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Scanning tunneling microscopy (STM) and spectroscopy (STS) with s-wave supercon-
ducting tips have been widely applied to probe exotic superconductors, but their potential
for investigating topological superconductors remains unclear. In junctions between an
s-wave superconductor and a topological superconductor, the dominant tunneling process
is Andreev reflection, in which Cooper pairs from the s-wave superconductor tunnel
as particle-hole excitations into the surface state of the topological superconductor. In
this work, we theoretically investigate the fundamental properties of Andreev and shot
noise spectroscopy on topological superconductors, focusing on the d1/dV characteristics
and current noise. We develop a real-time description of an effective tunneling action
incorporating Andreev reflection processes in the Keldysh formalism and derive analytical
expressions for the Andreev reflection current and the associated current noise. Further-
more, we perform numerical simulations for representative topological superconductors
and provide a catalog of d1/dV spectra and the Fano factor. Our results establish guidelines
for probing topological superconductivity using STM with s-wave superconducting tips,
and provide theoretical benchmarks for future STS experiments.

DOLI: 10.1103/72zd-ky11

I. INTRODUCTION

Scanning tunneling microscopy (STM) and spectroscopy (STS) have become an indispensable
tool in the study of superconductivity [1-3]. By directly probing the local density of states (DOS)
with atomic resolution, STM has enabled the visualization of a variety of fundamental phenomena,
ranging from quasiparticle excitations in the superconducting energy gap to vortex-core states
[1,4,5], impurity-induced bound states [6,7], and quasiparticle interference [8,9]. In addition, STS
has been extensively applied to a wide range of unconventional superconductors in order to eluci-
date the gap symmetry, including cuprate superconductors [2,5,8—16], iron-based superconductors
[3,17-20], graphene-based systems [21,22], and heavy-fermion superconductors such as UTe,

“Contact author: tei@blade.mp.es.osaka-u.ac.jp
Published by the American Physical Society under the terms of the Creative Commons Attribution 4.0

International license. Further distribution of this work must maintain attribution to the author(s) and the
published article’s title, journal citation, and DOI.

3070-2240/2026/1/000061(38) 000061-1 Published by the American Physical Society


https://orcid.org/0000-0003-2604-3351
https://orcid.org/0000-0003-2263-1236
https://orcid.org/0000-0002-6201-4745
https://orcid.org/0000-0002-7313-6094
https://ror.org/035t8zc32
https://ror.org/05dqf9946
https://ror.org/035t8zc32
https://ror.org/035t8zc32
https://crossmark.crossref.org/dialog/?doi=10.1103/72zd-ky11&domain=pdf&date_stamp=2026-07-14
https://doi.org/10.1103/72zd-ky11
https://creativecommons.org/licenses/by/4.0/

TEI, HANAI FUJIMOTO, AND MIZUSHIMA

[23-31]. In particular, the observation of in-gap states has provided compelling signatures of surface
Andreev bound states (ABSs) that are intimately tied to topological superconductivity [32-39].

A more recent development in STM is the use of s-wave superconducting tips [40]. One key
advantage of using a superconducting tip lies in the singularities of its DOS, i.e., coherence peaks,
which provide exceptionally high energy resolution in STS [41-44]. Furthermore, beyond single-
particle spectroscopy, when both the tip and the sample are s-wave superconducting, STM enables
the direct visualization of the condensate flow, observed as a Josephson current, giving rise to the so-
called Josephson STM [45-51]. Using Josephson STM, spatially nonuniform superconductivity—
namely, pair-density waves—has been successfully observed in cuprate-based superconductors [52],
iron-based superconductors [53], transition-metal dichalcogenides [54], and kagome systems [55].

While superconducting tips have been widely applied to s-wave superconducting samples, their
potential for uncovering the nature of topological superconductors remains largely unexplored.
Most existing theoretical studies of STM and STS with superconducting tips have focused pri-
marily on the Josephson current, whereas tunneling currents arising from topological surface
states have received little attention [56-58]. Recently, an s-wave superconducting tip has been
applied to the leading candidate topological superconductor UTe,, where pronounced zero-bias
conductance peaks associated with surface Majorana bands have been reported [25-28]. Despite this
experimental progress, a comprehensive theoretical understanding of tunneling spectroscopy and
transport processes in s-wave/topological superconducting junctions is still lacking. Although re-
lated studies have addressed one-dimensional (1D) class-D topological superconductors [43,59,60],
superconducting-tip spectroscopy for other topological classes remains largely unexplored. This
motivates the present study, in which we investigate the elementary tunneling characteristics of STS
with superconducting tips probing topological superconductors, focusing on both the differential
conductance (dI/dV) and current noise. In this work, we focus on spin-degenerate, or more
generally Kramers-degenerate, topological superconductors, such as those in classes DIII and CI.

The problem of electron tunneling in superconductor-superconductor (S-S) junctions has been
extensively studied since the early days, particularly in the case where both electrodes are conven-
tional superconductors [61-74]. At low bias voltage, below the superconducting gap, quasiparticle
tunneling is absent, and two processes remain relevant. The first is the Josephson effect, where
Cooper pairs tunnel through the junction; when coupled to the electromagnetic environment, this
process can become inelastic and manifests as a zero-bias conductance peak [63,75-77]. The second
is multiple Andreev reflection (MAR), in which an electron incident from one side can traverse the
junction by undergoing successive Andreev reflections at the interface [65,66,69,71]. This MAR
process gives rise to a characteristic subgap peak structure in dI/dV, which has been observed
experimentally [78—82].

We now turn to the case in which one of the electrodes is a topological superconduc-
tor. A schematic image shown in Fig. 1. In this situation, single-particle tunneling is likewise
suppressed. Moreover, since most topological superconductors are spin triplet in nature, the
Josephson tunneling current is expected to be negligible when the spin-orbit coupling is weak,
owing to the orthogonality of the spin states between spin-singlet and spin-triplet supercon-
ductors [83-86]. The essential difference from conventional S-S junctions is that a topological
superconductor hosts quasiparticle states on surfaces at arbitrary energies. As a consequence,
single Andreev reflection can occur at any bias voltage, in which electrons and holes in the
topological superconductor are converted into Cooper pairs in the s-wave superconductor, and
vice versa. In particular, this process becomes dominant in the bias regime below the s-
wave superconducting gap amplitude, and Andreev spectroscopy is accessible in this low-bias
regime. Note that in conventional S-S junctions, single Andreev reflection contributes only
when the bias voltage exceeds the superconducting gap, eV > A, where both electrodes have a
gap A.

To elucidate Andreev spectroscopy of topological superconductors using superconducting tips,
we theoretically investigate an S-S junction composed of an s-wave superconductor and a topo-
logical superconductor. Our main results include the derivation of an effective action [Eq. (8)],
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FIG. 1. Schematic illustration of STM measurements with an s-wave superconducting tip for a topological
superconductor. In the low-bias regime, the tunneling current is dominated by Andreev reflection processes,
where Cooper pairs from the s-wave superconductor tunnel into the particles and holes within the surface states
of the topological superconductor.

and the numerical evaluation of the dI/dV spectra and shot noise for probing various types of
topological superconductors as summarized in Sec. V. We employ two complementary approaches:
The first one is the real-time Keldysh path-integral formalism applicable to the weak-tunneling
regime and the second one is a full-order Green’s function method applicable to general cases,
including both the weak-tunneling and strong-tunneling regimes. Within the former approach, we
expand the tunneling Hamiltonian up to fourth order, which enables us to derive an effective action
describing a superconducting quantum circuit that incorporates Andreev reflection processes. By
analyzing this action within an appropriate saddle-point approximation, we obtain an analytical
expression for the Andreev current [Eq. (12)]. In addition, we derive an analytical expression for
the current noise. At low temperatures, the dominant contribution to the noise arises from shot
noise, which originates from the discrete and stochastic nature of the tunneling process and provides
information about the effective charge involved in transport. In particular, in the low-bias regime
below the superconducting gap of the s-wave tip, the shot noise yields a Fano factor of F = 2,
reflecting the 2e charge transfer characteristic of Andreev reflections [8§7-90].

From the well-established case of normal metal-superconductor (N-S) junctions, it is known that
MAR at the interface can lead to qualitatively different current-voltage characteristics in the strong-
tunneling regime [91-93]. Motivated by this, we use the second approach, performing numerical
calculations of the tunneling current and noise in which all tunneling processes are incorporated
as a self-energy. This approach allows us to capture the current-voltage characteristics across the
entire range of voltage bias and tunneling strengths, from the weak and intermediate regimes
relevant to STM measurements to the strong-tunneling regime applicable to quantum point-contact
experiments. We note, however, that experimental access to the strong-tunneling regime is often
challenging, since strong tunneling tends to cause charge accumulation at the tip apex, which can
suppress superconductivity [45].

We systematically consider various types of topological superconductors, as summarized in
Table 1. The essential feature of topological superconductivity lies in the odd-parity nature of the
gap function, which tightly links the pairing symmetry to the surface orientations where ABSs
emerge. Consequently, the observation of such surface states by Andreev spectroscopy can provide
direct insights into the symmetry of the superconducting order parameter. To clarify this connection,
we perform comprehensive calculations of the surface DOS, the dI/dV spectra, and the current
noise for symmetric surfaces such as (100), (010), and (001) surfaces, using the standard models of
topological superconductors. To simulate realistic experimental conditions, we include the effects
of finite temperature and quasiparticle lifetime broadening (Dynes broadening) by appropriately
setting the parameters [94,95]. In particular, the residual DOS induced by Dynes broadening gives
rise to single-electron tunneling even within the superconducting gap, leading to a competition
between |T'|? and |T'|* tunneling processes [96]. Here, |T'| is a tunneling amplitude. This competition
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TABLE I. Summary of topological superconducting states. “Name,” “Spin,” “Gap function,” and “Bulk
node” denote the name of the pairing states, their spin state, gap functions, and the nodal structures in bulk,
respectively. “Surface” and “ABSs” are the surface orientation and the existence/absence of Andreev bound
states, respectively, and the characteristic shape of the surface density of states is summarized in the column of
“sDOS.”

Name Spin Gap function Bulk node Surface ABSs sDOS
s Singlet Y =1Ag Full gap None U shaped
BW p Triplet d = (ky, ey, ko) Fullgap  (100), (010), (001)  Dirac cone  V shaped
Chiral p  Triplet d = (0,0,% +ik,) Point node (100). (010) Fermiarc — Flat type
T 4 (001) None V shaped
Helical p  Triplet ~ d = (k& £,,0)  Point node (100). (010) Fermiarc — Flat type
o (001) None V shaped
Polarp  Triplet d = (., 0,0) Line node (001) Drumhead Pk type
o (100), (010) None V shaped
o N 100), (010), (001 None V shaped
dey? Singlet v=K-K Line node e EIIO; o Drum head  Peak tpype

can be directly revealed by calculating the Fano factor, which highlights the crucial role of the
s-wave tip quality in Andreev spectroscopy. Our results will provide useful guidance for future
STS experiments with superconducting tips through Andreev spectroscopy and noise spectroscopy,
offering a potential route to identify the pairing symmetry of topological superconductors.

The rest of this paper is organized as follows. In Sec. II, we summarize the theoretical formula-
tion. Section IT A presents the derivation of the effective tunneling action for a junction between an
s-wave superconductor and a topological superconductor in the weak-tunneling limit, based on the
real-time Keldysh path-integral formalism. This derivation follows the approach of Refs. [68,97],
extended to incorporate Andreev reflection processes, with the full details provided in Appendix B.
In Sec. II B, we give a brief introduction to noise measurements and derive analytical expressions
for the current noise from the tunneling action. In Sec. III, we describe the numerical algorithm used
to compute the tunneling current and current noise, including perturbations to all orders. In Sec. IV,
we summarize the representative topological superconductors, including their topological surface
states. Section V presents the numerical results for the d//dV spectra and noise characteristics,
simulating STS measurements with an s-wave superconducting tip. Section VI is devoted to the
conclusion and discussion.

II. ANALYTICAL EXPRESSIONS FOR THE TUNNELING CURRENT AND NOISE

In this section, we develop analytical frameworks to describe the tunneling current and current
noise in a voltage-biased S-S junction, starting from a microscopic Hamiltonian. We employ the
Keldysh path-integral formalism to describe the nonequilibrium tunneling processes. In Sec. IT A,
we construct an effective tunneling action by expanding the tunneling Hamiltonian up to fourth
order, which enables us to incorporate Andreev reflection processes in addition to single-particle
tunneling and Cooper-pair tunneling (Josephson) processes. Applying the saddle-point approxima-
tion to the resulting action, we obtain an analytic Kirchhoff’s equation that governs the dynamics
of the superconducting circuit. In Sec. II B, we analyze the current-noise characteristics of the S-S
junction.

A. Tunneling action and current

Let us consider two superconducting systems that are weakly coupled and connected to an
external voltage source, as shown in Fig. 2. Throughout this paper, we assume that the left electrode,
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FIG. 2. (a) Schematic illustration of the full Hamiltonian, including electron tunneling between the left and
right lattices. x denotes the coordinate along the interface, and for spatially local tunneling, as in STM, the
tunneling matrix element is taken as 7, v = T§(x)8(x"). (b) Circuit diagram of a superconducting junction.

corresponding to the STM tip, is an s-wave superconductor, whereas the right electrode, representing
the superconducting sample, can be either an s-wave or an unconventional superconductor. We
further assume a spin-degenerate normal-state Hamiltonian and a unitary superconducting state.
Such an S-S junction constitutes a macroscopic quantum system characterized by the phase differ-
ence between the two superconductors. The goal of this section is to derive an effective action that
governs the dynamics of phase difference, starting from the microscopic Hamiltonian.

We begin with the total microscopic Hamiltonian

Hiot = He +Hr +Hr +Ho, (D
where

; -
Hy = / drwu,(r)[—%v - /x} V1o (r) + Hpair. (2)
Hp = Hi(L <> R), 3)

ez
Ho = g (NL = Ng)*, 4)
Hr = / dr / dr'y} (T, Yro () + Hec., (5)
relL reR

where ’a”Z(R)a (r) and VY ry (r) are the creation and annihilation operators of electrons in the
left (right) electrodes. The BCS Hamiltonian for the left (right) electrodes, Hy ), consists of
the noninteracting part and the pairing interaction Hp,,, where m is the mass of electrons and
w is the chemical potential. Hy describes the effective capacitive interaction at the junction,
which originates from the Coulomb interaction between the left and right superconducting elec-
trodes. Here, C is the capacitance depending on the geometry and properties of the junction, and
Ny =2, f drl/fZ(R)a (r)Y¥rr)s (r) is the electron number of the left (right) side. The tunneling
Hamiltonian, Hr, describes electron transfer between the two superconductors. The tunneling
matrix 7}, reflects the geometry of the junction. In systems such as STM, where electron tunneling
occurs locally in space, the uncertainty principle between position and momentum implies that the
tunneling matrix can be regarded as momentum independent, as 7 .

To treat the nonequilibrium dynamics of the S-S junction, we employ the real-time path-integral
formalism [68,97]. Following the Keldysh contour approach, the partition function is expressed as

i
ZK = TI‘]!,J/} exXp [ﬁswt} s (6)
where Sy is the total action expressed in terms of the Grassmann fields v and v, and is defined as
a functional integral along the Keldysh contour C. The trace Tr,, ; denotes the functional integral

over these fields on the contour.
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Here, we briefly outline the procedure for obtaining effective action, with the full details provided
in Appendix B. The derivation process involves the following four steps. (1) We first introduce
collective variables via Hubbard-Stratonovich transformation of the interacting terms: the complex
superconducting order-parameter fields Ay and Ag, and a real voltage field V. (2) By integrating
out the fermionic degrees of freedom, we obtain an action expressed solely in terms of the collective
variables. (3) As a zeroth-order approximation in the tunneling Hamiltonian, we assume that the left
and right superconductors are in equilibrium and perform a saddle-point analysis. The saddle-point
equation for the amplitude of the order-parameter field reproduces the gap equation, while that for
the voltage field yields the Josephson relation,

dp 2e

T
where ¢ is the superconducting phase difference. By neglecting amplitude and voltage fluctuations
around these mean-field solutions, the only remaining low-energy collective variable is the super-
conducting phase difference. (4) Finally, by perturbatively expanding the action in the tunneling
matrix—which couples to the phase difference through a gauge transformation—we obtain an
effective action describing the phase dynamics. This perturbative expansion allows us to classify
the contributions from different tunneling processes: single-particle tunneling, Josephson tunneling,
and Andreev reflection processes.

As a result, we obtain the effective tunneling action:

Sunl®, x] __/ |:2 Y Y + I.sin¢ — :|

-5, /_Do dtdt/[Zeoz’(t —t")sin (¢ _2 ¢/)X - %e(xk(t —1t")cos (¢ _2¢/)XX/:|

h o0
—Z/‘dmﬁ%fa—ﬁﬁm¢—ﬁm—fﬂ@—ﬂR%@—WMxl ®)

)

where we employ the classical-quantum representation: ¢ and x denote the classical and quantum
components, respectively, defined as ¢ = (¢ + ¢~ )/2and x = ¢ — ¢, with ¢ denoting the
fields on the forward (backward) branch of the Keldysh contour. For simplicity in notation, we use
the shorthand ¢ = ¢(t), ¢’ = ¢(t'), x = x(t), and x’ = x(t'). The quantities I., o/®, and y/®
correspond to tunneling self-energies obtained from the Green’s functions, as discussed below.

The first line of Eq. (8) contains the capacitive term, the Josephson coupling term characterized
by the critical Josephson current I, and the contribution from the external current /.. The critical
current I, is obtained from the frequency summation of the product of the anomalous Green’s
function of the left and right superconductors [see Eqs. (B45) and (B48)]. It should be noted that in
the case of the S-S junctions between an anisotropic superconductor and an s-wave superconductor,
the Josephson coupling is generally weak due to the symmetry mismatch. For this reason, Josephson
currents lie outside the main scope of the present study and do not appear in the subsequent
calculations. Howeyver, spin-orbit coupling and the breaking of local translational symmetry can
give rise to a finite Josephson coupling [58,86,98,99].

The terms described by the kernels o/®) and y/® correspond to the contribution from single-
particle tunneling and Andreev reflection, respectively. For each contribution, the terms linear in
x in Eq. (8) represent dissipation arising from incoherent tunneling processes, i.e., the tunneling
currents, whereas the quadratic terms in x account for the current noise. Since the current noise
will be discussed in detail in Sec. II B, we neglect the quadratic terms at this stage and focus on the
contributions linear in x. The kernel o describes the phase relaxation induced by single-particle
tunneling processes and can be expressed in terms of the tunneling current as

Mw=iﬁmm. ©)
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The explicit expressions for the tunneling currents are given by the well-known expression
oo
Ip(V) = (47T|T|2€/h)/ dEpL(E — eV)pr(E){ng(E — V) — np(E)}. (10)
—00

Here, pr(r) denotes quasiparticle DOS in the left (right) electrode and ng(x) = 1/(e*/*© + 1) is the
Fermi distribution function, with kg the Boltzmann constant and ® the temperature. The prefactor
contains an additional factor of 2 due to spin degeneracy. Similarly, the kernel ¥’ characterizes
phase relaxation due to Andreev reflection, and is related to the Andreev current via

i
2¢
The explicit expression for the Andreev current is given by

Y (w) = —I\r(hw/2e). (11)

Iw(V) = (47°|T|"eN; /1) f dE pr(—E + eV )pr(E + V)| FL(E)l{np(E — V) — np(E))

+ FL(E){ne(E) — ng(E + eV)}l, (12)
where Nj gy is the normal-state DOS at the Fermi level and
F.(E)= A} /(A] —E?) (13)

is the pair amplitude of the left s-wave superconductor. This expression reflects the fact that a
Cooper pair in the STM tip (left electrode) tunnels into the sample superconductor (right electrode)
as an electron-hole pair, or vice versa. Since this process corresponds to tunneling into or out
of a spin-singlet Cooper pair, the convolution of the DOS involves opposite-spin components.
Consequently, local spin-singlet Andreev reflection is suppressed when the relevant low-energy
sector lacks an available opposite-spin channel, as in effectively spin-polarized class-D topological
superconductors [59,60].

We remark that when the right electrode is a topological superconductor and hosts in-gap states,
Egs. (10) and (12) already provide a reliable description of the tunneling processes over the entire
bias range, as we explain below. For the bias voltage eV > A, the single-particle current in Eq. (10)
gives the leading contribution, as it represents a second-order (|7’ |?) tunneling process. In contrast,
for eV < Ay, this contribution becomes strongly suppressed because the s-wave electrode possesses
a fully gapped quasiparticle DOS. In this low-bias regime, the next-to-leading process described by
Eq. (12)—a fourth-order (|T'|*) tunneling contribution—remains finite for any nonzero bias due to
the presence of in-gap states in the topological superconductor. Although a complementary process,
obtained by exchanging L and R in Eq. (12), also exists, its contribution is proportional to p;pr
and is therefore subject to strong suppression from the fully gapped DOS of the s-wave electrode.
In contrast, when the right electrode is also a fully gapped superconductor, such as an s-wave
superconductor, Eq. (12) alone is not sufficient. Because Eq. (12) also becomes suppressed by the
fully gapped quasiparticle DOS, the complementary Andreev process obtained by exchanging L and
R cannot be neglected, as it contributes at the same order. Moreover, in the low-bias regime, even
these |T|* processes become strongly suppressed, and higher-order MAR processes dominate the
subgap transport (see Sec. V B).

That o/ and y' represent tunneling currents can be demonstrated explicitly by performing a
saddle-point approximation with respect to x in Eq. (8). This procedure yields the semiclassical
equation of motion for the phase difference,

Ch 3%
2e 01>
where we have used the Josephson relation in Eq. (7). This equation corresponds to Kirchhoff’s

current law for the resistively and capacitively shunted junction model, extended here to include
Andreev reflection current Iag.

+qu(V)+IAR(V)+IC sing = I, (14)
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B. Noise measurements

While tunneling current provides information on the time-averaged electron transport, noise
measurements offer a more detailed physical picture of the nonequilibrium transport processes. In
this subsection, we give a brief introduction to current noise and summarize noise properties probed
by superconducting-tip STM [87-90]. Noise can be classified into two main categories according
to its origin: thermal noise and shot noise. Thermal noise arises from thermal excitations at finite
temperature, whereas shot noise originates from the discrete and probabilistic nature of tunneling
processes. In this work, we focus primarily on shot noise, which is briefly introduced below.

We consider elementary tunneling events, in which a particle tunnels with probability 7 and is
reflected with probability 1 — 7, each transferring an effective charge ¢*. For instance, in single-
particle tunneling, we have e* = e, whereas in Andreev reflection processes, e* = 2e. The time-
averaged current is then proportional to the tunneling probability, (/(¢)) o< ¢*T. Assuming that the
junction is weak and tunneling events are rare, the statistics of tunneling follow a Poisson process.
In a Poisson process, the variance of the number of tunneling events equals its mean, which leads
to the noise power Py & 2¢*2T . Here, the noise power is defined as Py = (AI(t)?), where Al(t) =
I(t) — (I(¢)) is the fluctuation of the current from its time-averaged value. Introducing the Fano
factor as the ratio of noise power to current,

Py
2ell|

F =

=¢e"/e. (15)

We find that noise measurements provide direct access to the effective charge involved in the tun-
neling processes. In superconducting junctions, noise measurements revealing an effective charge
of 2e have been reported in several systems, including mesoscopic junctions [100], quantum wires
[101], and even superconducting-tip STM [102,103].

The microscopic derivation of noise has been largely completed in Sec. II A. In the Keldysh
action, the quadratic terms of the quantum component, i.e., the x x’ terms in Eq. (8), correspond to
the contribution of noise. It can be decoupled via the Hubbard-Stratonovich transformation, which
introduces a Langevin noise source Iy(t) = I\ (t) + I4R(¢) in the Kirchhoff current equation of
Eq. (14). The corresponding noise action is

h o0
Snoie =~ 5. / dr [19°) + IR ()] (16)
—0oQ

where I and IR are constructed as appropriate Gaussian random variables, whose variance yields

¢—9¢'

(P OLP ")) = —2ie*a* (t — 1) cos TR (17)
(IRROIR)) = —die*y*(t — ') cos(¢ — ¢). (18)

Importantly, we note that there is no cross-correlation between the single-particle and Andreev
reflection contributions. We define noise power as

Py(w) = 2/ dt e (Iy(t)Iy(0)). (19)

oo

Using Eq. (17), the dc noise power arising from single-particle tunneling process is given by
PP = 2e*(—i)a* (eV/h). (20)
Similarly, the contribution from the Andreev reflection, based on Eq. (18), is expressed as

PR = 2(2e)2(—i)y*(2eV/h). 2N
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The total noise is Py = Py’ 4+ P¢R. The noise kernels o and y* are related to the corresponding
current ! and y’ through the fluctuation-dissipation relation,

a*(eV/h) = ol (eV/h) coth(eV ks ®), 22)

yX(e*V/h) = y'(e*V/h) coth(e*V kg ®), (23)

where e¢* = 2e for y.

First, let us consider the limit eV > kg® (shot noise regime). In this case, coth(eV/kg®) — 1,
so that the Keldysh components of the kernels & and y coincide with their dissipative counterparts.
This implies that the time-averaged current and the noise power are governed by the same kernels,
and hence the Fano factor directly reflects the effective charge involved in the tunneling process.
In realistic situations where both single-particle tunneling and Andreev reflection processes coexist,
the total Fano factor lies between 1 and 2, 1 < F < 2, depending on the relative contributions of
each tunneling channel. On the other hand, in the limit eV <« kg® (thermal noise regime), the noise
is enhanced as coth(eV/kg®) =~ kg®/eV . In particular, since thermal noise remains finite even at
zero bias, the Fano factor at finite temperature diverges as V. — 0.

III. NUMERICAL METHOD FOR NONPERTURBATIVE CALCULATION
OF TUNNELING CURRENT AND NOISE

In the previous section, we analytically derived the expressions for the tunneling action arising
from single-particle and Andreev reflection processes. Beyond the weak-tunneling regime, however,
one must take into account multiple reflections at the interface to obtain the tunneling current.
Cuevas et al. employed the Keldysh Green’s function formalism to obtain the full tunneling current
and noise for arbitrary transmission and bias in s-wave/s-wave junctions by incorporating MAR
through a renormalized tunneling matrix [71,104]. In this system, the interface is governed solely
by Andreev reflection, which makes an analytic treatment possible. In contrast, when one of the
electrodes is a topological superconductor, normal particle reflection is also allowed in addition to
Andreev reflection. This considerably complicates the analysis, and numerical calculations become
indispensable. In the following, we describe the numerical procedure employed, while further
technical details are provided in Ref. [105].

Based on the microscopic Hamiltonian given in Egs. (2)—(5), the current operator is expressed as

_ e i it
1=+ %;{chT cri — Cp T L. (24)

Here, czk (crx) and c;k (crr) denote the creation (annihilation) operators for electrons in the left
and right electrodes, respectively, with momentum k parallel to the surface. We further assume local
tunneling, such that the tunneling matrix 7 is independent of momentum.

Under a finite bias voltage, the expectation value of the tunneling current in Eq. (24) can be
evaluated within the Keldysh Green’s function formalism as

(I(t)) = —e Tr[0. TGyt 1) — 0. T Gy, (1, 1)1, (25)

where o, denotes the Pauli z matrix in Nambu space. Here, G, and Gy, denote the lesser
components of the junction Green’s functions, which describe particle propagation from the left
to the right system, and vice versa. In Nambu space, they are defined as

Gj(t.1) =) Gk, ;K. 1),
kK

Gk, t;k 1) =

i <<5§k, () (e <f’>5ik<f>>>, (26)

R\ (@ @) (@) ®)
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with i, j = L, R. The operators ¢ and &' incorporate the effect of the bias voltage, treated as a
chemical potential difference (eV = u; — ug), via a gauge transformation:

&) = c (e &) = cf 1)V, 27)
Er(t) = cr(t),  Eht) = cx@). (28)
The tunneling matrix in Nambu space is given by
. |T|ei¢o
T = ( _|T|e75¢0 ’ (29)

where ¢y denotes the static phase difference between the two electrodes. We now focus on the dc
components of the tunneling current, defined as I = I(¢).
In addition, the (symmetrized) current noise power is defined as

Pyv(w, 1) = / dr'e ({81t +1'), 8I(t)}) f dreé x@t,t +1), (30)

o0 o]

where §1(t) = I(t) — (I(¢)) denotes the current fluctuation. Here, we have introduced the current-
current correlation function as x (z,¢") = ({I(¢), I(t')}). Using the Keldysh Green’s functions, the
correlation function can be expressed as

x(t, 1) = 2*Tr{~To,G;x(t,t"T0o,Gip(t', 1) — T'0,Gz, (t, )T 0,Gr, (', 1)
+T0.G;, (t, )T 0.Grp(t', 1) + TT0.Gip(t, 1T 0.Gy, (¢, 1)} + (t < 1'). 31

Here, G;; denotes the greater components of the junction Green’s function, which has the relation
ij(t, t') = [G;(Z’, £)]7. We now focus on the dc components of the tunneling current and the
current noise. The time-independent dc noise is defined as Py = Py(0, t).

The remaining task is to evaluate the junction Green’s functions by solving the Dyson equation in
Keldysh space. Treating the tunneling matrix as a single-particle perturbation, we obtain the
following set of Dyson equations:

Gio=G0+G0 T 0Gr =G +GrroT oGV, (32)
Grr =G+ GO 0 T 0 Grp = Gor 4+ Grr o T o G, (33)
(V;LR = (V;(LOL) oT o (V;RL = GLR oT o (V;g};, (34)
Grr = GepoT oGrr =GrroT o GY). (35)

Here, (V;(LOL) and é;gg denote the nonperturbative Green’s function for the isolated superconducting
systems, corresponding to Hamiltonians H; and Hg, respectively. The “check” symbol (M) indi-
cates that the matrix M is expressed in the rotated Keldysh basis, and the circle product o denotes
integration over the internal variables, such as time and momentum. By substituting Eq. (35) into
Eq. (34), we obtain

Gir=G0o¥ oGO, (36)
S =T 4T 0G0 oT oG0S, (37)

The self-energy > introduced here accounts for multiple reflections at the interface. By solving
the Dyson equation for the self-energy in Fourier space, one obtains the full Green’s function (see
Appendix C). This procedure allows us to evaluate the tunneling current in Eq. (27) and the current
noise in Eq. (30), including contributions from tunneling processes to all orders.
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To facilitate the discussion below, we introduce a dimensionless transparency as a measure of
the tunneling strength. From the Dyson equation, the tunneling current can be expressed, within
the approximation that neglects the bias dependence, as a series in JTZNLNR|T |2. This motivates the
definition of effective transparency,

472|T 2N Ng
o = .
(1 4+ 72|T|>?NNg)?

For conventional s-wave/s-wave junctions, this expression reproduces the exact transparency that
includes all MAR processes [71]. Strictly speaking, in the present junction where one side is a
topological superconductor, since both normal and Andreev reflections contribute, and the DOS
exhibits strong low-energy structure, Eq. (38) does not provide a strictly accurate description of the
transparency in this case. Nevertheless, since it still serves as a useful quantitative measure of the
tunneling strength, we adopt this definition throughout this work.

(38)

IV. TOPOLOGICAL SUPERCONDUCTORS AND SURFACE STATES

In this section, we summarize various types of topological superconductors. Table I lists the
superconducting states considered in this work. Here, we focus on spin-degenerate superconducting
states, for which Andreev reflection processes play a crucial role. Odd-parity spin-triplet supercon-
ductors, such as p-wave superconductors, are natural candidates for topological superconductivity.
In addition to fully gapped topological superconductors, we also include nodal superconductors,
such as the polar state, because these nodal states can support gapless ABSs protected by weak
topological invariants [35,106,107]. We also consider d-wave superconductors, whose gap functions
can change sign under specular reflection at certain surfaces, leading to the emergence of ABSs.

The superconducting order parameter generally carries spin degrees of freedom and can be
written in the following form:

Alk) = d(k) - o + Y (k))ioy, (39)

where ¥/ (k) denotes the spin-singlet component and d (k) represents the spin-triplet component. Due
to the fermionic antisymmetry of the Cooper pair wave function, v (k) must be an even function of
momentum (e.g., d wave), while d (k) must be odd (e.g., p wave).

Table I summarizes representative examples of topological superconducting states. In this table,
we include nodal superconductors such as a polar state and a d-wave pairing state in addition
to fully gapped topological superconductors, because these nodal superconducting states also
support gapless ABSs protected by weak topological invariants [35,106,107]. Classifying the ABSs
according to the surface DOS helps elucidate the characteristic features of tunneling spectroscopy.
The dimensionality and dispersion of ABSs have a significant impact on the resulting surface
DOS. Based on these properties, we classify the surface DOS into three characteristic types: V
shaped, flat type, and peak type. Let us consider the Fermi surface to be an isotropic sphere. In the
Balian-Werthamer (BW) state [d = (l%x, ley, IQZ)], which is the p-wave pairing state with a full gap,
the surface hosts a Dirac cone, resulting in a V-shaped DOS, i.e., p(E) o |E|, near zero energy.
The chiral state, [d = (0, 0, lgx + ilgy)], and the helical state, [d = (l%x, Igy, 0)], have point nodes in
their bulk. These states have zero-energy ABSs on a specific surface orientation. These ABSs are
dispersionless and connect the point nodes projected onto the surface Brillouin zone, known as
Fermi arcs, while dispersing along the direction perpendicular to the nodal direction. The large
number of zero-energy states in the chiral and helical states results in a flat surface DOS, i.e.,
p(E) = constant, around zero energy. However, ABSs are absent on surfaces in the nodal directions,
and the surface DOS exhibits a V-shaped profile, reflecting the nodal gap structure in their bulk.
For the polar p.-wave state [d = (k., 0, 0)] with a bulk nodal line, zero-energy ABSs appear as
a two-dimensional (2D) sheet enclosed by the nodal line on the (001) surface Brillouin zone, a
structure sometimes referred to as a drumhead state. This results in a prominent zero-energy peak
in the surface DOS. Again, on surfaces without ABSs, the DOS returns to a V-shaped profile. A
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similar behavior is observed in the d,»_.-wave superconductor ( = kf — kf,), which also hosts
line nodes. On the (110) surface, drumheadlike ABSs emerge, producing a sharp zero-energy peak
in the surface DOS.

V. TUNNELING CURRENT AND SHOT NOISE IN SUPERCONDUCTING STM

In this section, we calculate the dI/dV spectra and current noise for various types of super-
conducting junctions, as discussed in the previous section, in order to simulate STS measurements
with an s-wave superconducting tip. The tunneling current is evaluated from Eq. (25) by solving
the Dyson equation (36) for the momentum-averaged Green’s function, which is appropriate for
local tunneling processes where momentum is not conserved. The current noise is calculated
from Egs. (30) and (31), and the corresponding Fano factor is obtained to simulate shot noise
spectroscopy. These formulations naturally incorporate tunneling processes to all orders. In the
weak-tunneling regime, the characteristic features of dI/dV spectra and the current noise can be
understood analytically from Eqs. (10) and (12) derived in Sec. IT A.

We assume that the left electrode is an s-wave superconducting tip, whose retarded Green’s
function is given by

Gl (w) =

—7N;, <hw + iy AL ) 40)

JAI—(wis e\ Ar et

A, = (—AL AL). (41)

The DOS is obtained from the retarded Green’s function as

where the gap function is

pL(E) = ——ImTe.[G,(E/W)]. (42)

where Tr, denotes the trace over the electron (normal) part of the Green’s function. The parameter
8y, referred to as the Dynes parameter, represents a phenomenological broadening factor, which can
be attributed to inelastic tunneling mediated by the electromagnetic environment [94,95]. In this
work, we set §; /A, = 0.01, which is a typical value of recent experiments with clean tips [25,108].
The experimental temperature is taken to be ®/®;. = 0.05, where ®. is the superconducting
transition temperature of the left electrode, defined as ®;. = Ay /1.76.

For the right electrode, we consider representative topological superconductors listed in Table I.
The momentum-averaged Green’s function is defined by

Gr(@) =) Gylk, w), 43)
k

where Gy (k, w) is obtained from the tight-binding model Hamiltonian using the recursive Green’s
function method [109,110]. The normal-state Hamiltonian is provided in Appendix A. One might
expect that momentum averaging in anisotropic superconductors eliminates information about
anomalous pair correlations. However, due to the breaking of spatial inversion symmetry at the
interface, odd-frequency components arise, whose contribution remains finite even after momentum
averaging [111]. The static phase difference between the two superconductors is set to zero. As
can be seen from Eqs. (10) and (12), however, the dc tunneling current is independent of the
superconducting phase difference.

A. dI/dV characteristics probed by STS with a superconducting tip

Before discussing each pairing state in detail, let us first clarify the characteristic features of the
differential conductance spectrum obtained in STS measurements with an s-wave superconducting
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tip. Since STM typically operates in the weak-coupling regime (o < 1), the overall behavior of
dl/dV can be captured by the fourth-order tunneling processes derived in Sec. Il A. From Egs. (10)
and (12), these currents reduce to simple expressions at zero temperature and in the low-bias limit,

ev
Igp(V) 0</ dEpL(E — eV )pr(E), (44)
0
eV
Ir(V) / dE pr(—E + eV)pgr(E + €V). (45)
—eV

In this subsection, we use these expressions to discuss the characteristic peak structures in the d1/dV
spectra. For simplicity, we consider the case of V > 0.

We begin by discussing the characteristic spectral shape of the single-particle tunneling contri-
bution, dly,/dV . From Eq. (44), the d1/dV for this process is given by

dlyp

eV
o /O dE p}(E — eV)pr(E), (46)

where p'(E) denotes the derivative of the quasiparticle DOS with respect to energy. Here, we have
used the fact that p; (0) = 0 for an s-wave superconductor. Since the quasiparticle DOS in an s-wave
superconductor vanishes for E < A due to the superconducting gap, we approximate its derivative
by a delta function, p; (E) ~ §(E £ Ay). Under this approximation,

dlyp

v x —epr(eV — Ap)B(eV — Ap), “@n
where 0 (x) is the step function. Thus, the lowest voltage at which the single-particle process starts to
contribute is eV = A, . Furthermore, if the DOS in the topological superconductor has a coherence
peak at E = Ag, the factor pg appearing in Eq. (47) becomes maximal at eV = A 4+ Ag. This
feature is known as the total coherence peak in the case of junctions of s wave/s wave. Physically,
once ¢V > Aj, quasiparticle excitations become available in the s-wave superconductor, and the
single-particle tunneling dominates. In particular, at eV = A + Ag, quasiparticles tunnel between
the coherence peak of the topological superconductor and that of the s-wave superconductor, leading
to a pronounced peak in the dI/dV spectrum. Therefore, single-particle tunneling starts to contribute
ateV = Ay, and the spectrum of dly,/dV may exhibit sharp peaks ateV = A; andeV = Ap + Ag.
In the low-bias regime eV < Aj, the contribution from single-particle tunneling vanishes, and the
dl/dV characteristic is therefore dominated by the Andreev reflection process. From Eq. (45), the
dl/dV associated with the Andreev reflection is given by

dl 2eV ,
SR o pr(26V )or(0) — 2 / dE py(E — 2¢V )pp(E), (48)
0

dv
where the particle-hole symmetry pg(E) = pr(—FE) is assumed. If Majorana zero modes are present
and induce a finite zero-energy DOS (pg(0) # 0), the first term gives rise to a subgap peak structure
at eV = Ag/2. Furthermore, by approximating the derivative of pr(E) as §(E &= Ag), one finds that
the second term yields a pronounced contribution at eV = Ag.

We conclude that, in Andreev spectroscopy on a topological superconductor that exhibits coher-
ence peaks at E = Ag, one can find characteristic conductance peaks ateV = Ag, Ap, (Ag + Ap).
Additionally, if the topological superconductor hosts finite zero-energy DOS (pg(0) # 0), a peak
may also appear at eV = Ag/2. It is worth noting the appearance of negative differential conduc-
tance dI/dV < 0. In S-S junctions, both electrodes can exhibit singularities in the DOS, which
resonate at certain bias voltages and lead to a nonmonotonic increase of the tunneling current.
In particular, once the bias moves away from resonance, the tunneling probability decreases
more rapidly than the increase in available tunneling carriers, resulting in negative dI/dV . This
phenomenon is absent for a normal metallic tip, whose DOS is nearly energy independent.
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FIG. 3. (a) Density of states of an s-wave superconductor with a gap A, = 2.5A. The Dynes factors
for both electrodes are set to § = 0.01A,. (b) Current-voltage (I-V) characteristics of an s-wave/s-wave
superconducting junction for various effective transparencies «. The corresponding values of « are indicated by
the color bar in panel (d). (c) Differential conductance d//dV in the weak-tunneling regime. (e) Single-particle
tunneling process at eV = A; + Ag. (f) Single Andreev reflection at eV = A;. (g) Third-order MAR at
eV = (Ar + Agr)/3. When the bias exceeds eV = A; — Ag, Andreev reflection within the superconducting
gap of the right electrode enhances the tunneling probability, resulting in a peak structure. (h) Single-particle
tunneling mediated by residual states inside the gap at low bias. (i) Fano factor F' = Py/2el.

We remark on the possible influence of the Josephson current on the d//dV spectra in junctions
with a finite Josephson coupling. In STM-like junctions with small capacitive coupling, the Joseph-
son current experiences a substantial change in Coulomb energy during tunneling. Consequently,
the transport enters the regime of dynamical Coulomb blockade, in which coupling to the environ-
mental impedance gives rise to inelastic Cooper-pair tunneling. These inelastic processes manifest
themselves as a zero-bias peak (ZBP) in the d1/dV spectra [76].

B. s-wave superconductors

As a starting point, we first consider the case where both electrodes are conventional s-wave
superconductors. For later comparison, we assume that the superconducting gap of the left electrode
is larger than that of the right electrode, i.e., Ay = 2.5Ag. Figure 3(a) shows the DOS, which
exhibits a fully gapped structure with sharp coherence peaks at E = A ). Figure 3(b) shows
the current-voltage (/-V) characteristics for various effective transparencies o, which are consistent
with previous theoretical works [65,66,69,71]. All current-voltage characteristics appear symmetric
and satisfy I(—V) ~ —I(V), reflecting the approximate particle-hole symmetry of the density
of states when the superconducting gap is much smaller than the bandwidth. In the following
discussion, we focuson V > 0.

Let us first focus on the weak-tunneling regime [o¢ < 1, see Eq. (38)]. Figure 3(c) displays
the corresponding d1/dV spectra. Due to the presence of the superconducting gap, the tunneling
current is strongly suppressed at low bias. Several peaks appear ateV = A, + Ag, AL, Ag, Ap —
Agr, (AL + Ag)/3, ... These peaks can be associated with the onset of single-particle tunneling,
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single Andreev reflection, and nth MAR at the corresponding threshold voltages, as we explain
below. The most pronounced peak occurs at eV = A, + Ag. Since quasiparticle excitations are
gapped, single-particle tunneling becomes possible only for eV > Ap + Ag, as illustrated in
Fig. 3(e). This onset coincides with the appearance of the total coherence peak, which corresponds
to tunneling between the coherence peaks of the two superconductors (see also Sec. V A). The
next prominent peak at eV = A, originates from single Andreev reflection processes, as depicted
in Fig. 3(f). In this process, an incoming electron (hole) from the left electrode is converted into a
hole (electron) at the interface, while a Cooper pair is simultaneously transferred into (or out of)
the right superconductor. The peak at eV = Ay also originates from a single Andreev reflection
process, with the roles of the two electrodes interchanged. Furthermore, third-order MAR processes
give rise to additional subharmonic peaks at eV = (A 4+ Ag)/3, as depicted in Fig. 3(g). We also
observe a peak at eV = A; — Ag, which mainly originates from third-order MAR processes [81].
When the bias exceeds eV = A; — Ay, Andreev reflection at both electrodes occurs within the
superconducting gap, leading to an enhancement of this process [see Fig. 3(g)]. Alternatively,
this feature can be understood from the singular behavior of the pair amplitude [Eq. (13)] on
the right electrode at eV = A, — Ag. In the strong-tunneling regime, near perfect transparency
(¢ = 1), MAR processes of arbitrarily high order contribute to the current. In the limit n — oo,
such processes can occur even at zero bias, leading to a finite tunneling current at zero bias voltage.
Consequently, d1/dV diverges at zero bias [71].

The nature of the tunneling processes, including single-particle tunneling, Andreev reflection,
and MAR, is directly reflected in the bias dependence of the current noise. Figure 3(i) shows the
numerically calculated Fano factor, taking into account tunneling processes to all orders. We first
focus on the case @« = 0.1 — 0.3. For eV > A; + Ag, the Fano factor approaches F = 1, reflecting
the fact that single-particle tunneling dominates the transport across the junction. In the interme-
diate regime Ag < eV < Ap + Ag, single-particle tunneling is suppressed, and Andreev reflection
becomes the dominant process. In the low-bias regime eV < Ay, single Andreev reflection becomes
prohibited, and third-order MAR provides the leading contribution to the current, giving rise to
F =~ 3. At even lower bias, higher-order MAR processes tend to dominate, which would lead to a
steplike structure in the Fano factor [104,112]. However, low-order tunneling processes mediated
by the residual DOS, as shown in Fig. 3(h), compete with higher-order MAR processes. As a
consequence, the F'-V curve evolves from the steplike structure and gradually approaches F' = 1
as the bias is further reduced. At even lower bias, |eV| < kg®, with kg® = 0.05A, thermal noise
dominates the current fluctuations, leading to a divergence of the Fano factor.

Furthermore, tunneling processes mediated by the residual DOS cause the Fano factor to remain
close to F = 1 over a wide bias range in the weak-tunneling limit « < 1. Specifically, although the
single-particle contribution is proportional to the Dynes parameters §; g in the Green’s functions
and is therefore intrinsically small, it scales as |T'|?> and consequently dominates over the |T|*
contribution from Andreev reflection in the limit ¢ < 1. As a result, in Andreev spectroscopy using
superconducting tips, it is crucial that the tip is clean and characterized by a sufficiently small
Dynes parameter. Moreover, even within the weak-tunneling regime, the tunneling amplitude must
be sufficiently large so that the |7'|* contribution from single Andreev reflection is not overwhelmed
by the |T|? single-particle tunneling process mediated by the residual DOS. This consideration is
consistent with noise measurements in mesoscopic superconducting junctions, where an effective
charge of e* = e rather than e* = 2e has been observed [96].

C. p-wave BW state

Let us consider the BW p-wave state as a superconducting sample, where the gap function is
given by

(49)

Ag = Apw (— sink, + isink, sin k, ) ’

sin k, sink, + isink,
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FIG. 4. Probing the p-wave BW state (right electrode) using an s-wave superconducting STM tip (left
electrode). (a) Surface DOS of the BW state and s-wave superconductor, with the Dynes parameters 5, =
0.01A, and §g = 0.025A;. (b) The dI/dV spectra for various effective transparencies «. The corresponding
values of « are indicated by the color bar in panel (d). (c) The d1/dV spectra in the weak-tunneling regime. (e)
Single-particle tunneling between the coherence peak of the BW state and one of the s-wave superconductors.
(f) Single-particle tunneling at eV = A;. (g) Single Andreev reflection. (h) Single-particle tunneling mediated
by residual states inside the gap at low bias. (i) Fano factor F = Py /2el.

where Agw denotes the gap magnitude. We employ a tight-binding model for the right electrode,
and the corresponding normal-state Hamiltonian is given in Appendix A. The BW state serves as
a prototypical example of a topological superconductor. The BW state is established as the ground
state of the B phase of superfluid *He [38,113—116]. It has also been proposed to be realized in the
superconductor UTe, [117,118].

Figure 4(a) shows the surface DOS with the Dynes parameter set to 6g = 0.025A . All energies
are expressed in units of the s-wave superconducting gap A;. We assume that the superconducting
gap for the BW state is smaller than that for the s-wave superconductor, that is, 2.5Agw = Ay. The
bulk of the BW state is fully gapped and characterized by a nontrivial three-dimensional winding
number [38,116,119]. As a consequence of the bulk-boundary correspondence, linearly dispersing
energy bands emerge at the boundary. The surface DOS exhibits a V-shaped structure due to the
contribution from these 2D Majorana cones. In addition, the surface DOS exhibits coherence peaks
at finite energy. We refer to the energy position of these coherence peaks as E = £Ag. It should
be noted that on the surface, the formation of ABSs tends to shift the coherence peaks to energies
inside the bulk gap Apw, i.e., Ag < Apw. As a result, the position of the coherence peaks in the
surface DOS depends on the presence or absence of ABSs and may vary between different surfaces.

Figure 4(b) shows the calculated dI/dV spectra for various effective transparencies, while
Fig. 4(c) represents the result for the weak-tunneling regime. We begin our discussion with the
spectrum shown in Fig. 4(c), which is relevant to the regime of STM experiments. As discussed
in Sec. V A, several characteristic peaks appear around eV = Ay, A + Ag. For eV > Aj, the
dominant contribution arises from single-particle tunneling, illustrated in Fig. 4(f), leading to
a significant increase in the tunneling current. In particular, a total coherence peak emerges at
eV = Ap + Ag, corresponding to single-particle tunneling from the coherence peak of the BW
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state to that of the s-wave superconductor. Slightly above this resonance bias, dI/dV may take
negative values due to the rapid decrease of the single-particle tunneling probability. For eV < A;,
the tunneling process via Andreev reflection becomes dominant and produces characteristic subpeak
structures, including a peak at eV = Ap reflecting the coherence peak of the DOS. In the zero-bias
limit, the linear DOS yields a super-Ohmic behavior with Iyg oc V3. Since the total coherence peak
arises from a second-order (|T'|?) process, whereas the low-bias Andreev contribution originates
from a fourth-order (|T'|*) process, the latter becomes more pronounced as the transparency, o,
increases. In the intermediate- and strong-tunneling regimes, the subpeak at eV = Agr develops
prominently and can even exceed the total coherence peak near « — 1. Nevertheless, unlike in the
s-wave/s-wave case, the coherent zero-bias current does not occur, since ordinary backscattering
processes coexist with MAR. It should be remarked that the expression for « of Eq. (38) is strictly
valid only for s-wave/s-wave junctions. In other cases, it should be regarded merely as an indicator
of the tunneling strength.

Let us discuss the noise properties of the tunneling current. Figure 4(i) shows the Fano factor
calculated from Egs. (30) and (31). For bias voltage above the total coherence peak, eV > Ap + A,
the single-particle tunneling process dominates, and the Fano factor approaches F' = 1. In the inter-
mediate range A; < eV < Ay + Ay, the single-particle tunneling process is gradually suppressed
[Fig. 4(f)], and the relative contribution of the Andreev reflection process increases, leading to an
enhanced Fano factor. For eV < Aj, the single-particle tunneling is completely suppressed, and
Andreev reflection becomes the dominant process, causing the Fano factor to approach F = 2. It
should be noted that, unlike in conventional s-wave/s-wave junctions, single Andreev reflection
provides the leading contribution in the regime eV < Aj. As a consequence, the Fano factor does
not significantly exceed F' = 2, and no steplike structure appears in the F—V curve. In the zero-bias
limit (eV < kg®), thermal noise dominates, leading to a divergence of the Fano factor.

In the weak-tunneling regime o < 1, due to the finite residual DOS in the s-wave superconduc-
tor, as illustrated in Fig. 4(h), single-particle tunneling remains possible and competes with Andreev
reflection, preventing F' from reaching F' = 2. In particular, reflecting the super-Ohmic behavior of
the Andreev current, the Fano factor returns toward F = 1 in the regime eV < Ag.

D. p-wave chiral/helical state
As a second example, we consider p-wave chiral and helical superconducting states, often
referred to as Weyl and Dirac superconductors, respectively. In a spin-full system, the gap function
of the chiral state takes the form

(50)

Ap— Ac( 0 sink, + i sin kv>

sink, + isink, 0

The bulk spectrum hosts point nodes at k, = k, = 0, around which quasiparticles acquire a non-
trivial Berry phase. A 2D momentum slice between the nodes realizes an effective quantum Hall
state characterized by a nontrivial Chern number, leading to chiral edge states. As a result, 1D
dispersionless ABSs—Fermi arcs—emerge, terminating at the projections of the bulk nodes on the
surface Brillouin zone. The chiral pairing state is realized in the A phase of superfluid *He [38,114—
116,120,121] and has been proposed for uranium-based ferromagnetic superconductors [122,123].

A helical superconductor can be constructed as a superposition of chiral states with opposite
chirality, described by the gap function

—sink, +isink, 0 )

Ag = AH< 0 sink, + isink, Gb

In this case, the time-reversal symmetry is restored. The candidate pairing states of UTe,—B;,,, By,
and Bs;, states—correspond to the helical pairing states [26,27,124—127].

The essential distinction between chiral and helical superconductors lies in the presence or
absence of time-reversal symmetry. From the viewpoint of electrical probes such as tunneling
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FIG. 5. Probing the chiral or helical state (right electrode) using an s-wave superconducting STM tip (left
electrode). (a) Surface DOS of the chiral superconductor for the (100), (010), and (001) planes, together with
that of the s-wave superconductor. The Dynes parameters are set to §g = 0.025A, and §, = 0.01A,. (b), (c)
Calculated d1/dV spectra for tunneling into the (100) and (010) surfaces of the chiral state, for different values
of the transparency «. The values of « are indicated by the color bar in panel (e). (d) Corresponding Fano factor.
(f), (g) Calculated d1/dV spectra for tunneling into the (001) surfaces of the chiral state. (h) Corresponding
Fano factor.

current, however, the two are difficult to distinguish as long as spin degeneracy is preserved. Indeed,
the DOSs calculated from the gap function in Egs. (50) and (51) are identical, and the resulting dc
tunneling currents are likewise the same. In what follows, we therefore focus on the chiral case,
while noting that the dc transport properties are equivalent for the helical state. We remark, however,
that the corresponding ac response may differ between the two.

Figure 5(a) shows the surface DOS for the chiral state, where the gap magnitude and the Dynes
parameter are set to 2.5A¢ = Ay and §gp = 0.025A, respectively. In this model, the (100) and (010)
surfaces are equivalent; in the following, we therefore focus on the (100) and (001) surfaces. For the
gap function in Eq. (50), Fermi arcs appear on the (100) surface. As a result, the DOS exhibits a finite
zero-energy value with a flat-type energy dependence, together with a coherence peak at E = £ Ag;.
In contrast, no surface states exist on the (001) surface; instead, the DOS displays a V-shaped (or
U-shaped) spectrum reflecting the bulk point nodes, with a coherence peak at E = Ag,. Due to
the formation of ABSs on the (100) surface, the coherence peak appears at lower energy than on the
(001) surface, i.e., Ag; < Ag>.

We first discuss the (100) surface. Figure 5(b) shows the calculated dI/dV spectra for various
effective transparencies, while Fig. 5(c) represents the result for the weak-tunneling regime. In
the weak-tunneling regime, several peaks appear at eV = Ag/2, Agi, Ar, and Ap + Ag; (see
Sec. V A). The peak at eV = A 4+ Ag; corresponds to the total coherence peak, as illustrated
in Fig. 4(e). Since eV = A; marks the onset of single-particle tunneling [Fig. 4(f)], the finite
zero-energy DOS [pg(0) # 0] leads to a pronounced peak at this bias, reflecting the coherence peak
of the s-wave electrode. As discussed in Eq. (45), the coherence peak at E = Agy of the chiral state is
transferred via Andreev reflection processes to features at eV = Ag;/2 and eV = Ag;. In particular,
the peak at eV = Ag;/2 arises due to the finite zero-energy DOS. Toward the strong-tunneling
regime, the peak at eV = Ag;/2 becomes most pronounced, similar to the BW case. Figure 5(d)
shows the corresponding Fano factor. For eV > A;, single-particle tunneling dominates, and the
Fano factor approaches F = 1. For eV < A, single-particle tunneling is completely suppressed,
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FIG. 6. Probing the polar state (right electrode) using an s-wave superconducting STM tip (left electrode).
(a) Surface DOS of the polar superconductor for the (100), (010), and (001) planes, together with that of the s-
wave superconductor. The Dynes parameters are set to §g = 0.025A, and §;, = 0.01A,. (b) Calculated d1/dV
spectra for tunneling into the (001) surface in the weak-tunneling regime o < 1. The transparencies « are
indicated by the color bar in panel (d). (c) Corresponding Fano factor. Calculated d1/dV spectra for tunneling
into the (100) and (010) surfaces: dI/dV spectra (e) for o € [0, 1] and (f) for @ < 0.2. (g) Corresponding Fano
factor.

and Andreev reflection dominates, leading to F' approaching F' = 2. However, due to the finite
residual DOS, single-particle tunneling persists, and for o < 1, the Fano factor does not reach
F=2.

We next turn to the (001) surface. Since its surface DOS closely resembles that of the BW
state, the resulting d1/dV spectra and noise characteristics are nearly identical. We therefore avoid
repeating the discussion. This demonstrates that the dc tunneling properties probed by STS are
entirely governed by the surface DOS.

E. p-wave polar state

We consider the p-wave polar state, whose gap function is given by

A —sink, 0
Ar = AP( 0 sin kz>' (52)

In the bulk, a line node where the quasiparticle excitation becomes gapless appears along the
equator of the Fermi surface. The polar phase has been realized in superfluid *He under anisotropic
nanoconfinement [128,129], whereas it has not been reported in superconductors.

Since the (100) and (010) surfaces are equivalent, we focus on the (100) and (001) surfaces.
Figure 6(a) displays the surface DOS, where the gap magnitude and the Dynes parameter are set to
2.5Ap = Ay and 8g = 0.025A, respectively. On the (100) surface, no surface states appear, and
the bulk line nodes give rise to a V-shaped energy dependence in the DOS. In contrast, on the (001)
surface, zero-energy states emerge within the 2D area of the surface Brillouin zone enclosed by the
line node, resembling drumheadlike surface states in nodal line semimetals [130,131]. Reflecting
the presence of abundant gapless excitations, the DOS exhibits a pronounced peak at zero energy.
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We first discuss the tunneling current and noise characteristics for the (001) surface. Figure 6(b)
displays the d1/dV spectra in the low-transparency regime. While single-particle tunneling gener-
ally starts at eV = Ay, the sharp zero-energy peak in the DOS of the polar state makes this bias
an enhanced resonance point, giving rise to the total coherence peak. Another notable feature is the
pronounced zero-bias conductance peak, which originates from the sharp zero-energy DOS through
the Andreev reflection process between the 2D flat band in the polar state and Cooper pairs in
the s-wave superconductor. Owing to the extremely large DOS in the polar state, the ZBP arising
from the |T'|* tunneling process can become comparable to the total coherence peak, even in the
low-transparency regime. As the bias voltage is shifted away from zero, the Andreev tunneling
probability rapidly diminishes, giving rise to a large negative dI/dV . Note that the results for high
transparency are not presented, since the zero-bias structure becomes numerically unstable.

Figure 6(c) shows the corresponding Fano factor. For eV > A, the current is dominated
by single-particle tunneling, yielding F' = 1, whereas for eV < Aj, single-particle tunneling is
strongly suppressed and Andreev tunneling dominates, resulting in F = 2. When the Josephson
coupling is finite, a ZBP can also arise from the Josephson current in the dynamical Coulomb
blockade regime. Therefore, based solely on Andreev STS measurements, it is difficult to distinguish
whether the ZBP originates from Andreev reflection or Josephson tunneling. Since the Josephson
current is intrinsically coherent, its noise characteristics are markedly different. Consequently, an
observed value of ' = 2 provides direct evidence that the tunneling current originates from Andreev
reflection.

For the (100) surface, the DOS exhibits a V-shaped structure similar to that of the BW state. Con-
sequently, as shown in Figs. 6(f)-6(h), both the d1/dV and noise characteristics closely resemble
those of the BW state.

F. d,._,.-wave superconductivity

Finally, we consider the line-nodal d,._,» pairing as a representative example of d-wave super-
conductors, whose gap function is

A 0 cos(k,) — cos(ky)
Br=Ad (— cos(k;) + cos(k,) o ) (53)

The d,>_,» state is well established in cuprate superconductors, including YBa;Cu30;_; and Bi-
based compounds [132—-134]. A characteristic feature of this state is the emergence of drumheadlike
zero-energy ABSs on the (110) surface, forming 2D zero-energy states within the bulk line node.
Here, we consider the (110) surface, which hosts ABSs, and the (100) surface, where no bound state
appears. Figure 7(a) shows the surface DOS for the (110) surface, which exhibits a pronounced ZBP
as a direct consequence of the drumheadlike zero-energy ABSs, together with the DOS for the (100)
surface.

Here, we discuss the dI/dV behavior and noise characteristics for the (110) surface. Figure 7(b)
shows the calculated dI/dV spectra from the weak- to intermediate-tunneling regime. The parame-
ters are setto Ay = 2A, 0g = 0.25A,and 6; = 0.01A,. As in the case of the polar state discussed
in the previous section, the Andreev reflection tunneling processes of the drumheadlike zero-energy
ABSs produce a pronounced ZBP in the dI/dV spectra, while the total coherence peaks appear at
eV = Ap viasingle-particle tunneling processes. In the intermediate regime of «, however, a distinct
feature emerges: When o =~ 0.4, the ZBP splits into two peaks. This splitting can be attributed to the
sharp coherence peak of the s-wave electrode, which imposes a subpeak structure on the broadened
ZBP.

Figure 7(c) shows the corresponding Fano factor. For bias voltages above A;, the Fano factor
remains close to, or slightly below, F = 1, whereas for eV < Ay it increases toward F = 2 as
Andreev reflection becomes the dominant transport process. The observation of a Fano factor F' < 1
at high bias indicates suppressed current fluctuations and signifies that the tunneling process is
non-Poissonian. This behavior originates from the large surface DOS associated with the ZBP on
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FIG. 7. Probing the (110) surface of the d,>_ > state (right electrode) using an s-wave superconducting STM
tip (left electrode). (a) Surface DOS of the d,» ,).2 state for the (100) and (110) orientations, together with that of
the s-wave superconductor. The gap amplitude of the right electrode is taken to be about four times larger than
that of the left, denoted as Ag. The Dynes parameters are set to 6g = 0.25A, and §; = 0.01A,. (b) Calculated
dl/dV spectra for tunneling into the (110) surface from the weak- to intermediate-transparency regimes. The
corresponding values of « are indicated by the color bar in panel (d). (c¢) Fano factor corresponding to the
spectra in panel (b). Calculations are performed using the standard r—¢’ tight-binding model.

the (110) surface, which effectively opens highly transmitting tunneling channels and suppresses
current fluctuations.

VI. SUMMARY

Motivated by recent advances in STM with s-wave superconducting tips, we have developed a
general theoretical framework for Andreev and shot noise spectroscopy to probe the signatures of the
surface-bound states of topological superconductors. We have derived the effective tunneling action
for a point contact between a topological superconductor and a conventional s-wave superconductor,
including Andreev reflection processes in the real-time Keldysh formalism. Employing the saddle-
point approximation, we obtain a Langevin-type Kirchhoff current equation that incorporates the
single-particle current, the Andreev current, and their associated current noise. In the low-bias limit,
the expression for the Andreev reflection current simplifies to a form given by the convolution of the
particle and hole density of states of the surface states of the topological superconductor, providing
a direct manifestation of the Andreev reflection process. The analytical expressions derived for the
single-particle and Andreev currents serve as good approximations over the entire bias range in the
weak-tunneling regime relevant to STM measurements. From this analytical understanding, we find
that Andreev spectroscopy exhibits characteristic subgap peaks ateV = Ag/2, Ag, A, AL + Ag,
where A; and A denote coherence peak energies of the left and right electrodes, respectively.
Furthermore, we have calculated the tunneling current for arbitrary transparencies by taking into
account not only Andreev reflection processes but also all other tunneling processes. Our theory is
therefore applicable to experimental results from STS measurements and point-contact spectroscopy
for topological superconductors in any tunneling regime. We have also analyzed the current noise
and derived an analytic expression for the Fano factor in the shot noise limit. In particular, we
showed that the Fano factor associated with the Andreev current approaches the universal value of
F = 2, reflecting the transfer of charge 2e Cooper pairs.

We have systematically investigated the surface DOS, the dI/dV spectra, and noise character-
istics for representative topological superconductors listed in Table I and for their typical crystal
surfaces. The dI/dV characteristics are determined by the surface DOS, which can be classified
according to the dimensionality of the ABSs. Since the appearance of ABSs is closely tied to the
superconducting pairing symmetry, STS measurements of the surface DOS can serve as a decisive
experimental method to directly determine the pairing symmetry. Although the present work focuses
on spin-degenerate topological superconductors, the present framework can be straightforwardly
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extended to spin-split class-D topological superconducting platforms, including experimentally
relevant systems such as superconductor-semiconductor heterostructures. In such platforms, the
spin degeneracy is lifted by a magnetic field or intrinsic magnetization, and the relevant low-energy
states are effectively spin polarized. This can strongly constrain local spin-singlet Andreev tunneling
from an s-wave superconducting tip, because such tunneling requires the injection of opposite-spin
electrons. Therefore, these platforms are less directly suited to the present purpose of studying
spin-singlet Andreev transport mediated by ABSs.

Conductance spectra alone cannot identify the microscopic origin of the tunneling current. For
example, a ZBP in the dI/dV spectra can arise from either Josephson or Andreev tunneling. Shot
noise measurements provide further insight, as they directly probe the microscopic mechanism of
the tunneling process. We have also demonstrated that, in the weak-tunneling limit, single-particle
tunneling through the residual DOS can dominate over Andreev tunneling. Therefore, a clean
superconducting tip is essential for realizing Andreev tunneling, and the tunneling amplitude must
be sufficiently large for the |7'|* Andreev tunneling current to compete with single-particle tunneling
through the residual DOS. Our results thus serve as a theoretical benchmark for the design and
fabrication of high-quality superconducting tips for STS spectroscopy.

An interesting extension of this work is to explore junctions involving superconducting tips
with nontrivial pairing symmetries, such as d-wave superconductors [135,136]. In principle, such
tips could provide phase-sensitive information about the underlying order parameter due to their
anisotropic and sign-changing gap structures.

Finally, we comment on recent experiments on the superconductor UTe, [25-28]. In the STS
measurements using an s-wave superconducting tip, a zero-bias conductance peak comparable to
the total coherence peak has been observed on the naturally cleaved (011) surface. Our analysis
indicates that the emergence of such a ZBP through Andreev reflection requires the presence
of a zero-energy peak in the surface DOS, suggesting the possible realization of exotic surface
Majorana states. Within the present theoretical framework, and as explicitly demonstrated for UTe,
in Ref. [105], we obtain insight into the pairing symmetry and find that the observed ZBP is
consistent with Majorana surface states.
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APPENDIX A: MODEL OF SUPERCONDUCTORS

The topological superconductors are modeled by a tight-binding Hamiltonian. For the normal-
state Hamiltonian of all p-wave superconductors, we employ

Hy = 2t(cosk, + cosk, + cosk;) — , (A1)

where the hopping and chemical potential are set to t/A; = —500 and u/A;, = —1500, respec-
tively. The corresponding Fermi surface is shown in Fig. 8(a).
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ks

FIG. 8. Fermi surfaces for (a) all p-wave superconductors and (b) the d,2_,» superconductor.

For the d,>_,»-wave superconductor, we adopt the standard 1’ tight-binding model,
Hy = 2ti(cosk, + cosk,) + 4t cos ky cos k, — (, (A2)

where the parameters are set to t; /Ap = —25,t,/Ap = 4.2, and u/Ap = —15. The resulting Fermi
surface is shown in Fig. 8(b).

APPENDIX B: DERIVATION OF THE EFFECTIVE ACTION IN EQ. (8)

In this Appendix, we derive the effective action in Eq. (8) for the phase dynamics from the
microscopic Hamiltonian given in Eq. (1). As a first step, we introduce appropriate bosonic fields
via the Hubbard-Stratonovich transformations. The pairing interaction in Eq. (2) is transformed by
introducing complex bosonic fields A and A, which represent the superconducting order parameter:

_ .1
pir =fdr [Awwwwiwhgw], (BI)

where, for simplicity, we only show the case of the s-wave pairing here. The same formulation
applies to anisotropic superconductors as well, although the notation becomes more cumbersome.
Next, we transform the Coulomb interaction by introducing a real voltage field V', which couples to
charge imbalance between the left and right electrodes:

b =3eV(N, — Ng) — 3CV?. (B2)

The resulting Hamiltonian is quadratic in the fermionic fields and can thus be integrated out by
performing a Gaussian integration. Consequently, the effective action for the bosonic fields in the
Keldysh formalism is given by

. 1 1 1
Seif = —ihi TrinG™! —/dx—|AL|2—fdx—|AR|2+/dt —CV2, (B3)
c & c & c 2

where we use shorthand notation x = (r, t). Here, G denotes the time-ordered Green’s function, and
G~ is a matrix in the left/right space, given by

6 x) = (GLl(x)S(x—x/) T (x, x)8(t —t/)>.

Tix, x)8(t —t')  Gp'(x)8(x —x) B

The diagonal components, G; and G, represent the on-site propagators of the left and right
subsystems, and each carries degrees of freedom associated with forward (+) and backward (—)
branches of the Keldysh contour, C. Their inverse Green’s functions are given by

. 9 ? 1 . .
G lp = |:zha - [—%vz - M}GZ:| v F 5eVo. — Aug. (BS)
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Here, o; and t; (i = x, y, z) denote the Pauli matrices in Nambu and Keldysh spaces, respectively.
The bosonic fields are represented as matrices in Keldysh space:

V= [W _V_], (B6)

A |A{|e"'¢z"10x
AL = . , B7
g [ —|ALle %, ®7)
and similarly for Ag. Here, the complex bosonic field A is parametrized in terms of amplitude and
phase as ALi = |A2E|e”"”Li . In what follows, we use the notation M to indicate the operator M in
Keldysh space, and matrices enclosed by square brackets denote components in the Keldysh basis.
The off-diagonal components in Eq. (B4) describe the tunneling processes between the left and

right subsystems and are given by

T = 7;r,)c’o-ztz- (BS)

Although the structure of G~! appears to be diagonal in Keldysh space, this is due to the use of

the continuous-time approximation. It is important to note that G~! is properly defined only in
conjunction with the full Green’s function G.

To separate the amplitude and phase degrees of freedom of the complex bosonic field, we perform

a gauge transformation on the Green’s function: G~' — UG~'U". The unitary operator U is defined

as
. (0L . [eio
v= ( UR>’ = [ et/ | ®9)

Under this transformation, the phase dependence is removed from A L/r» While the time derivative
and spatial derivative are shifted as

) a1

ih— — ih— + =l z0z, (B10)
at a2
Vo V-— %vﬁmaz. (B11)

In addition, the tunneling matrix acquires a coupling to the gauge-invariant phase difference ¢p* =
¢ — ¢ between the two superconductors, and transforms as

A |:7;‘ x’Uzew)ﬂ%/2

YN (B12)

-T, ’X,Gzeiqsa,./z] :

By performing a perturbative expansion in the tunneling matrix, we obtain the effective action in
the form

Seft = Sz + Sk + Stun, (B13)

where S, and Sk represent the actions of the isolated left and right superconductors, respectively,
expressed in terms of G, and Gg. The tunneling contribution is given by

_2

A A 1 A A A A A A 1
Swn = IRTe[GLT GRT] + EihTr[GLTGRTGLTGRT] + / thC(V+2 -V, (B14)

where we have expanded the tunneling contribution up to fourth order in the tunneling matrix in
order to analyze the Andreev reflection processes. In the following, we analyze each term separately.

1. Isolated superconductors

Let us begin by analyzing the action Sy, for an isolated superconductor. The corresponding action
for the right superconductor, Sk, is analogous, differing only by the sign of the applied bias V. The
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action Sy is given by

N 1
S, =—ih TrinG;' — /dx ~[|Af1? = 1AL, (B15)
8
where
. 9 2 . . 1 1{ od.
GL' = |:lh§ - {—%Vz - u}az:|rz —|ALloy +idg -V — zmvfaz + §<h? —éV o,
(B16)
and v, = —(//2m)V¢,. The hatted bosonic fields, such as |A.|, ¥, and ¢, , denote matrices in

Keldysh space, as defined in Eq. (B6). Since we focus on the left electrode, we omit the subscript
L. We perform a transformation in Keldysh space—commonly referred to as a “Wick rotation”—
defined by

G'> G '=LG" L, L=1-it,. (B17)
Hereafter, we use the notation M to indicate a matrix M in the rotated Keldysh basis. Along with

this transformation, we introduce the classical-quantum (cl-q) representation for the bosonic fields.
As an example, the superconducting amplitude transforms as

|A|—>|A|:[Ad Aqﬂ, (B18)
A9/2 AC
where

A= (AT +]ATD/2, AY=|ATI—|AT] (B19)

Here, A® and A9 are referred to as the classical and quantum components of the field, respectively.
The classical components encode the mean-field dynamics, while the quantum component captures
fluctuations around the mean-field solution.

By performing a saddle-point approximation with respect to A4, one can derive the semiclassical
equation of motion for the classical field. To this end, we expand the action in Eq. (B15) up to
second order in A?:

I Al /2
S.[A] ~ thr[GBdG[AqU P 0./ H

1. A6,/2] Ao, /2 2 A4
+ ElhTr[GBdG[AqUX/Z ]GBdG[AqGX/z i|i| _/dng A%

(B20)

Here, Gpgg denotes the Green’s function incorporating A as the anomalous self-energy, and is
expressed in Keldysh-Nambu space as

Gao = [ng(" GIEC‘G} (B21)
Ghac
with the retarded, advanced, and Keldysh components given by

1 liw + i + & (k) AY )
Gryk, w) = c . ,  (B22
naa (b ) =~ g2 — A (A e ew) ®2

1 how —i6 + (k) A9 )
Gk, w) = . ,  (B23
BdG( w) (ha) _ i5)2 _ Ez(k) _ Acl2 < ACI how — 6 — E(k) ( )

hw

Ghiclk, w) = [ngG(k, w) — Gk, a))] tanh (ZkBG))’ (B24)

respectively. Here, ® denotes the temperature and kg is the Boltzmann constant.
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By neglecting the second-order term in A9 and varying the action with respect to A9, we obtain
the saddle-point condition:

88y 1 ik
== =0 A% = —tr[Gh o], B25
SA Ad=0 = 8 4 r[ Bng] ( )

which corresponds to the mean-field gap equation for spin-singlet s-wave pairing.

Higher-order terms in the quantum component A9 describe quantum fluctuations around the
mean-field solution. However, for s-wave superconductors, the second-order term with respect to A4
in Eq. (B20) identically vanishes. This implies that amplitude fluctuations of the superconducting
order parameter arise only at higher orders and can be safely neglected. Accordingly, in the
following analysis, we treat the superconducting amplitude as a purely classical variable and denote
it simply by A.

Next, we expand the electromagnetic gauge fields appearing in Eq. (B16). By transforming to
the cl-q representation and expanding the action up to the second order, we obtain

N dop° Ay
SLIV, ¢ = E/dx <h ¢ —eV‘)(haLi —eV") —i—/dx mp; v - v, (B26)

ot

where N denotes the density of states at the Fermi level in the normal state. The quantity p; is the
superfluid density, which—at zero temperature—is determined by the diamagnetic response and is
given by

ih
p=7 Tr[Ghygo-]- (B27)

By applying the saddle-point approximation with respect to the classical and quantum components
of the scalar potential, V¢ and V¢, we obtain the Josephson relations:

1
9¢*° — fvcl 8;’5(] — qu (B28)
ot R0 ot R

which establish the connection between the dynamics of the superconducting phase and the electric
voltage potential.

In the presence of a magnetic field, the superfluid velocity is modified via minimal coupling as
v, = —(1/2m)(hV ¢ + 2eA), where A is the electromagnetic vector potential. The action associated
with the magnetic field is given by

Sted[A] = —% / dx [V x (A% —A®)] - (V x AY), (B29)

where A% denotes the externally applied vector potential, and A9 are the classical and quantum
components of the vector potential. By taking the functional derivative of the total action with
respect to A4, we obtain the London equation:

ﬁ—0 = — ev“—iVxVx(Ad—AeX)—o (B30)
SA9 PsePs 47 e

Consequently, the superconducting current is expressed as

Js = i3 - (V! +2eA"). (B31)
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Note that in Eq. (B26), there are no quadratic terms in the quantum components of the gauge fields.
As a result, fluctuations around these mean-field equations can be safely neglected.

2. Derivation of tunneling action

In weakly coupled superconducting junctions such as STM, it is reasonable to assume that
the superconductors on both sides remain in local equilibrium. From the analysis in the previous
subsections, the superconducting gap is determined by the gap equation (B25), the voltage potential
satisfies the Josephson relations in Eq. (B28), and fluctuations in both quantities are negligible. As
a result, the only remaining collective degree of freedom is the superconducting phase difference
¢ = ¢ — ¢r, which couples to the tunneling matrix element. By expanding the tunneling action,
we now derive the effective action that governs the phase dynamics.

In the following, we focus on the case of an STM setup, where electron tunneling is assumed
to occur locally at a single spatial point. Due to the uncertainty principle between position and
momentum, the momentum of the tunneling electron is not conserved. As a result, the tunneling
matrix element can be taken to be momentum independent, i.e., Ty, =T

Under this assumption, the trace over momentum in the tunneling action corresponds to taking
the momentum average of each Green’s function individually:

v

. . . . 1. v vy vy . .
Swn = ih Te(GL )T (Gr)o T 71+ 5ih Trl(GL)eT (Gr)g T (GL)kT (Gr) T

HC (0 [ dx
+fales (5 (5) B2

where (GL&))kg) = D ¢ O (k(q)) denotes the momentum-averaged Green’s function. Here, we
have applied the Keldysh rotation, and the phase difference is expressed in the cl-q basis as ¢ =
(¢t +¢7)/2 and x = ¢+ — ¢~. The last term in Eq. (B32) arises from the capacitive energy of
junction, obtained by substituting the Josephson relations in Eq. (B28) into the charging term. The
tunneling matrix in the rotated Keldysh basis takes the form

0.2 cos L ¢/ sin £ }

T=IT|| " : , B33
| ||: ¢ 2isin & o,e /2 cos £ (B33)

On the left side of the junction, we consider an STM tip made of a conventional s-wave supercon-
ductor. Its momentum-averaged retarded Green’s function is given by

. N7 fiw + iy, AL ) B <g’L fZ)
G = )= . B34
(GL(w)) \/A% o+ i8L)2< Ap ho + i8; i & B3

The advanced component is given by the Hermitian conjugate of the retarded one, and the com-
ponent can be constructed according to Eq. (B24). On the right side of the junction, we consider
a sample of topological superconductors. The corresponding Green’s function is expressed in the
spectral representation using the surface DOS pg(E) as

, JdE ;250 fi(@) (g; f1€>
G = @ ! = . B35
(Gi(e) < e faeen | =g (B33)

In the anomalous components, we denote the off-diagonal part as fz(w). This component typically
vanishes in the bulk due to the odd-parity nature of the topological superconductor, which causes
the anomalous component to cancel under momentum averaging. However, this is not necessarily
the case near interfaces, because of the breaking of the translational symmetry. Consequently, the
ABSs emerge at the interface, which behave as odd-frequency even-parity Cooper pairs distinct
from those in the bulk. The parity mixing also occurs at interfaces when the superconductor has
a large spin-orbit coupling or the interface is magnetically active, which affects the Josephson
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coupling between even-parity and odd-parity superconductors. Since the Josephson current is not
the main focus of this work, we define fz(w) without specifying its microscopic origin, and treat the
Josephson coupling at an effective level. In the main text, we explore the impact of surface ABSs of
topological superconductors on the tunneling current and noise.

We now expand the second-order tunneling action, the first term on the right-hand side of
Eq. (B32). Since the tunneling matrix is diagonal in Nambu space, the trace can be separated into
diagonal and off-diagonal contributions:

Sy = Lin Tela, 7T + Lin Te[f, TT-T71 = S22 + SII

tun tun tun*

(B36)

Here, we define g and § as

_ (&' (@) _ S (w)
gf} - ( gn(w)>’ f’l - <an((z)) )7 (B37)

where the index n = r, a, k labels the retarded, advanced, and Keldysh components in the rotated

Keldysh space. The diagonal term (S52) corresponds to single-particle tunneling processes, while

the off-diagonal part (S 1T ) describes the Josephson contribution.

tun
We evaluate the diagonal part of the second-order tunneling action:

pt) - . x@) x@)
n Sin COS

tun

98 — 4h/dtdt’ [—a’(r —1')si

2 4 4
+a’(t —1t')sin o) _2¢(t/) cos Xit) sin XE:/)
b ) =) . x(@®) . x()
+ o (t —t")cos 5 sin 2 sin 1 i| (B38)

where a®”* denote the self-energies arising from single-particle tunneling processes. In the fre-
quency representation, their components are given as

'T2 d /

o (w) = ’7 f % [g).(@ + 0gh(@) + & (0 + & )gh(@)]., (B39)
T2 do' )

o () = ’7 / % [¢4 (0 + )¢5 (@) + & + o)g(e)], (B40)

sz dw, / / / a / r / a /
o) = == f 5 [#(@ + 0)gi(@) = (g (@ + ) — g1 (@ + &) (gr(@) — gr(@)].
(B41)
The retarded and advanced components are related via complex conjugation: [¢"]* = a®. The
imaginary part, o/ = o’ — %, describes dissipation in the phase dynamics, which can be expressed
as

o (w) = (iT*7 /1) / dE pL(E + ho)pr(E)np(E + ho) — np(E)] = élqp(hw), (B42)

where I, (fiw = eV') will later be identified—via the saddle-point equation—as the single-particle
current under an applied bias V. This result indicates that incoherent quasiparticle tunneling
contributes to the dissipation in the dynamics of the superconducting phase. While the retarded
and advanced components describe the dissipation in the phase dynamics, the Keldysh component
encodes the phase fluctuation, which will later be shown to give rise to current noise. A straightfor-
ward calculation yields the Keldysh component as

o*(w) = o (w) coth

@ (B43)
250’

which is nothing but the fluctuation-dissipation theorem.
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Next, we expand the off-diagonal contribution:

pM)+o@) . x@) x@)
Sin COS

si = an / drdt’ [ﬂ’(z — ) sin

2 4 4
ap e PO+ OCH  x@) . x(@)
+ Bt — t')sin 7 cos , sin 1
+ B4 — 'y cos 2D 5 XD X(ﬂ)], (B44)
2 4 4
where the corresponding self-energies are defined in the frequency space as
T? [ do
B(@) =5 / o i@+ o)fi@) + f+o)fi@)], (B43)
a lTZ do' a AV YN k INg£re, )
B (w)ZT/ o [/ (@ + o) fg (@) + f (@ + ) ()], (B46)

iT? [ do
B (w) = 7 f % [ @+ o) i) = (fi(@+ o) = o+ ) (fa@) = fi))].
(B47)

As discussed in the main text, in a junction between an s-wave superconductor and a topological
superconductor, these self-energies typically vanish due to symmetry mismatch between the two
sides. However, this is not necessarily the case when spin-orbit coupling is present, or the junction
is magnetically active [85,86]. Here, we assume that spin-orbit coupling induces an effective s-
wave component in the topological superconductor. Under this assumption, we now compute the
Josephson effect between two s-wave superconductors.

The anomalous Green’s functions oscillate at a frequency scale set by the superconducting gap
A. As long as we focus on the slow dynamics with characteristic frequency w < A, we can neglect
the frequency dependence of the self-energy, an approximation often referred to as the local-time
approximation. Under this assumption, the self-energy components are calculated as

r_ pa _ _p2_2 A
B = B¢ = —=T“w“N;Nr A tanh
2kg

Bk =0, (B49)

o = —le/e. (B48)

where [ is the Josephson critical current originally derived by Ambegaokar and Baratoff [63]. As
indicated by the vanishing of the Keldysh component, Josephson tunneling is a coherent process
and therefore does not involve dissipation or fluctuations.

Next, we consider the fourth-order tunneling contribution to the action. In the low-bias regime,
where the s-wave superconductor has no quasiparticle states within the gap, single-particle tun-
neling is suppressed because the current is proportional to the quasiparticle DOS. However, in
the topological superconductor, gapless quasiparticle states are present. This enables an Andreev
reflection process, in which quasiparticles from the topological superconductor tunnel into the
s-wave superconductor and form Cooper pairs, and vice versa.

The second term on the right-hand side of Eq. (B32) represents the Andreev reflection process
between the surface state of the topological superconductor and the s-wave superconductor. The
action corresponding to this Andreev reflection process originates from the fourth-order tunneling
processes, which is obtained from Eq. (B32) by

I8 = Lin Te[f T g T 5L T 3T 1. (B50)
Although the calculation is somewhat involved, we now expand the fourth-order tunneling action
in powers of the quantum variable x, retaining terms up to the second order. The linear term in y,
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which captures dissipation due to this tunneling process, is given by

o) — o)+ o) — ) . x ()
Sin

STI8 5] = 4h/dtdt’dt1dt2{y’(t1 —t,t—t',t' —t))sin

tun 2 4
t' t t
X COS XZ ) cos Xil) cos XELZ) -yt —t,t =t — 1)
PO =P+ Pt) —p) x(®) . xt) x@) x(&)

X sin cos sin cos cos , (B51)

2 4 4 4 4
where the retarded and advanced self-energies are defined as

iT*

d
Y (), wy, w3) = % (Y (w+ 0)g (0 + o) f (0 + 03)¢ (©)

2
+ [ + )¢ (@ + o) f (@ + w3)g ()
+ f U@ + 01)g (@ + 02) ff (@ + 03)g" (»)

+ fUw + 01)g (0 + 02) fU (0 + w3)g" (0}, (B52)
iT* d
Y (w1, w2, w3) = 17 ﬁ (@ + 0)g" (@ + w) f( + 03)g" ()

+ (@ + 01)g" (@ + 02) [ (@ + w3)g" (w)
+ (@ + 0)g" (@ + 02) ff (@ + 03)g ()
+ (@ + 0)g" (@ + ) f (@ + w3)g (W)} (B53)

Applying the local-time approximation to the anomalous Green’s functions of the s-wave super-
conductor allows us to neglect their frequency dependence and to replace them with the averaged
frequency w + w,/2. Under this assumption, the dissipative part of the self-energy can be evaluated
by elementary algebra as

Y (@) =y (@) — y(@2)
= (47°|T|*eN} / 1) /Oo dE pr(—E + ha» /2)pr(E + hw, /2)
X [|FL(E)|{ne(E —7;;02/2) — np(E)} + FL(E){np(E) — np(E + han/2)}
- éIAR(hwz/Z), (BS4)

where Ixr(eV') denotes the Andreev reflection current. Similarly, extracting the second-order term
of x under the local-time approximation yields

S = 20 [ drdr v = 1) cos(90) — 6 sin 0 sin L.

The Keldysh component of self-energy satisfies the fluctuation-dissipation theorem

(B55)

hw
2kg®’
By collecting all contributions, we obtain the total tunneling action in Eq. (8):

S f /dt Ca2¢+l sing — I,
un = — ~ 1 — lex
wn =T, 2¢ 92 ¢ ex | X

_ zﬁefdtdt/ |:26a’(t —1")sin <¢ _2¢/>X - %e“K(t —1')cos (¢ _2 ¢/)XX/}

Y (@) = y'(w) coth (B56)
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Here, the quantum variable y is assumed to be sufficiently small, and the action has been expanded
around xy = 0. For notational simplicity, we have introduced the shorthand ¢ = ¢(t), ¢’ = ¢(t'),
and likewise y = x (), x' = x(@").

The first line describes the capacitive energy and the Josephson coupling energy, while the last
term in the first line represents the potential energy associated with the external current source .
This term arises from the spatial gradient of the superconducting phase induced by the supercurrent,
and can be derived by integrating the kinetic energy—given as the second term in Eq. (B26)—
along the superconducting loop. The second and third lines account for the effects of single-particle
tunneling and the Andreev reflection process, respectively.

3. Current noise via Hubbard-Stratonovich transformation

In the following, we apply the saddle-point approximation with respect to the quantum variable
X to derive the semiclassical equation of motion for the classical variable ¢. But before that, we first
demonstrate how current noise emerges by eliminating the quadratic term in x. To eliminate this
term, we perform a Hubbard-Stratonovich transformation on the Keldysh components:

el.fdtdt,%ak(t_tf)ms((p%’)xxf _ /Dngéze—fdldﬂél(t)m%'l(r)e—fdtdf’?;‘z(l)mfz(ﬂ)
x eifdtzig(él (t) cos %4’&'2([)5111 %)X. (B58)

The introduced auxiliary fields &; and &, follow Gaussian statistics with zero mean and correlation:

(E) =0, (5,(E()) =2 (="t — 10, a,B=1,2 (B59)

We define the stochastic current due to single-particle tunneling as

P =§1(t)cos%5 —i—éz(t)sin%, (B60)

which obeys the correlation function

(1P OIP (")) = —2ie*a*(t — 1) cos ¢ - (B61)

This quantity represents the current noise associated with incoherent single-particle tunneling.

Similarly, for the quadratic term in yx associated with Andreev reflection, we perform the
Hubbard-Stratonovich transformation:

ol [ drdr 3yF =) cos(@—¢ )xx' _ / D&D&e‘f drdt’&(z)mm/)e—f ded'&4(t) oy Ealt)
« ¢l /15 &) cos p+Ea()sing)y (B62)

The corresponding current noise for Andreev reflection processes is then given by the stochastic
force

I% = &3(1) cos ¢ + £4(t) sin §, (B63)
which satisfies Gaussian statistics with zero mean and correlation function

(IFROIFR (1) = —4ie*y* (t — ') cos(p — ¢"). (B64)
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Collecting all contribution involving the phase variable, the total effective action in Eq. (B57) is
recast into

C 3%¢ h —
Stun:__/ [2 e + I sing — ex—i-IN]X—Z/dt[/dt’{Zeal(t—t’)sin <¢ 2¢)

—2ey!(t — ') sin(¢ — d)’)”x, (B65)

where Iy(t) = I;‘,P )+ I,{?R (t) denotes the total current noise arising from single-particle tunneling
and Andreev reflection processes. Finally, taking the functional derivative of the action with respect
to x yields the semiclassical Kirchhoff equation (14) for the superconducting circuit, including the
current noise.

APPENDIX C: FOURIER REPRESENTATION OF DYSON EQUATION

In this section, we describe the numerical method used to solve the Dyson equation [Eq. ((37),

S=T"+7T o(v};ggo'lv"o(v},(f}‘)oi. (C1)
To solve this equation, we move to the Fourier representation. For an isolated system in equi-
librium, the Green’s function G (¢, ) depends only on the time difference ¢t — ¢ due to the
time-translational invariance. In the present problem, however, the presence of a finite bias voltage
breaks this invariance: The left and right electrodes are described in different rotating frames
associated with their respective chemical potentials, and the resulting time-dependent phase factor
is incorporated into the left electrode through a gauge transformation [see Eq. (27)]. As a result, the
unperturbed Green’s function of the left electrode takes the form

GOy = (€T =) R ) ©
LL ’ eéeV(r+t’)fLT’l(t _ l‘,) e%eV(tft’)gEU(t _ l‘,)
where the discrete frequency is defined as €2, = 2neV/h. Here, we use the index n =r, a, k to

denote the retarded, advanced, and Keldysh components in the rotated Keldysh basis. We introduce
a mixed Fourier transformation of the form

(O)W(t l)—/ Zefzw(t t") 719,,1G(0)ﬂ( Q ) (C3)
with

G (@, ) = ( Onosia( = VI dniip( ev/h)) (C4)

Su1fil (@ —eVIR) 8,08l (@ +eV/h))

The self-energy can be treated in the same manner by performing a mixed Fourier transformation.
Substituting the resulting expressions into Eq. (C1), we obtain

S(w, Q) =T78,0+ T'Gp(0+ Q)T Y G0 + Q. 2 — Q) E(0. Q). (C5)

n

By solving this equation numerically and substituting the result into Eq. (36), we obtain G g, from
which all other junction Green’s functions can be constructed by substitution into Eqs. (32)—(34).
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