
APS OPEN SCIENCE 1, L000196 (2026)
Letter

Quantum dynamical entropy and dissipative information flows

Giovanni Nichele 1,2,3,* and Fabio Benatti 2,3

1Institute of Physics, Faculty of Physics, Astronomy and Informatics, Nicolaus Copernicus University,
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The Alicki-Lindblad-Fannes (ALF) dynamical entropy measures the rate at which new
information is gathered about a quantum system by inspecting its long-time evolution.
After extending the ALF entropy to open quantum dynamics, we propose it as a measure
of backflow of information from the environment. We show that the behavior of the open-
system ALF entropy is a stronger witness than existing approaches based only on the open-
system reduced dynamics. In the case of a qubit collisionally coupled to a classical spin
chain, we obtain an exact expression for the open-system ALF entropy explicitly depending
on the environment correlations. An extreme case shows how the information flow from
environment to system corresponds to vanishing entropy production as for reversible finite
quantum systems.

DOI: 10.1103/6hlj-9t5r

In recent years, much efforts have been devoted to the study of open quantum systems beyond
the so-called Markovian regime, namely, when the dissipative dynamics of the system of interest
is affected by non-negligible memory effects [1–3]. Often, these effects are already witnessed
at the level of the reduced dynamics of the system: We will consider it to be described, in the
Schrödinger picture, by a one-parameter, discrete-time family of completely positive and trace-
preserving (CPTP) maps �‡

n, n � 0. Striking features of non-Markovianity include, for example,
revivals in time of distances or, more in general, of quantum divergences [4–8]. Such effects are
usually interpreted as backflow of information that has been temporarily stored outside the system
and becomes reinjected into it at later times. On the other hand, the reduced dynamics by itself is
neither sufficient to witness the totality of non-Markovian effects [9], nor to capture the physical
roots of the information flows underlying the memory mechanisms [10]. Classically, Markovianity
concerns the multitime correlation functions of a stochastic process, of which the reduced dynamics
is only a one-time marginal. The attempts at an exhaustive quantum extension of the notion of
Markovianity stem back to the pioneering works [11–13]. Among the most recent proposals in
this direction, particularly prominent ones include the so-called process tensor formalism [14–16],
quantum combs (see Refs. [17,18] and references therein), conditional past-future independence
[19,20], and temporal entanglement (see the recent work [21]). The common idea in most of them
is to map multitime correlations into spatial ones encoded in a quantum many-body state. The
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FIG. 1. (a) One step � of the Heisenberg collisional dynamics: � jointly acts on the system observables in
Md ≡ Md (C) and on those of the zeroth site of the chain. (b) One step of the dynamics for the open quantum
chain MZ

d (C): At each tick of time, the system copy at the zeroth site interacts with the environment E , here
represented as an infinite spin chain.

same idea also underpinned the construction of quantum dynamical entropy, namely, a quantum
generalization of Kolmogorov-Sinai (KS) entropy [22], as developed by Alicki and Fannes [23],
building on earlier work by Lindblad [24]. Although Lindblad’s original interest concerned irre-
versible processes [13], most subsequent applications of the Alicki-Lindblad-Fannes (ALF) entropy
have exclusively focused on the reversible evolution of many-body quantum systems and their
possibly chaotic behavior [25]. In this Letter, (1) we instead exploit the multitime statistics of
open systems to extend the ALF entropy to dissipative evolutions and (2) we use it to entropically
characterize system-environment information exchange in the presence of memory effects. Such a
proposal fundamentally differs from approaches based solely on the reduced dynamics, as it takes
into account the full multitime statistics of the process. For this reason, as we shall see, it can
capture memory effects that cannot be assessed by inspecting the reduced dynamics alone. The
multitime correlation functions, central to the construction of the ALF entropy, are gathered by
repeated measurements on the system of interest. Clearly, handling correlation functions requires
sufficient control of the system-environment interactions. In this Letter, we investigate the behavior
of the ALF entropy in a concrete dissipative setting by focusing on the so-called collisional models
[26]. The latter prove to be particularly convenient to describe interactions between an open system
and a genuinely infinite environment, allowing the transition from the Markovian regime to the
presence of memory effects. While the proposed approach extends well beyond collisional models,
here we provide a self-contained account of the main methods and results. A more general treatment,
including full technical derivations and further discussion, is given in the companion paper [27].
Consider a finite open d-level system S, whose environment is provided by an infinite spin chain.
Local observables A[−a,b]

E of the chain are supported by finite intervals [−a, b] and belong to strictly
local matrix algebras M[−a,b]

D (C) = ⊗b
k=−a M (k)

D (C). The environment is endowed with a state ωE

specified by a consistent set of density matrices describing the expectations of local observables
ωE (A[−a,b]

E ) = Tr(ρ[−a,b]
E A[−a,b]

E ); consistency means that Trb+1ρ
[−a,b+1]
E = ρ

[−a,b]
E . Furthermore, the

environment state is assumed to be shift invariant: ωE = ωE ◦ σE , σE being the right shift on
the chain: σE [A[a,b]

E ] = A[a+1,b+1]
E . In terms of local density matrices, shift invariance is equivalent to

the condition Tr−aρ
[−a,b]
E = ρ

[−a,b−1]
E . The system state ωS is instead described by a full-rank density

matrix ρS > 0, ωS (XS ) = Tr(ρSXS ), XS ∈ Md (C). The S + E collisional dynamics is then con-
structed as follows. Consider a unitary map �, acting nontrivially only on the observables of S and
of the chain zeroth site, �[XS ⊗ X (0)

E ] = U †XS ⊗ X (0)
E U . The S + E one-step Heisenberg dynamics

is then given by composing � with the shift σE on the environment chain, � := (idS ⊗ σE ) ◦ � [see
Fig. 1(a)]. The reversible dynamics at discrete time n is finally given by the group �n = �n, n ∈ N,
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which we assume leaves the reference state invariant: ωS ⊗ ωE ◦ � = ωS ⊗ ωE . Since the micro-
scopic dynamics of the environment is hardly controllable, the practically accessible correlation
functions are those involving operators Xa of the open system S only. Concretely, we shall consider
positive-operator valued measurements (POVM) X = {Xa ⊗ 1E }|X |

a=1 based on operators such that∑|X |
a=1 X †

a Xa = 1d . Following a typical strategy of classical ergodic theory [22], one construct a
quantumlike symbolic dynamics for the open system obtained through repeated observations. To
this end, let

X (n)
a := �n−1

[
Xan−1 ⊗ 1E

] · · · �1
[
Xa1 ⊗ 1E

]
Xa0 ⊗ 1E , (1)

where a := a0 · · · an−1, and define the |X |n × |X |n matrix whose entries are the multitime correla-
tion functions: (

ρS
[
X (n)])

a,b = ωS ⊗ ωE
(
X (n)†

b X (n)
a

)
. (2)

The matrix ρS[X (n)] is positive with unit trace: We shall thus call it coarse-grained density matrix.
In contrast with the classical partitioning of the phase space that does not alter the classical states
nor perturb the dynamics, POVM measurements affect quantum states and interfere with their time
evolution. We can associate with the density matrix (2) an entropy rate

hS (�,X ) := lim sup
n

1

n
S
(
ρS

[
X (n)]), (3)

where S(ρ) = −Trρ ln ρ is the von Neumann entropy. One then maximizes Eq. (3) over the all
admissible POVMs so as to obtain the open-system ALF entropy:

hS (�) := sup
X ⊆ Md (C)⊗1E

hS (�,X ). (4)

A physical interpretation of the above quantity follows from a joint state purification of the
compound system S + E , known mathematically as Gelfand-Naimark-Segal (GNS) construction
(see Ref. [25] and the companion paper [27]). There, joint observables are represented as bounded
operators on a suitable Hilbert space HS ⊗ HE . The joint purified state can be taken of the factor
form |�SE 〉 := |√ρS ⊗ �E 〉, while observables of the system are represented by tensor products
XS ⊗ 1d . Furthermore, the joint collisional evolution can be implemented by a unitary operator U †

�

that leaves |�SE 〉 invariant. Then, remarkably, Eq. (2) shares the same von Neumann entropy of

(U‡
� ◦ (X‡ ⊗ idd ⊗ idE ))n[|�SE 〉〈�SE |], (5)

where X‡[•] = ∑
a Xa • X †

a is the map describing the POVM and U‡
�[•] = U� • U †

�. Hence, by
the introduction of an ancilla, Eq. (5) allows one to interpret the open-system ALF entropy as
the optimal information rate gathered about the open dynamics by subsequent measurements
intertwining the unitary evolution, similarly as for the classical KS entropy [22,28]. If the quantum
system S is finite and closed, namely, uncoupled to the environment so that � = �S ⊗ �E , one
proves [25] that the entropy of Eq. (2) is bounded from above by S(ρS[X (n)]) � 2 ln(d ). The
right-hand side, in particular, does not scale with n; dividing both sides by n and taking lim sup
yields

hS (�) = 0 for a closed, finite system. (6)

In general, vanishing entropy rates signal that, in the long run, no uncertainty is left about the
outcomes of the next measurement or that no new information is gathered through it.

In the presence of a genuine coupling with the environment, the density matrix (2) is rarely under
analytical control. Luckily, it has a closed form with respect to the special POVM F := {Fa,a′ ⊗
1E }d

a,a′=1, Fa,a′ = √
ra|ra〉〈ra′ |, where ra > 0, |ra〉 are, respectively, the eigenvalues and eigenvectors

of ρS . To this end, consider an auxiliary quantum spin chain MZ
d (C) = ⊗+∞

k=−∞ Md (C) consisting of
infinitely many copies of our original d-level open system S. We endow the auxiliary chain with its
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own shift operator σS . At each tick of time, the dynamics � acts nontrivially only on the zeroth copy
M (0)

d (C) of the system S and on the environment E [see Fig. 1(b)]. Based on the above construction,
we introduce the correlations maps:

Tn

[
n−1⊗
j=0

Aj

]
:= ωE

(
(� ◦ (σS ⊗ idE ))n

[
n−1⊗
k=0

A(−n+k)
k ⊗ 1E

])
. (7)

Here, n actions of the shift σS push localized operators n sites to the right on the system chain
MZ

d (C). The shift is intertwined by the action of � only on observables of M (0)
d (C) and on those of

the environment. Finally, the map Tn in the Heisenberg picture is obtained by eliminating the de-
grees of freedom of the environment through the partial expectation ωE . Then, up to rearrangement
of tensor factors, one has

ρS
[
F (n+1)

] = ρS ⊗ ρS ⊗ (
T ‡

n ⊗ id
[∣∣√ρ⊗n

S

〉〈√
ρ⊗n

S

∣∣]), (8)

where T ‡
n is the CPTP Schrödinger map corresponding to Tn and |√ρ〉 = ∑

a
√

ra|ra〉 ⊗ |ra〉 de-
notes the standard purification of ρ = ∑

a ra |ra〉〈ra|. The special POVM F is not necessarily the one
achieving the supremum in Eq. (4). In particular, it preserves ρS , namely,

∑d
a,a′=1 Fa,a′ ρS F †

a,a′ = ρS .
The supremum in Eq. (4) is instead taken on all possible system POVMs, not just those preserving
ρS . Nevertheless, as we shall see, Eq. (8) is important per se since it allows to identify Markovianity
in terms of entropy rates. Indeed, when the multitime statistics of the process is available, the most
appropriate notion of Markovianity is the so-called quantum regression (QR) regime [1,29,30].
Namely, an open dynamics is called QR-Markovian when the system multitime correlation func-
tions, that is, the coarse-grained density matrix (2), can be reconstructed from the reduced dynamics
propagators: (

ρS
[
X (n)

])
a,b = ωS

(
Xa0,b0 ◦ � ◦ · · · ◦ � ◦ Xan−1,bn−1 [1S]

)
, (9)

with Xa0,b0 [ • ] := X †
b0

• Xa0 and where the (Heisenberg) dynamical CP identity preserving maps at
time step n, �n, form a discrete semigroup: �n = �n (see Ref. [27] for the QR formula in more
general settings). As already noted by Lindblad in Ref. [13] and proved in the companion paper [27],
it turns out that QR-Markovianity is equivalent to factorizing correlation maps, Tn = ⊗n−1

j=0 �. From
this fact, the QR regime can be uniquely identified by entropic ALF rates. To this end, we introduce
the non-negative quantity

	hS (�,F ) := S(�‡ ⊗ idd [|√ρS〉〈√ρS|]) − hS (�,F ), (10)

which vanishes if and only if QR-Markovianity holds (see Ref. [27] for the proof). The asymptotic
entropy rate quantifies the information provided by repeated inspections of the open dynamics;
if such rate diminishes with respect to its value in the QR-Markovian regime, it means that the
dynamics has become less unpredictable. We can then interpret (10) as a measure of information
flowing back from the environment to the system that, unlike other proposals, relies on the full
multitime statistics.

In order to highlight the use of the open-system ALF entropy beyond the Markovian regime, we
compute it analytically for a qubit system collisionally interacting with a classical stationary chain
and show that it can even vanish. The collisional environment consists of a chain, each site carrying
a same commutative, that is, diagonal, matrix algebra, spanned by one-dimensional orthogonal
projections {
i}3

i=0,
∑3

k=0 
k = 14. Furthermore, the shift-invariant state of the chain corresponds
to diagonal local density matrices ρ

[−a,b]
E = ∑

i[−a,b]
pi[−a,b] 


[−a,b]
i[−a,b]

, where 

[−a,b]
i[−a,b]

:= ⊗b
k=−a 


(k)
ik

and π[−a,b] := {pi[−a,b]} is a stationary probability distribution. The reversible interaction is taken
as �[XS ⊗ A(0)

i0
] = ∑3

k=0 φk[XS] ⊗ 

(0)
k A(0)

i0



(0)
k , where φk[XS] := σk XS σk , σ0 = 1S , and σk , k =

1, 2, 3 are the Pauli matrices. Such a controlled-unitary interaction, typical of many collisional
models [31–33], has been extensively discussed in the open-systems literature [34–36]. Despite the
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environment being entirely classical, its coupling to the open quantum system can still generate
memory effects with no classical analog, such as the so-called superactivation of backflow of
information [10]. Then, let the reference state of S be the maximally mixed one, ρS = 12/2, thus
enforcing the time invariance of ωS ⊗ ωE . As proved in the companion paper [27], the (n + 1)th
step coarse-grained density matrix takes the form

ρS
[
X (n+1)

] =
∑
i[1,n]

pi[1,n] ρS
[
Xi[1,n]

]
, (11)

where ρS[Xi[1,n] ] are sub-coarse-grained density matrices with entries (ρS[Xi[1,n] ])a,b =
ωS ((X b

i[1,n]
)†X a

i[1,n]
), where X a

i[1,n]
:= φi[1,n] [Xan ] · · · φi1 [Xa1 ]Xa0 ∈ Md (C) and φi[1,k] := φi1 ◦ · · · ◦ φik .

Such sub-coarse-grained density matrices correspond to closed dynamical systems. We
can thus bound the entropy of Eq. (11) by S(ρ[X (n+1)]) � H (π[1,n] ) + 2 ln 2, where
H (π[1,n] ) = −∑

i[1,n]
η(pi[1,n] ) and η(x) = −x ln x. Then, the open-system ALF entropy is upper

bounded by the entropy rate of the chain,

hS (�) � lim
n

1

n
H

(
π[1,n]

) =: SωE . (12)

Thanks to the special choice of the Pauli actions φk[X ] = σkXσk , inequality (12) is in fact saturated.
Indeed, with respect to the invariant state 1d/d ⊗ ωE and the special POVM F , the coarse-grained
density matrix takes the form (8) where the purification of (12/2)⊗n yields the maximally entangled
state |ψ [1,n]

+ 〉 = 2−n/2 ∑
k[1,n]

|k[1,n] ⊗ k[1,n]〉, while the map (7) can be computed explicitly and
amounts to an n-qubit Pauli channel

Tn =
∑
i[1,n]

pi[1,n] φ
⊗[1,n]
i[1,n]

, φ
⊗[1,n]
i[1,n]

:=
n⊗

k=1

φik . (13)

The detailed derivation of Eq. (13) is carried out in the companion paper [27]. Set then |ψi[1,n]〉 :=
(
⊗n

k=1 σik ) ⊗ 1⊗n
2 |ψ [1,n]

+ 〉. These vectors form a basis in M⊗n
2 (C) ⊗ M⊗n

2 (C), so that the state
T ‡

n ⊗ id⊗n
d [|ψ [1,n]

+ 〉〈ψ [1,n]
+ |] = ∑

i[1,n]
pi[1,n] |ψi[1,n]〉〈ψi[1,n] | is diagonal with eigenvalues pi[1,n] and asso-

ciated eigenvectors |ψi[1,n]〉. It follows that inequality (12) is saturated: hS (�) = hS (�,F ) = SωE ;
that is, the open-system ALF is equal to the chain mean entropy rate. In contrast to the vanishing
ALF entropy of a closed finite quantum system, the previous result shows that, asymptotically,
information keeps on being gathered about the open quantum system at a rate that equals that
provided by the shift over the classical chain.

We now let the classical environment to be a stationary Markov chain with probabilities π[1,n] =
{pi[1,n]}i[1,n]

forming a stationary Markov process, pi[1,n] = ∏n
k=2 Tik ik−1 pi1 , defined by the stochastic

matrix T = [Ti j], with Ti j � 0,
∑

i Ti j = 1, along with
∑

j Ti j p j = pi to ensure stationarity. The
mean entropy rate of the Markov source is then equal to the two-site conditional entropy of the
chain [22], SωE = −∑

i j p j Ti j ln(Ti j ) = H (π1) − I (π1; π2), where I (π1; π2) = H (π1) + H (π2) −
H (π[1,2]) denotes the mutual information between the first two subsequent sites of the classical
chain. Because of stationarity, the latter quantity does not depend on where the chosen pair is located
along the chain and measures the correlations between any two subsequent sites. Concretely, choose

T =

⎛
⎜⎜⎜⎜⎝

p0 p0 p0 p0

p p + 	 p − 	 p

p p − 	 p + 	 p

r r r r

⎞
⎟⎟⎟⎟⎠, (14)

where 0 � 	 � p � 1/2, p0 + 2p + r = 1, and the invariant probability vector p = (p0, p, p, r)
that guarantees shift invariance T p = p. With such choices, one gets

hS (�) = H (π1) + 2p[η(p + 	) + η(p − 	) − 2η(p)]. (15)
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FIG. 2. Entropic measure (10) as a function of 	/p for fixed values r = 0.1 and p = 0.25, signaling
deviation from the QR regime. The colored regions correspond to different divisibility degrees of the reduced
dynamics �‡

n. For 	/p → 1, �‡
n is not P-divisible and shows distinguishability revivals; in the pink region,

�‡
n becomes P-divisible and does not show revivals, though they can superactivate for �‡

n ⊗ �‡
n. The latter

becomes P-divisible in the red region, while in the dark-red region 	/p 
 1, CP-divisibility is achieved.

The associated two-site mutual information reads I (π1; π2) = 4p2(ln 2 − h(1/2 + 	/2p)), where
h(x) := η(x) + η(1 − x), 0 � x � 1, is the Shannon binary entropy, which is a decreasing function
of x for 1/2 � x � 1. Therefore, the two-site correlations increase with 	 and are maximal at p =
	. Accordingly, the open-system ALF entropy is a monotonically decreasing function of the chain
correlations 	. Consider 	 = p = 1/2, namely, the parameters for which the two-site correlations
are maximal. Also, from Eq. (14) it follows that r = p0 = 0. Correspondingly, for p = 	 = 1/2,
one has hS (�) = 0, as one would have for a closed finite system. It is instructive to compare such
results with the behavior of the reduced dynamics of the system, which is found to be given by the
following Pauli maps: �‡

n = ∑
i[1,n]

pi[1,n] φi[1,n] , for n � 1. Note that Pauli maps are self-dual: �‡
n =

�n. For the Markov chain generated by Eq. (14), the Schrödinger propagators �‡
m,n = �‡

n ◦ (�‡
m)−1

can be explicitly computed. One can thus evaluate the degree of memory effects of the reduced
dynamics through the so-called P- or CP-divisibility of the evolution, namely, whether propagators
are, respectively, positive or completely positive. Notice that only a lack of P-divisibility detects
backflow of information in terms, for instance, of revivals of state differences due to the reduced
dynamics. Indeed, lack of P-divisibility means lack of contractivity of some intertwiner �

‡
n,n−1 and

thus the revival of the trace distance of suitable states from time step n − 1 to time step n [1,4].
In Ref. [10], the divisibility features of the reduced dynamics �‡

n are shown to be determined by
the parameter 	 as follows: �‡

n is CP-divisible if and only if 2	 � Ap,r r/p, �‡
n is P-divisible

if and only if 2	 � Ap,r (1 + r/p), while the second tensor power �‡
n ⊗ �‡

n is P-divisible if and
only if 2	 � Ap,r (1 + r/p − (1 − √

1 − 4p(1 − 2p))/2p), where we let Ap,r := 1 − 2(p + r) > 0.
Hence, by tuning 	 and keeping fixed the other parameters, the latter conditions establish that one
can change the divisibility degree of the dynamics by increasing the correlations of the environment.
Indeed, by increasing 	 one first loses QR, then CP-divisibility, then the P-divisibility of the second
tensor power �‡

n ⊗ �‡
n, and finally the P-divisibility of the one qubit dynamics �‡

n. Note that the
transitions are continuous, as already noted in the literature [37–39]; such a behavior is compared in
Fig. 2 with that of the entropic measure (10). Let us now consider the dynamical map corresponding
to zero ALF entropy. By setting p = 	 = 1/2, only trivial sequences i[1,n] = 111 · · · and i[1,n] =
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222 · · · are allowed by the Markov process with equal weights, hence yielding

�‡
n =

{
id2, n even,

�1, n odd,
�

‡
1[X ] = 1

2
(σ1Xσ1 + σ2Xσ2). (16)

We can explicitly study the contractivity of the trace norm under the Schrödinger dynamics �‡
n.

Since �
‡
1 is CPTP, the trace norm is always contractive between steps 2m and 2m + 1. In particular,

take X = X † = ∑3
k=0 xk σk , xk �= 0, with x0 < ‖x‖ =

√
x2

1 + x2
2 + x2

3, so that ‖X‖1 = 2‖x‖ and

‖�‡
1[X ]‖1 = 2|x3|. Then, ‖�‡

2m+1[X ]‖1 − ‖�‡
2m[X ]‖1 = ‖�‡

1[X ]‖1 − ‖X‖1 = −2(‖x‖ − |x3|) < 0,
m � 0. Between steps 2m − 1 and 2m, m � 1, instead, we have the converse inequality:
‖�‡

2m[X ]‖1 − ‖�‡
2m−1[X ]‖1 = ‖X‖1 − ‖�‡

1[X ]‖1 > 0, so that the trace norm always revives at odd
times, signaling backflow of information. According to the operational interpretation discussed
above, a low, possibly zero, ALF entropy rate measures a flow of information back into the open
quantum system S. Indeed, asymptotically, less and less uncertainty about the outcome of the next
measurement performed on S is left by the collisional dynamics. In particular, a vanishing dynamical
entropy indicates that, asymptotically, no new information can be extracted by further probing the
open system. Remarkably, the dynamical map (16) exhibits an extreme backflow of information
since the trace norm revives after each odd time. Accordingly, the open-system ALF entropy is
zero, as for a closed-system dynamics.

For the model at hand, QR-Markovianity holds if and only if the dissipative dynamics is
a semigroup, namely, for 	 = 0, that is, in the case of an uncorrelated classical environment.
Nonetheless, as emerges from the previous discussion, �‡

n can be P-divisible or even CP-divisible
with 	 > 0. In such cases, the reduced dynamics alone cannot detect memory effects through
trace-distance revivals. Instead, memory effects can be assessed at a deeper level. In this regard,
Eq. (5) suggests to define the following CPTP map acting on the GNS doubling of the open system:

�X
n [•] := TrE ((U‡

� ◦ (X‡ ⊗ idd ⊗ idE ))n[• ⊗ |�E 〉〈�E |]), (17)

which parametrically depends on the measurements. Switching off the measurements (X = id), �id
n

describes the dissipative dynamics in the GNS representation. For the qubit model with dynamics
generated by the classical Markov chain environment (14), we then have that �‡

n is CP-divisible if
and only if �id

n is P-divisible. As a consequence, if �‡
n is P-divisible, it is contractive and cannot

exhibit backflow of information as revivals of the trace distances. On the other hand, if in addition
�‡

n is not CP-divisible, then the dilated map �id
n to two qubits cannot be P-divisible and thus detects

backflow of information at the higher level of a GNS doubling of the qubit dynamics.
To summarize, we studied the open-system ALF entropy for a concrete collisional model,

whereby it provides the maximal amount of information that can be extracted from the dissipative
dynamics by repeated POVM measurements on the open system. The lower the ALF entropy, the
lower the information retrievable, asymptotically, by repeated measurements. For these reasons,
we propose the ALF entropic measure (10) as a stronger measure of backflow of information
accounting for the multitime statistics of the process. The latter can detect memory effects that
cannot be assessed by the reduced dynamics alone. This is particularly evident in our qubit example,
whereby the proposed measure is positive while the reduced dynamics may be P- or even CP-
divisible (see Fig. 2). The same behavior emerges from the GNS representation. In this context, the
bipartite dissipative dynamics (17) represents the marginal of the GNS system-ancilla-environment
evolution, whose information content is encoded in the ALF entropy. Again, non-Markovian effects
emerge that are hidden when inspecting the reduced dynamics only.

For a qubit coupled to a Markov chain environment, the open-system ALF entropy decreases
with increasing next-neighbor correlations since memory effects also increase. A singular instance
where the entropic and the reduced dynamics points of view coincide is provided by a dissipative
Pauli qubit dynamics with periodic trace-norm revivals and vanishing ALF entropy, as much as for
a closed qubit time evolution.
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