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Physics-informed neural networks and neural quantum states have consolidated a
new paradigm to analyze and discover physical phenomena through constrained neural
parametrizations. In this context, we investigate whether the semiclassical structure of
the eigenfunctions of a quantum chaotic system can be unveiled through unsupervised
learning. To this end, we train a “quantum dictionary,” formulated as an overcomplete
autoencoder, that sparsely represents the eigenstates of the system, using as an illustration
the quantum baker map. The only explicit physical information imposed on the dictionary
atoms is their localization in phase space, without providing any kind of information about
the periodic orbits of the corresponding classical system. The model achieves high fidelity
in reconstructing held-out validation eigenstates not used in the gradient optimization
of the dictionary. By comparing the learned atoms with an independently constructed
“semiclassical dictionary,” we find that many of them develop scarlike Husimi-density con-
centrations around short periodic orbits. This result is interesting in two ways: Phase-space
localization, combined with sparse reconstruction and dictionary diversity, can recover
nontrivial semiclassical organization from spectral data and at the same time periodic orbits
confirm their fundamental role in the structure of eigenfunctions of quantum systems with
chaotic classical dynamics. More generally, our proposed architecture opens a route to
learning representations whose atoms optimize other chosen physical properties.

DOI: 10.1103/9xdp-mwln

I. INTRODUCTION

Machine learning is increasingly used in the physical sciences not only as a high-capacity
interpolator, but also as a parametrization whose solutions can provide information about the
physical phenomena under study. Physics-informed neural networks (PINNs) introduced a canon-
ical realization of this principle by incorporating governing differential equations and boundary
conditions into the training objective [1–3]. The broader scientific machine learning program
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also incorporates physical information through architectures, coordinates, symmetries, conservation
laws, and simple, interpretable models. Sparse identification of nonlinear dynamics, for example,
searches for compact evolution equations from data [4], while autoencoder-based extensions learn
coordinates in which those dynamics become sparse and interpretable [5,6]. These works establish
a useful principle for the present problem: Physical content can be recovered not by increasing
network depth, but by restricting what the trainable representation can express.

A parallel development has taken place in quantum many-body physics. Neural quantum states
(NQS) use neural networks to parametrize wave-function amplitudes and optimize them variation-
ally. The seminal restricted-Boltzmann-machine construction of Carleo and Troyer [7] was followed
by applications to strongly correlated spin and fermionic systems [8], exact and systematically
improvable deep representations [9], neural quantum-state tomography [10], symmetry-adapted
excited states [11], and autoregressive architectures with exact sampling [12]. Recent reviews
survey the resulting family of variational, dynamical, and data-driven quantum-state representations
[13,14].

The model developed here lies at the intersection of these two programs, but it is important to
state the relationship precisely. It is not a conventional PINN: No differential-equation residual is
minimized. Nor is it a conventional many-body NQS that maps a configuration of physical degrees
of freedom to a wave-function amplitude. Instead, the input is a complete state vector |ψ〉 ∈ CD,
and the network learns a common overcomplete dictionary of quantum states that analyzes and
reconstructs a set of such vectors. The trainable parameters are therefore themselves normalized
wave functions. The dictionary of normalized complex quantum states serves for both the analysis
and reconstruction of eigenstates through a sparse representation. Training combines a global-phase-
insensitive reconstruction loss with regularizers that reduce mutual overlaps between atoms and
favor their phase-space localization. The model thus constitutes a neural parametrization of quantum
states guided by physical constraints.

This design is based on the principles of sparse coding and dictionary learning. An overcomplete
dictionary can represent each observation using only a few active atoms, while allowing the atoms
themselves to adapt to recurrent structure in the data. For natural images, this approach has been
shown to learn elements that identify local patterns, such as edges with different orientations,
without introducing this information beforehand [15]. Subsequent work developed different meth-
ods for learning such dictionaries and relating them to neural models [16–18]. Our construction
transfers this logic to complex quantum states and replaces generic locality with localization in
quantum phase space. The central question here is therefore not only whether the dictionary
reconstructs held-out validation states, but whether its atoms acquire a recognizable dynamical
meaning.

Quantum chaos is a good arena for testing. Throughout this work, by “quantum chaotic
eigenstates” we mean stationary eigenstates of a quantum system whose classical counterpart is
chaotic; the term does not imply that an individual stationary eigenstate evolves chaotically in
time. In the baker-map case studied below, the full classical map is uniformly hyperbolic, and
its trajectories display chaotic behavior. Although eigenstates of a classically chaotic system are
broadly extended, their phase-space structure is not featureless. Heller’s discovery of quantum scars
showed anomalous concentration of quantum probability around short unstable periodic orbits [19].
Although classically chaotic systems are ergodic and generic trajectories uniformly fill the available
phase space, they also have a dense set of measure-zero unstable periodic orbits. Heller found that
if appropriate conditions are met, quantum interference causes a wave packet to effectively stay
around periodic orbits for longer than classical dynamics predicts for neighboring initial conditions.
We can decompose this behavior into stationary eigenstates; this reveals a correction to the otherwise
extended wave function. In fact, scarred eigenstates have the footprints of the underlying unstable
classical trajectories.

Semiclassical descriptions were developed through smoothed wave functions, phase-space con-
structions, and linear and nonlinear recurrence theory [20–23]. The short-periodic-orbit approach
[24–26] then produced scar functions localized around the hyperbolic structures associated with
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classical trajectories. These functions have been used to construct efficient semiclassical basis sets
for calculating eigenstates of chaotic systems and molecular vibrational states [27–29].

The natural next step in our context is to ask whether the localized building blocks emerging
from a constrained sparse dictionary-learning objective, with no periodic-orbit information imposed,
can themselves be recognized as semiclassical objects. After training, we construct a scar-function
dictionary independently and compare it directly with the learned atoms in Hilbert space. We
find that the learned atoms display phase-space structures similar to independently constructed
scar functions and develop Husimi-density concentrations around the associated periodic-orbit
structures. Here, “scarlike” refers to this phase-space morphology and does not mean that the learned
atoms are scar functions in the technical semiclassical sense. In addition, both dictionaries show
similar median projection participation over the eigenstate ensemble.

The paper is organized as follows. Section II defines the classical and quantum baker maps used
as illustration in our study. Section III presents the construction of periodic orbits and scar states
used for comparison with the learned atoms. Section IV presents the neural quantum dictionary,
the loss functions, and the training and validation protocol. Section V presents the reconstructions
and atom-scar comparisons. Section VI places the result within physics-informed machine learning,
NQS, sparse coding, and semiclassical theory, and establishes the limits of the present evidence.

II. CLASSICAL AND QUANTUM BAKER MAPS

A. Classical baker map

The baker map is an ideal test bed for our method. Its classical dynamics is uniformly hyperbolic,
its periodic orbits possess an exact binary symbolic coding, and its quantum version retains the
interference and symmetry phenomena of more general chaotic systems [30,31]. Also, extensive
calculations can be carried out involving moderate computational load. An explicit periodic-orbit
basis is known for the quantum baker map [32]. More broadly, physics-aware neural architectures
have already proved useful for identifying and quantifying localization in quantum phase space [33].

Working on the unit torus, (q, p) ∈ [0, 1) × [0, 1), the baker map is

B(q, p) =
(

2q − ν,
p + ν

2

)
, ν = �2q� ∈ {0, 1}. (1)

That is, it stretches by a factor 2 along q, contracts by a factor 2 along p, and stacks the right half of
the square above the left half. Its Lyapunov exponent per iteration is

λL = ln 2. (2)

At each iteration, the symbol ν j = �2q j� indicates which of the two branches of the map is visited
by the trajectory. A finite binary string ν = ν0ν1 · · · νL−1 determines a region of phase space if its
continuation is not specified. When repeated periodically, however, it determines a period-L point.
In the convention used in the numerical construction, this point is

q0 = (ν)2

2L − 1
, p0 = (νrev)2

2L − 1
, (3)

where (·)2 denotes the integer represented by the binary string and νrev is the reversed string. The
remaining points x j = (q j, p j ) are obtained by applying Eq. (1). Cyclic permutations label the
same orbit. The scar generator retains only primitive strings and represents each cyclic class by
its lexicographically smallest rotation.
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B. Antiperiodic quantization

Let D be an even integer and let {|q j〉}D−1
j=0 be the discrete position basis, with antiperiodic grid

points

q j = j + 1
2

D
. (4)

We set the torus area and Planck constant so that 2π h̄ = 1/D. The antiperiodic discrete Fourier
matrix is

(GD) jk = 1√
D

exp

[
−2π i

D

(
j + 1

2

)(
k + 1

2

)]
. (5)

The Balazs-Voros-Saraceno quantum-baker operator is

UB = G†
D

(
GD/2 0

0 GD/2

)
. (6)

It is unitary and quantizes the two classical branches while preserving the parity symmetry afforded
by antiperiodic boundary conditions [30,31].

The eigenstates and eigenphases are defined by

UB|ψn〉 = e−iϕn |ψn〉, n = 0, . . . , D − 1. (7)

Since UB is unitary, its eigenstates can be chosen normalized and mutually orthogonal. Each
eigenstate is defined up to an arbitrary global phase, which does not affect physical observables.

C. Phase-space representation

To represent a quantum state in phase space, we calculate its Husimi density from projections
onto coherent states centered at each point (q, p). Since phase space is a torus with antiperiodic
boundary conditions, the Gaussian packet must be make periodic. In the position basis, the toroidal
coherent state takes the form

〈q j |q, p〉tor = Nq,p

∑
m∈Z

exp[−πD(q j + m − q)2] exp

[
2π iD

(
q j + m − q

2

)
p − iπm

]
, (8)

where Nq,p is the normalization constant. The sum incorporates the periodic images of a single
packet centered at (q, p). The Husimi density of a normalized state |φ〉 is then defined as

Hφ (q, p) = |〈q, ptor|φ〉|2. (9)

We use this definition throughout all our study.

III. SEMICLASSICAL SCAR DICTIONARY

The scar dictionary is generated independently of the neural optimization. Its construction
follows the short-periodic-orbit philosophy of Refs. [24–27,29,32]: First build an orbit-centered
tube state, and then perform a forward and backward propagation over a finite time.

A. Periodic-orbit modes

For the point x j = (q j, p j ) of a period-L orbit, define the one-step generating action used by the
implementation,

S j = ν j

(
p j

4
+ q j

2
+ 1

4

)
, ν j = �2q j�, (10)
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and the total orbit action

Sν =
L−1∑
j=0

S j . (11)

For k = 0, . . . , L − 1, the quasienergy associated with a periodic-orbit mode (POM) is

εν,k = 2π

L
(DSν + k). (12)

Writing

θ j = 2πD
j−1∑

=0

S
, θ0 = 0, (13)

the unnormalized POM, or tube function, is

∣∣φk
ν

〉 = 1√
L

L−1∑
j=0

exp

[
−2π i

L
(DSν + k) j

]
e−iθ j |q j, p j〉tor. (14)

The state is normalized numerically after the coherent packets are summed.

B. Discrete symmetries

The baker map has reflection and time-reversal symmetries. In the numerical representation used
here, they act as

R = −GDGD, T = GDK, (15)

where K denotes complex conjugation in the position basis. Reflection maps a binary string to its
bitwise complement, while time reversal reverses the order of the string. Let ∼ denote equality up
to a cyclic rotation and abbreviate |φ〉 = |φk

ν 〉. The code groups the four symbolic classes ν, Rν, T ν,
and RT ν, keeps the first lexicographic representative encountered, and then constructs

cyclic-class relations POM candidates
Rν ∼ ν, T ν ∼ ν |φ〉
Rν ∼ ν, T ν 	∼ ν |φ〉 ± T |φ〉
Rν 	∼ ν, T ν ∼ ν |φ〉 ± R|φ〉
Rν 	∼ ν, T ν 	∼ ν (1 ± R)(1 ± T )|φ〉

(16)

Each candidate is normalized separately. Equation (16) describes the implemented branching
literally; in particular, cyclic permutations are discarded.

C. Finite-time scar functions

Each POM candidate produced by Eq. (16) is propagated and this is modulated by a Gaussian
time window:

| fν,k〉 ∝ ∣∣φk
ν

〉 + 
max∑

=1

e−
2/(2t2
E )e−iεν,k
U 


B

∣∣φk
ν

〉 + 
max∑

=1

e−
2/(2t2
E )e+iεν,k
U −


B

∣∣φk
ν

〉
. (17)

We use

tE = ln D

2 ln 2
, 
max = 20, (18)

and normalize Eq. (17). The timescale is one half of the logarithmic Ehrenfest time in map iterations.
Primitive orbit classes are visited in increasing period. Within each period, the strings are ordered
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by their binary value and, for each one, increasing values of k = 0, . . . , L − 1 are considered.
Generation stops immediately when

Mscar = round(1.2D) = 290 (19)

states have been appended. All scar functions generated by orbits up to period 7 are used, whereas
period 8 is only partially considered.

IV. PHYSICS-INFORMED NEURAL QUANTUM DICTIONARY

Our objective is to learn a set of functions capable of representing the eigenstates while remaining
individually interpretable. We therefore use a neural architecture in the form of a dictionary: Each
unit in the latent space is associated with a quantum state, which we call an atom. For each input
state, the encoder first projects the state onto the learned atoms, giving the initial overlaps zm =
〈am|ψ〉. These overlaps are used to start a sparse residual-selection procedure; after each selected
atom, the decoder recomputes all active coefficients by complex least squares. The trainable wave
functions are still a single learned dictionary shared by all eigenstates.

The architecture is an overcomplete autoencoder because the latent dimension M is larger than
the input-state dimension D. Consequently, the atoms do not form a basis in the strict sense, but an
overcomplete dictionary that represents each state using only a few active elements. The term neural
indicates that this dictionary is learned by training a neural network, while its quantum and physics-
informed character comes from working with complex states and incorporating reconstruction,
phase-space localization, and control of the mutual overlaps between atoms into the loss function.
This construction is related to sparse coding and dictionary learning [16–18], within the broader
framework of neural representations of quantum states [7,13,14].

A. Overcomplete dictionary and OMP-LS sparse inference

Here, OMP denotes orthogonal matching pursuit and LS denotes least squares. OMP is a greedy
sparse-approximation method: It selects one dictionary element at a time using its correlation with
the current residual, and then orthogonalizes the approximation by solving the least-squares problem
on the active support [34,35].

The input is a normalized state |ψ〉 ∈ CD. Let am j = 〈q j |am〉 be the component of atom |am〉 in
the position basis. The dictionary is represented by the matrix

A =

⎛
⎜⎝aT

1
...

aT
M

⎞
⎟⎠ ∈ CM×D, am = bm

‖bm‖2
, (20)

where the complex vectors bm contain the trainable parameters and each atom am is kept normalized.
In the model considered here, M = 290 � 1.20D, so the dictionary is overcomplete.

The first encoder operation is the same projection used in the earlier architecture: The input
eigenstate is projected onto all atoms. In the present architecture, these initial overlaps are not kept
as the final coefficients; they only determine the first active atom. After that first reconstruction, the
same projection operation is applied to the residual. For a generic vector r, the complex correlation
is

zm(r) = 〈am|r〉 =
D−1∑
j=0

a∗
m jr j . (21)

In the first step r0 = ψ , and in later steps the same formula is applied with ψ replaced by the
residual rt−1.
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B. Residual OMP support and least-squares decoder

Let S0 = ∅ and r0 = ψ . At iteration t = 1, . . . , K , the support is enlarged by

jt = arg max
j /∈St−1

|〈a j |rt−1〉|, St = St−1 ∪ { jt }. (22)

After every support update, all active coefficients are recomputed by the complex least-squares
problem

cSt = arg min
c

∥∥∥∥∥∥|ψ〉 −
∑
j∈St

c j |a j〉
∥∥∥∥∥∥

2

2

, rt = |ψ〉 −
∑
j∈St

c j |a j〉. (23)

Equivalently, if ASt contains the selected atoms as columns, then cSt = A+
St
ψ up to the small

numerical ridge used in the solve. The final decoder is

|ψ̃〉 =
∑
j∈SK

c j |a j〉. (24)

Equation (24) is not an orthogonal projector because the dictionary is overcomplete and generally
nonorthogonal. The latent representation is therefore restricted to K complex coefficients chosen by
residual matching and jointly debiased by least squares, imposing a sparse representation of each
state. Figure 1 summarizes the complete computation.

C. Phase-insensitive reconstruction loss

Before comparing the original state and its reconstruction, both are normalized:

|ψ̄〉 = |ψ〉
‖ψ‖2

, | ¯̃ψ〉 = |ψ̃〉
‖ψ̃‖2

. (25)

Since two states that differ only by a global phase represent the same physical state, we align the
phase of the reconstruction through

γ = arg〈ψ̄ | ¯̃ψ〉, |ψal〉 = e−iγ | ¯̃ψ〉. (26)

The reconstruction loss is the mean-squared distance between both states after phase alignment:

Lrec = 1

|B|D
∑
ψ∈B

‖|ψal〉 − |ψ̄〉‖2
2. (27)

The fidelity between the original state and its reconstruction is

F (ψ, ψ̃ ) = |〈ψ |ψ̃〉|2
〈ψ |ψ〉〈ψ̃ |ψ̃〉 . (28)

For each state, the loss and fidelity are related by

Lrec(ψ ) = 2

D
(1 −

√
F (ψ, ψ̃ )). (29)

Thus, minimizing the loss is equivalent to maximizing the fidelity, independently of the global phase
chosen to represent the states.

D. Gram-overlap regularization

Let

Gmn = 〈am|an〉 (m, n = 1, . . . , M ) (30)
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FIG. 1. Architecture and dictionary-comparison scheme. (a) A normalized quantum-baker eigenstate is
represented by its complex components and its Husimi density. The sparse dictionary network has widths
D → M → D, with M > D. The active support is selected by residual correlations, as in complex orthogonal
matching pursuit, and the decoder reconstructs the state by a least-squares recombination of the selected atoms.
Training combines phase-insensitive reconstruction, dictionary-overlap diversity, and phase-space-localization
losses. (b) The learned and independently constructed scar dictionaries provide two overcomplete represen-
tations of the same eigenstate. The six elements displayed on each side are visually matched atom-scar pairs
selected after training by Husimi-density morphology. After training, both dictionaries are compared through
Omr = |〈am| f scar

r 〉|2.

be the Gram matrix of the dictionary. The Gram-overlap loss is defined as

LG = 1

M2
‖G − IM‖2

F = 1

M2

M∑
m,n=1

|Gmn − δmn|2. (31)

It discourages duplicate or nearly parallel atoms. It does not impose an orthonormal basis: When
M > D, M mutually orthogonal nonzero vectors in CD cannot exist. Indeed, the Welch bound
implies

LG � 1

D
− 1

M
(32)

for unit-norm atoms [36]. The term should therefore be interpreted as a Gram-overlap diversity
regularizer for an overcomplete frame.

E. Phase-space localization regularization

To favor localized atoms, we evaluate their Husimi density over a set of coherent states {|qα, pα〉}.
For atom am, we define

hmα = |〈qα, pα|am〉|2. (33)
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TABLE I. Main parameters of the model and the semiclassical
comparison.

Quantity Value

Hilbert-space dimension D 242
Learned atoms M 290
Active atoms K 20
Training/validation states 218/24
λG 10−2

λloc 3.0 × 10−8

Sparse inference rule OMP residual selection + LS
Scar functions Mscar 290
Largest orbit period reached 8
Scar propagation cutoff 
max 20

The participation number of this distribution is

PH(am) =
(∑

α hmα

)2∑
α h2

mα

. (34)

Let Pcoh be the corresponding value for a coherent state, which sets the reference localization scale.
The normalized functional and its average over the dictionary are

μ(am) = PH(am)

Pcoh
, Lloc = 1

M

M∑
m=1

μ(am). (35)

Minimizing Lloc favors phase-space support comparable to that of a coherent state, without intro-
ducing information about periodic orbits.

F. Objective function and training protocol

The total objective function combines the three contributions above:

L = Lrec + λGLG + λlocLloc. (36)

The weights λG and λloc control, respectively, the diversity and localization of the atoms relative to
reconstruction quality. The main model parameters are summarized in Table I.

For D = 242, 218 eigenstates are used for training and 24 for validation. The latter are held out
from the gradient optimization of the dictionary and allow us to evaluate reconstruction on validation
states outside the training loss.

The validation set was also used during model development to choose the hyperparameter
compromise. These validation states were not used for gradient updates of the dictionary atoms,
and no supervised physical labels, target scar functions, periodic-orbit positions, symbolic codes, or
atom-scar matching information was supplied to the network. The learning procedure is therefore
unsupervised with respect to the semiclassical structures that are later used only for comparison.
The validation set plays the standard role of a model-selection criterion, analogous to its use in
early stopping: It tests whether the dictionary reconstructs states outside the training optimization
set while the hyperparameters are adjusted.

We did not maximize validation fidelity alone. The selected model balances reconstruction
quality, phase-space localization, atom diversity, and a dictionary size of the same order as the scar-
function dictionary. In particular, increasing the overcompleteness could produce a highly localized
coherent-state-like frame, but would change the comparison with the semiclassical scar dictionary.
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Thus, the reported validation fidelity measures reconstruction outside the training optimization set
for this selected compromise, and should not be interpreted as a fully independent test-set estimate.

We also checked the role of the localization weight by repeating the training with the same
architecture and all other hyperparameters fixed while varying λloc from 0 to 3 × 10−8. This
auxiliary scan shows the expected trade-off: Increasing λloc lowers the final mean Husimi norm
ratio of the atoms, whereas too strong a localization pressure reduces the validation fidelity and
increases its dispersion. The value used below is therefore a compromise that substantially improves
localization relative to the λloc = 0 control while retaining acceptable sparse reconstruction.

V. RESULTS

The main result of this work is that the proposed architecture learns a representation of the
eigenstates in terms of a common set of atoms whose properties can be controlled during training.
In this case, in addition to requiring the atoms to reconstruct the eigenstates using only a few active
elements, we favor their localization in phase space. Scar functions are also localized states, but
are constructed from periodic orbits. This connection motivates the analysis below: We first verify
that the learned dictionary adequately reconstructs the eigenstates and then investigate whether the
localized atoms obtained by the network display a structure similar to scar functions.

A. Sparse reconstruction of held-out validation eigenstates

Once trained, the network reconstructs with high fidelity held-out validation eigenstates that were
not used in the gradient optimization of the dictionary. The mean fidelity for these states is

F val = 0.876 410 0, (37)

with sample standard deviation 0.0 584 644, median 0.8 914 293, minimum 0.6 786 816, and max-
imum 0.9 455 745. Most validation states are reconstructed with high fidelity, while the larger
dispersion identifies a small number of harder states for this fixed value of K . The learned atom
dictionary therefore does not merely represent the training states, but reconstructs states outside the
optimization set within the selected compromise between dictionary size, localization, diversity, and
fidelity.

We further inspected the lowest-fidelity validation states by projecting them onto
the independently constructed scar-function dictionary. With wscar

nr = |〈 fr |ψn〉|2 and N scar
eff =

(
∑

r wscar
nr )2/

∑
r (wscar

nr )2, the three lowest-fidelity validation states, n = 190, 101, 55, have mean
fidelity 0.7618, mean N scar

eff = 6.54, and mean best single scar-function overlap 0.342. The three
highest-fidelity validation states, n = 63, 208, 42, have mean fidelity 0.9403, mean N scar

eff = 4.82,
and mean best scar-function overlap 0.432. The fraction of scar-projection weight carried by the
largest periods included in the dictionary, L � 7, is comparable in both groups, 0.6575 and 0.6764,
respectively, and the parity sectors are also mixed: The lowest-fidelity triplet contains one R+ state
and two R− states, whereas the highest-fidelity triplet contains two R+ states and one R− state.
Thus, the outliers are not explained by a single symmetry sector or by a clear dominance of the
longest periods available in the scar dictionary. They are instead consistent with a more distributed
scar-function content, which is harder to reproduce with a fixed K = 20 sparse reconstruction. Since
the scar-function dictionary is nonorthogonal and truncated at period L = 8, this should be regarded
as a diagnostic rather than a complete periodic-orbit decomposition.

Figure 2 illustrates this ability for eigenstates with very different structures. The first two
validation examples, shown in panels (a)–(d), are localized in phase space, whereas the third
example, panels (e) and (f), displays a more extended Husimi distribution. Although the dictionary
atoms are constrained to be localized, their sparse combinations correctly reconstruct both kinds
of states, as shown in panels (b), (d), and (f). This result suggests that the global extension of
an eigenstate of a quantum chaotic system can arise from the superposition of a small number
of localized structures. As we show in the next subsection, these structures organize around short
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FIG. 2. Husimi densities of three validation eigenstates [left column; panels (a), (c), and (e)] and their OMP
+ least-squares sparse reconstructions [right column; panels (b), (d), and (f)]. All six panels use one common
color scale. The selected state indices are 63, 208, and 232; their fidelities are 0.9456, 0.9431, and 0.9187,
respectively. Only K = 20 of the M = 290 learned atoms contribute to each reconstruction.

periodic orbits, indicating that such orbits are relevant components of the eigenfunctions even when
the latter appear delocalized in phase space.

B. Comparison between learned atoms and scar functions

We distinguish three objects throughout the comparison. The quantum-baker eigenstates are
the target states represented by the dictionary; the scar functions are independently constructed
semiclassical states associated with short periodic orbits; and the learned atoms are trainable
dictionary elements obtained without using periodic-orbit data. We call a learned atom scarlike
only when its Husimi density displays concentrations organized around the same periodic-orbit
structures as the scar functions. This terminology does not imply that the atom is a scar function in
the semiclassical construction.

For every learned atom and scar function, we compute

Omr = |〈am| fr〉|2,
m = 1, . . . , M, r = 1, . . . , Mscar. (38)
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FIG. 3. Three learned atoms [left column; panels (a), (c), and (e)] and the independently generated scar
functions selected after training using the Husimi-density similarity SH , with an additional orbit-alignment
preference and substantial Hilbert-space overlap [right column; panels (b), (d), and (f)]. The associated periodic
orbit is overlaid on each scar Husimi density. From top to bottom, the pairs are (m, r) = (90, 69), (128, 37),
and (147, 186), with squared overlaps 0.6659, 0.5057, and 0.6893. The binary strings labeling the orbits are
000011, 00011, and 0001001, respectively. Their Husimi-density similarities are SH = 0.903, 0.876, and 0.871,
respectively.

No phase-space image processing enters the computation of the Hilbert-space overlap matrix. The
Husimi-density similarity SH displayed in Fig. 3 is a separate phase-space morphology diagnostic.
On the same discrete grid used to plot the Husimi densities, we define

vφ,αβ =
[

Hφ (qα, pβ )

maxα,β Hφ (qα, pβ )

]2

,

v̂φ,αβ = vφ,αβ(∑
α,β v2

φ,αβ

)1/2 . (39)

SH (φ, χ ) =
∑
α,β

v̂φ,αβ v̂χ,αβ . (40)

The division by the maximum removes the arbitrary intensity scale of each plot, while the square
emphasizes the bright phase-space structures and suppresses the weak background. Therefore, SH
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compares Husimi morphology and should not be confused with the Hilbert-space overlap Omr .
The displayed examples in Fig. 3 are selected, after training, using this Husimi-density similarity,
with an auxiliary preference for cases where the periodic orbit crosses bright Husimi regions, so
that the visual scarlike structures are clear. This selection affects only the representative panels in
Fig. 3; the quantitative statistics below are computed from the full matrix Omr . Figure 3 shows three
high-similarity examples. The recurrent ridges and maxima of each learned atom align with those
of a scar function and with its underlying periodic orbit. This is nontrivial because periodic-orbit
locations, symbolic codes, actions, and symmetry labels are absent from the neural objective.

The overlap values must be interpreted in light of the different conditions under which the
two dictionaries are constructed. Scar functions are explicitly symmetrized, and the semiclassical
dictionary is built from short periodic orbits. Consequently, their Husimi densities are strongly
concentrated around orbital structures and have very little intensity away from them, as seen in
panels (b) and (f) and in the central region of panel (d). The learned atoms, in contrast, are not
subject to any symmetry and receive no information about the orbits. They are only encouraged
to be localized and, collectively, to reconstruct the eigenstates. Thus, although they reproduce
the main scar ridges, they may retain fluctuations outside the localized regions. In the examples
shown here, atoms (c) and (e) display residual central fluctuations that are weaker or absent in the
corresponding scar functions, while atom (a) has small additional intensity around the same classical
periodic-orbit structure highlighted in panel (b). These differences reduce the global overlap even
when the localized structure of both states is very similar.

Moreover, the correspondence need not be one to one. Some atoms may represent only part of
the structure of a scar function, while a combination of several atoms recovers a similar global
shape. This is natural in an overcomplete sparse dictionary, where information associated with the
same classical structure may be distributed among several elements. From this perspective, squared
overlaps close to 0.5 are substantial: They emerge without imposing periodic orbits or symmetries,
and despite the differences outside the localized regions.

The full overlap matrix is broad rather than one to one. Its largest entry is 0.741 091. For each
atom, the mean and median of maxr Omr are 0.229 053 and 0.200 598, respectively; 234 of 290
atoms exceed 0.1, 145 exceed 0.2, and 70 exceed 0.3. Conversely, 285 of the 290 scar functions have
at least one atom with overlap above 0.1. These statistics support the emergence of a distributed
scarlike organization without implying an exact identification between the elements of the two
dictionaries.

C. Global representational efficiency

To compare both dictionaries on the same task without retraining coefficients, let {|dm〉} denote
either the set of normalized learned atoms or the set of normalized scar functions. For each of the
D = 242 eigenstates |ψn〉, we calculate its projection onto all the elements of each dictionary:

wnm = |〈dm|ψn〉|2 (41)

and define the effective participation from these weights as

N (n)
eff =

(∑
m wnm

)2∑
m w2

nm

. (42)

This quantity estimates how many dictionary elements contribute significantly to the representation
of an eigenstate. If a single projection dominates, Neff = 1; if the weight is equally distributed
among r elements, Neff = r. Small values therefore indicate a representation concentrated on a few
elements, whereas large values correspond to a more distributed representation.

This procedure produces 242 values of Neff for the learned dictionary and another 242 for the
scar dictionary. Figure 4 represents both collections using normalized histograms. For a direct
comparison, the two panels use the same intervals and vertical scale. The interval width is chosen
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FIG. 4. Distribution, over all D = 242 quantum-baker eigenstates, of the effective projection participation
Neff for (a) the learned dictionary and (b) the independently constructed scar dictionary. Dashed lines mark
medians, 2.427 and 6.585, respectively. The corresponding means are 3.991 and 6.603. Keep in mind that
dictionaries are nonorthogonal; thus, this measure does not reflect an exact expansion.

by applying the Freedman-Diaconis rule to the union of both collections,

h = 2
IQR(Neff )

N1/3
, (43)

where IQR is the interquartile range and N is the total number of values considered [37]. The dashed
lines indicate the median of each distribution.

Figure 4 shows that the learned dictionary has a smaller median projection participation than the
scar dictionary for the present optimized architecture. In particular, the learned atoms form a more
concentrated projection representation of a large fraction of the eigenstate ensemble, while the scar
dictionary provides a stable semiclassical reference.

The learned distribution still contains a small tail toward larger values of Neff . One possible
explanation is that the atoms are neither symmetrized nor constructed from a truncated set of
short periodic orbits. By learning directly from the eigenstates, they may indirectly incorporate
contributions from other dynamical structures and from orbits not included in the scar dictionary.
This information may be spread among a larger number of atoms, producing a somewhat less
concentrated representation for some eigenstates. The tail reflects this difference, while the main
peak at small Neff shows that the new architecture learns atoms that are highly efficient under this
projection diagnostic.

There are two necessary qualifications. First, the dictionaries have the same cardinality in the
present run, 290 learned atoms and 290 scar functions. Second, for a nonorthogonal overcomplete
dictionary, the projections 〈dm|ψn〉 are analysis coefficients, not unique expansion coefficients.
Equation (42) is therefore a global concentration diagnostic, not a solution of the minimum-support
representation problem.

We also tested the stability of these conclusions with respect to the stochastic initialization of
the dictionary. Keeping the train/validation split and all hyperparameters fixed, we repeated the full
training for five independent seeds. The validation fidelity remains in the same range, approximately
0.86–0.90, the final mean atom norm ratio stays around 40–41, and the distribution of best atom-scar
overlaps is stable: The median Omax

m = maxr |〈am| fr〉|2 remains close to 0.2, with roughly one
quarter of the atoms above Omax

m = 0.3. Since overcomplete nonorthogonal dictionaries are not
uniquely identifiable, individual atoms need not coincide one to one between seeds; the robust result
is the statistical emergence of localized scarlike structures. The statistics of the dictionary produced
by our model are summarized in Table II.
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TABLE II. Summary statistics for the final learned dictionary.
Atom-scar entries are squared Hilbert-space overlaps.

Quantity Value

Mean training fidelity 0.999 291
Mean validation fidelity 0.876 410
Median validation fidelity 0.891 429
Validation range [0.678 682, 0.945 575]
Largest atom-scar overlap 0.741 091
Mean best scar overlap per atom 0.229 053
Median best scar overlap per atom 0.200 598
Atoms with best overlap �0.1 234/290
Atoms with best overlap �0.3 70/290
Median Neff , learned 2.427
Median Neff , scars 6.585

VI. DISCUSSION AND CONCLUSIONS

The main result of this work is a way to search for common representations of a family
of eigenstates whose elements, besides reconstructing them, optimize physical properties chosen
in advance. The neural architecture does not act here as a black box that produces an internal
representation that is difficult to interpret. Its trainable parameters are directly the dictionary atoms,
that is, wave functions that can be visualized in phase space and compared with known physical
constructions.

This interpretability follows from the architecture itself. The sparse support is built iteratively
from overlaps with the current residual, and once the support is selected, the decoder recomputes
all active coefficients by least squares. The model therefore learns an overcomplete set shared by all
eigenstates, rather than an independent representation for each one. The high fidelity obtained for
states that did not participate in training shows that the dictionary captures common structures and
does not merely memorize the set used during learning.

In this case, we chose phase-space localization as the property to be favored by the atoms. The
most relevant physical result is that phase-space localization, combined with sparse reconstruc-
tion and atom-diversity regularization, causes structures organized around short periodic orbits to
emerge. The network is not given the orbit positions, actions, symbolic codes, or scar-function
symmetries. The similarity therefore appears as a consequence of the structure of the eigenstates
themselves. This reinforces the interpretation of periodic orbits as organizing elements of eigenfunc-
tions of quantum systems with chaotic classical dynamics, even when the latter display extended
phase-space distributions. To be more precise, the localization constraint depends only on the
Husimi participation number and therefore ignores where in phase space an atom concentrates.
The fact that the network consistently converges to periodic orbits, rather than to generic localized
regions, is a consequence of the intrinsic structure of the chaotic eigenstates themselves. These
eigenstates consist of a featureless, random Gaussian background that is statistically homogeneous
across phase space, superimposed with systematic fluctuations—the quantum scars—which are
specifically associated with unstable periodic orbits. A local atom placed in a generic region captures
only uncorrelated noise, which varies from one eigenstate to the next and thus contributes minimally
to reducing the global reconstruction loss across the training set. An atom placed on a periodic orbit
captures coherent, shared features that recur across many eigenstates, thus providing with a better
trade-off between sparsity and representational power. This suggests that periodic orbits constitute
an information-theoretically optimal sparse coding basis for chaotic quantum states: They are not
merely residual corrections to ergodicity, but rather the principal coherent structures that survive
optimization. From this perspective, our data-driven results offer a reinterpretation of semiclassical
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theory, recasting the selection of periodic orbits in semiclassical approaches as a natural counterpart
of optimal sparse representation under a localization constraint.

The combination of the different constraints is essential. Sparse reconstruction requires the
same atoms to participate recurrently in many eigenstates; localization prevents those atoms from
becoming extended combinations without a clear interpretation; and Gram-overlap regularization
encourages the dictionary to explore different structures instead of accumulating redundant ele-
ments. Together, these conditions select localized functions that must be collectively useful for
describing a complete family of eigenstates. The detailed morphology of the atoms is not prescribed,
but emerges during learning.

Comparison with scar functions makes it possible to recognize the physical meaning of this
morphology. An exact one-to-one correspondence should not be expected: Scar functions are
symmetrized and constructed from a truncated set of periodic orbits, whereas the learned atoms
are not subject to these conditions. An atom may represent a deformed scar function, part of one,
or a structure combining contributions associated with different orbits. Despite these differences,
the overlaps, Husimi shapes, and participation distributions show that both dictionaries organize
the same semiclassical structures, while the optimized learned dictionary gives a more concentrated
projection-participation distribution in the present run.

The tail observed in the participation of the learned dictionary also points to a physically
suggestive difference. Because the atoms are not restricted by symmetrization or a maximum orbital
period, they may indirectly incorporate contributions from a broader set of orbits and dynamical
structures. For some eigenstates, this information can generate a long tail even though the median
participation is smaller than that of the scar dictionary.

This approach has been made possible by combining ideas that usually appear in different con-
texts. From physics-informed learning, it takes the principle of incorporating physical knowledge
into the model constraints [1,2]; from neural quantum states, the parametrization of wave functions
through trainable architectures [7,13,14]; and from dictionary learning, overcompleteness, sparsity,
and the interpretability of each element [15–18]. Short-periodic-orbit theory finally provides the
physical framework with which to identify the discovered structures [24,27,29]. The contribution is
not simply to bring these tools together, but to use them to turn a desired physical property into a
condition on a directly interpretable neural representation.

During development, different Hilbert-space dimensions and different hyperparameter values
were explored. These explorations showed that the appearance of localized atoms and their scarlike
organization are not tied to an isolated parameter choice. The final hyperparameters were selected
using the held-out validation states as a guide to balance fidelity against localization and overcom-
pleteness. This use of validation data is a model-selection step, not a source of supervised physical
labels; the validation set is therefore not a fully independent test set. The configuration presented
here makes it possible to display the mechanism clearly and to perform a detailed comparison
between the two dictionaries.

The same idea can be extended beyond localization. The objective function could favor sym-
metries, prescribed values of observables, concentration on classical regions, or other properties
adapted to the system under study. The architecture thus provides a general strategy for searching
for the building blocks that best represent a family of states while simultaneously extremizing a
quantity with physical meaning. Applying it to chaotic billiards, molecular vibrational states, open
maps, and many-body phase spaces would allow the learned dictionary to be used as a tool for
discovering and comparing recurrent physical structures.

In summary, we have presented a neural architecture that searches for interpretable representa-
tions of a family of quantum states while controlling the physical properties of their elements. The
network learns a shared overcomplete dictionary whose atoms are explicit wave functions. By re-
quiring these atoms to reconstruct the eigenstates sparsely while remaining localized in phase space,
we obtain a compact representation that reconstructs held-out validation states that were not used in
gradient optimization, within the selected hyperparameter compromise. The central physical result
is that, within the sparse reconstruction problem and with atom-diversity regularization, imposing
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phase-space localization on the atoms leads to structures organized around short periodic orbits. The
network receives no information about these orbits or about scar functions. Nevertheless, the learned
atoms reproduce their main Husimi structures, display substantial overlaps with them, and provide
a global representation of the eigenstates with an effective participation more concentrated than,
under the projection diagnostic, that of the semiclassical dictionary. Even extended eigenstates can
be reconstructed from combinations of these localized elements. This shows that periodic orbits are
a relevant structure in the organization of eigenfunctions of quantum systems with chaotic classical
dynamics, beyond clearly visible individual scars.

The contribution of the method is not limited to recovering scarlike structures. The same
architecture can replace localization with other quantities carrying physical meaning and learn the
elements that best represent a family of states while optimizing those properties. Neural networks
can therefore be used not only to approximate quantum states, but also as a tool for discovering their
building blocks and relating them to the underlying dynamics.
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APPENDIX A: COMPLEX-TO-REAL IMPLEMENTATION

For one atom a = aR + iaI and state ψ = ψR + iψI ,

〈a|ψ〉 = (aR − iaI )T(ψR + iψI ) = aT
RψR + aT

I ψI + i
(
aT

RψI − aT
I ψR

)
. (A1)

Stacking all atoms gives the real block representation

(
Rez
Imz

)
=

(
AR AI

−AI AR

)(
ψR

ψI

)
. (A2)

Likewise, synthesis ψ̃ = ATc gives

Reψ̃ = AT
RcR − AT

I cI , (A3)

Imψ̃ = AT
RcI + AT

I cR. (A4)

The conjugation appears in analysis but not in synthesis, exactly as required by Eqs. (21) and (24).

APPENDIX B: VALIDATION-STATE IDENTITIES AND DISPLAYED PAIRS

The three validation examples in Fig. 2 have full-spectrum indices and fidelities.
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n Fn

63 0.945 575
208 0.943 058
232 0.918 748

The displayed atom-scar pairs in Fig. 3 are provided below.

m r Binary string Omr

90 69 000011 0.665 872
128 37 00011 0.505 747
147 186 0001001 0.689 316

Their scar labels additionally carry the quasienergy and symmetry-sector indices generated by
Eqs. (12)–(15). These machine-readable labels should accompany the public data release.
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