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In an open quantum ring (OQR), an asymmetric ring-to-electrode configuration, where
the upper and lower arms have unequal lengths, generates antiresonances in the junction
transmission spectrum around the doubly degenerate eigenenergies of the isolated ring
Hamiltonian. The asymmetric OQR also gives rise to a net circular current transmission
within the ring, specifically around these doubly degenerate eigenenergies. We investigate
the system-size scaling properties of the transmission within the ring and the overall
junction transmission of an OQR. Ballistic transport refers to the unhindered flow of
charge carriers within a conductor, where transmission is independent of the system size.
Here, we find beyond-ballistic behavior, characterized by an anomalous increase of the
transmission with increasing system size, near both the degenerate and nondegenerate
eigenenergies of the ring Hamiltonian, depending on the ring-to-electrode configuration.
This phenomenon is unique to OQRs and is associated with the quantum interference
effect between two counterpropagating electronic waves with nearly equal and opposite
momenta. Consequently, there is no equivalent phenomenon in open quantum junctions
with linear conductors.

DOI: 10.1103/bxj3-y14s

I. INTRODUCTION

The Drude model, proposed about 100 years ago, describes electronic transport in metals [1].
Since then, the nature of electron transport has remained a topic of primary interest across a broad
area of research, and yet fresh mysteries and revelations continue to arise. Three scenarios are
typically observed in the context of charge-carrier transport in low-dimensional systems [2—4].
Ballistic transport occurs in a perfect conductor, where the conductance G is independent of N,
and charge carriers flow without any restriction. In an insulator, G decreases exponentially with
system size N, i.e., G ~ e ™ with A > 0, where A is the inverse localization length. On the other
hand, diffusive transport appears in the presence of disorder, where G scales as N~!.
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FIG. 1. Schematic view of a tight-binding quantum ring attached to two semi-infinite electrodes. I, and
I, represent the currents in the upper and lower arms of the ring, respectively. I refers to the overall junction
current.

The nature of electron transport is studied primarily in isolated systems [5-8]. For example, the
well-known Anderson localization [5,9], a problem of long-standing interest in condensed matter
physics [10]. In a tight-binding lattice, the system wave function changes from being extended
(metal) to exponentially localized (insulator) in the presence of an infinitesimal random disorder.
On the other hand, in the Aubry-André-Harper model, the metal-to-insulator transition arises from
the presence of an incommensurate potential of finite strength [11,12].

In the context of transport, another important variant is the open quantum system where the
system of interest is coupled to multiple environments that drive current through it. Often, in
such cases, the system-size dependences of current, conductance, and transmission probability are
studied for linear geometries [13—15]. To the best of our knowledge, no studies have examined the N
dependence of transport in open quantum rings (OQRs). In this paper, we investigate the system-size
scaling of electron transport in a tight-binding fermionic open quantum ring, a problem that has not
been addressed so far in the literature.

An OQR exhibits unique transport properties compared to linear conductors. In an OQR, the cur-
rent inside the conductor and the overall junction current can show markedly different quantitative
and qualitative behavior [16-25], in contrast to a linear conductor where, due to charge conservation,
the current inside the conductor must equal the current flowing through the external circuit. Consider
an OQR as shown in Fig. 1, consisting of six atomic sites and symmetrically connected to the
source (S) and drain (D) electrodes, so that the lengths of the upper and lower arms are equal. The
zero-temperature bond current within the ring and the overall junction current can be written as
[21,26-28] I i1 (V) = 2 [ T,.;41(E)dE and Iy (V) = % [ T(E)dE, respectively, where ¢ is the
electron charge and 4 is Planck’s constant. Here, 7, ;1| (E) and T (E') denote the bond transmission
coefficient and transmission probability of junction current, respectively. The junction transmission
probability T'(E) is always positive and bounded above by unity in the present single-channel model,
whereas T;_, ;1 (E) can take either positive or negative values and is unbounded in an OQR.

Because of current conservation, the bond currents along any arm are identical. Thus, for the
upper arm of Fig. 1, I}, = L3 = 3.4 = Iy, and similarly for the lower arm, Iy_,5 = Is_,¢ =
Is—1 = Ir. The overall junction current must satisfy Ir = I; — Iy. In our sign convention, currents
flowing anticlockwise are taken to be positive. Under nonequilibrium conditions, Iy and I; flow
from the electrode with higher chemical potential to the one with lower chemical potential. Thus,
for a symmetric ring, Iy is negative, Iy is positive, and Iy = —I.. However, for an asymmetric ring,
both currents can flow in the same direction, giving rise to a net bias-driven circulating current that
is the average of the branch currents [20,29-31].

In the present work, we investigate the system-size scaling of the bond transmission coefficients,
the net circular transmission coefficient, and the overall junction transmission probability in an
OQR. For the symmetric ring-to-electrode configuration, the net circular transmission coefficient
vanishes, and therefore we present only the bond transmission coefficients and the junction trans-
mission probability. For the asymmetric configuration, we present all three quantities. We find
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that the bond transmission coefficients, the net circular transmission coefficient, and the junction
transmission probability exhibit the same qualitative dependence on the system size. Moreover,
in the asymmetric configuration, the bond and net circular transmission coefficients show nearly
identical qualitative and quantitative behavior around the degenerate eigenenergies of the bare ring.

Unlike a linear chain, a ring Hamiltonian possesses doubly degenerate energy eigenvalues,
arising from the periodic boundary condition of the ring, since eigenstates with momenta +k and
—k share the same energy. When the ring is connected to electrodes in a geometry where the upper
and lower arms have unequal lengths, the transmission resonance associated with these doubly
degenerate eigenenergies splits into two resonant peaks. In such an asymmetric ring, the overall
junction transmission exhibits two sharp resonance peaks separated by a zero (antiresonance) in the
vicinity of the doubly degenerate eigenenergies of the isolated ring. This behavior originates from
quantum-mechanical interference, and the corresponding poles and zeros in the conductance have
been well studied [29,30]. The circular current appears in the vicinity of these doubly degenerate
eigenenergies.

We find that, although the transport current and the circular current respond differently to
variations in bias voltage, disorder, and other external parameters, they display the same qualitative
dependence on system size. Similar to linear conductors, transport is ballistic except near the degen-
erate energy levels associated with any quantum ring (QR). For a symmetric ring, the transmission
increases with system size N at the band edge. The growth of transmission with system size that
exceeds the ballistic expectation is referred to here as beyond-ballistic transport.

We also observe beyond-ballistic transport around the antiresonances of an asymmetric ring.
Furthermore, the extent of the beyond-ballistic regime can be tuned by adjusting the ring-electrode
coupling strength. This anomalous scaling arises from the general property that quantum rings
whose system sizes are related by an integer multiple share the same eigenenergies, leading to
transmission peaks of identical height while the peak width decreases with increasing system size.
This repetition of eigenstates is an intrinsic property of quantum rings and has no analog in linear
junctions. Consequently, such anomalous scaling does not occur in linear conductors.

In realistic situations, the transport characteristics of mesoscopic systems are influenced by
various physical factors such as structural disorder, finite temperature, and dephasing processes.
These effects generally tend to suppress quantum interference and modify the scaling behavior.
While the present study focuses on coherent transport at zero temperature for clarity, the role of
dephasing has been examined following the approach described in Ref. [28]. A brief discussion on
the influence of finite temperature and decoherence has also been included. Moreover, in higher-
dimensional systems, the presence of subband structures and intersubband coupling may alter the
interference pattern and scaling response. For comparison, we have analyzed a two-dimensional
square lattice configuration, where conventional ballistic transport behavior is recovered, confirming
that the anomalous scaling reported here is a genuine feature of the strictly one-dimensional
open quantum ring geometry. In addition, to connect these theoretical predictions with realistic
conditions, we include a discussion on the experimental perspective for observing circular currents
and the associated beyond-ballistic transport in open quantum rings.

The remainder of the paper is organized as follows. In Sec. II, we outline the wave-guide
formalism used to compute the transmission coefficient and probability. Section III presents the key
numerical results and their analysis. The possible experimental perspective is discussed in Sec. I'V.
Finally, Sec. V summarizes our main findings.

II. THEORETICAL FRAMEWORK

The tight-binding Hamiltonian H for the OQR (see Fig. 1) can be written as the sum of sub-
Hamiltonians as

H= HRing + HSource + HDrain + HTunne]ing- (1)
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The forms of these sub-Hamiltonians are

N N
Hging = Zéicjci + ZI(C,THQ’ +cleit), 2

i=1 i=1
Hsource = Z eoaian + Z tO(aZan—l + a,.z,lan)s 3)

n<—1 n<—1

Hprin = Y _ €obiby+ Y _ to(blbuy1 + b}, by). )

n>1 n>1
Hrunneling = tS(CijSa—l + aLCNS) + tD(CI/Dbl + bT;CND). 5
Here, the meanings of the different symbols are as follows. €g and €; (i = 1, 2, ..., N) are the on-site

potentials of the electrodes and the ring, respectively. #y and ¢ are the nearest-neighbor hopping
strengths of these components. The creation operators a, b, and c:f are associated with the source,
drain, and ring, respectively. t5 denotes the coupling strength between the ring and the source, while
tp denotes the coupling between the ring and the drain. The site of the ring coupled to the source is
labeled as Ns, and the site connected to the drain is labeled as Np. For instance, in Fig. 1, Ny = 1
and Np = 4.

To evaluate the bond and overall junction transmission, we need to calculate the bond current
density J;;11(E) and the transmission probability 7 (E). To calculate J;_,;+1(E) and T(E), we
adopt the wave-guide prescription [32,33], where we solve a set of coupled linear equations
generated from the Schrodinger equation H|y) = E|y), with

W)= | Y Awal + Y Bubl+ > Cicl [10). 6)
i=1

n<—1 n>1

The coefficients A,, B,,, and C; represent the electronic wave amplitudes at the nth site of the source
and drain electrodes and at the ith site of the ring, respectively. In terms of the reflection and trans-
mission coefficients, r and 7, the amplitudes A, and B,, can be written as A,, = ¢+ 4 pe=ik(ntDa
and B, = t¢*"*, where k is the wave vector and a is the lattice spacing. We assume a plane-wave
incidence of unit amplitude from the source electrode.

The coupled equations are [32,33]

(E —€0)A, = t9(App1 + A1), n< -2,
(E — €0)A_1 = 1hA_ + tsCy;,
(E — €0)B, = to(Buy1 + Bu1), n>?2,
(E — €0)B1 = 1oB2 + 1pChy,
(E —€)C;i =1t(Cip1 + Cioy) + ts8i A1 + D8N, B1, 1 <i<N. (N

Solving Eq. (7), we obtain the bond current density and transmission probability using
2t i
Jisip1(E) = T Im(C7Ciy1)
and
T(E) = |t]’ = |Bif,

respectively.
The transport (junction) current is calculated in terms of transmission probability using the
Landauer formula,

e [T
Ir (V)= 7/ T(E)Ifs(E) — fp(E)]dE, 3

oo
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where T'(E) is the two-terminal transmission probability [21,26,27,34]. The functions fs(E) and
fp(E) denote the Fermi-Dirac distribution functions of the source and drain electrodes, respectively.

Analogous to the two-terminal transmission probability, Nitzan and co-workers [20,21,31,35]
introduced the bond transmission coefficient to describe the current flowing through an individual
bond of the ring,

T (E) = Tt E) )
Jincoming

where Jincoming 18 the incident current density. Unlike the conventional transmission probability,
the bond transmission coefficient 7;_,; ;| (E) can exceed unity and may also take negative values
[16,20,21,31,35,36].

The net circular transmission coefficient is defined as the average of all bond transmission
coefficients,

1 N
Te(E) = ) Tivii (E). (10)
i=1

Like the bond transmission coefficient, 7¢(E) can also exceed unity and may take negative values.
The corresponding circular current is then obtained from the Landauer formula as

2e [t
Ie(V) = f/ Tc(E) [fs(E) — fp(E)]dE. 11

[e¢]

The transport and bond currents satisfy the current-conservation relation,

Ir(V)=1.(V) = Iy(V). (12)

III. NUMERICAL RESULTS AND DISCUSSION

Unless otherwise specified, all on-site energies are set to zero throughout the computations. The
hopping parameter inside the ring is set to 1 eV. The source is always connected to the first site of
the ring, i.e., Ny = 1, and the drain position Np can vary, as mentioned in the appropriate parts of the
discussion. The interatomic spacing (a) is considered to be 1 A [37]. The source-to-ring coupling
ts and ring-to-drain coupling 7, are always assumed to be identical; for simplification, we denote
them by a single parameter 7¢.

A. Energy dependence of the transmissions

Before studying the system-size scaling of the transmission probability (or coefficient), let us
first concentrate on the transmission-energy characteristics. In Fig. 2, we plot the bond and circular
transmission coefficients and overall junction transmission as functions of energy. The hopping
parameter for the electrodes is 2eV, and the ring-to-electrode coupling is 0.5eV. Ty and T, are
the transmission coefficients for the upper and lower arms of the ring, respectively. The energies
at which the peaks and dips appear in the transmission spectrum are associated with the energy
eigenvalues of the isolated ring Hamiltonian [Eq. (2)]. The energy dispersion relation for the isolated
ring is E = 2t cos(ka), where k = 2nm/(Na). The integer m runs between —N/2 < m < N/2.
Therefore, for k and —k, the system has the same energy. The nondegenerate energy levels
correspond to m = 0 for odd N and m = —N/2, 0 for even N. For example, in Fig. 2 we choose
N = 6, which implies m = —3, =2, —1, 0, 1, 2. Therefore, degeneracies appear at m = £2 and %1,
whereas the energy levels corresponding tom = —3 (i.e., E =2eV)and m =0 (i.e.,, E = —2¢eV)
remain nondegenerate. Thus, the band edges are nondegenerate and the other eigenenergies of a
quantum ring with even N are doubly degenerate.

In the symmetric ring-to-electrode configuration, shown in the first row of Fig. 2(a), four resonant
peaks are observed in the bond transmission coefficients, corresponding to the eigenenergies of
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FIG. 2. Results for a six-site open quantum ring. The first row corresponds to the symmetric ring-to-
electrode configuration, and the second row to the most asymmetric configuration. Panels (a) and (d) show the
bond transmission coefficients, 7y and 7, as functions of energy. Panels (b) and (e) show the corresponding net
circular transmission coefficient, 7¢, as a function of energy. Panels (c) and (f) show the junction transmission
probability, 7', as a function of energy. The horizontal dashed line marks the zero value of the plotted quantity.

the isolated (bare) ring. Since the ring-to-electrode coupling preserves the symmetry of the ring,
the transmission resonance associated with each doubly degenerate eigenenergy of the isolated
ring remains unsplit. Consequently, the resonances associated with the degenerate eigenenergies
of the bare ring remain unsplit. The bond transmission coefficients satisfy 7y, = —17, as shown
in Fig. 2(a). Consequently, the net circular transmission coefficient, defined as the average of all
bond transmission coefficients, vanishes throughout the energy spectrum [Fig. 2(b)] [20,29-31]. The
junction transmission probability is shown in Fig. 2(c). In this case, T = T, — Ty = 2|Ty| = 2|1 |.

A qualitatively different behavior is observed for the most asymmetric ring-to-electrode config-
uration, as shown in Figs. 2(d)-2(f). Here, six resonant peaks appear in both the bond transmission
coefficients and the junction transmission probability. It is important to emphasize that the eigenen-
ergies of the isolated (bare) ring remain unchanged. Instead, the asymmetric ring-to-electrode
coupling modifies the transmission spectrum of the open ring. Around each doubly degenerate
eigenenergy of the bare ring (for example, £ = £1eV), the transmission spectrum exhibits two
resonant peaks separated by an antiresonance. For the present asymmetric ring-to-electrode config-
uration, the antiresonance occurs precisely at the corresponding doubly degenerate eigenenergy of
the isolated ring. We also numerically verify that the transmission coefficients satisfy T = T, — Ty,
consistent with current conservation.

Unlike the symmetric case, the bond transmission coefficients 7y and 7}, have the same sign in
the vicinity of the doubly degenerate eigenenergies of the bare ring. Consequently, the net circular
transmission coefficient becomes finite, as shown in Fig. 2(e). In contrast, around the nondegenerate
band-edge eigenenergies of the bare ring, the net circular transmission coefficient remains negligibly
small. Therefore, in the vicinity of the doubly degenerate eigenenergies, the net circular transmission
coefficient exhibits nearly the same qualitative and quantitative behavior as the bond transmission
coefficients.

The bond and circular transmission coefficients can take both positive and negative values.
These sign changes do not correspond to negative two-terminal conductance or negative resistance.
Instead, they simply reflect the direction of the local current within the ring. In an open quantum
ring, current splitting at the junctions forces one arm to carry a current opposite to the net transport
direction, as required by current conservation. This behavior is well documented in earlier studies of
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FIG. 3. In panels (a) and (b), |Ty|, |T.|, T /2 are plotted with system size N for two different upper and
lower arm ratios near the band edge with E = (2 + A&). In panel (a), the arm-length ratio is 1, whereas in
panel (b), it is 1/2. The ring site where the drain is attached, denoted as Np, is marked at the top of panels
(a) and (b). The red, blue, and green colors represent AE = 0, 0.0001, and 0.002, respectively. The dashed line
in panel (a) indicates the system size up to which the transmissions increase with N and beyond which they
decrease for A& = 0. For this case, we plot the transmissions around the band edge for various system sizes in
panel (c), where E = 2 eV is indicated by the dashed line. In panel (c), the red, blue, green, magenta, and cyan
colors denote N = 600, 700, 800, 900, and 1000, respectively. The parameters used for these calculations are
to=12eVandt =0.1eV.

circular current [30,31], where the bond-resolved transmission coefficient 7;_, ;.| naturally changes
sign. Consequently, the net circular transmission coefficient 7¢, defined as the average of the
bond transmission coefficients, can also be positive or negative, even though the total junction
transmission probability 7' remains strictly positive. Thus, the sign reversal of the bond and circular
transmission coefficients simply reflects the presence of circulating current components and does
not imply any unphysical negative resistance.

B. Scaling relation of the transmission at the band edge

For an OQR, electrons propagate within the energy window around —2¢ to +2¢. We find that,
apart from the eigenenergies of any QR, the transmissions are independent of the system size N.
This is known as ballistic transport, which is the transport regime for a linear conductor. Anomalous
transport is observed around the eigenenergies of a QR. Let us first concentrate on the band edges,
i.e., at E = £2eV for our chosen parameter values.

It is worth noting that, for the symmetric configuration, the net circular transmission coefficient
is zero. Moreover, for the asymmetric configuration, it has a vanishingly small magnitude near
the band edge, as shown in Figs. 2(b) and 2(e). Therefore, we do not focus on the net circular
transmission coefficients at the band edge.

The transmissions for two distinct ring-to-electrode arrangements are plotted in Fig. 3.
Figure 3(a) shows the results for a symmetric ring with equal upper and lower arm lengths, while
Fig. 3(b) presents the results for a ring with an upper-to-lower arm length ratio of 1/2. We calculate
the transmissions at £ = (2 + A&)eV, where A& corresponds to a small energy window. The red,
blue, and green curves in Figs. 3(a) and 3(b) correspond to A¢ = 0, 0.0001, and 0.002, respectively.
It is important to note that, in a symmetric ring, the magnitudes of 7y and 7 are the same,
and T is two times larger than each of them. In contrast, the asymmetric ring exhibits distinct
magnitudes of the transmissions [Fig. 3(b)], but nearly identical qualitative relationships with N.
For this reason, we focus only on one of the transmissions in this case. These results demonstrate
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how the transmissions first increase with N at the band edge and subsequently fall at the band edge
and very close to the band edge, as seen from the red and blue curves. For larger A& (A = 0.002),
the transmissions decrease with N, as shown by the green curve. Thus, the scaling relations at the
band edge can be expressed as

Ty or T~N*VN <NC€
Tx or T~NP?VN=>NC, (13)

where X = U, L. o and B are positive numbers, and N is the ring size up to which the transmis-
sions increase with N. We classify the growth of transmissions with N as beyond-ballistic transport.
In contrast, near the band edge (A& = 0.002), the transmission scales with N as

Tx or T~NT7VN, (14)

where X = U, L. Here, y is positive. y = 1 indicates diffusive transport; y > 1 corresponds to
subdiffusive transport; and the regime 0 < y < 1 is termed superdiffusive.

To explain the anomalous beyond-ballistic transport, we indicate N¢ with a dotted line for
A& = 0in Fig. 3(a). For this case, N' € = 800. We now calculate the transmissions around E = 2 eV
for different system sizes, viz., N = 600, 700, 800, 900, and 1000, as shown in Fig. 3(c). The
vertical dotted line in this figure indicates E = 2 eV. The magnitudes of the transmission maxima for
systems with N < N€ are comparable, whereas they decrease for larger N. As the height of the peaks
decreases with NV, the maxima positions shift from the right to the left on the energy axis. For these
reasons, at the band edge, the transmissions initially increase with N up to N¢ and subsequently
decrease. At A§ = 0.002, the peak maxima drop with N, and therefore the transmissions decrease
with N, as shown by the green curves in Figs. 3(a) and 3(b).

Figure 4 shows how the system parameters affect NC. For a symmetric ring, we plot the
transmissions versus N for various strengths of the ring-to-electrode coupling with fixed #y in
Fig. 4(a), and for different choices of #, with fixed ring-to-electrode coupling strength #¢ in Fig. 4(b).
Figure 4(a) shows that N¢ becomes larger for weaker 7, whereas it does not depend on #y, as can
be seen from Fig. 4(b). Instead, Fig. 4(b) indicates that for fixed 7¢, the exponents « and 8 depend
on fy. When £ is comparable to the ring hopping (¢), @ and 8 become larger than 1, resulting in
beyond-ballistic transport for N < N¢ and diffusive transport for N > N°. In contrast, for #y > t,
the transport behavior tends to be predominantly ballistic.

In Fig. 5(a), we plot the system-size scaling of the transmission for the most asymmetric rings
with Np = N, such that the length difference between the upper and lower arms is maximum. For
the same parameter values as chosen in Fig. 3, we find that the transmission 7 decays with N at
the band edge E = 2 eV. The nature of the transport is diffusive, as the scaling relation is

Ty ~N~'VN. (15)

The inset of Fig. 5(a) displays a logarithmic plot, which clearly illustrates the N~! scaling. This
behavior is robust against variations in the ring-to-electrode coupling strength. To further illustrate
this scaling, we plot the variation of 7y around E = 2eV for different system sizes in Fig. 5(b).
In this plot, we observe that the resonant peaks shift toward £ = 2eV (indicated by the dashed
line) from the right, and the peak heights decrease as N increases, leading to a power-law decay in
transmission with system size. Figure 5 presents the results for 7, but similar patterns are observed
for Ty, Tr,and T'.

C. Scaling relation of transmissions within the band

As already mentioned, apart from the energies corresponding to the eigenvalues associated with a
given N, the nature of transport is ballistic. For a symmetric ring, the transport remains ballistic even
at the eigenenergies within the band. However, we observe beyond-ballistic transport as described
in Eq. (13), where the exponents « and 8 are greater than but close to 1, provided we consider only
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FIG. 4. System-size scaling of the transmissions at the band edge £ = 2eV for a symmetric ring for
(a) different strengths of the ring-to-electrode coupling (#-) with 7, = 1.2 eV, and (b) different choices of %,
with ¢ fixed at 0.1eV. The choices for 7c in panel (a) and #, in panel (b) are indicated at the top of the
respective figures.

those rings that possess the corresponding eigenenergy. In an asymmetric ring with a commensurate
upper-to-lower arm length ratio, the transmission resonance associated with a doubly degenerate
eigenenergy may remain unsplit or split into two resonant peaks, depending on the ring-to-electrode
configuration. Consequently, in this scenario, transport at the corresponding eigenenergy remains
ballistic.

Now we focus on the most asymmetric junctions. In Fig. 6, we plot the transmissions as a function
of N, at and around an energy corresponding to a degenerate eigenvalue. For illustration, we choose
the degenerate eigenenergy E = 1eV, which is common to the N = 6 ring and all rings whose
system sizes are integer multiples of 6. The conclusions drawn below are, however, not restricted to
the representative example considered here, but remain valid for any doubly degenerate eigenenergy
shared by a family of quantum rings whose system sizes satisfy a specific integer-multiple relation.
The transmission coefficients for the upper and lower arms are presented in the first row, while
the net circular transmission coefficient is shown in the second row. The third row presents the
transmission probability associated with the junction (transport) current. The results are evaluated
at E = (1+ AE)eV, with AE = 0 for Figs. 6(a), 6(e), and 6(i), 0.0001 for Figs. 6(b), 6(f), and
6(j), 0.005 for Figs. 6(c), 6(g), and 6(k), and 0.1 for Figs. 6(d), 6(h), and 6(1). To clarify the role of
OQRs with N € 6N, the corresponding transmission values are highlighted by dots and connected
to form a smooth curve, making their characteristic scaling behavior evident.

As discussed earlier, for N = 6, the quantum ring possesses a degenerate eigenenergy at
E = 1eV. Thus, all rings with N € 6N share common degenerate energy levels at £ = +1eV.
We find that the qualitative features of transport are identical for the bond, circular, and junction
transmission quantities. In particular, around the degenerate energies of the bare ring, the bond
and circular transmission coefficients exhibit nearly identical qualitative and quantitative behavior.
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FIG. 5. (a) Scaling of |Ty| with ring size N at the band edge E = 2 eV for the most asymmetric ring-to-
electrode configurations. The black dots represent the numerically calculated values. Using these results, we
find the scaling relation between 7 and N, which is shown by the continuous red curve. In the inset, the black
dots depict the logarithmic plot of the same data. The red line in the inset represents the fit as log,, |Ty| =
—log,, N+-constant. (b) Transmissions around the band edge for different system sizes. The meaning of the
different colors is the same as in Fig. 3(c). The parameters are the same as in Fig. 3.

At E = 1eV, the transport is ballistic, since the transmissions are independent of N, as seen in
Figs. 6(a), 6(e), and 6(i). For rings with N € 6N, the transmissions become vanishingly small due
to the antiresonance at E = 1eV; hence, the peaks in Figs. 6(a) and 6(e) originate from rings with
N ¢ 6N. For these rings, 1 eV is not an eigenenergy, and thus the transport becomes ballistic.

In Figs. 6(b), 6(f), and 6(j), we examine the transmission at E = (1 + AE)eV with AE =
0.0001 eV. The energy offset AE = 10~*eV corresponds to an energy scale of 0.1 meV (or an
equivalent bias of approximately 0.1 mV), which is readily accessible in mesoscopic transport
experiments [38-40]. Here, we observe that up to a certain system size (denoted by NS for Ty,
Nf for Tp,, NE for T, and NE for T), the transmission increases with N, and decreases thereafter.
The peaks at small N originate from QRs with N € 6N, as indicated by the dot-connected curves.
The resulting beyond-ballistic scaling follows a power-series dependence on N of the form

Tx 0rT=aX0+aX1N1+aX2N2~|—aX3N3+-~- , (16)

where X =U, L, C.ax’s (i =0, 1, 2, 3, ...) are coefficients. ay,’s with i > 2 become smaller
and smaller with ay,,, /ax, ~ 1072. For N > N€, the systems have diffusive transport. As our chosen
energy is around the degenerate energy levels for N € 6N, the bond transmissions for both the
arms have the same sign and almost equal magnitude as we already discussed in Fig. 2(b). The
transmissions for other N values become very small compared to the transmission for OQRs with
N € 6N at 1eV. For AE = 0.005eV [Figs. 6(c) and 6(g)], we find diffusive transport. For larger
values of AE (i.e., AE = 0.1eV), we find ballistic transport as shown in Figs. 6(d), 6(h), and 6(1)
where the transmissions are mostly dominated by the ring sizes N ¢ 6N. The results shown in Fig. 6
are valid for any degenerate eigenenergy of an isolated ring, where an asymmetric ring-to-electrode
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FIG. 6. The N dependence of the transmission at £ = (1 + AE)eV with different AE’s for the most
asymmetric rings. The red and blue colors in the first row represent the transmissions for the upper and lower
arms, respectively. The dots represent the transmission of the OQRs with N € 6N. The points are connected
to make it evident that the observed beyond-ballistic scaling arises solely from those rings with N € 6N, or
equivalently, from systems sharing the common eigenvalue 1. All the calculations are done for - = 0.2eV and
th=2.0eV.

configuration gives rise to an antiresonance at that energy. As an illustration, we consider a ring
with N = 10, and plot the transmission probability as a function of energy for the symmetric and
most asymmetric ring-to-electrode configurations in Fig. 7. For N = 10, the isolated ring pos-
sesses four doubly degenerate eigenenergies, located at E = £1.618 03 and £0.618 034 eV, which
are indicated by the vertical lines. For the symmetric ring-to-electrode configuration, no antireso-
nance is observed at these degenerate energies, as shown in Fig. 7(a) and its inset. In contrast, for
the most asymmetric configuration, pronounced antiresonances appear precisely at these degenerate

‘ ‘ (a)
E~-1.618 eV
'_

(b)

E~-1.618 eV

M > 2N
2 1 0 ~—~" 1 ~—~ 2

E

FIG. 7. Transmission probability as a function of energy for an ten-site ring with (a) symmetric and (b) most
asymmetric ring-to-electrode configurations. The vertical lines mark the eigenenergies of the bare ring. The
insets show enlarged views of the transmission spectra around the eigenenergy —1.1803 eV. For the symmetric
configuration, no antiresonance is observed, whereas for the most asymmetric configuration, transmission
minima with 7 & 0 appear at the antiresonances. The four antiresonance points in panel (b) are highlighted by
the blue circles. The calculations are performed for /- = 0.5eV and 1y = 2eV.
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FIG. 8. (a) Ty-E spectraaround E = 1eV for N = 60 and 270 for the same parameter values of Fig. 6. The
energy window 1 < E < 1 4+ AE, with AE = 0.0001 is shown by the shaded region. (b) Ty -E spectra around
E = 1eV for different OQRs with N € 6N for the same parameter values of Fig. 6.

eigenenergies of the isolated ring, as highlighted by the blue circles in Fig. 7(b). Consequently,
the anomalous (beyond-ballistic) transport behavior is observed in the vicinity of these degenerate
energies.

There exist further asymmetric configurations with Np = N — 1, N — 2, ... that exhibit similar
anomalous scaling.

D. To find AE

The choice of AE is very important to find beyond-ballistic transport in an asymmetrically
connected ring. Let us first understand the role of AE to have the anomalous system-size scaling of
Ty. We select two values of N from Fig. 6(b), such that for the first one Ty is increasing with
N and for the second one it is decreasing with N. For example, we choose N = 60 and 270,
respectively, as these ring sizes are integer multiples of 6. We plot the Ty around E = 1eV for
N = 60 and 270 in Fig. 8(a). The OQRs with N € 6N have degeneracy around 1eV that is split
due to asymmetric ring-to-electrode connection. We only concentrate on the right side of £ = 1eV
as we choose E = 1 + AE (AE is positive) for our calculations of Fig. 6. Let us define a quantity
AE"N, such that at 1 + AEY we have the maximum of Ty on the right side of E = 1eV for a
particular N. In other words, AE" is the splitting of a degenerate energy level due to asymmetric
ring-to-electrode configuration from the degenerate energy of an isolated ring. From Fig. 8(a), we
find that 1 + AE < 1+ AE® but 1 + AE > 1 4+ AE?°. As around E = 1eV, all resonant peaks
of Ty corresponding to different N with N € 6N have almost the same magnitude [as shown in
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FIG. 9. System-size dependence of (a) the net circular transmission coefficient 7 and (b) the junction
transmission probability T for the most asymmetric ring-to-electrode configuration with AE = 0.00001eV.
All other parameters are identical to those used in Fig. 6. Reducing AE from 0.0001 to 0.00001 eV extends
the beyond-ballistic regime to significantly larger system sizes, which persists around N = 2000, the largest
system size considered.

Fig. 8(b)]. Therefore, we can conclude that, as long as our chosen AE is less than AEY, Ty, increases
with N (as we see for N = 60). But when AE becomes greater than AEY, Ty, decreases with N
(as for N = 270). For N = NS, AE becomes equal to AE". In a similar way, we can explain the
transport behavior of 7y, T, and T(E) up to N = NF, N = N§, and N = N§, respectively. It is
worth noting that, because the splittings of the resonant peaks at the left and right sides of the
antiresonance are not the same, AEY will be different for both sides.

The above analysis also explains how the extent of the beyond-ballistic regime can be controlled.
If a smaller value of AE is chosen, the condition AE < AE" remains valid up to larger system
sizes. Consequently, the beyond-ballistic scaling persists over a much wider range before the
crossover to the diffusive regime occurs. To demonstrate this, in Fig. 9 we plot the net circular
transmission coefficient T and the junction transmission probability 7 as functions of the system
size N, keeping all the parameters the same as those used in Fig. 6, except that AE is reduced from
0.0001 to 0.00001eV [38-40]. We find that both T and T continue to exhibit beyond-ballistic
scaling up to approximately N = 2000, the largest system size considered, and are expected to
persist for even larger system sizes. These results clearly demonstrate that the beyond-ballistic
regime is not restricted to a narrow range of system sizes; rather, its extent can be systematically
controlled by the choice of AE relative to the resonance splitting AE™.

E. Role of N and - on AEY

From the results discussed so far, we find that to have beyond-ballistic scaling behavior, we need
to set the Fermi energy at E,, == AE, where E,, is the degenerate energy corresponding to the isolated
ring and AE is less than AE". The splitting of the transmission resonance associated with a doubly
degenerate eigenenergy due to the asymmetric ring-to-electrode configuration is very small (of the
order of a few meV or less) and decreases with system size N as 1/N, as shown in Fig. 10(a) and its
inset.

Now we concentrate on making AEV reasonable enough for experimental observation. One
of the possible ways to obtain larger splitting is by controlling the ring-to-electrode coupling. In
Fig. 10(b), we plot the Ty around a degenerate energy (say, 1 eV for N = 30) for different values
of ring-to-electrode coupling strengths. As we can see here, AE" increases with f¢. Therefore, we
can choose a higher AFE for larger #c. But with increasing #¢, the peak heights of 7, decrease.
As a result, for a fixed AE and larger #¢, the corresponding beyond-ballistic behavior becomes a
small-scale phenomenon (N§ s, X =U, L, C, T, become smaller). So, we can choose a moderate
tc to have the beyond-ballistic scaling relation for a reasonable AE. From our study, we find
that, if the transmission resonance associated with a doubly degenerate eigenenergy splits because
of the asymmetric ring-to-electrode configuration, the peak heights and AEY are independent
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FIG. 10. (a) Variation of AE" with ring size N around E = 1eV. The meanings of the black dots and red
curve are the same as mentioned in Fig. 6. In the inset, the black dots illustrate the logarithmic plot of the same
data. The red line in the inset shows the fit as log AEY = —log N-+constant. Here, we choose tc = 0.1eV
and #p = 1eV. (b) Resonant peaks of 7 around the degenerate energy E, = 1eV and N = 30 for different
ring-to-electrode coupling strengths.

of the positions of the electrodes. Hence, the estimated AEY does not depend on the specific
ring-to-electrode connection. This also indicates the robustness of our study.
In a similar way, we can fix f¢ for Ty, Tc, and T'.

F. Effects of disorder, temperature, dephasing, and subbands

To gain deeper insight into the robustness of anomalous transport in quantum rings, it is
essential to examine the role of disorder. In realistic systems, on-site energy fluctuations arising
from impurities or structural imperfections are unavoidable and can significantly influence the
nature of transport. Here, we examine the Aubry-André model [11,41-44] of correlated disorder
where the impurities in the ring are included by choosing the on-site energies of the ring in the
form of €; = w cos(2m bi), where w is the impurity strength and b is an irrational number. We set
b = (1 + +/5)/2. The ordered ring is represented by w = 0.

To investigate the effect of disorder, one can also look at random site energies rather than
“correlated” disorder. However, in that scenario, we need to take the average over a huge number of
different disordered configurations. To avoid this, we disregard random distribution of site energies,
and we expect identical physical outcomes in both uncorrelated and correlated scenarios in our
current discussion. We have illustrated the impact of disorder on the system-size variations of
the transmission probability in Fig. 11. We only focus on the most asymmetric ring-to-electrode
configuration. Figure 11(a) shows the result for the ordered ring. Here, we set the energy at
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FIG. 11. Variation of T with ring size N in the presence of AA modulation of the on-site potential with
different strengths of disorder. Here, we consider the most asymmetric ring-to-electrode configuration with
tc =0.2eVandt, = 2eV, and choose the energy near a doubly degenerate eigenenergy, £ = (1 + 0.0002)eV.

(14 AE)eV. As 1eV is a degenerate energy level for rings with N € 6N, we find beyond-ballistic
transport (up to N¢, say) near degeneracy for the ordered case as shown in Fig. 11(a). Figures 11(b),
11(c), and 11(d) represent disordered rings with w = 0.0001, 0.0002, and 0.0003, respectively.
We find that, in the presence of small disorder such that w < AE or w ~ AE, the beyond-ballistic
behavior remains intact.

So far, all results have been obtained at zero temperature, where transport is governed solely by
quantum coherence. However, in realistic situations, finite temperature leads to thermal broadening
of electronic states and modifies the energy distribution of carriers. Incorporating temperature ef-
fects thus provides a more practical picture. In the linear response regime, i.e., when the voltage and
temperature differences between the two leads are sufficiently small, the transmission probability

can be evaluated as [45-47]
— _ﬂ
I(K)_/; T(E)( 5 )dE. (17)

The results are displayed in Fig. 12 and clearly demonstrate the persistence of anomalous beyond-
ballistic scaling at finite temperatures. At nonzero temperature, the Fermi energy can be chosen
at a degenerate eigenenergy, while thermal broadening accounts for contributions from a finite
energy window. Thermal broadening suppresses the antiresonance. Consequently, the choice of AE
is no longer relevant in this regime. It is further observed that the characteristic length N¢, over
which beyond-ballistic scaling is sustained, decreases systematically with increasing temperature,
as illustrated in Fig. 12.

In addition to disorder and temperature, quantum coherence plays a crucial role in determining
transport properties. In realistic systems, interactions with the environment inevitably lead to deco-
herence, which suppresses phase-coherent effects such as interference. To investigate the influence
of dephasing on the scaling behavior, we employ the Biittiker probe approach, wherein fictitious
voltage probes are introduced to mimic inelastic scattering processes. This framework allows
us to systematically analyze how the gradual loss of phase coherence modifies the transmission
characteristics of the quantum ring. In the Biittiker probe method, fictitious voltage probes are
attached to each lattice site of the ring except the sites where the source and drain are connected.
These probes are coupled to the system with a uniform strength 4.pn, Which serves as the dephasing
parameter. Instead of determining the probe electrochemical potentials self-consistently from the
zero-current condition, we assume a linear voltage drop across the ring. Specifically, for a finite
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FIG. 12. Variation of the transmission 7; with the number of sites N is shown for different finite tempera-
tures, as indicated at the top of the figure. The calculations are performed for the most asymmetric ring-to-lead
configuration with #, = 2eV and t- = 0.6 eV, while the energy is fixed at 1 eV.

bias applied between the source and drain, we set Vg =V; and Vp = 0 and assume that the
electrochemical potentials of the virtual probes vary linearly between these two values. Following
the method described in Ref. [28], we calculate the transmission in the presence of dephasing.
Figure 13 illustrates the scaling of transmission with system size in the presence of dephasing. It is
evident that beyond-ballistic transport persists even at finite dephasing strength. Similar to the case
of finite temperature, dephasing destroys the antiresonance at degenerate energies, leading once
again to the emergence of anomalous scaling behavior at these points.

Unlike conventional cases, the transmission here is found to increase with external perturbations.
This counterintuitive behavior has been discussed previously [28]. As the detailed exploration of
this aspect lies beyond the scope of the present work, it will be addressed in a future study.

In the present work, we consider a strictly one-dimensional quantum ring where electron motion
is confined along a single path, and hence no subband structure arises. To assess the possible
influence of dimensionality, we have examined a corresponding two-dimensional square-lattice
ring, which naturally supports multiple propagation channels due to the presence of subbands. With
zero on-site energy, a hopping strength of 1eV, and an odd number of atomic sites per side, a
common eigenenergy is found near E = 1eV. We analyzed the size-dependent behavior of the
junction transmission at and around this energy for different drain contact positions. The results for
the two-dimensional case exhibit conventional oscillatory variations in transmission characteristic
of ballistic transport, without any indication of anomalous scaling. This comparison suggests
that the beyond-ballistic behavior reported here is an intrinsic feature of strictly one-dimensional
quantum rings and arises only when antiresonances appear at the repeating degenerate eigenenergies
of integer-multiple system sizes. Such a condition is not realized in the two-dimensional ring
considered here.

G. Total current

We now investigate whether the currents exhibit anomalous scaling with system size. To
calculate the current, we integrate the bond transmission coefficient over the energy window. As
the peak and dip heights are unequal, we can set the Fermi energy exactly at the degenerate energy
level and integrate over a small energy window to study the scaling relationships. The applied
voltage should satisfy eV < AEYN. In Fig. 14, we plot |Iy| versus N for 7o = 0.1, 0.25, and 0.4 eV,
shown by red, green, and blue colors, respectively. |I;;| is multiplied by 1, 6, and 15 for 7o = 0.1,
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FIG. 13. Effects of dephasing on the variation of 7; with N. Each panel shows a superposition of the
zero-dephasing case (black curve) with the corresponding nonzero dephasing cases for clarity. The calculations
are performed for the most asymmetric ring-to-lead configuration with #, = 2eV and #- = 0.2eV, while the

energy is fixed at E = 1.0eV.

0.25, and 0.4 eV, respectively, for better presentation. The currents are calculated for 1 mV. We
set the Fermi energy corresponding to the degenerate energy for N € 6N. Anomalous growth of
current with system size N is also seen here. For higher ring-to-electrode coupling strength, the
beyond-ballistic growth of the current around the antiresonance persists up to larger N, indicating

an extended beyond-ballistic regime.
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FIG. 14. Variation of current |l | with N for different ring-to-electrode coupling strengths #¢. For clarity,
the currents are scaled by factors m = 1, 6, and 15 for 1 = 0.1, 0.25, and 0.4 eV, respectively. The current is
calculated in units of microamperes for an applied bias of 1 mV, and the Fermi energy is set at 1 eV.

IV. CONNECTION TO EXPERIMENTS

To experimentally measure the circular current—which is of significant theoretical interest—
several approaches can be considered based on the associated magnetic field it generates. It has
been noted that a circular current can induce a strong local magnetic field. For instance, Tagami and
Tsukada demonstrated that in a 7-shaped tape-porphyrin molecular wire, the current circulating
within the molecular loop induces a local magnetic field of about 0.1 T at a bias voltage of
1.2V [17]. By analyzing the spectral response of magnetic ions placed on or near the ring, the
corresponding circular current can be detected—similar to the observation of magnetic shielding
and deshielding in nuclear magnetic resonance spectra of aromatic molecules [48]. Another possible
method involves measuring the response of the magnetic moment induced in the ring to an external
magnetic field, which can then be used to determine the circular current [20].

Furthermore, the energy offsets considered in the present work are experimentally realistic. In
particular, mesoscopic transport experiments have been performed with energy resolutions in the
microelectronvolt (ueV) range [38—40]. As the energy offsets AE considered in the present work
are significantly larger than the experimentally demonstrated microelectronvolt energy scale, they
are well within the experimentally accessible regime. Consequently, the parameter range explored
in the present work should be readily achievable in mesoscopic quantum-ring devices.

V. CLOSING REMARKS

We have studied, for the first time, the system-size scaling of the bond transmission coefficients,
the net circular transmission coefficient, and the overall junction transmission probability in an
OQR. Unlike a linear chain, a QR possesses doubly degenerate eigenenergies, some of which are
common to families of rings whose system sizes satisfy specific integer-multiple relations. Around
these eigenenergies, the transmission resonances exhibit maxima with the same height, while their
widths decrease with increasing ring size N. As a result, anomalous (beyond-ballistic) scaling,
characterized by an increase of the transmission with increasing system size, emerges in an OQR in
the vicinity of these eigenenergies. Below, we summarize our key findings.

(1) Although the bond transmission coefficients and the net circular transmission coefficient
are quantitatively different, they exhibit nearly identical qualitative scaling behavior with system
size. Likewise, although the transmission coefficients within the ring and the overall junction
transmission probability differ quantitatively, they display similar qualitative dependence on the
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ring size N. Similar to linear conductors, ballistic transport is observed throughout the conducting
energy window, except in the vicinity of the eigenenergies of the isolated quantum ring.

(2) Beyond-ballistic transport is observed in the vicinity of the nondegenerate band-edge eigenen-
ergies for the symmetric ring-to-electrode configuration, since quantum rings with an even number
of sites share the same band-edge eigenenergies. At larger system sizes, the transport crosses over
to the diffusive regime. The extent of the beyond-ballistic regime can be effectively tuned by the
ring-to-electrode coupling strength.

(3) Within the band, all the eigenenergies of an isolated quantum ring (except the band-edge
states) are doubly degenerate. For an asymmetric ring-to-electrode configuration, the transmission
resonance associated with each doubly degenerate eigenenergy splits into two resonant peaks
separated by an antiresonance. Beyond-ballistic transport is observed in the vicinity of these doubly
degenerate eigenenergies under asymmetric ring-to-electrode configurations.

(4) We have examined the influence of various physical factors that typically suppress coherent
transport. Remarkably, the beyond-ballistic scaling remains robust under moderate disorder, finite
temperature, and dephasing introduced through the Biittiker probe formalism—although the char-
acteristic scaling length gradually decreases with increasing temperature or dephasing strength. In
contrast, when the system is extended to a two-dimensional lattice supporting subband formation,
the transmission exhibits only conventional ballistic fluctuations. These results confirm that the
observed beyond-ballistic behavior is an intrinsic feature of coherent one-dimensional quantum-ring
transport.

Before concluding, we emphasize that the anomalous (beyond-ballistic) scaling identified in this
work originates from the interplay between the doubly degenerate eigenenergies of the isolated
quantum ring, arising from its periodic boundary condition, and the antiresonances generated by
asymmetric ring-to-electrode coupling in the corresponding open system. This mechanism is unique
to open quantum rings and has no counterpart in open quantum junctions with linear conductors. We
hope that the present work will stimulate further theoretical and experimental studies of quantum
transport and system-size scaling in open quantum rings under more general conditions, including
applied magnetic fields, spin-orbit interactions, disorder, many-body effects, and stronger dephasing
mechanisms.

ACKNOWLEDGMENT
M.P. is thankful to DST-SERB, India (File No. PDF/2022/001168) for providing her research
fellowship.

DATA AVAILABILITY

The data that support the findings of this article are not publicly available. The data are available
from the authors upon reasonable request.

[1] P. Drude, Zur Elektronentheorie der Metalle, Ann. Phys. 306, 566 (1900).

[2] A. Dhar, Heat transport in low-dimensional systems, Adv. Phys. 57, 457 (2008).

[3] B. Bertini, F. Heidrich-Meisner, C. Karrasch, T. Prosen, R. Steinigeweg, and M. 2nidarié, Finite-
temperature transport in one-dimensional quantum lattice models, Rev. Mod. Phys. 93, 025003 (2021).

[4] E. Ilievski, J. De Nardis, M. Medenjak, and T. Prosen, Superdiffusion in one-dimensional quantum lattice
models, Phys. Rev. Lett. 121, 230602 (2018).

[5] P. W. Anderson, Absence of diffusion in certain random lattices, Phys. Rev. 109, 1492 (1958).

[6] T. Schwartz, G. Bartal, S. Fishman, and M. Segev, Transport and Anderson localization in disordered
two-dimensional photonic lattices, Nature (London) 446, 52 (2007).

[7] Y. Lahini ef al., Anderson localization and nonlinearity in one-dimensional disordered photonic lattices,
Phys. Rev. Lett. 100, 013906 (2008).

000110-19


https://doi.org/10.1002/andp.19003060312
https://doi.org/10.1080/00018730802538522
https://doi.org/10.1103/RevModPhys.93.025003
https://doi.org/10.1103/PhysRevLett.121.230602
https://doi.org/10.1103/PhysRev.109.1492
https://doi.org/10.1038/nature05623
https://doi.org/10.1103/PhysRevLett.100.013906

PATRA, AGARWALLA, AND MAITI

[8] P. Karna, Md S. B. Hoque, S. Thakur, P. E. Hopkins, and A. Giri, Direct measurement of ballistic and
diffusive electron transport in gold, Nano Lett. 23, 491 (2023).
[9] P. A. Lee and T. V. Ramakrishnan, Disordered electronic systems, Rev. Mod. Phys. §7, 287 (1985).

[10] 50 Years of Anderson Localization, edited by E. Abrahams (World Scientific, Singapore, 2010).

[11] S. Aubry and G. André, Analyticity breaking and Anderson localization in incommensurate lattices, Ann.
Ist. Phys. Soc. 3, 133 (1980).

[12] P. G. Harper, Single band motion of conduction electrons in a uniform magnetic field, Proc. Phys. Soc. A
68, 874 (1955).

[13] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford University Press, Oxford,
2002).

[14] I. Yusipov, T. Laptyeva, S. Denisov, and M. Ivanchenko, Localization in open quantum systems,
Phys. Rev. Lett. 118, 070402 (2017).

[15] A. Purkayastha, M. Saha, and B. K. Agarwalla, Subdiffusive phases in open clean long-range systems,
Phys. Rev. Lett. 127, 240601 (2021).

[16] A. Nakanishi and M. Tsukada, Quantum loop current in a Cg molecular bridge, Phys. Rev. Lett. 87,
126801 (2001).

[17] K. Tagami and M. Tsukada, Current-controlled magnetism in T-shape tape-porphyrin molecular bridges,
Curr. Appl. Phys. 3, 439 (2003).

[18] M. Tsukada, K. Tagami, K. Hirose, and N. Kobayashi, Theory of quantum conductance of atomic and
molecular bridges, J. Phys. Soc. Jpn. 74, 1079 (2005).

[19] G. Stefanucci, E. Perfetto, S. Bellucci, and M. Cini, Generalized waveguide approach to tight-binding
wires: Understanding large vortex currents in quantum rings, Phys. Rev. B 79, 073406 (2009).

[20] D. Rai, O. Hod, and A. Nitzan, Circular currents in molecular wires, J. Phys. Chem. C 114, 20583 (2010).

[21] D. Rai, O. Hod, and A. Nitzan, Magnetic fields effects on the electronic conduction properties of
molecular ring structures, Phys. Rev. B 85, 155440 (2012).

[22] S. K. Maiti, Conformation-dependent electron transport through a biphenyl molecule: Circular current
and related issues, Eur. Phys. J. B 86, 296 (2013).

[23] S. K. Maiti, Externally controlled local magnetic field in a conducting mesoscopic ring coupled to a
quantum wire, J. Appl. Phys. 117, 024306 (2015).

[24] M. Patra and S. K. Maiti, Modulation of circular current and associated magnetic field in a molecular
junction: A new approach, Sci. Rep. 7, 43343 (2017).

[25] U. Dhakal and D. Rai, Circular current and induced force in a molecular ring junction, J. Phys.: Condens.
Matter 31, 125302 (2019).

[26] S. Datta, Electronic Transport in Mesoscopic Systems (Cambridge University Press, Cambridge, 1997).

[27] S. Datta, Quantum Transport: Atom to Transistor (Cambridge University Press, Cambridge, 2005).

[28] M. Patra and S. K. Maiti, Bias-induced circular spin current: Effects of environmental dephasing and
disorder, Phys. Rev. B 100, 165408 (2019).

[29] A. M. Jayannavar and P. Singha Deo, Persistent currents and conductance of a metal loop connected to
electron reservoirs, Phys. Rev. B 49, 13685 (1994).

[30] A. M. Jayannavar and P. Singha Deo, Persistent currents in the presence of a transport current, Phys. Rev.
B 51, 10175 (1995).

[31] D. Rai, O. Hod, and A. Nitzan, Magnetic field control of the current through molecular ring junctions,
J. Phys. Chem. Lett. 2, 2118 (2011).

[32] V. Ben-Moshe, D. Rai, S. S. Skourtis, and A. Nitzan, Steady-state current transfer and scattering theory,
J. Chem. Phys. 133, 054105 (2010).

[33] Y.-J. Xiong and X.-T. Liang, Fano resonance and persistent current of a quantum ring, Phys. Lett. A 330,
307 (2004).

[34] S. Datta, Lessons from Nanoelectronics: A New Perspective on Transport (World Scientific, Singapore,
2012).

[35] D. Rai and M. Galperin, Spin inelastic currents in molecular ring junctions, Phys. Rev. B 86, 045420
(2012).

000110-20


https://doi.org/10.1021/acs.nanolett.2c03781
https://doi.org/10.1103/RevModPhys.57.287
https://doi.org/10.1088/0370-1298/68/10/304
https://doi.org/10.1103/PhysRevLett.118.070402
https://doi.org/10.1103/PhysRevLett.127.240601
https://doi.org/10.1103/PhysRevLett.87.126801
https://doi.org/10.1016/S1567-1739(03)00108-1
https://doi.org/10.1143/JPSJ.74.1079
https://doi.org/10.1103/PhysRevB.79.073406
https://doi.org/10.1021/jp105030d
https://doi.org/10.1103/PhysRevB.85.155440
https://doi.org/10.1140/epjb/e2013-40180-6
https://doi.org/10.1063/1.4905678
https://doi.org/10.1038/srep43343
https://doi.org/10.1088/1361-648X/aafd09
https://doi.org/10.1103/PhysRevB.100.165408
https://doi.org/10.1103/PhysRevB.49.13685
https://doi.org/10.1103/PhysRevB.51.10175
https://doi.org/10.1021/jz200862r
https://doi.org/10.1063/1.3466876
https://doi.org/10.1016/j.physleta.2004.08.009
https://doi.org/10.1103/PhysRevB.86.045420

BEYOND-BALLISTIC TRANSPORT IN AN OPEN ...

[36] R. Marathe, A. Dhar, and A. M. Jayannavar, Energy current magnification in coupled oscillator loops,
Phys. Rev. E 82, 031117 (2010).

[37] M. Patra, Circular current in a one-dimensional open quantum ring in the presence of magnetic field and
spin—orbit interaction, J. Phys.: Condens. Matter 36, 125301 (2024).

[38] D. M. Zumbiihl, C. M. Marcus, M. P. Hanson, and A. C. Gossard, Asymmetry of nonlinear transport and
electron interactions in quantum dots, Phys. Rev. Lett. 96, 206802 (2006).

[39] D. Goldhaber-Gordon, H. Shtrikman, D. Mahalu, D. Abusch-Magder, U. Meirav, and M. A. Kastner,
Kondo effect in a single-electron transistor, Nature (London) 391, 156 (1998).

[40] S. M. Cronenwett, T. H. Oosterkamp, and L. P. Kouwenhoven, A tunable Kondo effect in quantum dots,
Science 281, 540 (1998).

[41] Y. Lahini, R. Pugatch, F. Pozzi, M. Sorel, R. Morandotti, N. Davidson, and Y. Silberberg, Observation of
a localization transition in quasiperiodic photonic lattices, Phys. Rev. Lett. 103, 013901 (2009).

[42] Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and O. Zilberberg, Topological states and adiabatic pumping
in quasicrystals, Phys. Rev. Lett. 109, 106402 (2012).

[43] S. Ganeshan, K. Sun, and S. Das Sarma, Topological zero-energy modes in gapless commensurate Aubry-
André-Harper models, Phys. Rev. Lett. 110, 180403 (2013).

[44] S. K. Maiti, S. Sil, and A. Chakrabarti, Phase controlled metal—insulator transition in multi-leg quasiperi-
odic optical lattices, Ann. Phys. 382, 150 (2017).

[45] S. Datta, Electronic Transport in Mesoscopic Systems (Cambridge University Press, Cambridge, 1997).

[46] U. Peskin, An introduction to the formulation of steady-state transport through molecular junctions,
J. Phys. B: At. Mol. Opt. Phys. 43, 153001 (2010).

[47] S. Chakraborty and S. K. Maiti, Possible routes for efficient thermo-electric energy conversion in a
molecular junction, ChemPhysChem 20, 848 (2019).

[48] T. Heine, C. Corminboeuf, and G. Seifert, The magnetic shielding function of molecules and pi-electron
delocalization, Chem. Rev. 105, 3889 (2005), and references therein.

000110-21


https://doi.org/10.1103/PhysRevE.82.031117
https://doi.org/10.1088/1361-648X/ad12fd
https://doi.org/10.1103/PhysRevLett.96.206802
https://doi.org/10.1038/34373
https://doi.org/10.1126/science.281.5376.540
https://doi.org/10.1103/PhysRevLett.103.013901
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevLett.110.180403
https://doi.org/10.1016/j.aop.2017.05.008
https://doi.org/10.1088/0953-4075/43/15/153001
https://doi.org/10.1002/cphc.201900030
https://doi.org/10.1021/cr030082k

