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The uncertainty principle constitutes a cornerstone of quantum mechanics. However,
its conventional formulations do not adequately describe uncertainty in scenarios involv-
ing conditional measurement. In this work, we propose uncertainty relations based on
conditional variance and conditional expectation. We define the conditional expectation
operator E (A|B), its dual operator E (B|A), and a corresponding conditional covariance
term R .. We demonstrate that even for noncommuting observables A and B, their
conditional expectation operators can possess a nonvanishing commutator. This leads to
a strengthened uncertainty relation applicable to both pure and mixed states. In addition
to the standard term arising from the noncommutativity of the observables themselves,
our relation incorporates three distinct contributions: one from the noncommutativity of
the conditional expectations, one from quantum coherence, and one from the conditional
covariance. These contributions collectively yield a significantly tighter lower bound. Nu-
merical simulations verify the generality and enhanced tightness of the proposed relation.
Our results provide a refined theoretical tool for the joint estimation of multiple observables
in composite quantum systems, with potential applications in quantum precision metrology
and secure quantum key distribution.
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I. INTRODUCTION

The quantum uncertainty principle constitutes a cornerstone of quantum theory. Over the past
century, its mathematical formulation has evolved from Heisenberg’s original ideas into a rigorous
framework founded upon statistical variance [1]. The pursuit of a precise mathematical statement
began with Kennard in 1927 [2], who furnished the first rigorous proof for the archetypal conjugate
pair, position ¥ and momentum p, establishing the inequality
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for any quantum state. This was decisively generalized by Robertson in 1929 [3], who derived the
famous relation for any two Hermitian operators A and B:

~
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This inequality rooted the ultimate limit of measurement precision in the very algebraic structure
of the theory—the noncommutativity of observables as captured by the commutator. Shortly

“Contact author: dwang @ahu.edu.cn
Published by the American Physical Society under the terms of the Creative Commons Attribution 4.0

International license. Further distribution of this work must maintain attribution to the author(s) and the
published article’s title, journal citation, and DOI.

3070-2240/2026/1/000158(13) 000158-1 Published by the American Physical Society


https://orcid.org/0000-0002-0545-6205
https://ror.org/05th6yx34
https://crossmark.crossref.org/dialog/?doi=10.1103/959j-v71v&domain=pdf&date_stamp=2026-10-01
https://doi.org/10.1103/959j-v71v
https://creativecommons.org/licenses/by/4.0/

MA, ZHOU, CHEN, AND WANG

after, Schrodinger supplemented the expression with an anticommutator term, yielding the tighter
Robertson-Schrodinger inequality [4]:
A B2 i B A\ (B2
aieag s WA BIP | 1UA BY) 264 B )
4 4
which also includes how A and B relate in a given state.

A well-known limitation of this standard product form is the trivial-bound problem: If the state
approaches an eigenstate of either A or B, the right-hand side can vanish, leading to a trivial result.
Consequently, even for noncommuting observables, the product-form relation may fail to reveal
their intrinsic incompatibility—a significant drawback for quantum-information applications that
require reliable witnesses of quantumness.

To overcome this issue, attention shifted to the sum of variances, AAZ + AB2. A critical break-
through in this sum-form paradigm was achieved by Maccone and Pati in 2014 [5]. They proved
that for any two incompatible observables, a state-dependent uncertainty relation

AA? + AB* > Fi([A, BY) + [(W]A £ iBly*)? 4

holds for pure states, where |1/1) is any state orthogonal to the system state |yr). The lower
bound in this inequality is guaranteed non-negative. Moreover, for noncommuting observables, one
can always choose |1) such that the bound is strictly positive, thereby conclusively resolving
the trivial-bound problem. This result was later extended to mixed states. For a mixed state
p=y PPl (Wl if there exists a state |y*) orthogonal to all constituent pure states |/ i), the
following relation holds:

AA? + AB* > Fi([A, BY) + (A £ iB) |y ) (Y| (—A F iB)). )

These sum-form relations capture more fundamentally the irreducible “total uncertainty” imposed
by noncommutativity. They have exhibited superior performance over the product form in diverse
applications, including entanglement detection and the establishment of quantum precision limits in
metrology.

Up to now, the variance-based uncertainty theories have formed a comprehensive multilayered
research system, and numerous scholars have carried out diversified extensions under the premise
of global independent measurements. Luo decomposed variance into classical and quantum com-
ponents via skew information and constructed uncertainty criteria applicable to mixed states [6]. Li
and Qiao further established a monotonic equivalence transformation between variance and Rényi
entropy, revealing their intrinsic information-theoretic consistency [7]. Using the Bloch-vector
representation, they also derived state-independent uncertainty relations for multiple observables
[8], while Shirokov derives generalized uncertainty relations for three or more observables from
generalized Cauchy inequalities, which supply extra constraints on pairwise correlation coefficients
absent in pairwise Schrodinger uncertainty relations [9]. Generally, such three-observable uncer-
tainty relations can be derived and generalized from the Cauchy-Schwarz inequality [10,11]. Xiao
et al. put forward a quantitative description of uncertainty intervals using partial Cauchy-Schwarz
inequalities [12]. Song et al. introduced the G-metric formalism to extend uncertainty relations
to PT -symmetric and P7T -broken non-Hermitian quantum systems [13]. Zheng et al. derived
tighter lower bounds and second-moment uncertainty constraints for non-Hermitian operators
by introducing generalized incompatible auxiliary operators [14]. For continuous-variable and
many-body systems, Marian and Marian extended the Einstein-Podolsky-Rosen (EPR) gedanken
experiment to multimode continuous-variable setups to quantify long-range quantum correlations
[15], while Xu et al. investigated uncertainty dynamics in many-body quantum control systems
and clarified how entanglement and mixing degree shape variance bounds [16]. Abd-Rabbou and
Qiao obtained bidirectional tight uncertainty bounds using the Maligranda inequality [17]. Kimura’s
group successively proposed new constraints beyond the Robertson-Schrédinger formalism as well
as optimal Robertson-type relations whose coefficients are solely determined by state eigenvalues,
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greatly strengthening bounds for mixed states [18,19]. Zhao e? al. defined symmetrized variance for
diagonal observables in pure states, decomposed total variance into observable- and state-dependent
components, and derived basis-independent intrinsic quantum quantities [20].

Notably, the previous works ignore the conditional correlations of measurement outcomes and
fail to describe sequential conditional measurement protocols. In 2018, Sazim et al. developed
a variance-algebra-based conditional uncertainty framework to derive inequalities and construct
entanglement and quantum-steering criteria. However, its conditional variance originates from
fluctuations of linearly superposed observables and contradicts practical sequential-measurement
physics [21].

Furthermore, Gour et al. established measure-independent conditional majorization theory to
obtain universal conditional uncertainty constraints for bipartite systems. Yet it has no operator-level
optimal-estimation models and cannot reflect uncertainty limits originating from noncommuting
operators [22].

Despite these advances, a significant gap remains: Existing forms describe limits for separate,
total measurements. Real-world quantum tasks—such as weak measurement or the control of
coupled systems—often rely on conditional measurements, where the outcome of one measurement
(B) informs the estimation or control of another (A). Conventional variance AA2 quantifies the total
spread, but does not reflect the uncertainty remaining in A once B is known. Current theory lacks
a satisfactory description of this conditional uncertainty, rendering traditional relations inadequate
for analyzing complex modern protocols.

To bridge this gap, we introduce a set of methods that utilize conditional variance and conditional
expectation to depict the uncertain relations. Its central idea is to decompose the traditional global
variance into the sum of “conditional variance” and ‘“‘conditional-expectation fluctuation,” thereby
disentangling the mutual information and correlation structure between measurements. Following
the formulation pioneered by Maccone and Pati, we derive a family of uncertainty relations for
the sum of conditional variances, applicable to both pure and mixed states, and demonstrate
through numerical experiments that they provide tighter, more informative bounds than conventional
alternatives.

II. UNCERTAINTY RELATIONS BASED ON THE SUM OF CONDITIONAL VARIANCES

To overcome the limitations inherent in global uncertainty formulations, we develop a theoretical
framework grounded in the concept of conditional expectation. This approach provides a natural
tool for characterizing uncertainty in scenarios involving sequential or conditional measurements.
The notion of quantum conditional expectation, with roots in the work of Holevo on quantum
measurement and estimation theory [23], serves as our starting point. Here, we formulate a well-
defined conditional expectation operator for a pair of noncommuting observables A and B using
their spectral decompositions.

For an observable B with discrete spectral decomposition B= > j bjlb;){b;j|, where {|b;)} forms

a complete orthonormal basis, the conditional expectation operator of observable A given B is
defined as

E(A|B) :=") (b;|AIb;)|b;)(b;!. (6)
J

Physically, if an ideal measurement of B yields outcome b ;> the postmeasurement state is |b;). The

value (b; IA|b ) is then the optimal (minimum mean-square-error) estimate of A based solely on that

outcome. Thus, E (A|l§) encodes, diagonally in the B basis, the best estimate of A after a perfect B

measurement. In a symmetric manner, we define the dual operator E (A|B) using the eigenbasis of A.
A central question is whether these two estimation operators commute. Their commutator

[E(A|B), E(B|A)] = E(A|B)E(B|A) — E(BIA)E(A|B) (7)
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need not vanish even when the original observables are noncommuting. This reflects a deeper
incompatibility: The optimal estimation of A given full information about B and the optimal
estimation of B given full information about A are themselves mutually exclusive procedures,
because each relies on a different measurement basis. The nonzero commutator in Eq. (7) quantifies
this informational exclusivity, revealing a hierarchical layer of quantum limitations beyond the usual
Heisenberg principle [24].

From the conditional expectation, we naturally define the conditional variance:

(AA|BY* = (A — E(AIB))%), (8)

which measures the residual uncertainty of A after the outcome of a B measurement is taken into
account. Unlike the ordinary variance ((A — (A))?), the conditional variance isolates the uncertainty
that cannot be reduced by knowledge of B within the chosen measurement context [25].

To capture correlations between the estimation errors of A and B in this conditional setting, we
introduce a conditional covariance quantity

cov(A|B, BIA) := 3 ((A — E(AIB))(B — E(BIA)))). ©)

This definition employs the square of the symmetrized product of the two estimation errors, provid-
ing a second-moment measure of how the errors covary when each observable is optimally estimated
conditioned on the other. In quantum mechanics, measurement backaction and noncommutativity
often induce such correlated fluctuations; the quantity in Eq. (9) systematically accounts for them.

Equipped with these constructs, we can now state our main uncertainty relations for the sum of
conditional variances.

Theorem 1. For pure states, we have derived the uncertainty relation in the variance-sum form

(AA|B)* + (ABIAY > +i(lA, Bl) £ i(lE(A|B), E(BIA)]) + [(WI(A £ iB)|y )
lcov(A|B, B|A)|?

_ AR DA 1y 2
(VI(E(AIB) = E(BIA)|Y H'+(Am3y+(ABMV'

(10)

Proof. Now, within the context of two-dimensional pure states, we substitute Egs. (6) and (8) into
Eq. (4) from Maccone and Pati to conduct the theoretical derivation.
Define the residual operator:
O,:=A—EQ@AB), O,:=B-E®BJA). (11)
Substituting into Eq. (4) yields the following expression:
A0} + AD; > +i([01, Oal) + (|0 £ iOs Y ) 2. (12)

Expanding the commutator,

AOT + A0 = (07) +(03) = (A — E(A1B))*) + (B — E(BIA))?) = (AA|B)* + (ABIA),
(13)
([01, Os1) = (IA, Bl) + ([E(A|B), E(B|A)]) — ([A, E(BIA)]) — (LE(A|B), B)). (14)

Because E (B|A), is a function of the projectors |a) {ay| of A, it commutes with A; similarly, £ (A1B)
commutes with B. Hence, the last two terms vanish, leaving

(101, O5]) = (A, Bl) + ([E(A|B), E(B|A)]). (15)
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The interference term becomes
(W01 £i0s|yr) = (WA +iB — EAIB) F E(BIA)|y™)
= (YA L£iB)y") — (Y I(EAIB) £ EBIA)|y™). (16)

Finally, the first uncertainty relation based on conditional variance and in pure-state condition is
obtained:

(AA|1BY? + (ABIAY > £i(lA, BY) £ i(lEA|B), E(BIA)]) + [(VI(A £ iB)|y+)
— (VI(E(AIB) £ E(BIA)|y )| (17)

The lower bound presented in Eq. (17) consists of three items related to the noncommutativity
of the observables themselves, the noncommutativity of the conditional expectation operators, and
quantum coherence, respectively. However, this bound only characterizes the independent fluctu-
ation constraints of the two conditional estimation errors separately, and does not account for the
contribution of correlated fluctuation effects between the two sets of errors to the total uncertainty.
In practical conditional measurement scenarios, the noncommutative nature of observables and
measurement backaction render the errors of the two conditional estimates nonindependent: When
the conditional estimation of A based on the measurement outcomes of B exhibits a large deviation,
the deviation of the conditional estimation of B based on the measurement outcomes of A also
exhibits systematic correlated variations. This second-order correlation between errors is an inherent
component of quantum uncertainty and imposes an additional constraint on the total conditional
uncertainty. Since Eq. (17) fails to capture this effect, its lower bound might be further tightened.

To quantify the correlation strength of the aforementioned conditional estimation errors, we
define the conditional covariance as

cov(A|B, BIA) = $((010,)%). (18)

It characterizes the second-order amplitude of joint fluctuations of the two residual operators
and physically corresponds to the probability weight of simultaneous large deviations in the two
conditional estimates.

On this basis, we construct the covariance correction term

lcov(A|B, BA)? |cov/?
~ (AAIB? + (ABJA? S
where S = (AA|B)? + (ABJA)? denotes the sum of conditional variances and cov = cov(A|B, B|A).
Physically, this correction term represents the ratio of the conditional error correlation strength to
the total conditional uncertainty, corresponding to the additional uncertainty constraint contributed
by error correlation.
Due to |cov|?> > 0 and S > 0, one can obtain the non-negativity of R.o from Eq. (19). For the
special case with § = 0, it implies error-free conditional estimation for both observables. In this
case, the error correlation vanishes simultaneously and the covariance equals zero, so Ro can be

consistently defined as 0 via a limiting process. Therefore, for any physical quantum state, one can
obtain

; 19)

corr

Reorr = 0. (20)

This non-negativity directly guarantees that adding R to the right-hand side of Eq. (17) neces-
sarily yields a tighter lower bound.

From physical intuition, the additional constraint introduced by error correlation cannot exceed
the total conditional uncertainty itself; otherwise, it would contradict basic physical reasoning. We
analyze its boundedness via standard operator moment inequalities. First, by the quantum Cauchy-
Schwarz inequality, we have

< (663 e
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for arbitrary Hermitian operators. Combined with the off-diagonal structure of the residual
operators—each contains only off-diagonal elements in the eigenbasis of the other observable—it
can be further shown that

1((0:10,)%)] < |(0103)). (22)

Thus, the constraint in Eq. (21) can be transferred to the product term corresponding to the
conditional covariance.
Second, by the arithmetic-geometric mean inequality, one attains

(OT03) < (M) -2 (23)

for non-negative conditional variances.
Specifically, in two-dimensional pure-state systems, traceless Hermitian operators satisfy
(OFy = (O?)* for i = 1, 2. Thereby, one can analytically derive that
S lcov]>  S% — |cov|? >0 Y
5 = S 2 0, (24)
which is equivalent to Ry < S. This result indicates that the correction term from error correlation
does not exceed the total conditional uncertainty in two-dimensional systems, verifying that the
correction term has a reasonable magnitude and is physically self-consistent.

For higher-dimensional pure states and mixed-state systems, since the fourth-order moments
of Hermitian operators satisfy ((5?) P> (@?)2, the aforementioned concise scaling approach is no
longer applicable, and a universal analytical upper bound cannot be obtained via simple moment
inequalities. Nevertheless, all orders of moments of operators in finite-dimensional Hilbert spaces
are finite, ensuring that R o always remains a well-defined finite quantity with clear physical
meaning. As verified by subsequent large-scale numerical simulations covering the full parameter
space, the inequality incorporating the Ro correction term holds strictly for any physical quantum
state of arbitrary dimension, and the tightness of the lower bound is significantly improved compared
with the fundamental inequality [Eq. (17)].

It quantifies the strength of amplitude correlations between O; and O, the probability of large
errors occurring simultaneously. This is crucial for capturing quantum non-Gaussianity and the
correlated fluctuations induced by entanglement. Also, it significantly narrows the gap with the
actual uncertainty and yields a more accurate quantum limit. By adding a R, term to Eq. (17), we
obtain the second uncertainty relation [Eq. (10)] based on the sum of conditional variances under
the condition of pure states.

Now, let us analyze Eq. (10); the term i ([A, é]) represents the contribution from the standard
quantum noncommutativity of the observables. This fundamental limit, inherent in any pair of
noncommuting operators, persists as a core source of uncertainty even within the conditional
estimation framework. The second term, i([E(A|B), E(B|A)]) arises from the noncommutativity
of the conditional-expectation operators. It reflects a deeper, information-theoretic incompatibility:
The optimal estimation of A conditioned on a perfect measurement of B and the optimal estimation
of B conditioned on a perfect measurement of A constitute two mutually exclusive perspectives.
This context-dependent noncommutativity introduces an additional layer of quantum uncertainty
not captured by conventional relations. Next, the third contribution is the interference term,
[(W|(A £ iB)|yt) — (W|(E(A|B) £ E(B|A)|y*)|?, which quantifies the role of quantum coherence.
Here, (y|(A & iB)|y ) transition amplitude for the operatorA +iB, encoding the system’s intrinsic
coherence. Its counterpart, (|(E(A|B) £ E(B|A)|y1), represents the corresponding amplitude
predicted solely by the conditional (i.e., effectively classical) expectations. Their difference thus
measures the excess uncertainty stemming from genuine quantum coherence that cannot be inferred
from the conditional data alone. This term vanishes only when the system’s behavior is fully
consistent with the conditional expectations, highlighting its purely quantum origin. Finally, the
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conditional covariance term R captures the contribution from correlations between the con-
ditional fluctuations of A and B. It quantifies how the errors in the two conditional estimates
covary, adding a positive, state-dependent tightening to the bound. Alongside noncommutativity
and coherence, these correlated conditional fluctuations form a distinct and significant source of
uncertainty, particularly relevant in entangled or non-Gaussian states.

Theorem 2. Letp = Pl (W5l be a mixed state and choose a state |y 1) orthogonal to every
constituent |v;) (this requires the Hilbert-space dimension to be at least three). Then,

(AAIBY+(ABIA > Fi([A, BY)Fi([E(AIB), E(BIA)])+(((—A £ iB)+(E(A|B) F iE(BIA)|y ™)
lcov(A|B, B|A)|?

Lice A .5 £ B B R
X (Y~|((—AFiB) + (E(A|B) £ iE(B|A)))) + (DAIB? + (ABIAR

(25)

Proof. The argument follows the same pattern as for Theorem 1, but starts from the mixed-state
generalization of the Maccone-Pati sum relation in Eq. (5):

O + D2 = Fi([01, Oa]) + (O, £iO) YN (W (=0 FiD2)) + Reon- (26)

Substituting the residual operators in Eq. (11) and adding the non-negative term R, defined
in Eq. (19) yields, after expansion, we can obtain the inequality [Eq. (25)]. The necessity of
an orthogonal state |i/1) that is orthogonal to all pure components of p restricts the validity to
dimensions three or higher.

Now, we established Theorem 2 for mixed states with a nontrivial null space, based on the
assumption of a common orthogonal state. While this theorem features a compact form and clear
physical interpretation, its validity is constrained by the requirement that the density matrix has a
nonempty null space. Specifically, for mixed states with rank(p) < d in a Hilbert space of dimension
d > 3, a common orthogonal state [1) exists and Eq. (25) holds. However, for full-rank mixed
states in two-dimensional (single-qubit) systems, the null space of the density matrix contains only
the zero vector, so no nontrivial common orthogonal state can be found, and Theorem 2 does not
apply directly.

To fill this gap in applicability, we construct a universal uncertainty relation valid for mixed states
of arbitrary dimension and arbitrary rank, based on the pure-state result of Theorem 1 and the convex
decomposition of quantum states. This result complements Theorem 2 in applicable scenarios, and
together they provide full coverage from pure states to full-rank mixed states.

III. EXAMPLES

A. Two-dimensional arbitrary pure-state verification

We have established an uncertainty relation applicable to pure states, along with its extension
to mixed states. For clarity, we first consider a pure state of a single-qubit system as an example.
This demonstrates that Eq. (10) holds for arbitrary two-dimensional states and provides a tighter
inequality than Eq. (17). Consider the Hermitian operators

A=6,, B=cosfé.+sinbé,. 27)
We select an arbitrary quantum state and its orthogonal state:
|¥) =cosa |0) +sina |1), |¥t) = —sina |0) + cosa [1). (28)

Within this setup, the proposed inequality can be verified for any state represented on the surface of
the Bloch sphere [26]. From Figs. 1 and 2, it can be concluded that the left-hand side of Eq. (10)
is always greater than the right-hand side on the Bloch sphere (for any pure state), and because the
additional term R o Was added in Eq. (10), the bound is tighter than the bound in Eq. (17).
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FIG. 1. Quantum expressions vs 6 and « under the positive sign parameter configuration, the exact sum of
conditional variances (blue surface) is compared with two theoretical lower bounds: one from Eq. (17) (orange
surface) and the other from Eq. (10) (green surface). The bound including the R, term (green) lies closer to
the exact value, demonstrating its role in tightening the uncertainty relation.

Calculations based on this example reveal that

& B 0 2sin6 A A 0 _ sinf+sin36
= — . . 2
4. B = (—2sin9 0 ) [E(AIB). E(B|A)] = <me+2m3e 0 ) (29)

This illustrates that quantum incompatibility extends beyond a mere property of measurement
outcomes; it is fundamentally embedded within the very processes and strategies of information
acquisition. Adopting one probing strategy—for instance, measuring B first and then estimating
A—intrinsically excludes or disrupts the effectiveness of an alternative strategy, such as measuring
A first and then estimating B. This remains true even when both strategies aim only for “optimal
estimation” rather than exact values.

FIG. 2. Quantum expressions vs 6 and « under the negative sign parameter configuration, the same com-
parison under the negative sign configuration, with the bounds from Eq. (17) (purple surface) and Eq. (10) (red
surface). In both configurations, the enhanced bound remains valid over the entire Bloch sphere, confirming
the universality of the relation for any single-qubit pure state.
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This exclusivity constitutes the physical origin of the new term i([E(A|B), E(B|A)]) in our
uncertainty relation. The term quantifies this deeper, information-theoretic form of incompatibility,
resulting in a lower bound that is both tighter and more informative than those derived from
conventional relations.

Furthermore, we analyze the difference between Egs. (10) and (17), which is readily Rcor-
Substitute the observables A = 4. = ((1) —01)’ B = cosf 6. + sinf 6,, and the arbitrary pure state
[Y) = cos «|0) 4 sin«|1) into Reo-

Substituting the derived analytical results, the numerator reads

lcov(A|B, BIA)|* = (4 sin* 6 cos 29)2 = 1 sin® @ cos® 20, (30)

and the denominator takes the form
(AA|B)* 4+ (AB|A)* = 25sin® 6. (31)

Combining the numerator and denominator, we obtain the closed-form expression of the correlation
tightening term:
}1 sin® 6 cos?20  sin® 6 cos? 20
7zcorr = ) = . (32)
2sin” 6 8

It reveals that R, equals zero at § = 0, w, 7 /4, 37 /4 and reaches its maximum value 1/8 at
0 =m/2. At @ =0, 7, the observables A and B commute completely without intrinsic quantum
incompatibility, so no correlation exists between conditional estimation errors and the covariance
correction term vanishes. At 0 = 7 /4, 37 /4, the two observables remain noncommutative, yet the
second-order cross correlation of two types of conditional estimation errors cancels out exactly, only
eliminating the correction term while the fundamental uncertainty bound stays positive. When 6 =
7/2, A and B are fully complementary conjugate Pauli operators, the conditional error correlation
induced by measurement backaction becomes the strongest, and this correction term tightens the
lower bound of the uncertainty relation to the greatest extent.

B. Three-dimensional mixed-state verification

For the mixed-state case described by Eq. (25), the two-dimensional Hilbert space is insufficient
because an appropriate orthogonal state [1) must be chosen. We therefore consider mixed states
within a three-dimensional system framework and systematically verify the validity of the inequality
through the following two approaches.

We select the Hermitian operators

A=38., B=cos6S, +sinbS,, (33)
where
. 1 0 O . 1 (0 1 0
oo B) TEL o) o
along with the density matrix and the orthogonal state
p=0.410)(0] +0.6 x 5(I0) + [1)(O] + (1), [¥*) = p") =12). (35)

Figure 3 illustrates the variation of the uncertainty relation specifically, the left-hand side (the
actual sum of conditional variances) and the right-hand side (the theoretical lower bound)—as the
parameter 6 varies over the interval [0, 2 ]. We found that no matter which symbol (positive sign
or negative sign) is chosen, it does not affect the value of bound, and the difference between the
left and right sides of the inequality is always greater than zero. The results demonstrate that the
inequality holds strictly over the entire parameter range.
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0.4 / \ A \
)/ /
4
02| 4 /
0
/2 g 3r/2 2r

FIG. 3. Verification of the quantum uncertainty relation in special mixed states. A diagram illustrating the
relations between the two sides of the inequality as a function of € for a specific three-dimensional mixed state.
The blue line and the red dotted line, respectively, reflect our bounds in the cases of positive and negative signs.
The green line and the orange dotted lines indicate that the value of the left side minus the right side of the
inequality is always greater than zero; that is, in this mixed state, the inequality always holds.

To examine whether the inequality holds universally, we perform a large-scale numerical
verification: We discretize the interval [0, 277] into 10* uniform values of 6 and generate 10*
independent random rank-2 three-dimensional mixed states for each 6, leading to a total of 103
inequality evaluations. A reference state orthogonal to all pure components of each density matrix
is constructed via singular value decomposition. We compute the difference between the left-hand
and right-hand sides of the inequality strictly following the definitions of conditional expectation,
conditional variance, and the covariance correction term proposed in this work. The statistical results
from Fig. 4 show that the difference remains non-negative, supporting the validity of Eq. (25).

In practice, conventional uncertainty relations, such as the Robertson relation [3], often become
trivial for mixed states: Their lower bound, |([A, B])|/2, may approach zero and thus cease to
provide physically informative constraints. In contrast, the conditional expectation commutator
term ([E(A|B), E(B|A)]) and the orthogonal-projection term introduced in our framework generally

AI.S' 105
[-5) ~_
g c
5 49
5 10" &
& 1.0 )
S 10z
= &
% 0.5~ 102
® B
= 108
0

—_
(=]

0 w2 m 3n/2 on
0 (radians)

FIG. 4. Quantum inequality validation: Density scatter plot of difference vs 6, we conducted a total of 10?
tests. The solid line represents the average change of the difference between the left and right sides of the
inequality with respect to the 6 angle under different random mixed states. The dotted line represents the 0
line. From the figure, it can be seen that all the differences are above the O line, serving to indirectly verify
whether Eq. (25) is universally and consistently valid.
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remain nonzero and contribute positively even for mixed states. Moreover, the newly defined
covariance term inherently encodes information about state mixing. Therefore, when describing
the intrinsic uncertainty of high-dimensional, open, or entangled quantum systems, the lower
bound supplied by Eq. (26) is both tighter and more informative. It is robust [27] against state
purity—an essential feature for real-world quantum systems [28], which are invariably subject to
decoherence—and consequently offers more descriptive power for practical quantum scenarios.

IV. CONCLUSIONS

To summarize, this study investigates the uncertainty relations among multiple observables in
multipartite systems and, for the first time, proposes a novel uncertainty framework based on
conditional expectation and conditional variance, overcoming the limitations of traditional global
variance analysis in conditional measurements and multipartite correlated systems. We systemati-
cally construct the conditional expectation operators E(A|B) and E (B|A), thoroughly explore their
commutation structure and physical significance, and subsequently derive generalized uncertainty
relations applicable to both pure and mixed states. The research reveals that even when A and B do
not commute, their conditional expectation operators can still exhibit nontrivial commutation rela-
tions ([E (A|B), E(B|A)] # 0). This reflects that information extraction processes based on different
measurement contexts are themselves mutually exclusive, thereby deepening the understanding of
the hierarchical structure of “measurement-information uncertainty”.

This work advances the understanding of quantum uncertainty relations. By decomposing the
conventional global variance into the sum of conditional variance and the fluctuations of conditional
expectations, the framework disentangles the mutual information and correlation structure inherent
in quantum measurements. This provides a more nuanced characterization of uncertainty in the
context of conditional measurements. Building upon the sum-form uncertainty relation introduced
by Maccone and Pati, we strengthen the bound by incorporating a conditional covariance term
Reorr» Which significantly enhances tightness and holds for arbitrary-dimensional pure and mixed
states. To demonstrate broad applicability, numerical simulations—covering two-dimensional pure
states, three-dimensional mixed states, and large-scale random states—confirm the universal validity
and superiority of the proposed relation. Notably, it maintains a nontrivial lower bound even for
mixed states, thereby overcoming the tendency of traditional Robertson relations to become trivial
in such scenarios. The framework of conditional expectation and conditional variance established
in this work can be naturally generalized to multiobservable scenarios. A mathematically rigorous
extension can be straightforwardly realized by summing all pairwise uncertainty relations, while
tighter formulations based on joint conditional expectation constitute a promising direction for
future investigation. The research provides a more precise theoretical tool for the simultaneous
estimation of multiple observables in multipartite quantum systems, with promising applications
in practical quantum information tasks such as quantum precision measurement, quantum key
distribution, entanglement detection, and quantum control. Future studies may further explore
the potential of this framework in complex systems including non-Markovian processes [29-31],
quantum networks [32-34], and distributed sensing [35,36].
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