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Detection of quantum imaginarity using moments
and its interferometric realization

Sudip Chakrabarty ®,-* Saheli Mukherjee ®,"" Ananda G. Maity ®,2# and Bivas Mallick® %/
S. N. Bose National Centre for Basic Sciences, Block JD, Sector I1I, Salt Lake, Kolkata 700106, India
2School of Physical Sciences, Indian Institute of Technology Goa, Ponda 403401, Goa, India

® (Received 9 May 2026; accepted 9 September 2026; published 24 September 2026)

Complex numbers, intrinsic to the formulation of quantum theory, play a pivotal role
in enabling advantages across a broad range of quantum information-processing tasks.
Despite their fundamental importance, practical and scalable criteria for detecting quan-
tum imaginarity remain relatively underexplored, particularly methods that enable its
identification with reduced experimental overhead. In this work, we propose a realistic
and experimentally feasible method to detect quantum imaginarity using moment-based
approach. Our framework relies on experimentally accessible moments of the Kirkwood-
Dirac quasiprobability distribution, enabling scalable detection in high-dimensional
systems without requiring full state tomography. We then present illustrative examples to
support our detection scheme. Finally, we present an interferometric scheme for measuring
these moments, paving the way for experimental implementation of our detection protocol.

DOI: 10.1103/828t-3czf

I. INTRODUCTION

Real numbers form the backbone of classical physics, offering a complete and consistent frame-
work for the description of physical phenomena [1-7]. In contrast, the status of complex numbers in
physical theories, particularly in quantum mechanics, has long been a subject of conceptual debate
[6,8—10]. Although complex numbers are routinely employed in the mathematical formalism of
quantum theory, their necessity is often assumed rather than critically examined. For example, the
authors in Ref. [6] show that the outcomes of any multipartite experiment can be reproduced by
a real quantum theory when the parties share arbitrary real quantum states. This was followed by
proving the distinctness of real and complex quantum theory in network scenarios with independent
sources and measurements [9]. Recent studies show that by moving beyond the tensor-product
structure of Hilbert space for composite systems, one can have an equivalent formalism of the
theory in terms of real numbers [11]. This long-standing debate has motivated sustained interest
in determining whether complex numbers are intrinsically required for an accurate description of
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quantum phenomena [10,12-16], or whether quantum mechanics can be consistently reformulated
within a purely real number framework [5,17-19].

To gain deeper insight into the significance of complex numbers in quantum mechanics, Hickey
and Gour introduced the resource theory of imaginarity in 2018 [20], which was subsequently
further developed and extended by Wu ef al. in 2021 [21]. Within this framework, quantum
states that possess complex-valued matrix elements with respect to a fixed reference basis are
regarded as resourceful, as they can be exploited to yield advantages in a wide range of quantum
information-processing tasks, including quantum state and channel discrimination tasks [21,22],
quantum communication [14], multiparameter metrology [23], nonlocal advantages [24,25], and
many others [26-34].

Despite the many promising applications of quantum imaginarity, a fundamental and practically
relevant question is to reliably determine the presence of imaginarity in a quantum state, so that it
can be effectively harnessed as a resource for achieving quantum advantage over classical analogs.
Additionally, imaginarity is independent of other well-studied quantum resources such as coherence
[35-37] and entanglement [38]. A state can exhibit coherence while remaining entirely real in a
given reference basis, and entanglement does not, in general, necessitate the presence of intrinsically
complex phases. Consequently, witnesses developed for coherence [39—41] or entanglement [42,43]
are insufficient to certify imaginarity. Dedicated detection methods are required to identify this
specifically complex feature. Although significant research has been carried out in this direction
from different perspectives [44-50], developing scalable and experimentally feasible detection
methods is particularly important for high-dimensional systems, where full state tomography
[51-53] is impractical. In this context, we propose a detection criterion that enables the practical
identification of imaginarity while significantly reducing experimental overhead.

Here, we develop a strategy for detecting quantum imaginarity based on the moments of the
Kirkwood-Dirac (KD) distribution [54—59]. In this approach, we first apply a Y-twirling map
to remove the real coherence while retaining contributions from imaginary components, thereby
isolating genuinely complex features of the state. We then examine the positivity of the resulting KD
distribution: Real states satisfy specific positivity constraints, and any violation implies imaginarity.
However, to avoid full reconstruction of the KD distribution and thereby to ensure experimental
scalability, we formulate the detection criterion directly in terms of the moments of the KD
distribution [60]. We then present illustrative examples to demonstrate the effectiveness of our
detection scheme. Next, to demonstrate the practical relevance of our moment-based approach, we
develop a methodology that enables detection of quantum imaginarity through the visibility obtained
in a Mach-Zehnder interferometer. While our approach builds upon several well-established ingre-
dients including KD quasiprobability distribution, positivity properties of moment matrices, and
interferometric visibility estimation, the main contribution of the present work is the development
of a unified operational framework that combines these existing independent ingredients to address
the problem of detecting quantum imaginarity.

The paper is organized as follows. In Sec. II, we briefly discuss the essential mathematical
preliminaries, as well as the moment criteria proposed in earlier works for entanglement detection.
In Sec. III, we present our framework for the detection of quantum imaginarity along with an explicit
example. We then discuss a scheme for the realization of these moments and a detection method of
imaginarity from the visibility obtained in an interference pattern in Sec. IV. Finally, in Sec. V, we
summarize our main findings along with some future perspectives.

II. PRELIMINARIES

In this section, we introduce the basic concepts, definitions, and notations that are necessary for
the subsequent discussions. Unless stated otherwise, throughout the paper, we adopt the standard
notation and terminology widely used in quantum information theory.
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A. Quantum imaginarity

Let {|a,~)};‘3:_0l denote a fixed orthonormal reference basis of a d-dimensional Hilbert space. A
density operator p = Zi‘ j Pij la;){a;| is said to be real in this basis if and only if all its matrix
elements are real, i.e.,

pij €R Vi, j. (1

In other words, p is real if and only if it is invariant under transposition in the reference basis, i.e.,
T
p=p.
Alternatively, a quantum state p is said to possess imaginarity whenever at least one off-diagonal
matrix element has a nonzero imaginary component,

3i+# j, suchthat Im(p;;) # 0. 2

In this sense, imaginarity captures the intrinsically complex structure of quantum coherence [36]
in the chosen reference basis. Notably, the real and imaginary parts of coherence are not opera-
tionally equivalent: They can affect physical processes in qualitatively different ways [14,21-32],
underscoring the importance of treating imaginarity as an independent feature of quantum states.

In operator-space language, any density matrix can be decomposed as 0 = preal + Oimag, Where
Preal = (p + p7)/2 and pimag = (p — p7)/2. The real part (prear) is symmetric, while the imaginary
part (0imag) 1S antisymmetric in the reference basis. In higher dimensions, the imaginary sector is
spanned by the antisymmetric generators

Yy = illay)(ag] — lag)la,l), p<gq, 3)

which form a subset of the generators of su(d).

In the resource theory of quantum imaginarity [20,21], the collection of the real states forms
the set of free states. It is instructive to define the free operations corresponding to physical
transformations of quantum systems, under which imaginarity cannot be generated or increased.
Usually, a quantum operation A is described by Kraus operators {K},} satisfying > u K;KM =1,

with A[p] =) . Ku pK;. Considering imaginarity as the resource, the free operations are identified
as those admitting a Kraus representation whose matrix elements are real in the reference basis

{lai)}, ie.,
(ai|Kyla;) € R, Vi, j, . “)
A natural quantitative measure of imaginarity is given by the £; norm of the imaginary part of the
density matrix [61]:
My, (p) =" [Im(p;)). (5)
i#]
This measure satisfies

(1) My, (p) =0, if p is a free (real) state.
(2) My, (Ap(p)) < My, (p), if A is a free (real) operation.

B. Kirkwood-Dirac quasiprobability distribution

We consider a Hilbert space of dimension d, on which all relevant operators are defined. Let {|a;)}
and {|by)} be two orthonormal basis sets associated with the spectral resolutions of the observables

A= "aila)al, B=) bilb)(bl.
i k

Given a density operator p, the KD quasiprobability distribution corresponding to these two
bases is defined as

Qu(p) = (bela;) (ail plbe) = Tr(TIZTI¢ p), (6)
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with IT¢ = |a;)(a;| and 1'12 = |br)(bx|. The quantities Q;(p) need not be real or positive and
therefore, in general, cannot be interpreted as an ordinary probability distribution. Despite this,
they satisfy basic consistency relations:

Y Ou=1, Zm—nm Zm—nwm (7)
i,k

ensuring that the marginals reproduce the Born rule probabilities for measurements in the {|a;)} and
{|bx)} bases [62]. However, when the two bases coincide (i.e., |a;) = |by)), the above expression
reduces to Qi (p) = Tr(I1¢p) 8, which is a probability distribution.

The above KD framework also extends straightforwardly to a sequence of observables [63—66].
For observables

A =3, =1

one defines the extended KD distribution as
ah

O (o) ="Te(mg" g p). ®)

.....

One may note that the usual two-observable case can be recovered as a special case by setting [ = 2.
The relevance of the extended KD distribution to our analysis will be discussed in Sec. III.

An important aspect of the extended KD distribution is that it encodes complete information
about the quantum state. In fact, provided the relevant overlaps are nonzero, the density operator
can be reconstructed from the extended KD coefficients as

(1) (l )

|a
'O_Z (l) (1) 0 i (p) ©)
l

l[ 11

KD quasiprobabilities have found several applications in quantum information theory, quantum
foundations, and thermodynamics, where they are used to analyze nonclassical features and opera-
tional constraints [63—72]. For a detailed review, see Ref. [56].

C. Partial transposition moments

This subsection provides an introduction to the concept of moments that we employ as a tool
for detecting imaginarity. In particular, our approach is inspired by the moments of the partially
transposed density matrix, commonly referred to as partial-transposition (PT) moments [73]. PT
moments are defined as

pni=Te[(02)"], n>1, (10)

By construction, p; = 1, while p, corresponds to the purity of ,of”B. In Ref. [74], the authors
proposed an entanglement detection criterion that relies solely on the first three PT moments. In
particular, they proved that all positive partial transpose (PPT) states satisfy

P < ps. (11)

Violation of this inequality implies that the underlying state is entangled, which is known as the
p3-PPT criterion.

Further, higher-order moments have also been utilized to formulate criteria that capture finer
spectral features and thereby enable more sensitive detection of entanglement [75,76]. In partic-
ular, higher-order PT moments (n > 4) can be systematically exploited using Hankel matrices

constructed from the moment sequence [76]. Given the vector p = (py, p2, - .., Pam+1), the cor-
responding (m + 1) x (m + 1) Hankel matrix is defined as
(Hn(P)]jx = Pjsk+1, Jk=0,....,m. (12)
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A necessary condition for separability is then given by
det[H,(p)] >0, VmeN. (13)

An important practical advantage of PT moments is that they can be estimated using classical
shadows [77-84]. Moreover, since these criteria are state independent, they are applicable even
when little prior information about the system is available.

D. Overview of a Mach-Zehnder interferometer

Consider a Mach-Zehnder interferometer where the arms of the interferometer represent the path
degrees of freedom. This is spanned by a two-dimensional Hilbert space with the corresponding
basis denoted by {|0), [1)}. The path elements of the interferometer are represented in this basis,
whereas the quantum state whose imaginarity is to be detected constitutes the internal degrees of
freedom. The composite system is thus represented by a tensor product of the path and internal
degrees of freedom. The typical elements of an interferometer include two 50-50 beam splitters, a
phase shifter, a controlled unitary, two mirrors, and a measurement in the computational basis. The
unitary gates representing these elements are given below.

(1) 50-50 beam splitters < Hadamard gate H = %(i _11). The corresponding unitary is
H®I.

(2) A phase shifter that shifts the phase of the path |0) by an angle 8. The corresponding unitary
is represented by (¢?]0)(0| @ I + |1)(1| @ I).

(3) A controlled unitary U with the path (internal) degrees of freedom acting as the control
(target). (]0)(0] ® T + |1)(1] ® U) is the unitary.

(4) Mirrors are represented by o, = (? (1)).

The overall evolution in an interferometer is given by the unitary [85,86]

Uit = (H @ (0, @ D(I0)(0] @ T+ [1) (1] @ U)(e”10)(0l @ [ + [ 1)(1| @ Y(H @ T).  (14)

If the initial state is p; = |0)(0| ® p, the final state after evolving through the interferometer is
pr=UpU T, After a detailed calculation, we get

pr =1 HI @UPUT + e |+)(—| @ Up + €”|=)(+| ® pU" + |-)(—| ® p). (15)
The intensity of the interference along the path |0) is
I =Tr[(10)0] ® )ps] = 3(1 + Re[Tr(U p)e 1), (16)

where Tr(U p) is in general, a complex quantity. Expressing Tr(U p) as |Tr(U p)|e'*, where x =
arg[Tr(U p)], Eq. (16) simplifies to

I = %[1+|Tr(U,o)|cos(X —6)]. 17)
The visibility of an interference pattern is given by

maxy I — mingy /

= (18)
maxg I + ming
After calculating the maximum and minimum intensities from Eq. (16), we get
V =|Tr(Up)|. (19)

Equation (19) suggests that by choosing a suitable unitary, the desired visibility can be obtained.
Any nonzero visibility reflects the persistence of wavelike behavior and therefore signals nonclassi-
cality. Figure 1 represents a schematic diagram of the setup.
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FIG. 1. Schematic representation of the Mach-Zehnder interferometric setup used to estimate the visibility
V. The path degree of freedom of the interferometer acts as the control qubit, while the internal system carrying
the state p serves as the target. The setup consists of two 50-50 beam splitters (BS I and BS II), two mirrors,
a phase shifter (PS) introducing a phase 6 in the arm along |0), and a controlled unitary (U). A measurement
(M) in the computational basis at the output port along the path |0) gives the visibility V along path |0).

III. DETECTION OF IMAGINARITY USING MOMENTS

In this section, we establish a framework for detecting quantum imaginarity using moment-based
approach. To this end, we first review the notion of moments of the extended KD distribution, which
was introduced recently in Ref. [60]. Here, we consider two orthonormal bases {|a;)} and {|b;)},
where {|b;)} is mutually unbiased basis with respect to {|a;)}. In this case, the elements of the
extended KD distribution for the quantum state p take the form

0 ;x(p) = (a;jlbi)(blai)ailpla;). (20)

Now to detect quantum imaginarity, we proceed in three steps. First, we introduce a
symmetry-based twirling operation, referred to here as the Y twirl, which removes all real co-
herence of a quantum state while preserving its imaginary components. Next, we exploit the
fact that the presence of quantum coherence in a suitably chosen reference basis is equiva-
lent to the nonpositivity of the extended KD quasiprobability distribution. After the application
of the Y-twirling operation, this establishes a direct operational link between imaginarity and
KD nonpositivity. Finally, we formulate a hierarchy of sufficient conditions in terms of mo-
ments of the KD distribution, enabling efficient detection without requiring full quasiprobability
reconstruction.

A. Removal of real coherences by the Y -twirl map

In this subsection, we consider a quantum operation that eliminates the real part of the coherence
while preserving its imaginary component, referred to as the Y -twirl operation.

Lemma 1. Let H be a d-dimensional Hilbert space with orthonormal basis {|n)}z;é. For each
pair of distinct indices p < ¢, define the antisymmetric operator

Ypq = iIp) gl = la)(pD), 21
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DETECTION OF QUANTUM IMAGINARITY USING ...

which acts nontrivially only on the two-dimensional subspace spanned by {|p), |g)}. Then, define
the linear Y-twirl map € : B(H) — B(H) by

1
€)= S|P+ Yoy P Vpa |- (22)

p=q

For any density operator p, with matrix elements p,,, = (m|p|n), the output state p’ = £(p) satisfies

1
P = 7 for all diagonal entries, (23)
’ 2 .
P = El Im(pom,), forall m # n. 24)

That is, the Y-twirl map completely removes the real parts of all off-diagonal elements, keeping

only the imaginary components up to a factor 2/d, while forcing all diagonal entries to be equal.
Proof. Let p = Zmﬂ Pmn|m)(n| be an arbitrary density operator on a d-dimensional Hilbert

space. Since the map £ is linear, it is sufficient to determine its action on the matrix units |m)(n|.
Diagonal terms. Let m = n, then

1
E(lm)(m[) = 7| Imtml + Zypq|m><m|ypq

p=<q

If m ¢ {p, q}, then V,,|m) = 0 and the contribution vanishes. If m € {p, g}, say (p, q) = (m, r),
then

ymr|m) = —ilr), <m|ymr = i(rl,

and therefore,

Vinr lm) (1| Y = 1) (r].

Summing over all r # m gives

D Vnglm)imlVpg =D Ir(rl.

P<q r#m
Hence,
1 1<
Em)(m]) = =\ lm)(m] + 3 |r)r] | = = 3 1), (25)
r#£m r=1
which implies
1
Io:nm = g

Off-diagonal terms. Now, let m # n, then

1
Elm) (nl) = — [ Im) {n] + D Vpglm) (0| Vg

p<q
If {p, ¢} is disjoint from {m, n}, the contribution vanishes. If (p, g) = (m, n), then
ymn|m> = —l|n>, <n|ymn = l(m|’

and therefore,

ymn|m> <n|ymn = —|I’l) <m|
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If exactly one index overlaps, say (p, g) = (m, r) with r # n, then
Vinrlm) = —ilr), (n|Yr = 0,

so the contribution vanishes. The same holds when (p, g) = (n, r) with r £ m.
Thus, the only nonzero contribution comes from (p, q) = (m, n), yielding

D Vpglm)(nlVyg = —In) m.
p=<q

Hence,

1
E(m)nl) = —(jm)n| — |n) {m]).

For the density matrix p = Zm’n Pmn|m){(n|, we therefore obtain

1 2
pr/nn = E(pmn — Pnm) = E ilm(pu,), Vm#n.

This completes the proof. n

The above lemma demonstrates that the Y-twirl map singles out the intrinsically nonclassical
contribution stemming from imaginarity. Below, we explicitly verify that the Y-twirl map (&)
reproduces the expected form for Hilbert spaces of dimension d = 2 and d = 3.

Demonstration for qubits and qutrits

Qubit case (d = 2). In this case, there is only one antisymmetric operator,
Yor = i(|0) (1] = [1)(OD.

Consider a general qubit density matrix

_[a b
10_ b* 1_a»

where 0 < a < 1and |b|2 < a(l — a), the latter condition ensuring the positive semidefiniteness of
p. After applying the Y twirling map, we obtain

1 1 j
S(P)IE(,O+3701,03701)= <—iI§n(b) zIml(b))
2

This clearly implies that the diagonal elements are uniformly averaged to 1/2, the real part of the
off-diagonal term is eliminated, and only the imaginary component is retained.
Qutrit case (d = 3). For d = 3, the antisymmetric operators are

Yor = i(10)(1] — [1)(0D),

Yoo = i(10)(2] — [2)(0]),

Vi = i(11) (2] — [2)(1]).
We consider a general qutrit density matrix

a b c
p=1|b" d e, wherea,d,f>0anda+d+ f=1.
ct e f

The conditions for p to be a valid density matrix are
a,d, f>0, a+d+f=1 |b<ad, |c|><af, |e|><df,
adf + 2Re(bce*) > ale” + d|c” + f1b]*. (26)
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Next, we apply the Y -twirl map,
1
E(p) = 3(/0 + Yo1pYo1 + Vo2 pVo2 + Vi2pd12)

: IIm(b)  ZIm(c)

= | —3Im(b) 3 ZIm(e)

2i 2i 1
—3Im(c) —FIm(e) 3

The diagonal entries are uniform (1/3), the real parts of all off-diagonal elements vanish, and the
imaginary parts are rescaled by the universal factor 2/d = 2/3.

B. Equivalence between quantum coherence and nonpositivity of the extended KD distribution

Now, we exploit a correspondence between quantum coherence in a fixed reference basis and the
nonpositivity of the associated extended KD distribution constructed using two mutually unbiased
bases.

Lemma 2. [87] Let {|a;)} and {|b;)} be two orthonormal bases of a d-dimensional Hilbert space,
with {|b)} mutually unbiased with respect to {|a;)}. For any quantum state p, the extended KD
distribution {Q} x.1(P)}, as defined in Eq. (20), satisfies

Z Q7 k.1 (0 =1 =Cq (p, {lap)}), 27)
ikl

where Cy, (p, {|a;)}) denotes the £; norm of coherence of p in the basis {|a;)}. Consequently, the
extended KD distribution is nonpositive, i.e.,

Y105 =1 >0, (28)

Jokl

if and only if p possesses nonzero coherence in the basis {|a;)}.
Proof. Recall that the £; norm of coherence of a state p with respect to the reference basis {|a;)}
is defined as [88]

Ce,(p {lap)) = ajlplai)]. (29)
J#k

Using the normalization condition ) ; {ajlpla;) = 1, this expression can be rewritten as

Co,(p, {lap)) = ajlplar)| — 1. (30)

ik

Since the two bases are mutually unbiased, their overlaps satisfy [{a;|b;)| = 1/ Vd, v J, . It
implies

1
albi)(bilaj)| = = Vi k.. €1y

Therefore,

D150 = 1= [aclbi) (bilaj)ajlplar)]| — 1

Jok,l Jok,l
= lajlpla) — 1
J.k
= Cu,(p, {laj)}). (32)
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This establishes the desired equivalence. The final statement follows immediately: C, (p, {la;)})
vanishes if and only if the state is diagonal in the basis {|a;)}, which occurs when the extended KD
distribution is positive. |

The above result shows that extended KD nonpositivity provides a faithful and quantitative
witness of quantum coherence. In particular, the excess absolute weight of the extended KD
distribution above unity is exactly equal to the £; norm of coherence, establishing a direct one-to-one
correspondence between coherence and the extended KD nonpositivity in the mutually unbiased
bases. Combining this correspondence with the Y-twirl operation, we obtain a direct link between
coherence arising solely from imaginarity and the nonpositivity of the extended KD distribution.
In the next subsection, we now move toward a moment-based framework for detecting quantum
imaginarity.

C. KD moment-based detection of quantum imaginarity

To demonstrate our moment-based framework for detecting quantum imaginarity, we first define
the moments of the extended KD distribution.

Definition 1. Let ‘H be a d-dimensional Hilbert space and p be an arbitrary density operator
defined on . Consider {Ql.*jk(p)} to be the extended KD distribution for the quantum state p with
respect to bases {|a;)} and {|by)}, where {|by)} is mutually unbiased with respect to {|a;)}. We define
the nth order extended KD moments (r,,) as

ra =y (Qf(p)), (33)

ij.k

where n is an integer.

Note that, for a fixed reference basis {|a;)} in a d-dimensional Hilbert space, one can always
choose a mutually unbiased basis {|b;)} with appropriate phase conventions such that the corre-
sponding extended KD distribution becomes real. We now formulate a refined criterion for detecting
KD nonpositivity using moments of the extended KD distribution.

Theorem 1. If the extended KD distribution {Q;jk (p)} for a quantum state p with respect to bases
{la;)} and {|by)} is positive, where {|b;)} is a mutually unbiased basis with respect to {|a;)}, then

det[H,(r)] > 0. (34)

Here, [H,,(r)]pg = 7pqg+1 for p,g € {0,1,...,m}, me N, and r = (r(, 12, ..., Famy1) are the set
of corresponding extended KD moments defined in Eq. (33).

Proof. 1f the extended KD distribution is positive, its elements form a normalized collection of
nonnegative real numbers {1, > 0}. Placing these elements on the diagonal yields a matrix D that is
positive semidefinite and normalized to unit trace. The extended KD moments arise from a positive
distribution, implying that the associated Hankel matrices admit a Vandermonde decomposition of
the form H,,(r) = VmDVan, where V,, is the Vandermonde matrix with entries (V,,) ;¢ = )LKJ T
follows immediately that H,,(r) is positive semidefinite, and hence det[H,,(r)] > 0. The detailed
proof of Theorem 1 is provided in Appendix A. |

Theorem 1 asserts that the condition stated in Eq. (34) is necessary for the extended KD
distribution to remain positive. As a result, any violation of this condition serves as a sufficient
indicator of nonpositivity. For m > 1, Theorem 1 introduces a hierarchy of increasingly stronger
criteria that can detect nonpositivity of the extended KD distribution with higher sensitivity.

We now aim to detect quantum imaginarity through the above established moment-based KD
nonpositivity detection scheme, which is formally stated as the following theorem.

Theorem 2. Suppose that p' = £(p) is obtained by applying the Y -twirl operation, defined in
Eq. (21), to the state p. Let Q*(p") be the extended KD distribution associated with a quantum state
o', defined with respect to two mutually unbiased bases {|a;)} and {|by)}. If there exists an integer

000151-10
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m € N such that

det[H,,(r)] < 0, (35)
then the state p possesses nonzero imaginarity in the basis {|ai)}. Here,. ' =(r,ry,...,15,,,)and
r= Zi’j’ (O} (p")]" denote the extended KD moments associated with the state p’.

Proof. The proof of this theorem is constructive.

If the inequality det[H,,(r')] < O holds for some m € N, then by Theorem 1, the extended
KD distribution Q*(p’) must be nonpositive. From Lemma 2, nonpositivity of the extended KD
distribution is equivalent to nonzero £;-norm coherence in the reference basis {|a;)}. Therefore,
the state p’ must exhibit nonzero coherence in that basis. Next, recall from Lemma 1 that the
Y -twirl operation removes all real components of coherence while preserving the imaginary ones.
Consequently, any coherence present in o' = £(p) must be purely imaginary. Hence, if p’ has a
nonzero coherence component, that coherence is necessarily imaginary. Since p’ is obtained from p
via the Y -twirl operation, the presence of imaginary coherence in o’ implies that the original state p
also possessed imaginary coherence. Therefore, p has nonzero imaginarity in the basis {|a;)}. This
completes our proof. |

Thus, Theorems 1 and 2 establish a hierarchy of moment-based sufficient conditions for detecting
the nonpositivity of the extended KD distribution and nonzero imaginarity, respectively. These
criteria are primarily motivated by experimental considerations, as the relevant moments can be
experimentally realized (see Sec. IV and Appendix C for further details).

We now present two examples validating Theorem 2, demonstrating how quantum imaginarity
can be detected using our proposed moment criteria.

D. Illustrative qubit example

We consider the pure single-qubit state

v = 0 0 in( ¥ o] 36
| )—cos<§>| >+sm<§>e (1), (36)

where 0 < 6 < 7 and 0 < o < 27. The amount of imaginarity of this state p = |W)(W| is given
by

My, (p) = lem(pij)l = |sinasin@|. (37
i

Now, we apply the Y -twirl operation,

o' =E(p)=3(p+ Yorp Yo (33)
In this example, we consider 8 = 7 /2, such that M, (p) = |sina|. The resulting state after the
Y-twirl operation is given by
1 i
r_ 2 -3 Sin o«
p <% sin % ) ’ (39)

Imaginarity is therefore present whenever sin« # 0.
We now construct the extended KD distribution using the mutually unbiased basis

1 .
b)) = —(|0 i#11y),
|by) ﬁ(|>+e (1))

1 .
by) = ﬁ<|0> —eP1y), (40)

where 0 < B8 < 2m. Although imaginarity in the basis {|a;)} can be detected via the nonpositivity of
the extended KD distribution using a mutually unbiased basis {|by)}, it is important to note that the
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Normalized Values

T

0.0

FIG. 2. Amount of imaginarity for the state p with 6 = 7 /2(M,, (p) = | sina|) (black) and the minimal-
order Hankel determinants detecting the entire region with nonzero imaginarity are plotted as a function of
a. For B = 7 /2, detection occurs at first order (H;). For § = 0, detection requires H,. For § = /4, first and
second orders fail, and detection occurs at Hz. All curves vanish only at o« = 0, r, 27.

extended KD distribution itself depends on the choice of {|b;)}. Consequently, different parameter
choices (e.g., values of 8) may require the evaluation of determinants of Hankel matrices of different
orders to detect imaginarity using our moment-based approach. In Fig. 2, we consider three different
values of B and plot the negative of the determinant corresponding to the minimum order of the
Hankel matrix required to detect imaginarity across the full range of «. The detailed calculations
for this example can be found in Appendix B.

E. Higher-dimensional illustration: phase-Greenberger-Horne-Zeilinger (GHZ) states

To illustrate the applicability of the proposed framework beyond two-dimensional systems, we
consider the family of n-qubit phase-GHZ states

|0)®n + l-|1)®n

V) = , (4D
n \/z
belonging to a Hilbert space of dimension D = 2".
Applying the Y -twirl map of Lemma 1, the resulting state takes the form
I i
"= — 4+ —(|D — 1)}0]| — |OXD — 1}). 42
P D+D(I X0[ — 10X b (42)

Here, we choose the computational basis A4 = {|a;) ?: ’01 together with the tensor-product mutually
unbiased basis

B ={lys) ® |xs)®" D}, (43)

where
|0) £ |1) |0) £i|1)

Ixe) = ———, Iyx) =
V2 V2
By construction, every basis vector of B is mutually unbiased with respect to the computational
basis.
Next, we calculate the extended KD elements using Eq. (20). The corresponding extended KD
distribution assumes only three values,

1 1
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with D(D + 1) positive entries, D negative entries, and all remaining entries equal to zero. Conse-
quently, the mth extended KD moment is

omow (L) o)

D+ 1+ (D"
=i “5)
In particular, r, = (D + 2) /D3, =1 /D4. Therefore,
4D+ 1
detHy(*))=rirs —r3 = —w, (46)

Do

which is negative for every finite dimension D. Hence, the first Hankel condition certifies nonzero
imaginarity for the entire family of phase-GHZ states.

IV. INTERFEROMETRIC SCHEME FOR THE REALIZATION OF MOMENTS
AND IMAGINARITY DETECTION

In this section, we present a proposal to realize the moments from the visibility of an interference
pattern. Furthermore, while moment-based criteria provide a sufficient method for detecting imagi-
narity, here we also introduce an alternative approach that enables the direct detection of imaginarity
from the visibility obtained in a Mach-Zehnder interferometer.

A. Realization of moments in an interferometric setup

The moments r;, used to detect imaginarity can be readily implemented in an experimental setup.
In support of this claim, here we propose a scheme for the realization of these moments from the
visibility of an interference pattern. For this purpose, we use the extended KD moments ], defined
on the state p’ = £(p), where £ is the linear Y-twirl map given by Eq. (22). The moments can be
represented as

= 105 ()"
ijk
= Z [Tr (117 11911¢ ') " [Using Eq. (20)]
i,j,k

= > T[(mmgT)™ (0)®)

ij.k

=Te| [ Y (momeme)™ | (0)®"

ik
= Tr[S,(p")®"], 47

where S, = ZL jyk(l'lzl'l‘;l'l?)@”, and l'[’,:, H‘}, and IT¢ are the projectors associated with the mea-
surement bases {|b)}, {|a i)}, and {|a;)}, respectively. Thus, every extended KD moment (r,,) admits
a representation as the expectation value of a multicopy operator (S,,) acting on n identical copies of
the quantum state. Consequently, the proposed moments fall within the general class of nonlinear
multicopy functions considered in the classical-shadow framework [78], making them directly
amenable to estimation using existing randomized-measurement protocols. For a more detailed
discussion on shadow estimation, see Appendix C.
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It should be noted that the operator S, defined above is unitary V n € N. This is evident from the
following:

MTISTLY = [bi) (biellaj) ajllai) el = (bilaj)(ajlabi) (ail = (bela) |bi) ().

Substituting this into the definition of S, gives

S, = Z ((belaz) 1bi) (ai))®".

ik

Taking the adjoint,
Sh=Y_ (ailbe) lai) (bi))*".
ik

Using the orthonormality relations (b |b;) = 8;; and the completeness relation ), |bx){bi| = I, we
obtain

S S = Z( az|bk) bkla]> Ial) aj )®n = Z(|a> a |)®n _ ]I®n

i,j.k

which is the identity operator on the n-copy Hilbert space H®". Hence, S, is unitary.

Below, we provide an interferometric scheme for the realization of the second- and third-order
moments. The realization of all higher-order moments follows similarly.

Realization of the second-order moment. The second-order moment is given by

= D 05 (o)1 = TrlS2(p)%2) (48)

i,j.k

Now, consider a Mach-Zehnder interferometer with an input (p’)®? corresponding to the internal
degree of freedom. For finding the second-order moment, we choose the unitary to be S,. For this
choice of input and unitary, the visibility is given by

V@ = |Tr[S2(p)®*]|[following Eq. (19)] = || = r}. (49)

So the second-order moment is directly obtained from the visibility V) of an interference pattern
corresponding to this choice of input and unitary.
Realization of the third-order moment. This is given by

7= 3105 (T = TrlS3(0)®). (50)

ijk
By choosing the unitary to be S3, and the input state to be (p’)®3, the visibility reduces to
V) = |Tr[S3(p")®*]| [following Eq. (19)] = |r}] = 5. (51)

The last line follows from the normalization of the extended KD distribution, which ensures that the
total positive contribution outweighs any negative contribution. Consequently, 7 remains positive.

By generalizing this, one can obtain the nth-order moment for an arbitrary n € N. Specifically,
by choosing the input and unitary to be (o')®" and S,, respectively, the corresponding moment is
obtained from the visibility V. This is illustrated in Fig. 3. Therefore, this provides a practical
scheme for realizing the moments, enabling an experimentally feasible method for detecting quan-
tum imaginarity. Note that, in addition to the moment-based detection method, the imaginarity of
an unknown quantum state can also be detected directly from the visibility of a Mach-Zehnder
interferometer, as discussed in the following section.
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0) PS(0)
BS1

P2
. . Sn

FIG. 3. Generalized Mach-Zehnder interferometric scheme for measuring the nth-order extended KD
moment. The input state is p; @ p) ® - - - ® p,, which represents n copies of the Y-twirled state p’. The
controlled operation implements the unitary S, acting on the internal degrees of freedom. The visibility of
the resulting interference pattern yields V), which corresponds to the nth-order moment. The remaining
terminologies follow the same convention as in Fig. 1.

B. Direct detection of imaginarity from interferometric visibility

Quantum imaginarity is another signature of nonclassicality, akin to visibility. In what follows,
we establish the connection between these two quantities and present a theorem, which enables the
direct detection of imaginarity through the visibility measured in an interferometric setup.

Theorem 3. Let p € D(C?) be an arbitrary quantum state, and let {Gli} denote the set of
imaginary operators (operators having nonzero imaginary matrix elements) in the d-dimensional
generalized Pauli basis. For each Gj-, define the unitary operator

UJ(6) = exp (i6G"), where6 € R. (52)
The corresponding interferometric visibility for this unitary operator [as defined in Eq. (19)] is

Vi(0) = |Te[U] (0) p]|. (53)

and the total visibility is given by V(0) = )_ j V;i(@). Then, V(0 = %) is equal to the £;-norm
measure of imaginarity, i.e.,

V(e - %) = M,,. (54)

Hence, V(6 = 7) vanishes if and only if the quantum state p has zero imaginarity.
Proof. Any quantum state p € D(C?) can be expanded in a generalized Pauli basis as

p =Y bG (55)
J

where b; € R and {G,} are Hermitian operators satisfying Tr(G;Gy) = 2§ jx.
This basis can be decomposed into real {Gf} and imaginary {Gﬂ-} parts as

p =Y bEGE+ ) VG (56)
i 7
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Note that {Gﬂ} is exactly the set of complex antisymmetric generators {Y),,} defined in Eq. (3), i.e.,
G =Y,y = i(lay)(ag]l — lag)(ap)). p <4, (57)

where the antisymmetric generators are written in the basis {|a; )}d ! The coefficients of these
antisymmetric generators {bi} characterize the imaginarity of the state The £;-norm measure of
imaginarity for this state is given by [61]

My, (p) =) [Tm(p;)| = 22 |- (58)
J#k

For d = 2, the operators Y),, are Hermitian as well as unitary; however, for d > 2, the operators
Y,, are Hermitian, but not necessarily unitary. Therefore, to access them experimentally in the
interferometric setup, we consider the unitary operator U J’ generated by G§(= Yye),

U/ (6) = exp (i6G") = exp(i6Yp,).

To obtain an analytical form for U JI , we first compute the square of the operator Y),,,

szq = _(|ap><aq| - |aq><ap|)2 = (|ap><ap| + |aq><aq|) = qu, (59)

where P,, is the projector onto the subspace spanned by {|a,), |a,)}. Consequently, the higher
powers satisfy

Yo =P

e Yot =7, (60)

Using the power series expansion of the exponential,

i0Y, (i0Yp,)" @0 o o (10! 2%k+1
= )y Ny
¢ Z n! ; IRE +k§ 2k + D)1 7

n=0
o (10)2/( (19)2k+1 o
= [Z W]qu—f— [Zm pqg = COSQqu+lSln9qu. (61)
k=0

Choosing 6§ = 7, we obtain

u! (9 - Z) —iy (62)
J - 2 - rq-

Now, the interferometric visibility corresponding to this unitary, as defined in Eq. (19), becomes

vilo=Z) = |m(v!(0=2)p)|=ITrir,, p)| = 2|p| 63)
J 2 Jj 2 rq jl

The total visibility is then given by

(9_ )_ZZ’b’]_Mg, (64)

This clearly indicates that the total visibility V(6 = 7) is equal to the £;-norm measure of imag-
inarity, and it vanishes if and only if bi = 0; i.e., the quantum state p has zero imaginarity. This
completes the proof. ]

For a better illustration of this detection criterion, supporting examples are provided in Ap-
pendix D.
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TABLE I. Comparison between the present detection framework and other existing approaches for de-
tecting quantum imaginarity. The table highlights the experimental quantities that must be measured, the
information obtained, and the principal operational features of each method.

Method Experimentally measured quantity Detection strategy
State tomography [51-53] Tomographically complete Evaluate from the reconstructed state
measurement set

Linear imaginarity Expectation value(s) of witness Single sufficient witness
witnesses [48,50] observable(s)

Bargmann-invariant State overlaps Basis-independent certification of some
methods [47] state in a set of states

Present work Finite set of extended KD moments Hierarchy of sufficient moment criteria

V. CONCLUSION

The role of complex numbers in quantum theory has long attracted conceptual interest, and
recent developments have clarified that intrinsically complex features of quantum states can act as a
resource enabling advantages in several quantum information-processing tasks. Within the resource
theoretic framework of quantum imaginarity [20,21], such complex features have been linked
to operational advantages in tasks including quantum state and channel discrimination [21,22],
quantum communication [14], multiparameter metrology [23], and nonlocal correlations [24,25].
These developments make it important to develop reliable and experimentally feasible methods
for detecting imaginarity in realistic settings. In this work, we have proposed a framework to
detect imaginarity in an unknown quantum state based on experimentally accessible moments of
the extended KD distribution.

Existing approaches to imaginarity detection address the problem from different perspectives.
Full state tomography provides complete information about the quantum state and allows one to
evaluate arbitrary imaginarity measures, but generally requires reconstructing substantially more
information than is necessary for mere detection of the resource. Linear-witness approaches can be
experimentally economical, although each witness typically detects only a restricted subset of imag-
inary states. Further, extending the detection capability generally requires additional information
about the target state as well as optimization procedures [48,50]. On the other hand, Bargmann-
invariant protocols [47] address the basis-independent question of whether a collection of states
admits a simultaneously real representation and therefore probe a conceptually different notion of
imaginarity from the standard basis-dependent notion. In contrast, our framework is specifically
designed to detect imaginarity of a single quantum state relative to a fixed reference basis. By
combining the Y -twirl operation with the positivity properties of the extended KD distribution, the
problem is reformulated as a moment problem that naturally generates a hierarchy of sufficient
criteria. Consequently, the detection capability can be systematically strengthened by considering
higher-order conditions within the same framework, without reconstructing the density matrix or
constructing new witness observables. The proposed approach therefore provides an alternative
state-independent route for detection of imaginarity based on a restricted set of experimentally
accessible quantities. A comparison between the different methods is summarized in Table I.

The framework introduced here also opens several avenues for further investigation. An impor-
tant direction is the development of moment-based techniques capable of providing experimentally
accessible bounds on quantitative measures of imaginarity. Another natural extension is the appli-
cation of similar ideas to dynamical scenarios, where the generation or evolution of imaginarity
under quantum processes could be probed [32]. More generally, the moment-based methodology
explored in this work may offer a practical strategy for detecting other quantum resources through
experimentally accessible quantities. Finally, while the proposed moments admit estimation within
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the classical shadow-tomography framework, providing a rigorous protocol-specific method and
copy-complexity analysis remains an important direction for future research.
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APPENDIX A: PROOF OF THEOREM 1

Let p be a d-dimensional quantum state. We consider its extended KD distribution {Qij}
constructed with respect to two mutually unbiased bases. The first two indices are associated with
the same basis {|a;) ;i:l, while the third index corresponds to a mutually unbiased basis {lbk>}Z:1-
The indices i, j, k each take d possible values, and hence the extended KD distribution consists of
d? elements. We can now arrange these d> elements along the diagonal of a matrix of dimension

d3 x d>. Denoting the diagonal entries by Ay, Az, ..., A4, we write

D = diag(h1, Aoy - oo Ago). (A1)

Since the extended KD distribution is positive and normalized, its entries satisfy Ay > 0, Z?; Ag =
1. It follows that the diagonal matrix D is positive semidefinite and has unit trace.

We now consider the sequence of extended KD moments r = (7, 12, ..., 2,+1), defined in
Eq. (33), and construct the corresponding Hankel matrix H,,(r). Since these moments arise from a
positive distribution supported on {A;}, the Hankel matrix admits the Vandermonde decomposition
[89-91]

Hm(r) = VmDV,z;, (A2)

where the Vandermonde matrix V), is given by

1 1 1
A A Y

Vn = :1 :2 .. fls : (A3)
Mg

To prove the positivity of the Hankel matrix H,,(r), we take an arbitrary real vector x =
()C], ey xm+1) (S Rm+l. Then,

xH,,(t)x" =xV,,DVIx" = zD7", (A4)
where z = xV),,. Its components are

m+1
=Y xal e=1..d (A5)
j=1

3
Therefore, zDz! = 221:1 )ngez. Since A, > 0, each term in the sum is non-negative. Consequently,

xH,(r)x” >0
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for all real vectors x, which shows that H,,(r) is positive semidefinite. Consequently, all principal
minors of H,,(r) are non-negative, therefore

det[H,(r)] = 0.
This completes the proof.
APPENDIX B: EXPLICIT CALCULATION OF EXTENDED KD MOMENTS AND HANKEL
DETERMINANTS FOR THE EXAMPLE IN SEC. IIID

For 6 = 7 /2, the density operator for the state in Eq. (36) is

1 1 exp(—ia)
p= §<exp(ia) 1 : (BD)
Applying the Y -twirl map, p’ = %(,0 + oypaoy), we get
1/ 1 —isina
[—
P _2<isina 1 ) (B2)

Next, we calculate the extended KD elements as defined in Eq. (20), for the state p’, using the
computational basis {|¢;)}, and the mutually unbiased basis {|0;)} introduced in Eq. (40),

1
* % * %
Q1,1,1 = Q1,1,2 = Q2,2,1 = Qz,z.z = Z’
* _ i iB o * _ i if o B3
Qoo = +Ze sina, Qj,; = —Ze sina, (B3)
i .. I _ig .
Q311 = +Ze i sina, Q31,= —7¢ i sin .

With X = sin? «, the first seven moments are

L

r =1, ”2:%—%XCOS(2/3)a 3= 16>

re= b EX cos@p), s = oy o
o = g + g X3 cos(68), 1= .

We now determine the range of 8 (with o # 0) for which the Hankel determinants are negative. The
determinant of the first-order Hankel matrix is given by

X

det(H;) = ?(2 cos(28) — X cos2(2,3)). (BS)

Since X/2* > 0, the determinant is negative whenever
2cos(28) — X 0052(2,8) <0, (B6)

which leads to the condition,
det(H;) < 0 <= cos(28) <0 B7)
B T 3w U Sm In (BS)
4’ 4 4° 4 )

Thus, det(H;) detects the entire range of imaginarity when 8 = /2, but fails when 8 =0 or 8 =
/4.
Now, we consider the determinant of the second-order Hankel matrix, which is given by

2
det(H,) = —%(4 cos(4B) + X2 cos>(4p)). (B9)
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Since the prefactor is negative, the determinant is negative whenever

4cos(4B) + X? cos>(4p8) > 0. (B10)
This reduces to
det(H;) < 0 <= cos(48) > 0. (B11)
That is,
B e U(——z kn+z), (B12)
2 8

which justifies why det(H,) successfully detects the entire range of imaginarity when 8 = 0, but
fails for 8 = 7 /4. The determinant of the third-order Hankel matrix is given by

4

X 2
det(H3) = —— sm 28). (B13)
Since sin?(28) > 0, we obtain
det(H3) < 0 <= sin*(28) > 0. (B14)
Equivalently,
540 T 3 (B15)
, =, T, —.
2 2

This justifies why the determinant of the third-order Hankel matrix successfully detects the
imaginarity of p, when = & /4.

APPENDIX C: SHADOW ESTIMATION OF THE EXTENDED KD MOMENTS

The interferometric scheme discussed in the article provides one experimentally feasible route
for realizing the extended KD moments. An alternative realization is provided by the framework of
shadow tomography, which aims to estimate linear and nonlinear properties of an unknown quantum
state directly from randomized measurements without reconstructing the density operator [77]. In
contrast to quantum state tomography, where the objective is to reconstruct p, shadow tomography
predicts only the desired functions of p, thereby significantly reducing the experimental resources
whenever only a limited number of quantities are of interest [78].

A key observation is that the extended KD moments introduced in the present work belong
exactly to the class of nonlinear functions considered in Ref. [78]. The nth-order moment admits
the multicopy representation

1, = Tr[S,(0")®"],

where the operator S, = i (118 H?H?)‘g’”, is completely determined by the chosen measurement
bases [see Eq. (47)]. Consequently, each KD moment is a nonlinear function of the quantum state
that can be expressed as the expectation value of a fixed operator acting on a finite number of
copies of the state. Thus, the estimation of KD moments is not a separate estimation problem, but
rather a direct instance of the general nonlinear-observable estimation framework developed in the
shadow-tomography literature.

In a standard classical-shadow protocol [78], one starts with N identical copies of the unknown
state p’. During each experimental run, a unitary U is sampled independently from a predetermined
ensemble of unitaries, after which the rotated state U p’U ' is measured in the computational basis. If
the measurement outcome is the basis state |b), a classical snapshot is constructed using the inverse
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channel as
p=MTUIB)DBIU). (&)

Here, M denotes the measurement channel associated with the chosen ensemble. Repeating this
procedure independently produces the classical shadow

S(o'sN) = {p1, b2, - -, P}, (C2)

which is a collection of classical snapshots. The expectation over the snapshots satisfy the property,
E[p] = p’. For nonlinear functions of the form given in Eq. (47), unbiased estimators are obtained
by combining » independent snapshots through suitable multicopy estimators [74,79,92].

The resource requirements of this procedure are naturally described within the standard shadow-
tomography framework. For a fixed collection of target moments {r}, rg, ..., r,}, one considers
their estimation up to a prescribed additive error and confidence level. Existing shadow-tomography
results show that the required number of copies is governed by the variance (or equivalently, the
shadow norm) of the corresponding estimator together with the number of target observables being
estimated simultaneously [74,77-79]. Since the order of the moments entering the Hankel hierarchy
is fixed independently of the Hilbert-space dimension, and only a finite number of moments is
required to evaluate any chosen member of the hierarchy, the proposed framework is directly
compatible within these existing shadow-estimation protocols. We emphasize that the contribution
of the present work is to identify the extended KD moments associated with quantum imaginarity
as experimentally accessible nonlinear functions. The copy complexity for a particular shadow
protocol follows from the corresponding shadow-estimation framework and is beyond the scope
of this present work.

APPENDIX D: ILLUSTRATIVE EXAMPLES IN SUPPORT OF THEOREM 3

Here, we illustrate the detection criterion presented in Theorem 3 considering qubit and qutrit
states and show how the interferometric visibility directly reveals the presence of imaginary coher-
ence.

1. Qubit case (d = 2)

In this case, there is only one antisymmetric operator,
G' = i(10)(1] = [1)(0]). (D)

Consider a general qubit density matrix

’Oz(lsZk lﬁa)’ ©2)

where a € [0, 1] and |b|*> < a(l — a). Writing b = x + iy with x, y € R, the expectation value of G’
becomes

Tr(G' p) = i(b* — b) = 2y. (D3)

If the unitary in the interferometer is chosen as iG’, the corresponding visibility becomes V =
2|y|. Thus, the visibility is nonzero if and only if the imaginary part of the coherence element pg; is
nonzero. The £;-norm measure of imaginarity for this state is

M, (p) = 2[Im(b)| = 2|yl, (D4)

which coincides with the visibility obtained in the interferometric scheme. Hence, the interferomet-
ric visibility directly quantifies the imaginarity of the qubit state.
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2. Qutrit case (d = 3)

For d = 3, the antisymmetric operators are

Gy = i(|0)(1] — [1)0]). (D5)
Gy = i(10)(2] = 12){0D. (D6)
GL = i(11)(2] — 12)(1). (D7)
Consider a general qutrit density matrix
a b ¢
p=|b" d e], (D8)
ct e f

where the matrix elements satisfy the conditions as in Eq. (26). Writing b = x; +iy;, c¢=x +
iy2, e = x3+ iy3, the expectation values of the corresponding unitary operators become

Tr(iGlp) = 2iy;,  j=1,2,3. (D9)

Accordingly, the visibilities obtained from the interferometric scheme are V; = 2|y;|; using
Theorem 3, the total visibility becomes

V=Vi+Va+ Vs =20yl + Iy2l + ly3) (D10)
Moreover, the £,-norm measure of imaginarity for a qutrit state is
M, (p) =201l + Iy2l + lysD, (DI11)

which matches the total visibility obtained from the interferometric scheme. Therefore, the presence
of at least one nonzero imaginary coherence element leads to a nonzero visibility, which is consistent
with Theorem 3.
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