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Many interactions perturb (or shift) the hyperfine coupling in group-1 atoms between
their nuclear spin and single valence electron. Previous work provided an approach to
estimate this shift from electric-dipole interactions both during nonreactive collisions with
other atoms or molecules at long range and with static electric fields. We extend this
approach to estimate the shift due to a nearby conductive surface and improve all these
estimates by numerically computing updated values for the characteristic energies they
use. We investigate how to estimate these energies by scaling arguments and suggest how
to adapt the approach to other applications. The results are relevant to pressure shifts in
vapor cells, Stark shifts, and wall shifts in nanoscale devices.
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I. INTRODUCTION

In group-1 atoms (hydrogen and the alkali metals), the hyperfine coupling AgI · S between the
spin I of the nucleus and the spin S of the single valence electron leads to energy splittings of the
ground state corresponding to microwave frequencies. These hyperfine frequencies form the basis
for many atomic frequency standards (or clocks) and for the current SI definition of the second [1,2].
Transitions between ground-state sublevels in alkali-metal atoms split by these frequencies find
wide use in quantum metrology [3] and searches for new physics [4–7]. These and other hyperfine
interactions allow laser spectroscopy to probe nuclear physics [8], enable sensing with nitrogen-
vacancy centers in diamond [9,10], and play a critical role in silicon quantum electronics [11,12].

Shifts of these group-1 hyperfine frequencies are important to the accuracy, performance, and
noise floor of many applications. For example, a common technique to improve clock signals is
to add nonreactive buffer gases (often noble gases) to introduce collisions with alkali-metal atoms
[13]. However, these collisions lead to a “pressure” shift and broadening of the clock transition, and
are the main reason why Rb clocks are secondary standards [2,14–17]. Accordingly, pressure shifts
have received significant attention over the past several decades.

For the ground state, the shift follows the change in the value of the wave function for the group-1
valence electron evaluated at the nucleus, or ψgS(0), as illustrated in Fig. 1. Previous work studying
collisions and the pressure shift found a simple approach to estimate the shift δAg of the coupling
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FIG. 1. Conceptual picture of hyperfine shifts for a group-1 atom following the form of Eq. (1). (a) When
a group-1 atom in its ground state is perturbed by an interaction, such as those illustrated here, the valence
electronic wave function changes shape (conceptually sketched for Na). If the probability for the valence
electron to be at the nucleus changes, then the hyperfine coupling coefficient Ag shifts by a corresponding
amount δAg. (b) For shifts following the form of Eq. (1), which is repeated here, this shift depends on the
overall perturbation δEg as well as the two energies Ea and Eab. (c) The first energy, Ea, only depends on
properties of the group-1 atom, so is characteristic of that atom. The value of Ea comes from a sum over all nS
states [see Eq. (5)], with contributions from each excited S-state coupling An adding in parallel.

Ag at large collision distances [2,18,19], which has the form

δAg

Ag
≈

(
2

Ea
+ 1

Eab

)
δEg. (1)

Here, Ea is a “characteristic” energy that depends only on the group-1 atom, Eab is a smaller
correction that depends on the colliding pair, and δEg is the collisional perturbation of the ground-
state energy Eg. This form is valid only at large internuclear separations R between the colliding
pair, where retardation is negligible. More generally, both δAg and δEg are functions of R, and
δEg(R) is the interaction potential for the pair. The full potential δAg(R) is important to the
pressure shift [20–23], as well as alkali-metal–noble-gas van der Waals molecules [24–26] and
magnetoassociation [27–29].

The original estimates of the energies Ea and Eab in Eq. (1) were fairly crude, such as Ea ≈ Ee

(the mean of certain excited-state energies) [2] or Ea ≈ E∞ (the ionization energy) [19]. In previous
work, we calculated improved values of Ea for Na, K, Rb, and Cs using perturbation theory and gave
an explicit formula for the accompanying values of Eab [30]. Additionally, we extended the approach
to estimate hyperfine Stark-shift coefficients k due to static electric fields and tested our values
for Ea by comparing to experimental results. Such shifts are important systematics in precision
measurements, and many values of k are well known due to their importance to black-body radiation
(BBR) shifts in atomic clocks [31,32].
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In this paper, we extend the approach behind Eq. (1) to a new application, the shift from a
nearby conductive surface, and extend our calculation of the characteristic energies Ea to all group-1
atoms, by including H, Li, and Fr. Using recently expanded experimental results [33], as well as
some improvements to our numerical methods, this provides updated values for Na–Cs. As in our
previous work, we compute Stark-shift coefficients k, now for all group-1 atoms, and compare with
experimental results. We additionally bolster our results with a scaling argument relating Ea to the
splitting ES between the ground and first excited S states of the group-1 atom.

Our extension to estimate the ground-state hyperfine shifts due to a nearby surface (or wall)
treats the van der Waals regime [34] of the dispersion forces [35] between a group-1 atom and the
surface. This regime applies when the separation R from the surface is large enough to treat the
force as that between the atom and the image charges it induces in a conductor, but small enough
to ignore retardation [36] and the resulting Casimir-Polder regime [35]. These surface interactions
are receiving increased scrutiny because the size of atomic devices continues to decrease [37,38].
In particular, hyperfine shifts in miniature vapor cells [39–41], in hollow-core fibers [42], or near
micromachined waveguides [43] can affect spectroscopic measurements and sensor performance.

This paper is organized as follows: Section II outlines how interactions can produce shifts with
the form of Eq. (1) through either second- or third-order perturbations. We treat three specific
applications in detail: wall shifts from nearby conductive surfaces, pressure shifts from long-range
collisions, and Stark shifts from static electric fields. Section III outlines our approach to estimate
the characteristic energy Ea using both numerical calculation and scaling arguments. Section IV
reports our results for Ea as well as additional quantities for the three specific applications. Section V
discusses these results and possible future work and extensions. Section VI concludes the paper, and
the Appendix provides reference values for group-1 atoms. Our numerical code is available online,
along with intermediate calculations and plots [44].

II. BACKGROUND

Following Refs. [30,45], consider a group-1 atom perturbed by an interaction W = Hhf + U that
is the sum of the contact magnetic-dipole hyperfine interaction of that atom [33,46],

Hhf = 8π

3
gSμB

μI

I
δ(r) I · S, (2)

and an interaction U with an external perturbation. Here, gS is the g factor corresponding to the
group-1 valence electronic spin S, μB is the Bohr magneton, μI is the nuclear magneton corre-
sponding to the group-1 nuclear spin I with spin quantum number I , and r is the displacement of
the group-1 single valence electron from the nucleus. Below, we will use U to model an interaction
with another particle during a collision, an external electric field, or a nearby surface. To handle all
three cases, let us proceed by assuming a colliding partner and denoting the state of the colliding
pair as |μν〉 = |μ〉a ⊗ |ν〉b, with the group-1 atom “a” in eigenstate μ and perturbing particle “b”
in state ν, with corresponding energy Eμν , and joint ground state |00〉. The cases without a colliding
partner follow by setting ν = 0 and using 〈0 | 0〉b = 1.

From time-independent perturbation theory, the first-order energy shift of the ground state due to
W is

δE00,1 = 〈00|W |00〉 = 〈00 | Hhf | 00〉 + 〈00 |U | 00〉 = δE (hf)
00,1 + δE (U )

00,1, (3)

where the first term is the hyperfine energy

δE (hf)
00,1 = 〈00 | Hhf | 00〉 = 〈0 | Hhf | 0〉a ⊗ 〈0 | 0〉b = Ag〈I · S〉a, (4)

with a magnetic-dipole hyperfine coupling coefficient Ag for the group-1 atom in the ground (or “g”)
S state. Here, and subsequently, let us use g to denote the value of the principal quantum number n
for the ground state. The value of Ag is proportional to the probability density for the valence electron
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to be at the nucleus: Ag ∝ |ψgS(0)|2. In what follows, we will denote ground-state expectations of
operators X as 〈X 〉a or 〈X 〉b, and occasionally omit the subscripts “a” and “b” for clarity.

Section II A treats the case when the second term δE (U )
00,1 = 〈00 |U | 00〉 �= 0, which leads to a

second-order hyperfine perturbation, and Sec. II B treats the case of δE (U )
00,1 = 0, which leads to

a third-order hyperfine perturbation. In both cases, we show that the resulting shifts involve a
characteristic energy Ea given by

1

Ea
=

∑
n>g

〈gS | Hhf | nS〉〈nS | r2 | gS〉
〈Hhf〉(Eg − En)〈r2〉 ≈

∑
n>g

(√|An/Ag|
Eg − En

)
〈nS | r2 | gS〉
〈gS | r2 | gS〉 > 0. (5)

Here, the sum is over all excited nS states of the group-1 atom with corresponding energies En and
magnetic-dipole coupling coefficients An, and includes the ground state gS and ground-state energy
Eg. The second form follows from the square-root formula 〈gS | Hhf | nS〉 ≈ √〈nS | Hhf | nS〉〈Hhf〉,
which group-1 atoms are expected to satisfy within a percent [47,48]. This characteristic energy,
which was originally derived in the context of collision shifts [2,30,45], depends only on the
properties of the group-1 atom. Notably, this definition is independent of the perturbing potential
U . As indicated, this energy evaluates to a positive quantity because the signs of the calculated
elements 〈nS | r2 | gS〉 are negative, as are the energy differences Eg − En. This sign can also be
justified by assuming a negligible contribution from energies above a cutoff, such that we can
substitute En − Eg � Ecut > 0 in the first form, then adding and subtracting an n = g term, using
closure to remove the sum, and noting δ(r)r2 = 0, which gives 1/Ea � 1/Ecut > 0.

A. Second-order hyperfine perturbations

For the case of δE (U )
00,1 �= 0, and generalizing the approach in Ref. [45], consider the second-order

perturbation to the colliding pair ground-state energy,

δE00,2 =
∑

μν �=00

|〈00 |W | μν〉|2
E00 − Eμν

, (6)

which is a sum over all states but the joint ground state |μν〉 = |00〉. For small U , the leading-order
perturbation comes from terms linear in both Hhf and U (note the combinatorial factor of 2):

δE (lin)
00,2 = 2

∑
μν �=00

〈00 | Hhf | μν〉〈μν |U | 00〉
E00 − Eμν

= 2
∑
μ>0

〈00 | Hhf | μ0〉〈μ0 |U | 00〉
E00 − Eμ0

. (7)

The second form follows from Hhf acting only on the group-1 atom. Note that the only nonzero
contributions are from group-1 nS states; 〈00 | Hhf | μ0〉 ∝ 〈0 | δ(r) | μ〉a = 0 for all other states.
Thus, in what follows, we will use the integers g, n, and corresponding sums, to denote the ground
gS and excited nS states for the group-1 atom. Next, consider interactions that satisfy (or are well
approximated by) the relation

〈μ0 |U | 00〉
〈00 |U | 00〉 = 〈μ0 | r2

a | 00〉
〈00 | r2

a | 00〉 ≈ 〈μ0 | r2 | 00〉
〈00 | r2 | 00〉 (8)

for nS states, where ra = |ra|, ra = r + rc is the sum of all group-1 electron positions, rc = ∑
i rc,i

is the sum of all group-1 core electron positions, and r = |r|, all relative to the group-1 nucleus.
Then, we have

δE (lin)
00,2 ≈ 2〈00 |U | 00〉

∑
n>g

〈g | Hhf | n〉〈n | r2 | g〉
(Eg0 − En0)〈r2〉

= 2δE (U )
00,1〈Hhf〉

∑
n>g

〈g | Hhf | n〉〈n | r2 | g〉
〈Hhf〉(Eg0 − En0)〈r2〉 = δE (U )

00,1δE (hf)
00,1

(
2

Ea

)
, (9)
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FIG. 2. Diagrams for applications in Sec. II. (a) Wall shift from a nearby conductive surface. The group-1
atom at a distance R from the wall induces an image antiatom 2R away. The image antiatom has instantaneous
electric-dipole moment pb, producing an electric field Eb that interacts with the atom’s moment pa. (b) Pressure
shift from a long-range collision. The partner’s instantaneous electric-dipole moment pb produces an electric
field Eb that interacts with the group-1 atom’s moment pa. (c) Stark shift from a static electric field. We define
coordinates so that E = Ez. All notation is defined in the text.

which recovers the characteristic energy Ea of Eq. (5). This allows us to write the fractional ground-
state hyperfine shift in the form of Eq. (1) as

δAg

Ag
≈ δE (lin)

00,2

δE (hf)
00,1

=
(

2

Ea

)
δE (U )

00,1. (10)

The only requirements for this result are (1) that 〈00 |U | 00〉 �= 0 and (2) that the relationship in
Eq. (8) holds.

Before we continue, note that, somewhat surprisingly, this result does not include the Eab term
present in Eq. (1). As a result, if U models a collision, for example, then any relevant properties of
the collision partner would only contribute via δE (U )

00,1. Our treatment of collisions below does not
satisfy the requirements for this form, since 〈00 |U | 00〉 = 0 for that application. However, as noted
in Ref. [30], an effective operator can be constructed that does satisfy the requirements for this form,
as shown in Sec. II B, which can be used to model collisions or other interactions. Therefore, care
is needed using such effective operators because they neglect the Eab term.

Wall shift from a nearby surface

One example of a shift with the form of Eq. (10) is the interaction of a group-1 atom with a
nearby conducting wall [cf. complement CXI part 4 of Ref. [49], as depicted in Fig. 2(a)]. Consider
a group-1 atom at position xa, which is a normal distance R away from a flat, perfectly conducting
surface, with n = R/|R| the unit vector pointing from the atom toward the closest point on the
surface. The atom induces surface charges that produce an electric field equivalent to an image
antiatom at position xb = xa + 2R. Assuming the distance R = |R| is large enough to neglect details
of the surface, but small enough to neglect retardation effects [36], the leading-order interaction in
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U has a dispersive van der Waals form given by

US = − 1
2 pa · Eb(xa), (11)

where pa = −era is the instantaneous electric-dipole moment of the atom, Eb is the electric field
produced by the image, and the coefficient 1

2 removes the fictitious energy behind the wall. The
field Eb(xa) = (3nn − 1) · pb/(2R)3, where 1 is the identity dyadic tensor and pb = +erb is the
instantaneous electric-dipole moment of the image antiatom. As sketched in Fig. 2 (a), the sum of
all antiatom electronic positions rb = ra − 2zan, where the normal projection za = ra · n. Together,
this gives

US = e2

2

[
ra · (3nn − 1) · (ra − 2zan)

8R3

]
= −e2

16R3

(
r2

a + z2
a

)
. (12)

Noting that 〈US〉 �= 0 and that 〈n | z2
a | g〉 = 1

3 〈n | r2
a | g〉 by symmetry for nS states, we see that both

required conditions are satisfied for the result of Eq. (10). Rewriting the first-order perturbation as
δE (US )

00,1 = 〈US〉 = −C3/R3, where

C3 = e2
〈
r2

a

〉/
12 (13)

is the atom-surface dispersion coefficient C3 of the ground-state group-1 atom [50], we can write
the shift as

δAg,S

Ag
≈ −

(
2

Ea

)
C3

R3
. (14)

We estimate this “wall” (or “surface”) shift in Sec. IV B for a representative distance R.

B. Third-order hyperfine perturbations

For the case of δE (U )
00,1 = 0, and generalizing the approach in Ref. [30], consider an interaction U

that has a nonzero second-order perturbation,

δE (U )
00,2 =

∑
μν �=00

|〈00 |U | μν〉|2
E00 − Eμν

�= 0, (15)

and that satisfies 〈00 |U | μ0〉 = 0 when μ is an nS state of the group-1 atom, say, from spherical
symmetry. Then, the only nonvanishing terms of the total second-order perturbation δE00,2 are
quadratic in either Hhf or U , with no mixed terms linear in both. Instead, the third-order shift

δE00,3 =
∑

μν �=00

∑
ηξ �=00

〈00 |W | μν〉〈μν |W | ηξ 〉〈ηξ |W | 00〉
(E00 − Eμν )(E00 − Eηξ )

− 〈00 |W | 00〉
∑

ρσ �=00

|〈00 |W | ρσ 〉|2
(E00 − Eρσ )2

(16)

contains terms linear in Hhf (note the combinatorial factor of 2):

δE (lin)
00,3 = 2

∑
μν �=00

∑
ηξ �=00

〈00 | Hhf | μν〉〈μν |U | ηξ〉〈ηξ |U | 00〉
(E00 − Eμν )(E00 − Eηξ )

− 〈00 | Hhf | 00〉
∑

ρσ �=00

|〈00 |U | ρσ 〉|2
(E00 − Eρσ )2

. (17)

As before, we can simplify the first sum by noting that Hhf acts only on the group-1 atom, giving ν =
0. To proceed, let us approximate the denominators with an effective energy scale Ê using the substi-
tutions (E00 − Eμν )(E00 − Eηξ ) ≈ −Ê (E00 − Eμν ) and (E00 − Eρσ )2 ≈ −Ê (E00 − Eρσ ). Then, we
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can remove the next sum with the closure relation
∑

ηξ |ηξ〉 〈ηξ | = 1, noting 〈00 |U | 00〉 = 0 by
assumption. Next, consider interactions that satisfy (or are well approximated by) the relation

〈μ0 |U 2 | 00〉
〈00 |U 2 | 00〉 = 〈μ0 | r2

a | 00〉
〈00 | r2

a | 00〉 ≈ 〈μ0 | r2 | 00〉
〈00 | r2 | 00〉 (18)

for nS states. Altogether, we then have

δE (lin)
00,3 ≈ −2〈00 |U 2 | 00〉

∑
μ �=0

〈00 | Hhf | μ0〉〈μ0 | r2 | 00〉
Ê (E00 − Eμν )〈00 | r2 | 00〉 + δE (hf)

00,1

∑
ρσ �=00

|〈00 |U | ρσ 〉|2
Ê (E00 − Eρσ )

=
(

1

Ê

)⎛
⎝−2〈00 |U 2 | 00〉〈Hhf〉

∑
μ �=0

〈00 | Hhf | μ0〉〈μ0 | r2 | 00〉
〈Hhf〉(E00 − Eμν )〈r2〉 + δE (hf)

00,1δE (U )
00,2

⎞
⎠

=
(

1

Ê

)(
−〈00 |U 2 | 00〉 2

Ea
+ δE (U )

00,2

)
δE (hf)

00,1, (19)

which recovers the characteristic energy Ea of Eq. (5). The resulting fractional ground-state hyper-
fine shift is

δAg

Ag
≈ δE (lin)

00,3

δE (hf)
00,1

≈
(

1

Ê

)(
−〈00 |U 2 | 00〉 2

Ea
+ δE (U )

00,2

)
, (20)

which is similar to but not exactly of the same form as Eq. (1). This intermediate form is used below
for calculating the Stark shift. Otherwise, lacking any particular motivation for choosing Ê , we can
choose a self-consistent value for which the approximation E00 − Eρσ ≈ −Ê used above, together
with closure, returns the δE (U )

00,2 of Eq. (15) to itself. This self-consistent value for Ê is

Eab = −〈00 |U 2 | 00〉
δE (U )

00,2

. (21)

After substituting this value for Ê , the intermediate form of Eq. (20) recovers the form of Eq. (1):

δAg

Ag
≈

(
2

Ea
+ 1

Eab

)
δE (U )

00,2. (22)

As before, the characteristic energy Ea depends only on properties of the group-1 atom, but here
the “correction” energy Eab depends on properties of both the atom and the perturbation. The only
requirements for both this final result as well as the intermediate result of Eq. (20) are (1) that
〈00 |U | 00〉 = 0, (2) that δE (U )

00,2 �= 0, (3) that 〈00 |U | μ0〉 = 0 for nS states |μ〉a, and (4) that the
relation in Eq. (18) holds.

Before we continue, let us return to the comment following Eq. (10) about Eab being absent in
the second-order result. Note that the effective operator U ′ = ∑

μν �=00 U |μν〉 〈μν|U/(E00 − Eμν ),
which could come from a Van Vleck, contact, or related transformation, reproduces the leading
perturbation of U as a first-order perturbation: δE (U ′ )

00,1 = δE (U )
00,2. Using closure, this operator also

satisfies the relation in Eq. (8). Therefore, this operator satisfies the requirements for the second-
order result, so only partially recovers the third-order shift of Eq. (22) as a second-order shift of
Eq. (10), which has no Eab term.

1. Pressure shifts from long-range collisions

The primary application that derived Ea was modeling a nonreactive, long-range collision
between a group-1 atom and another atom or molecule. To proceed, let us consider the typical case
of a collision between a group-1 atom and a group-18 (noble gas) atom, which has a closed shell,
and neglect the nuclear spin of the group-18 atom. Collisions with open-shell atoms or molecules
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involve spin interactions between the pair, which may be significant. Consider a group-1 atom at
position xa and a perturbing particle at position xb = xa + R [see Fig. 2 (b)], both in their ground
states. For R = |R| large compared to either ground-state wave function extent, but small enough to
neglect retardation effects [36], the leading-order interaction in U is given by a dispersive van der
Waals form,

UC = −pa · Eb(xa), (23)

where, as before, pa = −era. Likewise, the field Eb(xa) = (3nn − 1) · pb/R3, but here pb = −erb

is the instantaneous electric-dipole moment of the group-18 atom and rb is the sum of its electron
positions relative to its nucleus. Together, this gives

UC = −e2

[
ra · (3nn − 1) · rb

R3

]
= e2

R3
(ra · rb − 3zazb), (24)

where the projections za = ra · n and zb = rb · n. The first-order perturbation E (UC )
00,1 vanishes because

〈ra〉 = 〈za〉 = 0 from symmetry. Similarly, 〈00 |UC | μ0〉 = 0 due to spherical symmetry for nS
states. Noting again that 〈n | z2

a | g〉 = 1
3 〈n | r2

a | g〉 for nS states, we see that the interaction satisfies
Eq. (18). Assuming the second-order perturbation E (UC )

00,2 �= 0, all requirements are met for the result

of Eq. (22). Rewriting the second-order perturbation as δE (UC )
00,2 = −C6R−6, where C6 is the van der

Waals dispersion coefficient of the colliding pair [50–52], we can write the shift as

δAg,C

Ag
≈ −

(
2

Ea
+ 1

Eab

)
C6

R6
, (25)

where the correction energy of Eq. (21) is

Eab = −〈00 |U 2
C | 00〉

δE (UC )
00,2

≈ 2e4
〈
r2

a

〉〈
r2

b

〉
3C6

, (26)

assuming uncorrelated electron positions [30]. Using Eq. (13) and approximating 〈r2
a〉 ≈ 〈r2〉, we

can rewrite this as

Eab ≈ 8e2 〈r2〉C3,b

C6
, (27)

which uses an atom-surface C3 dispersion coefficient for the collision partner. We estimate the Eab

of Eq. (27) in Sec. IV C for pairs of group-1 and group-18 (noble gas) atoms.

2. Stark shift from a static electric field

To test values of the characteristic energies Ea for pressure shifts, Ref. [30] connected Ea with
scalar, static Stark shifts. For this application, consider a group-1 atom in a uniform, static electric
field E = Ez aligned with the Cartesian unit vector z [see Fig. 2 (c)]. The dominant interaction
responsible for this shift has the form

UE = −pa · E = eEza, (28)

where again pa = −era and the projection za = ra · z. The first-order perturbation E (UE )
00,1 vanishes

because 〈za〉 = 0, and 〈00 |UE | μ0〉 = 0 for nS states, both from symmetry. Using 〈n | z2
a | g〉 =

1
3 〈n | r2

a | g〉 for nS states, this interaction satisfies Eq. (18). Therefore, assuming the second-
order perturbation E (UE )

00,2 �= 0, all requirements are met for the third-order shift results. Rewriting

the second-order perturbation as δE (UE )
00,2 = −αa(0)E2/2, where αa(0) is the ground-state static
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polarizability of the group-1 atom [2,51,53], the intermediate result of Eq. (20) is then

δAg,E

Ag
≈ −

(
E2

2Ê

)(
4e2

〈
r2

a

〉
3Ea

+ αa(0)

)
≈ −

(
E2

2Ê

)(
4e2〈r2〉

3Ea
+ αa(0)

)
. (29)

The resulting hyperfine shift is usually summarized with an isotope-dependent Stark shift coef-
ficient, k = δAg,E (I + 1

2 )/(hE2), which is precisely known for many group-1 atoms due to its
connection to BBR shifts in microwave atomic clocks [51].

What remains is to choose a value for the effective energy Ê . Reference [30] chose EP for this
value, which is the energy difference between the gS ground state and first excited P state (neglecting
fine structure), giving

k ≈ −
(
I + 1

2

)
Ag

2hEP

(
4e2〈r2〉

3Ea
+ αa(0)

)
. (30)

The motivation for this choice came from using the approximation Eμ − E0 ≈ EP and closure with
the static polarizability αa(0) = −(2/E2)δE (UE )

00,2 , giving αa(0) ≈ 2e2〈r2
a〉/(3EP ) ≈ 2e2〈r2〉/(3EP ),

which is accurate to within 6% error for Li but increases to roughly 42% for Cs and 71% for Fr (not
5% for Na–Cs as mistakenly reported in Ref. [30]).

Note that this shift coefficient is of the form of the intermediate result of Eq. (20). Alternatively,
the shift coefficient can be put in the form of Eqs. (1) and (22). Using Eq. (21), the energy Eab ≈
2e2〈r2

a〉/[3αa(0)] ≈ EP, which then gives

k ≈ −
(
I + 1

2

)
Agαa(0)

2h

(
2

Ea
+ 1

EP

)
. (31)

We estimate the coefficients k using both Eqs. (30) and (31) in Sec. IV D for a representative isotope
of each group-1 atom.

III. METHODS

We computed the characteristic energies Ea for each group-1 atom and used these energies to
estimate the resulting hyperfine shifts for the three applications described above. For convenience,
Table V in the Appendix provides many properties of the atoms used in these computations. As
summarized below, the computation of Ea and its uncertainty followed the numerical approach of
Ref. [30] used previously for Na, K, Rb, and Cs. We revised this approach to provide updated
values for those atoms and extended it to provide values for the remaining group-1 atoms H, Li, and
Fr. Additionally, to check these numerical results, we estimated Ea using a scaling approach. For
nonrelativistic H with no QED corrections (or “textbook” H), this approach is exact and provides
a check of the numerical result. For the other atoms, this approach is approximate and comes
from adapting the calculation for H, providing a rough check of the similarity noticed between
the numerical results and 2ES , where ES = E(g+1) − Eg is the splitting between the ground and first
excited nS states.

A. Numerical calculation

To numerically estimate the characteristic energy Ea, we calculated the final expression in Eq. (5).
Our approach followed that outlined in Ref. [30], which estimated Ea for Na, K, Rb, and Cs, but not
for H, Li, or Fr. This approach is semiempirical in that it uses experimental values where available
and extrapolates otherwise, as described below.

For the nS-state energies En and the ionization energies E∞, we used the values available in
Ref. [54]. For the coupling coefficients An of 1H, we used the experimental values for A1 and A2

from Refs. [55,56] and the theoretical values for A3 to A8 from Ref. [57]. For the coefficients An of
the remaining atoms, we used the experimental values for 7Li, 23Na, 39K, 87Rb, 133Cs, 210Fr, and
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212Fr available in Ref. [33], which provides more values for Na, K, Rb, and Cs than were previously
used by Ref. [30]. For Fr, we combined the values of two isotopes by using those for 212Fr directly
and adding additional values from 210Fr after rescaling them using Ag. For K, we excluded A11 and
above because of their large uncertainties. For Rb and Cs, we excluded new values at very high n
where corresponding values of En were unavailable. For Rb, we used the value of A6 from Ref. [58].

To extrapolate En to higher n, we computed their corresponding effective quantum numbers

n∗ =
√

R∞/(E∞ − En), (32)

where R∞ is the Rydberg constant. These effective quantum numbers are expected to vary as

n∗ ≈ n − δ0. (33)

This expression is exact for textbook H, with S-state quantum defect δ0 = 0 [59]. Therefore, we
used a linear fit of n∗ versus n to extrapolate both n∗ and En. The fitted values for δ0 closely matched
the expected values for the S-state quantum defects of

δ0 = g −
√

R∞/E∞. (34)

Similarly, the coefficients An are expected to vary as

An ∝ (n∗)−3, (35)

which is exact for textbook H [46]. Therefore, we used a linear fit of ln(An) versus ln(n∗) to
extrapolate An. The fitted slope closely matched the expected value of −3 for all atoms except Li, for
which A6 and A7 were outliers from this scaling. We adjusted the fit coefficients and uncertainties
for Li to capture the influence of these outliers.

To calculate the radial matrix elements, we used real-valued, reduced radial wave functions
Pn0(r), which relate to the spatial wave functions of the nS valence electron as

ψnS(r) = Pn0(r)

2
√

π r
. (36)

Here, and subsequently, let r be in units of a0, such that we can set a0 → 1. Using these radial
functions, the matrix elements are equivalent to the integrals

〈nS | r2 | gS〉 =
∫ ∞

0
Pn0(r)Pg0(r) r2 dr. (37)

These functions are zero at the origin, Pn0(0) = 0, and their slopes give the nuclear value as
ψnS(0) = (2

√
π )−1dPn0(0)/dr. To match the sign convention of the square-root formula, these

nuclear values must be positive, ψnS(0) > 0, which leads to negative values for all off-diagonal
elements (n �= g) calculated using Eq. (37).

To compute these integrals for H, we used the exact, nonrelativistic (or textbook) wave functions
[60],

Pn0(r) = 2re−r/n

n5/2
L1

n−1

(
2r

n

)
, (38)

where Lk
n (x) is an associated Laguerre polynomial. For the ground state,

P10(r) = 2re−r, (39)

which gives 〈r2〉 = 3a2
0 = 3 for H. For all other group-1 atoms, we used tabulated Roothaan-

Hartree-Fock (RHF) wave functions and ground-state expectations 〈r2〉 (triple-zeta form if
available) [61,62], and constructed Coulomb-approximation (CA) wave functions for the excited
states [63]. In the CA, the alkali-metal radial wave functions are proportional to Whittaker W
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functions [64] up to normalization, Pn0(r) ∝ Wn∗,1/2(2r/n∗), which are given by the asymptotic
series

Pn0(r) ≈
p∑

q=0

cqe−r/n∗
rn∗−q, (40)

where the coefficients cq obey the recurrence relation cq = cq−1 n∗(n∗ − q)(n∗ − q + 1)/2q [63].
We chose the upper limit p to give the best convergence of the series at r = 1a0 = 1 when En

was available, and otherwise extrapolated p by noting that it was very nearly equal to n plus a
constant offset for large n. To normalize the CA functions, we used a lower bound of 0.1a0, such
that

∫ ∞
0.1[Pn0(r)]2 dr = 1. To account for the nuclear sign, we used the property limr→0 sgn[Pn0(r)] =

(−1)n+g limr→∞ sgn[Pn0(r)] of the CA functions to relate it to the asymptotic sign.
Using these radial functions, we calculated the off-diagonal matrix elements of Eq. (37) up to

n = 35. To extrapolate these elements to higher n, we used a linear fit to the asymptotic behavior of
ln(−〈gS|r2|nS〉) versus ln(n∗) within the region of n ∈ [28, 35]. For more on the scaling of these
elements, see the next section.

Together, using these experimental, calculated, and extrapolated values, we computed the energy
Ea for each group-1 atom by summing terms up to n = 500. To calculate uncertainties for these
values, we numerically estimated the contributions from all fitted extrapolations, from the radial
integration bounds, and from the nonorthogonality of the CA and RHF functions. The uncertainties
also include contributions from the square-root formula [48,65], the isotope dependence of An

(except for H) [66], and the experimental uncertainty of An [33]. However, these uncertainties do
not account for approximations in the derivations of formulas with Ea for the three perturbations.

B. Scaling estimation

We analytically calculated the characteristic energy Ea by computing the dimensionless ratio
R = Ea/2ES , which using Eq. (5) is given by the sum

1

R = 2ES

Ea
≈ 2

∞∑
n>g

√∣∣∣∣An

Ag

∣∣∣∣
(

ES

Eg − En

) 〈nS | r2 | gS〉
〈gS | r2 | gS〉 . (41)

Each term in the sum is the product of three dimensionless factors. The first two factors have
expected scalings given previously, which are exact for textbook H. Using Eq. (35), the first factor
is √∣∣∣∣An

Ag

∣∣∣∣ ≈
(

g∗

n∗

)3/2

, (42)

where the effective quantum number for the ground state is g∗ = √
R∞/E∞. An optional improve-

ment that gives slightly better agreement for the heavy alkali metals is to keep the first term, which
gives

√|An/Ag| ≈ √|Ag+1/Ag| [(g + 1)∗/n∗]3/2. Using Eqs. (33) and (34), the second factor is

ES

Eg − En
= −Eg+1 − Eg

En − Eg
≈ −1 − [g∗/(g + 1)∗]2

1 − (g∗/n∗)2
. (43)

The remaining third term of radial matrix elements can be calculated exactly for textbook H.
Using the radial functions of Eqs. (38) and (39), the off-diagonal elements are

〈nS | r2 | gS〉 =
∫ ∞

0
P10(r) Pn0(r) r2 dr = n5/2

8

∫ ∞

0
z4 e−z(n+1)/2 L1

n−1(z) dz, (44)

where z = 2r/n. A more general form of this integral is given in Eq. 7.414(7) of Ref. [67]:∫ ∞

0
zβ e−sz L1

n (z) dz = �(β + 1)�(n + 2)

n! sβ+1 2F1(−n, β + 1; 2; 1/s), (45)
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if Re(β ) > −1 and Re(s) > 0, where 2F1 is the ordinary hypergeometric function. When n is a
positive integer, this gives∫ ∞

0
z4e−z(n+1)/2L1

n−1(z)dz = − 256n2

(n2 − 1)3

(
n − 1

n + 1

)n

. (46)

Combining results, and noting that 〈r2〉 = 3a0 = 3, this gives the off-diagonal elements for H as

〈nS | r2 | gS〉
〈gS | r2 | gS〉 = − 32n9/2

3(n2 − 1)3

(
n − 1

n + 1

)n

(n �= g). (47)

For the alkali metals, while the integrals of approximate radial functions can be evaluated
analytically, the resulting expressions are unwieldy. Instead, we proceeded by adapting the result
for H to use effective quantum numbers as follows. For the excited state, we directly substituted
n → n∗. For the ground state, however, a direct substitution is not straightforward, since g = 1
for H. To proceed, we appealed to how different CA/hydrogenic radial matrix elements are often
connected by an energy difference factor [cf. Eq. (9) of Ref. [68]] and tried substitutions of
the form En − Eg ∝ (n)−2 − (g)−2 → (n∗)−2 − (g∗)−2, or equivalently, (n2 − 1)/n2 → [(n∗)2 −
(g∗)2]/(n∗g∗)2. We found that applying this substitution to the factor (n2 − 1)3 in the denominator of
Eq. (47) best adapted the relative variation of the elements versus n∗ to the alkali metals. Next, we
noticed that the numerical results for 〈(g + 1)S | r2 | gS〉/〈gS | r2 | gS〉 ≈ −0.7957 ± 0.0119, with
the exception of Fr, which seems to be an outlier with a value closer to −0.90. Therefore, we
normalized that first ratio to the average value of about −0.7957, which gave

〈nS | r2 | gS〉
〈gS | r2 | gS〉 ≈ −0.7957

(
n∗

g∗ + 1

)9/2( 2g∗ + 1

(n∗)2 − (g∗)2

)3(n∗ − 1

n∗ + 1

)n∗(
g∗ + 2

g∗

)g∗+1

(n �= g).

(48)

Finally, using Eqs. (42) and (43), and either Eqs. (47) or (48) with Eq. (41) gives expressions for
the ratio R that are solely functions of g∗. For textbook H, the exact ratio simplifies to

1

R ≈ 16
∞∑

n=2

n5(n − 1)n−4

(n + 1)n+4
(g∗ = 1), (49)

and for the alkali metals, the approximate ratio simplifies to

1

R ≈
[

1.5914
(2g∗ + 1)4

(g∗ + 1)2

(
g∗ + 2

g∗

)g∗+1 (g∗)3/2

(g∗ + 1)9/2

] ∞∑
k=1

(g∗ + k)5

k4(2g∗ + k)4

(
g∗ + k − 1

g∗ + k + 1

)g∗+k

(g∗ �= 1),

(50)

where the summation index k = n∗ − g∗ = n − g � 1.

IV. RESULTS

A. Characteristic energies

Table I summarizes our results for the characteristic energies Ea. Our main results are the
numerically calculated values and uncertainties for each group-1 atom. The fractional uncertainty is
lowest for Na, around 3%, and highest for Fr, around 25%. In general, the heavier atom uncertainties
are dominated by RHF-CA nonorthogonality, which increases with g. This trend captures the
estimated sensitivity to radial wave function details, from the greater number of core electrons.
For Li, the uncertainty is dominated by an irregular trend in An values, as discussed above, and for
H, the dominant contributions are the square-root formula and sensitivity to numerical details.

Table I also provides values of the dimensionless ratio R = Ea/2ES . The ratios using numerically
calculated values for Ea agree well with values computed using the exact scaling of Eq. (49) for H

000199-12



ESTIMATING THE GROUND-STATE HYPERFINE SHIFTS …

TABLE I. Characteristic energies Ea (eV) of Eqs. (1), (10), and (22) estimated using Eq. (5). The resulting
numerically calculated ratios Ea/2ES ≈ 1, which we confirmed using scaling argument as shown. We include
previously suggested values for Ea for comparison. The values in parentheses are uncertainties in the last digits.

Group-1 atom H Li Na K Rb Cs Fr

Ea (this work)
Numerical calculation 22.2(8) 6.53(33) 6.48(20) 5.29(34) 5.06(46) 4.58(60) 4.8(1.1)
Ratio R = Ea/(2ES )

Numerical calculation 1.09(4) 0.97(5) 1.02(3) 1.01(7) 1.01(9) 1.00(13) 1.0(2)
Scaling [exact, Eq. (49)] 1.087
Scaling [approximate, Eq. (50)] 1.038 1.026 0.986 0.977 0.962 0.972

Ea (previous work, [30])
Numerical calculation 6.55(33) 5.31(28) 5.05(37) 4.59(48)

Previously suggested values for Ea

Ee of Ref. [2] 11.90 3.62 3.62 2.98 2.88 2.66
E∞ [54] following Ref. [19] 13.598 5.392 5.139 4.341 4.177 3.894 4.073

and approximate scaling of Eq. (50) for the alkalis. The scaling result for Li agrees worst with the
numerical result, which is expected, given its aforementioned irregular trend of An versus n∗. Plots
of various quantities comparing numerical and scaling results generated in our code confirm this
general pattern of agreement. These plots are included in an online repository, along with our code
[44]. A heuristic argument for this agreement with the alkali metals is that in the sum of 1/R, the
first term contributes about 80% of the total value. In that first term, the energy denominator is
ES ,

√|An/Ag| ≈ 0.5 for Li–Fr, and the radial ratio is about 0.80. Together, completing the tail sum
removes that 0.80 term, leaving 2ES in the denominator. Interestingly, numerically calculating Ea

using only CA wave functions (not shown) caused the ratio R to follow an increasing trend up to
R ≈ 1.25 for Fr, highlighting its sensitivity to radial wave function details.

For Na–Cs, the updated physical parameters, extrapolations, and minor numerical improvements
did not significantly change the results from those previously reported in Ref. [30] (and reproduced
in the table). Our updated calculation for Na has smaller uncertainty than the previous result due
to improved extrapolation in p for the CA wave functions. For the other alkali metals, we revised
our estimate for the uncertainty due to CA-RHF nonorthogonality, to better capture sensitivity to
radial function details, which slightly increased the overall uncertainties. In all cases, the numerical
results disagree with a previous estimates for Ea ≈ Ee given in Ref. [2] (and reproduced in the table)
by up to a factor of roughly 2. They also differ from the previous estimate Ea ≈ E∞ of Ref. [19]
(reproduced in the table), especially for lighter atoms.

TABLE II. Hyperfine shifts of group-1 atoms near conductive surfaces. Values were calculated using
Eq. (14) with group-1 atom-surface C3 coefficients from Ref. [50] and with a distance of R = 0.1 µm from
the surface. Representative clock frequency shifts are δ fclock = (I + 1

2 )δAg/h.

Atom H Li Na K Rb Cs Fr

(δAg/Ag) × 109 −0.091(4) −1.87(10) −2.33(8) −4.4(3) −5.5(5) −7.5(1.0) −7(2)

Isotope 1H 7Li 23Na 39K 87Rb 133Cs 212Fr

δ fclock (Hz) −0.129(5) −1.50(8) −4.13(13) −2.04(13) −37(4) −52(7) −372(90)
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TABLE III. Energies Eab of expressions (1) and (22) for group-1–group-18 (noble gas) collision pairs.
Values were computed using Eq. (27) with values of C6 from Table G of Ref. [50], of C3 from Table H of
Ref. [50], and of RHF matrix elements 〈r2〉 from Refs. [61,62]. Uncertainties are solely due to C3 and C6,
where available.

Eab (eV) He Ne Ar Kr Xe

H 43.546 55.0(3) 36.15(19) 35.3(3) 33.02(16)
Li 32.37(3) 42.1(2) 24.46(15) 22.99(9) 20.43(10)
Na 33.23(4) 43.0(3) 25.33(13) 23.88(17) 21.30(10)
K 33.24(7) 42.9(3) 25.42(18) 24.06(17) 21.47(13)
Rb 33.61(9) 43.2(3) 25.84(16) 24.58(15) 21.96(12)
Cs 34.2(2) 43.9(4) 26.4(2) 25.14(17) 22.54(17)
Fr 38.4(3) 49.3(5) 30.0(4) 28.7(3) 25.8(3)

B. Wall shifts near surfaces

Table II summarizes calculations of the hyperfine shifts for group-1 atoms due to interaction with
a conducting surface at a chosen distance of R = 0.1 µm, computed using Eq. (14). The uncertainty
is dominated by the uncertainty in Ea, which generally increases with mass. The predicted shifts
of a representative clock frequency, δ fclock = (I + 1

2 )δAg/h, fall in the hertz to tens of hertz range
for this distance. Such shifts are resolvable with current techniques, and would be even more so
at closer distances R, since they scale with R−3. Note that 212Fr has no “0–0” clock transition; the
listed value is representative of the scale of ground-state hyperfine shifts.

C. Pressure shifts during collisions

Table III summarizes values of the correction energies Eab for collisions between group-1 atoms
and group-18 (noble gas) atoms. These computed values all satisfy Eab > Ea/2, and the Ea term
usually dominates over the Eab term in Eq. (1), excluding H. The listed uncertainties are due to the
uncertainties of C3 and C6 from Ref. [50].

D. Stark shifts in static electric fields

Table IV summarizes calculations of the Stark-shift coefficients k computed using Eqs. (30)
and (31). The listed uncertainties are due to Ea alone. The values computed using Eq. (30) all
agree, as expected, with previous calculations using the same expression in Ref. [30] and, with
the exception of H, with experimental results from Refs. [51,69]. The values computed using

TABLE IV. Stark-shift coefficients k (10−10 Hz/(V/m)2) estimated using Eqs. (30) and (31). The values in
parentheses are uncertainties in the last digits, which for this work only include the contributions due to Ea.
Experimental values from Refs. [51,69] are included for comparison, as well as a semiempirical value for 210Fr
scaled by Ag(I + 1

2 ) from Ref. [71].

Atom 1H 7Li 23Na 39K 87Rb 133Cs 212Fr

k (this work)
Value [using Eq. (30)]: −0.000 675(12) −0.0588(11) −0.121(2) −0.075(2) −1.29(5) −2.50(15) −10.7(1.3)
Value [using Eq. (31)]: −0.000 620(10) −0.0575(11) −0.1163(14) −0.069(2) −1.15(4) −2.15(11) −8.3(8)

k (previous work, [30]) −0.120(3) −0.074(2) −1.29(4) −2.50(13)
k (experimental, [51,69]) −0.000 84(2) −0.061(2) −0.124(3) −0.071(2) −1.23(3) −2.271(4)
k (semiempirical, [71]) −8.47
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Eq. (31) are comparable, and more importantly, also agree with experimental results, up to the
same exception for H. Therefore, both forms for k are equivalent with respect to the available
experimental values and their uncertainties. For the case of H, the mutual disagreement likely stems
from neglecting a contribution from continuum states. For H, the discrepancy between our result
for k and the measured value matches the roughly 20% contribution to αa(0) from the continuum
that we neglect, mentioned by Ref. [51], compared to approximately 10% for Cs, mentioned by
Ref. [70]. For each computed value of k, the fractional contribution of the Ea term in Eq. (30) or
(31) was roughly 40%. For Fr, there is no experimental value available, so for comparison, we scaled
a semiempirical result computed for 210Fr from Ref. [71] by (I + 1

2 )Ag, and the resulting value is
consistent with our prediction.

V. DISCUSSION

In Sec. IV, we reported calculations of several experimentally relevant parameters for group-1
atoms perturbed by collisions with group-18 atoms, by static electric fields, or by nearby conducting
surfaces. We calculated updated or extended values for the characteristic energy Ea, which appears
in ground-state hyperfine shifts in all three of the applications derived above, and likely others.
These updated results for Ea are based on numerical sums using experimental measurements where
available. Using an exact scaling calculation in the case of textbook H, we validated our numerical
approach using the principal-quantum-number dependence of some atomic properties. We adapted
this scaling method, using some approximations, to validate the numerical result for the alkali
metals, and found good agreement between the two approaches.

Compared to older estimates for the characteristic energy Ea, our results are larger by up to a
factor of about 2. For Na–Cs, our results are very close to our prior calculations using the same
method [30]. Updated inputs and slight numerical improvements only led to small changes in their
values; at the level of estimated uncertainty, there were no significant changes in Ea for Na–Cs.

One surprising result from both our numerical calculations and scaling arguments is that the
characteristic energy Ea is close to 2ES . In particular, the ratio Ea/2ES was very nearly unity for
all of the alkali metals. This coincidence merits further investigation. From exploring how the ratio
changed when using only CA functions instead of CA with RHF functions, we speculate that the
fine details of the radial wave functions play an important role in this coincidence.

For long-range collision shifts, our updated and expanded results for Ea and Eab should prove
useful to other work investigating pressure shifts and interaction potentials between group-1 and
group-18 atoms, such as Refs. [20–23]. They could also potentially have implications for ex-
periments with cold atoms, since the long-range van der Waals potential influences scattering in
the vicinity of Feshbach resonances [72], as well as in magnetoassociation [27–29]. Note that
to calculate Eab for this application, we had to choose particular values of C3 and C6, which
influences the values and uncertainty of Eab. For example, we used the values of C6 reported in
Ref. [50], which have �1% fractional uncertainty. Some other methods for evaluating C6 agree with
Ref. [50] within their estimated uncertainties [73], but others differ by up to 5% (with no estimated
uncertainties) [74].

For the Stark shift coefficients k, we found good agreement with experimental results for the
alkali metals using both the intermediate form of Eq. (20), which follows our previous work [30],
and the final form of Eq. (31) that we derived to better match Eq. (1), which used Eab ≈ EP. At the
level of available uncertainty, these two forms are indistinguishable compared to experiment. The
agreement using Eq. (31) is sensitive to the exact choice of Eab: The value of EP came from using
Eab ≈ 2e2〈r2

a〉/[3αa(0)] and then 〈r2
a〉 ≈ 〈r2〉. Interestingly, for all atoms, the agreement slightly

worsened using Eab ≈ 2e2〈r2
a〉/[3αa(0)] directly, and even more so using Eq. (13) to replace 〈r2

a〉
with an atom-surface C3 for the group-1 atom.

A testable prediction of our calculations is the wall shift for group-1 atoms near conducting
surfaces. While our derivation assumed a perfect conducting surface, Ref. [75] predicts that the
ground-state shifts δEg of atoms near dielectric and metallic surfaces differ by a factor of order
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unity from those near perfect conductors. Thus, the values in Sec. IV B should provide an order-of-
magnitude estimate for similar atom-surface interactions near arbitrary surfaces that can be modeled
using an effective dielectric constant [75,76]. Using clock transitions in alkali atoms, many of these
estimated shifts should be measurable using current techniques for achievable wall distances of
R ≈ 0.1 µm [77]. For vapor cells with antirelaxation coatings, alkali atoms can dwell near the
surface, leading to measurable clock shifts [78]. In this case, the shift seems to depend on dwell
time, rather than a characteristic distance, indicating a different shift mechanism than described
here. The typical atom-surface distance in chip traps is much larger, R ≈ 10–100 µm [79], and some
optical lattice setups trap atoms as close as R ≈ 1 µm from a window [80], so these shifts should
be negligible for most cold-atom experiments. In hollow-core fiber applications, alkali atoms are
closer to the fiber surfaces, typically R ≈ 0.1–10 µm, though the wall shift predicted here would be
dominated by other effects [81]. One emerging field where atoms are held much closer to surfaces
is in nanostructured slot waveguides [82] or nanograting experiments [83], where the atoms can be
R ≈ 50 nm from the surface. Some research on alkali metals in nanocells probes wall interactions
for R ≈ 50–250 nm [84–89]. The response of an atom to a nearby surface can also be altered
using surface plasmon resonances engineered to match an atomic transition frequency [90]. The
performance of alkali-atom microwave clocks might be improved using spoof surface plasmons
[91] to observe super- or subradiant microwave emission, and potentially improve the performance
of microwave clocks, similar to Refs. [92,93]. Future work could use the results in Sec. IV B to
evaluate the most promising candidate system for such a scheme.

Another effect of interest to such applications are hyperfine-induced quadrupole moments. Our
derivation focused on the Fermi-contact hyperfine interaction of Eq. (2), because the spherical
symmetry of nS states suppresses the higher-order terms in the hyperfine interaction. However, such
noncontact hyperfine terms are important simultaneous interactions. For the alkali-metal atoms,
Ref. [94] calculates how these terms slightly distort the spherical symmetry of the ground state in a
way that induces a significant quadrupole moment. If there is an external electric-field gradient at the
atom, then this moment shifts the energy and clock frequency. In our calculation of wall shifts, we
assumed a perfectly flat surface and thus a negligible spatial gradient. In practice, any sharp features
on nearby conducting or dielectric surfaces can drastically enhance the local electric field and its
gradient, potentially leading to important shifts from hyperfine-induced quadrupole moments.

Our derivations here require only a modest set of conditions on the form of the interactions,
so are fairly general. A similar approach could be useful for extending this work to estimate
shifts due to other interactions. The most straightforward are other interactions where U ∝ 〈r2〉,
but a similar approach could be used with other radial matrix elements, such as different radial
powers and/or radial derivatives, likely leading to different versions of corresponding characteristic
energies. Possible ways to explore this adaptation would be to modify our numerical code to
calculate different elements or to adapt the scaling estimations by using commutator relations to
convert them to model different radial elements using the Coulomb approximation [cf. Eq. (9) of
Ref. [68]].

VI. CONCLUSION

In this paper, we treated three scenarios that lead to shifts of the ground-state hyperfine coupling
in group-1 atoms with the particular form of Eq. (1). We showed how such shifts can arise as either
a second-order effect (i.e., surface interactions) or a third-order effect (i.e., collisions and external
electric fields). In all cases, a characteristic energy Ea appears that depends only on the properties
of the group-1 atom. For third-order shifts, another energy Eab appears that corrects for additional
details of the interaction (e.g., choice of collision partner). Using updated experimental values and
improved numerical techniques, we calculated Ea, Eab for collisions with group-18 (noble gas)
atoms, van der Waals shifts near surfaces, and Stark/BBR shift coefficients k for static electric
fields. We found good agreement with experimental results for k, where available, and provided a
testable prediction of hyperfine shifts near surfaces.
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Our approach provides a straightforward way to estimate various experimentally relevant param-
eters using a small number of spectroscopic and calculated parameters. This approach should extend
to estimate hyperfine shifts for other interactions—our derivations of the shifts made fairly modest
assumptions. We expect future work will extend our approach to other interactions and applications.
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APPENDIX: REFERENCE VALUES

Table V provides some reference values used in our calculations for the group-1 atoms.

TABLE V. Reference values for group-1 atoms. Some uncertainties and full-precision values are suppressed
for clarity, though calculations used additional precision where applicable. The ground-state principal quantum
number g and effective quantum number g∗ appear in expressions in Sec. III B. ED, ES , and E∞ are the first
excited P- and S-state term energies and the ionization energy, respectively. The value of 〈gS|r2|gS〉 for textbook
H is exact, while the others are calculated using RHF approximate wave functions. “a.u.” denotes atomic units.

Atom H Li Na K Rb Cs Fr

g 1 2 3 4 5 6 7
g∗ = √

R∞/E∞ 1 1.5885 1.6271 1.7704 1.8048 1.8693 1.8278
EP (eV) [54] 10.1988 1.8478 2.1037 1.6147 1.5792 1.4317 1.6567
ES (eV) [54] 10.1988 3.3731 3.1914 2.6070 2.4961 2.2981 2.4474
E∞ (eV) [54] 13.5984 5.3917 5.1391 4.3407 4.1771 3.8939 4.0727
〈gS|(r/a0)2|gS〉 [61,62] 3 17.7384 20.7048 31.5428 36.1679 44.9530 49.5441
αa(0) (a.u.) [51,95] 4.5 164.2 162.7 290.8 318.8 401.0 317.8
C3 atom-surface (a.u.) [50] 0.25 1.512 1.871 2.896 3.426 4.268 4.437

Isotope 1H 7Li 23Na 39K 87Rb 133Cs 212Fr

I 1
2

3
2

3
2

3
2

3
2

7
2 5

Ag/h (MHz) [33] 1420.4058 401.7520 885.8131 230.8599 3417.3413 2298.1579 9064.2
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