") is defined in Eq. (64).
We now study the effect of the full Laplacian V2 on (T, ¥®"). We first compute the kth
component of V(T ), #¥") in the Cartesian coordinates, which reads as

D

D
0
—>® (n)
_8xk T ¥) = " Y T (8 i, X Sy X, XX 8.
=1 =1

3)
Since T™ is a symmetric tensor, we may simplify Eq. (I3) into
(’I[‘ (n) —»®n) =n Z Z Tk(’;) i x12x13 e xi,, . (14)
h=1 i,=1
Repeating the same argument, we obtain
(T M ¥91) = n(n — 1) Z Z T XX, 15)

=1 in=1

Now computing V(T "™, ¥®") in the Cartesian components, we obtain

>}

2
r[r(n) i:®n Za_ & f.®n)
ax2 b 9
k=1 Tk

D D

SIS [Z (e }x cox, =0, (16)

=1 i,=1

where in the last step we have used the traceless property of T as given in Eq. (65).

We now compute V(T #®") in D-dimensional spherical-polar coordinates as defined in
Appendix B. Using Eq. (F2) along with Eq. (I2) and noting the fact that (T ®, ®") is independent
of r, we obtain

— 2
VZ(’]I‘(n)’i:QZ)n) — |:D - 1%_’_ % n r_lzvéi| [r"(T(n),5®")]
=" [n(n+ D =2(T™. 5%) + V5(T. 57)]. (17
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Comparing Egs. (I6) and (I7), we obtain
VE(T™,5%") = —n(n+ D — 2)(T™, 5%"). (I8)

Equation (I8) is the desired equation (66).

APPENDIX J: DERIVATION OF EQ. (67)

-

Using the definition of (T ™, ") from Eq. (64), we may write the kth component of the integral
[a(T™,5%dQ as

D

[/ (T™, 3" dQ} ZZ T iﬂ/ako,»lo,-z-no,»“dQ. an

i1=1i=1 i,=1

If n is even, then the integral contains the product of odd number of o’s. Hence, using Eq. (K1), we
immediately get [ (T™, ®")d 2 = 0 when n is even.

When 7 is odd and n > 3, we compute integrals of product of even number of o;’s. Using
Eq. (K1), we obtain

- (n) =Q®n _ .. ‘(”‘) . -
|:/O’(T , 0 )in|k = ZZ ;7;],[2 ..... iy l_[zl ()I(D+2k) Z l_[ (Slalb

{pairingsP} (a,b)eP

D D D D
qu ()] (D + Zk) palr%;sP 112; 1‘XZI:I z“Z]:I 1,321:] iﬂ;l
D
T ] et | (12)
i,=1 (a,b)eP ig=1ig=1

(a.b)#(a, )

Now the term inside the bracket in the last step is a trace of T, and from Eq. (65), we know it is
zero since T is a traceless tensor. Hence, [ a(T™, 3*")dQ = 0 when n is odd and n > 3.

The only case left to compute is n = 1. Focusing on the kth component and using Eq. (K1), we
obtain

D
Q Q
— (1) D _ 2D (1)
_221 [35,-4 =T, 13)
i1=
which immediately gives
Q — Q
- /(1) =/ r__ 24D 1 - __ 24D a1 =
a./a(qr ,6)dQ = D;Tk o = (T, 3). (4
Combining everything, we thus obtain
- =/ (rm(n) =/ ’ Qp (n) =/
o - or(T ,a)dQ :8,,,13(11" ,a). as)

Equation (J5) is the desired equation (67).
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APPENDIX K: TENSOR INTEGRAL FORMULA

Let 6 be a D-dimensional unit vector having the form & = (o1, 0, ..., op) in Cartesian coordi-
nates, then it is known that [114-116]

/a,-]oiz-ua,-”dQ:O, 1fn=2m—|—1

> IT i ifn=2m. (K1)

?
Hk 0 (D + 2k ) {pairings P} (a,b)eP

APPENDIX L: DERIVATION OF SOME USEFUL TENSOR INTEGRALS

The first integral we compute is [ (A - )d2. Note that the result after performing the integra-
tion is a vector, whose kth element may be written as

D

D
[/ 6(11.6)5152} = ZAj/akoj dQ = ZA [QDak,}, (L1
ko= j=1

where in the last step we have used Eq. (K1). Performing the summation over j, we straightfor-
wardly obtain [ | G(A - 3)dQ; = (Qp/D)Ax. Hence, we have

-

Lo o Qp
fo(A -0)dQ2 = FA' L2)

The second integral we compute is [ 6(d - B6)d 2. Focusing on the kth component, we obtain

[ / 3(&-B&)d9:| ZZB,, / 0,0;0, d2 = 0, (L3)

i=1 j=1

where in the last step we have used Eq. (K1). Hence, we obtain
/ 55 - B3)dQ = 0. (L4

The third integral we compute is | G(A-5)2dS. Focusing on the kth component, we obtain
[/a(ﬁ : a)zdsz] = Z ZAA /oiojok dQ =0, (L5)
i=1 j=1

where in the last step we have used Eq. (K1). Hence, we obtain
/ G(A-5)%dQ2=0. (L6)

The fourth integral we compute is [ 6(0 - B&)? d2. Focusing on the kth component, we obtain

D

D D D
|:/6'(6'B6’)2d§21| ZZZZB,jBlm/UiO'jUIO'mdeQ =0, @L7)

i=1 j=1 I=1 m=1

where in the last step we have used Eq. (K1). Hence, we obtain

/ (G -BG)*dQ = 0. (L8)
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The fifth integral we compute is | (A -5)(@ -Bd) dQ. Focusing on the kth component, we
obtain

D D D
[ / 6([&.6)(&~B&)d9:| => 3" AuBj / 0,000 d 2

k

D D D Q
D
=22§yw{ﬁﬁ5@m+%m+mm}(m

where in the last step we have used Eq. (K1). Summing over the Kronecker deltas and using the fact
that Tr[B] = 0, we obtain

2Qp -

——— _BA. (L10)
DD +2)

/a(A .3)(@ -B3)dQ =

The sixth integral we compute is [ (A - BG) dS2. Focusing on the kth component, we obtain

D

[/3(11.1;&)519} = ZZA,-BU/OijdQ
k ; X

i=1 j=1

~

D D

D
Z ZAiBij[%Sjk} = % ZAiBik- (Lll)
i=1

i=1 j=1

Since, B is a symmetric matrix, we may write [f&'(z&-B&’) dQx = (2p/D) Z?:I BuA; =
(2p /D)[Bﬁ]k. Hence, we obtain

Vo Qp_ =~
/G(A ‘B3) d2 = —BA. (L12)

The seventh integral we compute is [ & ® 7(¢ - B3)d 2. Focusing on the mnth component, we
obtain

D D
[f&@&(&-B&)dQ} = ZZBij/omonoiade.

i=1 j=I

D D Q
D
= Bij| ———— 5mn8i j amién j 8m '(Sm’ s L13
;; ,[D(D+2)( J + Sibnj + O )] (L13)
where in the last step we have used Eq. (K1). Summing over the Kronecker deltas, we finally obtain
Qp
0 R0d(0 Ba)dQ = ———[Tr[B]Ip + 2B]. L14
/a®ﬂ6 542 = [ (THBIL + 28] (L14)
Using the traceless property of B, we may simplify Eq. (L14) into
/* ® (5 - B&)dQ 2 g (L15)
6 ®ad(0-Bo = ——B.
D(D +2)
Replacing B by B? and B? in Eq. (L14), we get
/ Q66 -B*)dQ = L[Tr[]itZ]ID +2B?] (L16)
DD +2) ’
/ 556 B2 = — 22 [Te[BYI, + 287 L17)
DD +2) P '
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The eighth integral we compute is [ & ® 6(¢ - B5)’d Q. Focusing on the mnth component, we

obtain
D D D D

[/ 7 Q5 - B6)2d52i| Z Z Z ZB”BH f On0,0i0;0101dS2. (L18)

i=1 j=1 k=1 I=1

We now use Eq. (K1) to compute the integral. Due to the traceless property of B, any term
containing §;; or 8;; will not contribute after the summation. Considering only those terms which
will contribute, we may write Eq. (L18) as

[ / GRGG - B&)2d9:|
Q D D D D
D
m Z Z Z Z B;iBii[8mnbirSj1 4 8unbitS jk + Smiduid i

+ 8mibni8jk + SmjSnkSit + SmjSniik + SmiSnib ji + SmkSnjdit + Smi8nid jk + Smidnjdik]

Qp 2 2
=——— — | 28, B + 8[B“],.
DD +2)(D + 4) 2121 5]
T D(D+2)D+4)
Hence, we obtain

(28, Tr[B] + 8[B],]. (L19)

2Qp
D(D +2)(D +4)
The ninth integral we compute is [ & ® 6(d - B)(6 - B’3)d 2. Focusing on the mnth compo-
nent, we obtain

D D D D
[/a®&(&.Ba)(a-B2&)dQ] = ZZZZ y B]k;/omanaiajakaldﬁ. (L21)
mn i=1 j=1 k=1 I=1

/ F®a6(@ - B3)dQ = [Tr[B?]Ip + 4B2]. (L20)

We now use Eq. (K1) to compute the integral. Due to the traceless property of B, any term containing
8;; will not contribute after the summation. Considering only those terms that will contribute, we
may write Eq. (L21) as

[ / G ®06(@ - Bo)G - BZ&)dQ:|

mn

D D D
Qp
e B;; B? SndirS i1 + Smnditd 8,8, :8
D(D+2)(D+4);;;§ Bl xS + 18k + 8k

+ 8mink8j1 + SmiGnidjk + 8,j0niSks + SmjSnkSit + OmjSnibik
+ 8mk8ni5jl + 8mk8nj8il + 5m18ni8jk + 8m18nj8ik]- (L22)
Summing over the Kronecker deltas, we obtain

[/ G ® a6 B3)G - Bzﬁ)dQ]

mn

o
m[ Z Z 1/[B?1ji + 2B, Tr[B?] + 8[B3]mn]
= 2$[5 Tr[B®] + B,,, Tr[B*] + 4[B>],.,] (L23)
T DD+2)D+AH " n mn]-
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Hence, we obtain

2Qp

3 2 3
DOT 05 B Mo + TBB +4B%. (L24)

/ § ® (5 - B3)& - B26)dQ =

The tenth integral we compute is [ & ® 6(¢ - B6)’dQ. Focusing on the mnth component, we
obtain

D D D D D D
[/6@6(6.&?)3(19} = ZZZZZZthBijBkI/GmUnUgGhGinGkUldQ- (L25)

From Eq. (K1), we have
Qp
DD +2)D+4)(D + 6) (

/. O'mGnOgO'hO'iO'jO'kO’IdQ = Z Si[,ibéicidS,-y,vaiaip. (L26)

pairings P}

Total number of such pairs is 8!/ (2*41) = 105. Since it is tedious to write down all the combinations
of the Kronecker deltas, we will resort to a diagrammatic method to compute the integral.

a

(L27)

] D D
Bab: E 75(11): : 5 ZzaabBab:
®

a=1b=1
b b

In Eq. (L27), we have denoted symbolically the basic rules of the diagrams. If we have a term B,
we will add (EQ between the indices a and b. Similarly, if we have §,,, we will add () between the

indices a and b. If there are two lines (one solid and one dashed) connected to the same index, then
we will sum over that index.
To evaluate the integral in Eq. (L25), there are seven distinct diagrams possible, as shown below:

=

- '
1= L = (Tr[B]) bn = O, (L28)

n

= Tr[B] Tr [B2]6,, = O, (L29)
S

» )
o1= = (Tv[B])” Byn = 0, (L30)
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p

IV= B! =Tr[B][B?] =0, (L31)
! n
/,,. E .m
V= — T [B?] 5y, (L32)
\\ E .n

)

7
7

’
v

.
’

gy A [ ]
VI = — Tt[B] By, (L33)

’

v
’

o

VII = - [B%], . (L34)

v

o

Hence, only the diagrams V, VI, and VII contribute the integral in Eq. (L25).

We now compute the degeneracy of the aforementioned diagrams. For the diagram V, one hand
of any B can be contracted with one hand of another B in 2 x 2 = 4 ways. For each of these cases,
the third B can be contracted with the open hands of the first two B’s in two ways. Hence, the total
degeneracy of the diagram is 8.

For diagram VI, which among the three B’s will be contracted with the free indices m and n can
be chosen in three ways. Upon choosing the B in one of these ways, which of its two hands will be
connected with the free indices m and n results in a degeneracy factor of 2. The rest of the two B’s
can be contracted among themselves in two ways. Hence, the total degeneracy of the diagram is 12.

For diagram VII, which among the three B’s will be contracted with the free indices m can be
chosen in three ways. Upon choosing it, which among the rest two B’s will be contracted with the
free indices n can be chosen in two ways. Upon choosing the B’s, in each case, we have two choices
about which hand to be contracted with the free indices, m or n. After doing this, the free hands of
these two B will be contracted with the third B, and it can be done in two ways. Hence, the total
degeneracy of the diagramis 3 x 2 x 2 x 2 x 2 = 48.
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Combining everything, we obtain the value of the integral in Eq. (L25) as

4Qp
D(D +2)(D +4)(D +6)

f Qa0 -B3)dQ = [2Tr[B)Ip + 3Tr[B%]B + 12B%].  (L35)

APPENDIX M: DERIVATION OF EQ. (68)

Using the definition of (T, ®") from Eq. (64), we may write the kmth component of the
integral /& ® 3(T™, 3%")dQ as

|:/(T®O'(T(n) *®” dQ] ZZ Z l]("ll _____ P /Gka,nailoiz---aindﬂ. (M1)

i1=1i=1 i,=1

If n is odd, then the integral contains the product of odd number of o’s. Hence, using Eq. (K1),
we immediately get [ ® a(T™, 3%")dQ = 0 when n is odd. For even n and n > 4, following a
similar argument as given in Appendix J, we may show [ o ® (T™,5%")dQ = 0. The only case

left to compute is n = 2. Focusing on the kmth component and using Eq. (K1), we obtain

|:/(T®0(T() 3@0’ dQ] = ZZY;]QI)Z/GkO'mGhO'iZdQ

km i1=1ir=1

- Z Z ,](2,)2 [D(D + 2) (811128mk + 8i|m852k + 8i1k8izm)j| . (MZ)

i1=1i=1

Using the traceless property of T, we have 211—1 Z T2 6, =0. Using the symmetric

=1 "i,ip 11l2
2 2 2
property of T®, we further obtain Y5 _ >0 T2 8 ik = Y01 Y0 _y T2 8140m = T,
Using these results back into Eq. (M2), we obtain

2Q2p
6 R6(T?,606)dR| =—""T2, M3
[/6@0( 7 ®35) = DDt 2) (M3)

which immediately gives
G- /3’®a’(1r<2> & ®5)dQ |6 = ZZ 12010, = &(T@) 7 ®37).
’ D(D + 2) 4 " DD +2) ’
(M4)
Combining everything, we thus obtain

8,229
g-| | @& (T™,6%)dQ |6 = —2—2_(T™,5%"). M5
G |:/a®a( ") G D(D+2)( a°") (M5)

Equation (M5) is the desired equation (68).

APPENDIX N: CHECKING OF EQ. (115)

Here, we show that the expression of the elements of T as given in Eq. (115) is indeed traceless
and symmetric. Since b4 (Tr[B2], Tr[B3], ..., Tr[BP]) is simply a scalar, we will represent it as b,
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in this section. Hence, Eq. (115) becomes

8Bl + 8i[B*11 + 8u[B*1 e

4)
Tju =ba |:(Bt]Bkl + BiyBji + BuBji) — D12

2Tr[B?]

) 21. . 27. 21, _
+5/k[B T +8JZ[B lik + 61 [B ]lj] + (D+2)(D+4)

(88 + Sudji + 5i18jk):|~ (NT)

Since B is a symmetric matrix, we have By, = By, and [B%).» = [B?1e. Further, from the
definition, we have §,;, = §,,. Using these properties, we immediately see that le‘,‘j remains invariant
under interchange of any pair of its indices, i.e.,i <> jori <> kori <> lorj < korj < lork < .
Hence, T™® is a symmetric tensor.

Since T® is symmetric, vanishing of the trace over any one pair of indices implies vanishing of
all traces, indicating tracelessness of T . In the following, we evaluate the trace by contracting the
ij index pair. By definition, the trace is

Z Z 8 Ty =b [(Z Bn)Bk, + Z ByBi + ZBU T Ry [(D +2)[B? ] + 2By

i=1 j=1
- 2Tr[B?] D
+ 81(1(2 (B h)] + DR EWS! Déy +2 E Bidir | |- (N2)

i=1 i=1

Since B is traceless, we have Z?:I B;; = 0. The symmetric property of B gives Z?=1 By B =
Z?: \ BuBix = [B2];;. The symmetric property of B? gives [B2]i; = [B2];x. Further, from the defini-
tion, we have Zf):l [B?];; = Tr[B?] and ZiD:] 8i18ix = 6. Hence, Eq. (N2) simplifies to

2 2Tr[B?
ST = b [2[B2]k1 D+ OB+ TeB ]+ ]

2 syl =o.
~ = (D +4) (D +4) "’} 0. (N3)

We have thus proved that T is traceless and symmetric.

APPENDIX O: DERIVATION OF V 5(T®, )

Similar to Appendix I, we start by defining

D D D D

T® f‘®4 Z Z Z Z t1(nll i ig Xin XipXisXiy (OD)

i1=1ih=1i3=1iy=1
where ¥ = ro = (xq, x2, . . ., Xp), which immediately gives
(TW,¥94) = r*(T®, ). (02)

Computing the kth component of (T ®, ¥¥4) in the Cartesian coordinates, we obtain using Eq. (14)
that

D D D
[V(T®,¥4)], =4 Z Z Z k(t) i1y X2 Xis Xiy (03)
ih=1i=1is=1

where V is the full gradient operator. The right-hand side of Eq. (O3) can be thought as the kth
Cartesian component of the vector obtained when a rank-4 tensor T ™ is contracted with ¥ ® F ® F.
In this notation, we may write

V(T #%%) = 4(TW, %) = 473 (T, 5°%). (04)
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We now compute V(T®, ¥®*) in D-dimensional spherical-polar coordinates as defined in
Appendix B. Using Eq. (F1) along with Eq. (02) and noting the fact that (T, **) is independent
of r, we obtain

(19,5 = [r% + ;63][#(@4& )]
=43 (TW, %)t + rVs(TW, 5%). (05)
Note that, by definition & = ¥/r = &, using which we may write
V(T®, 5% = 43 (T®,6%)6 + r*Vs(T®, ). (06)
Comparing Egs. (04) and (O6), we obtain
Vs(T®,6%) =4[(T®, %) — (T, *")5]. (07)

We now express the right-hand side of Eq. (O7) in terms of B and & using Eq. (115). We will
denote b4(Tr[B2], Tr[B%], ..., Tr[B”]) by by in the following computation. Focusing on the kth
component of (T @, 6®3) in the Cartesian coordinates, we obtain

D D D

[(T (4)’ &®3)]k = Z Z Z 77((,?2),[3,1'40-"201"301"4

ih=1is=1iy=1
D D D

= by Z Z Z 0i,0i,0i, [(BkizBiziA + Bii; B, i, + Bki4Bi253)

=1 iz=1 iy=1
2
(D+4)

+ ki, [B*1iyiy + 810ty [B*1kiy + 810ty BTty + 81,1, [B*1is, |

2Tr[B?]
(D+2)(D+4)

[8i, [B*1iui, + i [B*1:ni,

(8kiyisiy + SkiyOiniy + 5ki45i2i3):|~ (08)

Let us focus on Eq. (O8) term by term. First,

D D D D D D
Z Z Z 01,01,04, Bui, Bisi, = |: ZBkizaiz] |: Z Z Gi3Bi3i4Ui4:|

i2=1 i3=1 i4=1 i2=1 i3=1 i4=1
= [Ba )i (o - Bo). (09)
Similarly, summing over the remaining two terms of the form By,B.;, we will also get [Bo; (o -
B&). Focusing on the terms of the form &, [B?].4, We obtain

D D D

>3 00,00,03,86 B i, = [1(E - B*3). (010)

=1 i3=1 iy=1

Similarly, summing over the remaining two terms of the form &, [B2].q4, we will also get [6];(a -
B25). Focusing on the terms of the form 845[B% ke, We obtain

D D D

Z Z Z 01,061,014, 81, [B* i, = [B?51( - &)

h=1i3=1i4=1

= [B%*G . (O11)
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Similarly, summing over the remaining two terms of the form 8ab[B% ke, we will also get [B26]y.
The three remaining terms are of the form §,8,.. Summing over each of them, we obtain [6];.
Combining everything and putting it back into Eq. (O8), we obtain

(T, 3%°) =3b, [(a -B&)Bo — 2 —— _[(G -B*6)d + B%*5] + 2Tr—[]32]&j| (012)
’ (D+4) D+2)D+4) |
The expansion of (T™, 3®*) in terms of B and & is given in Eq. (116), which reads as
2Tr[B?]
T®, 5% =3b |:&~B32— G- B’ +—}. 013
( ) =30 ( ) (D+4)( ) (D +2)(D +4) (O13)

Substituting Egs. (O12) and (O13) back into Eq. (O7), we finally obtain

(6 -B%*6) — (6 - B6)*6 —

Vs(T®, %) =125 [&~B6 Bg +
s( ) 3| ( ) (D +4) (D+4)

B26}. (014)
APPENDIX P: CHECKING OF EQS. (135) AND (136)
Using Eq. (I6), we may write
D
V3@ -B%G) =2 [B’lex = 2Tr[B’], (P1)
k=1
where [B2] k.k 18 the kth diagonal element of the matrix B2 Similarly, from Eq. (I7), we obtain

V(G - B*6) = 2D(5 - B*) + V(5 - B%3). (P2)
Comparing Eqgs. (P1) and (P2) gives

Vi -B%%) = —20[(a B’G) — DTr[BZ]]. (P3)
Noting that Tr[B?] is independent of  and therefore V2 Tr[Bz] = 0, we may rewrite Eq. (P3) as
[VE +2D] [(a B’G) — —Tr[B2]1| =0. (P4)
This immediately gives from definition (132) of the projector operator Py that
7?4[(0 B%G) — %Tr[B2]] =0. (P5)

Equation (P5) is the desired equation (135).
From Eq. (I8), we have

VZ(T®W, %) = —4(D +2)(T™, *"). (P6)
Hence, we have
[VZ+2D](T™, %) = —2(D + 4)(T™, 3*"). (P7)
From the definition of the projector operator P4 from Eq. (132), we may write
22
7) (T “4) 3@4) v [V + 2D] (']I* (4), ->®4)
8(D+2)D+4)
1
— V2(T®, 5%
o+ s
= (T®, &%). (P8)

Equation (P8) is the desired equation (136).
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