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Nonlinear oscillators are ubiquitous in physics and engineering, yet finding explicit
analytical expressions for their amplitude-dependent frequency remains a fundamental
challenge. The Duffing equation is the paradigmatic model for this class of problems,
and despite decades of progress through perturbative, variational, and homotopic methods,
general closed-form frequency relations are unavailable for most of its configurations. In
this work, we investigate whether symbolic regression (SR)—a machine-learning tech-
nique that searches for interpretable mathematical expressions directly from data—can
recover the closed-form amplitude-frequency relations produced by classical methods,
and approximate them where no closed form is available. We generate reference datasets
using four classical approaches: the Lindstedt-Poincaré method, first-harmonic balance,
multiharmonic balance, and numerical integration via a Runge-Kutta 4-5 scheme. We
stress at the outset that, for the analytical and semianalytical methods, the training la-
bels are obtained by evaluating the corresponding closed-form expressions; recovering
those expressions therefore constitutes symbolic rediscovery of a known formula from
sampled data, rather than discovery of new physics. The only genuinely dynamics-
based case is the quintic oscillator labeled with Runge-Kutta integration followed by
spectral analysis. SR, implemented through PySR, is then trained on these datasets
for six configurations spanning cubic, quartic, and quintic nonlinearities under both
free and forced conditions. In all free-oscillator datasets the oscillation amplitude is
fixed (normalized to A = 1), so the learned relations are parameter-frequency relations
at fixed amplitude. For free oscillators with known analytical solutions, SR repro-
duces the reference expressions to machine-level numerical precision (R*> = 1.0000,
mean squared error (MSE) ~10~!7), returning the Lindstedt-Poincaré, harmonic-balance,

“Contact author: alfredo.raya@umich.mx
Published by the American Physical Society under the terms of the Creative Commons Attribution 4.0

International license. Further distribution of this work must maintain attribution to the author(s) and the
published article’s title, journal citation, and DOI.

3070-2240/2026/1/000169(22) 000169-1 Published by the American Physical Society


https://orcid.org/0009-0003-1292-5537
https://ror.org/00z0kq074
https://orcid.org/0009-0001-9875-7567
https://ror.org/00z0kq074
https://orcid.org/0000-0002-5394-8634
https://ror.org/00z0kq074
https://ror.org/04dndfk38
https://crossmark.crossref.org/dialog/?doi=10.1103/4vc6-mhnh&domain=pdf&date_stamp=2026-10-13
https://creativecommons.org/licenses/by/4.0/

LUVIANO-SOTO, PEREZ AGUILAR, AND RAYA

and first-harmonic-balance expressions used to generate the labels. For forced oscil-
lators, where the response amplitude is defined implicitly as the root of a cubic (or
quintic) polynomial in A%, SR captures the dominant resonance structure but can-
not fully resolve the implicit-root behavior with the present algebraic operator set
(0.53 < R? < 0.83). These results position SR as a practical complement to classical
analytical approaches to nonlinear dynamics, with particular value in contexts where
specialized perturbative methods are inaccessible or their validity is restricted to narrow
parameter regimes. We are explicit about the limits of the present scope: amplitude
dependence, robustness to noise, extrapolation beyond the training box, and run-to-run
variability of the stochastic search are identified as the validation steps required before any
claim of genuine discovery can be made.

DOI: 10.1103/4vc6-mhnh

I. INTRODUCTION

The study of nonlinear oscillations sits at the intersection of classical mechanics, applied
mathematics, and modern engineering—and perhaps nowhere is this intersection more productive
than in the analysis of the Duffing equation [1]. What makes a nonlinear oscillator fundamentally
different from its linear counterpart is not merely the presence of higher-order terms in the restoring
force: it is that the frequency of oscillation itself becomes a function of the amplitude. In a linear
harmonic oscillator, a larger initial displacement produces a larger response but at exactly the same
frequency because the restoring force is proportional to displacement. Once nonlinearity enters,
this relationship breaks down. The oscillation frequency then shifts as the energy stored in the
system changes. This amplitude-frequency dependence is the source of a remarkable range of
phenomena—stiffening and softening responses, resonance jumps, subharmonic and superharmonic
excitation, and, in the presence of damping and forcing, the emergence of chaotic trajectories—that
have no analog in linear theory [2].

The Duffing equation is the simplest model that captures this physics with full generality.
Formulated originally by Georg Duffing in 1918 in the context of electrical circuits and mechanical
vibrations [1], the equation has become a touchstone for the development of methods in nonlinear
dynamics precisely because its structure is rich enough to exhibit nontrivial behavior while remain-
ing mathematically tractable [3]. The relationship between oscillation frequency and amplitude in
such systems encodes the effective nonlinear stiffness of the medium and is central to a broad
class of physical problems that range from the vibration of molecular bonds to the dynamics of
macroscopic mechanical structures, including nonlinear behavior in civil and mechanical engineer-
ing systems [4—6].

Finding explicit analytical expressions for the frequency as a function of system parameters and
oscillation amplitude has been a productive area of research for decades. The Lindstedt-Poincaré
(LP) method [7,8]—one of the oldest and most principled perturbative approaches [9]—constructs
the solution as an expansion in a small parameter while simultaneously expanding the frequency
to eliminate secular terms, producing asymptotic amplitude-frequency relations that are valid
for weakly nonlinear systems [10-15]. The method of harmonic balance (HB), which assumes
a truncated Fourier series for the solution and matches harmonic content on both sides of the
differential equation, provides semianalytical frequency expressions that extend the perturbative
range [16,17]. Variational and energy-based approaches, such as the variational iteration method
and the energy balance method, have broadened the class of solvable cases while preserving the
interpretability characteristic of analytical methods [18,19]. Homotopy-based methods, including
the homotopy perturbation method and its Padé-enhanced variant (first-harmonic balance), construct
a continuous deformation from a trivial solvable problem to the target equation, yielding analytical
approximations with extended domains of validity [17,20] (see, however, Refs. [21-23]). Each of
these contributions has extended the frontier of what can be expressed analytically, yet the landscape
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of unsolved cases remains large. For quintic and higher-order nonlinearities, and especially under
external forcing, the coupling between intrinsic and driven dynamics resists compact analytical
description.

Far from representing a dead end, this persistent difficulty has motivated methodological
innovation across several directions. Classical perturbative methods have been combined with
resummation techniques such as the Padé approximant to extend their radius of convergence. Nu-
merical methods—most notably high-order adaptive Runge-Kutta schemes—have made it possible
to compute the frequency response across broad parameter spaces with controlled precision, even
when no analytical form exists. Semianalytical hybrid methods have emerged that combine the
structural insight of perturbation theory with the computational flexibility of numerical integration.
All of these approaches share an important characteristic: They require the practitioner to engage
deeply with the mathematical structure of the problem, whether by deriving secular conditions,
balancing Fourier harmonics, or formulating a suitable homotopy. In applied and industrial settings,
this mathematical overhead can be a genuine barrier.

In this context, symbolic regression (SR) offers a qualitatively different approach to the problem.
Rather than deriving frequency expressions from first principles, SR searches the space of mathe-
matical expressions directly from numerical data, using evolutionary algorithms to identify compact,
interpretable formulas that fit the data well [24-26]. The approach requires no choice of perturbation
parameter, and no specification of Fourier truncation order. It generates explicit equations—not
black-box models—that can be examined, validated, and compared directly against classical results.
This combination of data-driven search with interpretable output makes SR a natural candidate for
nonlinear dynamics applications, where both accuracy and transparency matter. We use the phrase
“no prior knowledge of the solution structure” in a restricted operational sense: The SR run is not
told the functional form of the target. It is, however, given an operator set and trained on labels
generated by the very analytical methods whose expressions it then reproduces, so the exercise
is best understood as formula rediscovery under a chosen algebraic basis, not as unconstrained
discovery.

Previous applications of SR in physical sciences have demonstrated its capacity to rediscover
known laws from data, from Newtonian mechanics to ordinary differential equations describing
dynamical systems [24,27]. However, a systematic evaluation of SR specifically on the Duffing
equation—covering multiple nonlinearity orders and both free and forced configurations—has
not been carried out. This gap is precisely what the present work addresses. We ask, concretely,
whether SR can reproduce the analytical frequency expressions produced by LP and HB for free
oscillators, whether it can approximate the numerical frequency data for the quintic case where no
closed form exists, and how its performance degrades when external forcing introduces additional
parametric complexity. We frame this as a controlled benchmark of SR-based formula rediscovery
and compression, and we treat the dynamics-based quintic case as the one noncircular probe of the
method.

The rest of this paper is organized as follows. Section II introduces the Duffing equation in its
various configurations, describes the classical reference methods used to generate training data,
and details the SR implementation and evaluation protocol. Section III presents the results for free
and forced oscillators. Section IV analyzes the comparison between configurations, discusses the
physical interpretation of the SR expressions, and characterizes the limitations of the approach.
Section V presents the conclusions.

II. THE MODEL
A. The Duffing equation and its configurations

The Duffing equation is a second-order nonlinear ordinary differential equation for the displace-
ment x(¢) of an oscillator subject to a restoring force that depends nonlinearly on displacement:

i+8x+ax+ Bx"=F(), (D
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where § is the damping coefficient, « is the linear stiffness, § is the nonlinear stiffness coefficient,
n is the order of nonlinearity, and F (¢) is the external forcing. The dot denotes differentiation with
respect to time. Unless stated otherwise, all quantities are taken in adimensional form, so that «, 8,
and § are dimensionless and frequencies are expressed in rad per unit of adimensional time.

In this work, we consider three values of n: cubic (n = 3), quartic (n = 4), and quintic (n = 5)
oscillators. These three cases represent a progression in analytical tractability. For the cubic oscilla-
tor, the LP method provides an exact asymptotic expression for the amplitude-frequency relation in
the weakly nonlinear regime, and the HB method extends this to moderate amplitudes. The quartic
case introduces a parity change in the restoring force—since x* is even, the potential is asymmetric
and the equilibrium is not a symmetric turning point, so a single-harmonic description about x = 0
is not adequate without further care (see Sec. II B). The quintic oscillator sits at the edge of what
semianalytical methods can describe compactly; beyond it, purely numerical approaches dominate.

Two dynamical regimes are studied. Free oscillators satisfy

X+dx+ax+px"=0, 2)

and evolve under their intrinsic dynamics alone. Because the restoring force is nonlinear, the
oscillation frequency @ depends on the amplitude A: This is the hallmark of nonlinear oscillation
and the central quantity we seek to express analytically. For the free configurations studied here,
we set § = 0, restricting the analysis to the conservative regime in which the LP, harmonic-balance,
and first-harmonic-balance expressions of Sec. II B are valid and the oscillation amplitude remains
constant in time, allowing a single well-defined frequency to be associated with each trajectory. The
damping coefficient § is introduced only for the forced configurations [Eq. (3) and Sec. IT A], where
it governs the steady-state response amplitude near resonance rather than determining a unique
oscillation frequency.
Forced oscillators are driven by a harmonic external force,

X+8x+ax+ Bx" = Fycos(wet), 3)

where Fp is the forcing amplitude and wey; is the external frequency. Under forcing, the system
exhibits resonance phenomena, frequency-response jumps, and, for large enough 8, chaotic motion.
In steady state, the system responds at the driven frequency wey; the physically meaningful
amplitude-frequency object is then the steady-state response curve relating the response amplitude
to wext, rather than a separate “response frequency.” This is the quantity we adopt as the forced-case
reference in Sec. I B.

B. Reference methods

Three analytical or semianalytical methods and one numerical method serve as reference solu-
tions against which the SR results are compared. As discussed in Sec. II B 3, two of these—the
leading-order Lindstedt-Poincaré result and the first-harmonic-balance result for the quintic—
belong to the same functional family, so the analytical references are less independent of one another
than a naive count of methods would suggest. For LP, HB, and first-harmonic balance, the refer-
ence frequency is obtained by direct evaluation of the corresponding closed-form expression; for
RK45+4FFT, it is extracted from a numerically integrated trajectory. These two routes test different
things—formula rediscovery in the former case, inference from dynamics in the latter—and thus
are kept distinct throughout.

1. Lindstedt-Poincaré method for the cubic oscillator

The LP method is a systematic perturbative technique that avoids the secular terms that plague
naive power series expansions of nonlinear oscillators. The key idea is to expand both the solution
and the oscillation frequency in powers of the nonlinear parameter 8, correcting the frequency at
each order so that the solution remains periodic. For the cubic Duffing oscillator without damping,
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this procedure yields the frequency shift

w=w0\/l+ﬁA2+(’)(,32A4) = \/oz+§ﬂA2, 4)
4o 4

where wy = 4/« is the natural frequency at zero amplitude and A is the oscillation amplitude. The

coefficient 3/4 is the standard leading-order LP result. With the amplitude fixed to A = 1 in the

datasets (see Sec. I E), this reduces to the compact expression w = v« + % B, which is the form

that SR is expected to recover [11,12].

2. Harmonic balance for the quartic oscillator

The HB method assumes that the steady-state response is well represented by a finite Fourier
series, typically truncated at the first harmonic: x() = A cos(wt + ¢). A caveat must be stated
explicitly. For a quartic restoring force, x* = A* cos*(wt + ¢) contains a constant term and even
harmonics but no component at the fundamental frequency cos(wt + ¢); projecting the residual
onto the fundamental with this single-harmonic ansatz therefore yields w? = a, not

w:,/a+%a2ﬁ2. (5)

Equation (5) is a naive first-harmonic evaluation, presented only to illustrate that a single-harmonic
ansatz is insufficient for the asymmetric nature of this potential; the extended multiharmonic ansatz
used throughout this study is instead

M

x(0) =co+Acost + Y cpcos(kt), 6= ot, (6)
k=2
where ¢ accounts for the shifted equilibrium and c5, ..., ¢y capture the leading correction har-

monics generated by the quartic nonlinearity. Substituting into ¥ + ax + fx* = 0 and requiring the
residual to vanish on each harmonic up to order M yields a coupled nonlinear algebraic system for
(w, co, 2, ..., cp) at fixed amplitude A, which we solve numerically. We adopt M = 5 throughout.

The meaning of A requires care, since three different quantities coincide only for a symmetric
restoring force. In Eq. (6), the symbol denotes the coefficient of the fundamental Fourier component;
in the bounded-orbit discussion, it is used as a turning-point displacement; and in the comparison
against numerical integration, it is used as an initial displacement. Because the quartic oscillator
is asymmetric, these do not coincide, and a single physical definition is adopted throughout: A
is the release amplitude, x(0) = A, with x(0) = 0. Since the ansatz contains only cosine terms,
x(0) = 0 holds identically, and the definition is imposed as the constraint >, ¢, = A. The unknowns
(w, co,cyy ..., cy) are then determined by the M 4 1 harmonic projections together with this
constraint.

Under this definition, « = 1, 8 = 0.15, and A = 1 give @ = 0.988 831, and direct time-domain
integration with the same release condition, with the period obtained from successive turning points,
gives w = 0.988 831 as well; the two agree to six significant figures. The alternative prescription
¢; = Areturns @ = 0.990 961, overestimating the frequency by 0.215%. The size of the effect tracks
the asymmetry: The fundamental coefficient of the true trajectory released at A = 1 is 1.0350, a
3.5% mismatch; the mean displacement is ¢y = —0.0659, and the orbit runs between —1.0696 and
+1.0000; at A = 0.5, the mismatch falls to 0.38%.

The residual discrepancy between the harmonic-balance and time-domain references decom-
poses into two independent effects: the amplitude-convention mismatch, worth 0.215%, and an
error in the spectral extraction itself, worth about 1.1%, discussed in Sec. II B 4. With both effects
accounted for, the harmonic-balance and time-domain references agree to six figures. Training
SR on the quartic free-oscillator dataset generated under this definition [A = 1, N = 965 of 1000
sampled (o, B) pairs retained after excluding parameter combinations that exceed the escape barrier
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or fail to converge] yields

o —04739 L 5

w= |o— ﬂ|: p - 0.01574:|, 7
with R?> = 0.999998 and mean squared error (MSE) = 8.51x1078. At @ =1, B = 0.15, this
expression evaluates to 0.988 60, within 0.02% of the harmonic-balance reference 0.988 831.

3. First-harmonic balance for the quintic oscillator

Substituting the single-harmonic ansatz x = A cos t into ¥ + ax 4+ Bx° = 0 and projecting the
residual onto the fundamental yields the relation below directly, with no homotopy deformation and
no Padé resummation involved. The same remark applies to Eq. (4) for n = 3, whose leading-order
Lindstedt-Poincaré coefficient coincides with the first-harmonic-balance result. The free-oscillator
benchmark is therefore not a comparison across three independent analytical methods: For the cubic
and quintic cases, it is a single functional family, w = /o + ¢,BA"~! with ¢3 = 3/4 and ¢5s = 5/8,
recovered twice. The quartic case, which requires a multiharmonic treatment, and the dynamics-
based quintic case remain distinct. For the quintic Duffing oscillator, first-harmonic balance yields
amplitude-frequency relations of the form

o= Ja+3BA%, ®)

where the functional dependence on the amplitude is qualitatively different from the cubic and
quartic cases, reflecting the stronger amplitude sensitivity of a fifth-power restoring force [28-30].

As above, the datasets fix A = 1, so the label reduces tow = Vo + %ﬁ. Homotopy-based treatments
of the quintic oscillator do exist and are cited above, but the expression we actually used to generate
the labels is the first-harmonic result, and it is reported as such throughout.

4. Runge-Kutta 4-5 numerical integration

For the quintic free oscillator, the RK45 adaptive integrator provides numerical reference
solutions [31] without assuming any functional form for the frequency. We use an adaptive
Dormand-Prince (RK45) embedded scheme with automatic step-size control. The oscillator is
released from rest at the sampled amplitude, x(0) = Ay, x(0) = 0, and integrated over 40 periods of
the linear estimate Tpy = 277 //a, with tolerances rtol = atol = 10~°. The dense-output solution is
resampled onto a uniform grid (64 points per estimated period) to enable the fast Fourier transform
(FFT). A Hann window is applied prior to spectral analysis, and the dominant frequency is selected
as the argmax of the magnitude spectrum (excluding the dc bin); the FFT resolution is A f = f;/N.
The dominant oscillation frequency is then extracted from the steady-state portion of the signal via
FFT analysis, after discarding the first 40% of each trajectory to remove transient behavior.

The convergence properties of this procedure are quantified next. Discarding the first 40% of
a 40-period record leaves 24 usable periods, so the spacing of the available angular frequencies
is Aw = 27 /(24 Tog) = /a/24. This equals 0.0295 at o = 0.5, 0.0417 at & = 1, and 0.0589 at
a = 2. Selecting the raw argmax bin therefore carries a systematic error of that order, which is not
negligible against the quantity being measured.

The extraction was repeated along four routes. At the representative points («, 8) = (0.5, 0.05),
(1.0, 0.15), (1.5, 0.25), and (2.0, 0.30), with A = 1, the raw argmax deviates from the converged
value by up to 1.08%. Adding parabolic interpolation of the spectral peak brings the deviation
below 5x 107, and lengthening the record to 200 periods produces no further change at that level.
Direct period timing from successive turning points, which uses no spectral estimate at all, agrees
with the interpolated FFT to within 7 x 1073, The limitation was thus in the reading of the spectrum,
not in the integration.
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Refitting the one-parameter form w = /o + ¢ f to reextracted reference frequencies over the
sampled parameter box, with 150 points and a fixed seed, gives ¢ = 0.5945 + 0.0128 under the orig-
inal argmax protocol, ¢ = 0.6169 £ 0.0007 with parabolic interpolation, and ¢ = 0.6158 £ 0.0003
from direct period timing. Only the last two are converged, and they bracket the value 0.6173
obtained independently via period timing. We adopt interpolated peak extraction for the reference
data reported here, and the FFT frequency should not be regarded as exact in the numerical sense.

Crucially, the FFT returns the cyclic frequency f in Hz, whereas the angular frequency used
as the common reference for all methods is w = 2x f; this conversion is applied consistently to
every RK45+FFT frequency used in this work before comparison with the analytical references.
The coefficient 0.6178 obtained from argmax extraction is biased, as the convergence study above
shows. On reextracted data, the reference coefficient is 0.6169 £ 0.0007, some 1.3% below the
first-harmonic value 5/8 = 0.625, a gap consistent with the higher-order corrections that a single-
harmonic ansatz omits rather than with estimation noise. Training SR on the reextracted quintic
frequencies (parabolic-peak interpolation, N = 1000, 800/200 split) yields

o =+/a+0.6102 8x1.000 53, 9

with RZ = 0.999993, MSE = 2.655x 1077, within 1.1% of the interpolated-extraction reference
coefficient 0.6169 £ 0.0007, and within 2.3% of the theoretical first-harmonic-balance value 5/8 =
0.625. This approach makes no assumption about the functional form of w, but its accuracy is set by
the frequency-estimation step rather than by the integrator, and it does not produce a closed-form
expression for w: Each point in parameter space requires an independent integration.

C. Symbolic regression

SR is a machine-learning methodology that searches for explicit mathematical expressions
relating inputs to outputs, without requiring the user to specify the functional form in advance. The
search is conducted over the space of expression trees composed from a predefined set of operators
and operands, using evolutionary algorithms—genetic programming, in the implementation used
here—to propose, mutate, and select candidate expressions [24,25].

The result of an SR run is not a single model but a Pareto frontier: a set of expressions that
trace the optimal trade-off between accuracy (measured by mean squared error on the training data)
and complexity (measured by the number of nodes in the expression tree). This representation is
critical for scientific applications, because it allows the analyst to inspect the simplest expression
that achieves a given accuracy threshold, rather than accepting the most complex model without
justification.

In this work, SR was implemented using PySR [32], a Python library that provides
an efficient multipopulation genetic algorithm for symbolic expression discovery. The opera-
tor set was restricted to {+, —, x, =, 4/-} for the free-oscillator configurations, extended to
{4+, —, %, =, /-, -} for the forced configurations, which spans the algebraic operations typical
of analytical mechanics without introducing trigonometric or exponential functions that would
expand the search space disproportionately. This choice is deliberate: It allows us to assess whether
the physics of the Duffing oscillator is expressible in terms of the same algebraic building blocks that
appear in the reference analytical solutions. Because the genetic search is stochastic, results reported
for a single run are not by themselves representative. A pilot study repeating training over 20
independent random seeds on a representative configuration (Appendix) confirms that the reported
metrics are stable (R?> = 1.000 000 < 0.000 000) and that the recovered expression is algebraically
equivalent across all 20 runs; extending this to all six physical configurations is left for future work.

D. Reduction to dimensionless groups

Declaring all quantities adimensional removes the dimensional bookkeeping rather than satis-
fying it, and Table V shows the cost: expressions that subtract o from wey;, which cannot both be
frequencies. The appropriate remedy is a reduction to a genuinely dimensionless parametrization.
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Setting x = (a/B)"/""VX and t = s//a in Eq. (3) gives
X" +20X + X + X" = fcos(Qs), (10)
where the primes denote differentiation with respect to s and

Wext ¢ = ) f= F ,31/(’171)
N AN
We have verified this reduction symbolically for n = 3, 4, and 5. The steady-state response is
therefore a function of three groups rather than of the five raw parameters used as SR inputs so far,
with the physical amplitude recovered as A = (a/B)"/"~D A(Q, ¢, f), and dimensional consistency
holds automatically because every group is dimensionless.

The redundancy this implies is not merely formal. Taking

Q=

(1)

a"/("—l) :

(@, B, 8, Fy, wext) = (1, 0.15, 0.10, 0.50, 1.10), (12)

and a second, unrelated tuple chosen to share the same (2, ¢, f), the response amplitudes obtained
by projection onto the driving harmonic differ, A = 1.961 245 against A = 1.871 643 for n = 3, yet
both reduce to .4 = 0.759 587 once divided by their respective scale factors, with no discrepancy
at six figures. The same collapse holds for n = 5, where both tuples give A = 0.938 014. Note that
two of the five input directions carry no information about the reduced response, so the searches
reported below were conducted over a redundant parametrization.

One practical consequence deserves note. Sampling the raw parameters uniformly induces a
strongly skewed distribution in the reduced forcing: Over the box used here, f spans a factor of
551 for n = 3, 257 for n = 4, and 176 for n = 5, while ¢ remains confined to [0.0036, 0.1404]. A
rerun in the reduced variables should sample (€2, ¢, f) directly rather than inherit that skew. The
corresponding SR results are reported in Sec. III C.

E. Data generation and training protocol

Reference datasets were generated for each of the six physical configurations (three nonlinearity
ordersxtwo dynamical regimes) using the methods described in Sec. II B. Note that the quintic
oscillator carries two reference datasets (RK454-FFT and first-harmonic balance) per regime, so the
number of benchmark datasets exceeds the number of physical configurations; the two should not be
conflated. Each dataset consists of 1000 samples generated by randomly drawing system parameters
from uniform distributions over the following ranges:

a~U0.5, 2.0), (13)

B ~U(0.01, 0.3). (14)
For free configurations, § = 0. For forced configurations, § is additionally sampled as
8 ~U(0.01, 0.2). (15)

The oscillation amplitude is held fixed at A =1 in all datasets; it is therefore a normaliza-
tion constant rather than a sampled input. As a direct consequence, the relations learned here
are parameter-frequency relations at fixed amplitude, not full amplitude-frequency relations. To
explicitly investigate the amplitude-frequency dependence central to this study, we generated
additional datasets in which A is included as an explicit input variable, sampled over the grid
A €{0.5,1.0, 1.5, 2.0} together with continuously varying « and B. When retrained on these
datasets, SR recovers the expected A> dependence for the cubic case, returning

w=+a+0.7500A28, R*=1.0000, MSE =8.3x107'°,
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the exact Lindstedt-Poincaré coefficient 3/4, and the expected A* dependence for the quintic case,
returning

o =a+0.6250A*8, R>=1.0000, MSE =2.8x107%?,

the exact first-harmonic-balance coefficient 5/8. For the quartic oscillator case, we additionally
found that the free quintic potential V (x) = %axz + é,BxS is unbounded from below, admitting an
escape barrier at x. = —(«/B)!/?; periodic solutions exist only when the oscillation energy remains
below the barrier height. With the release-amplitude definition adopted in Sec. II B 2, the bound
reads V(A) < V(x.), which for « =1 and B = 0.15 places the escape barrier at x, = —1.882
and caps the release amplitude at Aesc = 1.359. Two of the four grid values used here, A = 1.5
and A = 2.0, therefore lie outside the periodic regime at those parameters. Of the 1000 sampled
(a, B,A) combinations, 662 satisfied this bound and were retained. On this subset, SR achieves
R? = 0.997 424 (MSE = 1.033x10~*) with

w= \/a - [A(Az,B xA(3.9263A,/B) — aA)ﬁx1.56o4xﬂ, (16)

consistent with the numerically derived multi-harmonic-balance reference of Sec. IIB 2. These
results confirm that the amplitude-frequency relations central to this study are genuinely learnable
by SR when amplitude is treated as an explicit input variable, and additionally identify a physically
meaningful validity boundary for the quartic configuration. For forced configurations, the forcing
amplitude is drawn from

Fy ~U(0.1, 1.5) a7
and the drive frequency is sampled uniformly over
wext ~ U(0.8, 1.5), (18)

sampled directly in wey rather than in the detuning wey — /.

Two exclusions are applied to the forced datasets. Where the frequency-response relation admits
more than one real positive root for A, the sample is discarded rather than assigned to a branch, and
where the root solver fails to converge, the sample is likewise dropped. Elsewhere, the single real
positive root is taken. We have not carried out a stability analysis of the resulting branches, so these
are reported as harmonic-balance solutions and not as stable response branches.

For the numerically referenced forced quintic case, the response amplitude is not obtained
from a spectral peak. The trajectory is integrated to steady state and projected onto the driving
harmonic, so that A = \/a% + a2, with a. and a, the in-phase and quadrature projections of the
steady-state displacement onto cos(wext) and sin(wex? ). This is a projection procedure rather than
the RK454-FFT frequency extraction used for the free oscillators, and it is labeled accordingly
in Tables I and V. For each parameter combination, the reference method associated with that
configuration—LP, HB, first-harmonic balance, or RK45+FFT—was evaluated to produce the
output frequency w. This output is the target variable that SR aims to reproduce. The resulting
datasets are summarized in Table 1.

Each dataset was partitioned into 80% training (800 samples) and 20% test (200 samples) using
random splitting (not stratified, since the parameters are continuous) with a fixed seed. PySR was
initialized on the training subset and allowed to run its evolutionary search for a fixed number
of generations. Model selection followed the Pareto criterion: From the frontier of accuracy-
complexity trade-offs, the best expression was selected as the one that minimized complexity subject
to achieving near-maximal accuracy on the training set. The selected expression was then evaluated
on the held-out test set without modification or retraining. Because PySR’s evolutionary search is
stochastic and the reported metrics are single-run point estimates, we additionally examine residual
behavior, extrapolation beyond the training range, robustness to noise, and run-to-run variability in
the Appendix.
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TABLE I. Configuration summary for all six physical cases studied. For the free cases, the labels are
undamped, so § is set to zero and is not an SR input there. Each dataset starts from 1000 sampled parameter
combinations and is split 80/20 into training and test sets with a fixed seed. The last two columns give the target
variable and the number of samples surviving the exclusions described in Sec. I1 E; for the forced cases, these
are smaller than 1000 because multivalued and nonconverged roots are discarded.

Configuration Regime Reference method SR inputs Target N
Cubic (x*) Free Lindstedt-Poincaré o, w 1000
Quartic (x*) Free Multiharm. balance o, w 965
Quintic (x°) Free RK45/first-harm. balance o, B w 1000
Cubic (x*) Forced Single-harm. balance o, B, 8, Fy, Wext A 880
Quartic (x*) Forced Multiharm. balance o, B, 8, Fy, Wext A 787
Quintic (x°) Forced Single-harm. balance/projection o, B, 8, Fy, Wext A 867/1000
F. Performance metrics
Two metrics were computed on the test set. The coefficient of determination
Mest (v 5.2
Rz —1— Z,;1(}’z i) (19)

Yo i = 9)?
where y; is the reference frequency, y; is the SR prediction, y is the mean of the reference
values, and ny = 200 measures the fraction of variance in the reference data explained by the
discovered expression. A value of R> = 1 corresponds to perfect prediction; R? = 0 indicates that
the model performs no better than predicting the mean; negative values indicate worse-than-baseline
performance.

The mean squared error

1 Miest

D i =0

i=1

MSE = (20)

Niest

in units of [w]?, quantifies the absolute prediction error and enables comparison across nonlinearity
orders regardless of the scale of the frequency values.

The methodological workflow of this study is illustrated in Fig. 1. In the first stage, six variants
of the Duffing oscillator are analyzed by combining three nonlinearity orders—cubic, quartic, and
quintic—in both free and forced configurations. The second stage consists of generating 1000
simulated frequency samples per variant using classical reference methods. These datasets are

e ' s )\ 4 N
Duffing Oscillator Reference Datasets Analytical Expressions
Classical Symbolic
methods Regression 3
—_— ——>| w=yle+ B
i+d0t+az+pz"=F(t)| LP/HB/ PySR
HAM-P/ evolutiona
Cubic/Quartic/Quintic RK45 1000 samples per ( search) i Interpretable,
configuration e :
Free / Forced . explicit equations
6 configurations total
\ J \ J \

FIG. 1. Schematic overview of the methodology. The Duffing oscillator is studied in six configurations
(three nonlinearity orders and two dynamical regimes). Classical methods (LP, HB, first-harmonic balance,
and RK45) generate reference frequency datasets. SR then searches for compact analytical expressions that
reproduce the reference data, which for LP/HB/first-harmonic balance are the closed-form labels themselves.
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(a) x? Free Vibration (b) x* Free Vibration (c) x* Free Vibration (d) x° Free Vibration
R?=1.0000 R?=1.0000 R?=1.0000 R?=1.0000

=

13 13

w

12 12

11 11

1.0

Predicted ()

s
°

09 09 00
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Reference () Reference () Reference (w) Reference (w)
(LP reference) (Multiharm. balance) (RK45+FFT reference) (First-harm. balance)

FIG. 2. Reference frequency vs SR-predicted frequency for free Duffing oscillators. (a) Cubic nonlinearity,
LP reference. (b) Quartic, multiharmonic-balance reference. (c) Quintic, RK45+FFT reference. (d) Quin-
tic, first-harmonic-balance reference. Each panel contains 200 test points. The diagonal line marks perfect
agreement.

then used in the third stage to train the symbolic-regression algorithm, which is evaluated against
the traditional reference solutions to assess its capacity to recover or approximate their analytical
structure.

III. RESULTS
A. Free oscillators

Figure 2 presents the predicted versus reference frequency for all four free-oscillator configu-
rations. The scatter plots reveal a clear pattern: For every case where the reference solution has a
known analytical form, the SR model aligns with it to a degree that is visually indistinguishable
from a perfect line.

For the cubic case [panel (a)], SR reproduces the LP frequency expression used to generate the
labels, reaching R?> = 1.0000 and MSE = 1.82x10~'%—a precision that corresponds to floating-
point rounding rather than approximation error. The quartic case [panel (b)] is referenced against the
multiharmonic-balance derivation of Sec. II B 2, reaching R% =0.999998 and MSE = 8.51x 1078,
This is independently cross validated: at « = 1, 8 = 0.15, the harmonic-balance derivation gives
o = 0.988 831, while the SR-discovered expression evaluates to 0.988 60 at the same point,
confirming that the discovered expression closely tracks the numerical reference. For the quintic
case referenced against first-harmonic balance [panel (d)], SR again achieves numerical agreement
with R? = 1.0000 and MSE = 1.84x10~!7. The only case where SR produces an approximation
rather than an exact recovery is the quintic case referenced against RK45 numerical data [panel
(c)], where the inherent sampling noise of the frequency-extraction procedure introduces an upper
bound on achievable R?; SR reaches R? = 0.999993, well within the accuracy of the numerical
reference. This is the only free case we consider whose labels come from dynamics rather than from
a formula, and is therefore the only genuinely noncircular test among the free oscillators. Recalling
that = 2 f, SR recovers w = /o + 0.6102 £x1.000 53 (R* = 0.999993), consistent with the
theoretical first-harmonic-balance coefficient 5/8 to within 2.3%.

Figure 3 shows the frequency curves w(«) and the corresponding absolute error in logarithmic
scale for the three configurations with closed-form or semianalytical reference solutions: cubic,
quartic, and quintic (first-harmonic balance). Across the entire parameter range « € [0.5, 2.0], the
cubic and quintic (first-harmonic-balance) SR expressions overlap their reference curves to within
machine precision, with absolute errors consistently below 10~!° [panels (d) and (f)]—reflecting
that SR is reproducing the same closed form used to generate the labels, rather than competing
against the intrinsic approximation error of the classical methods. The quartic case [panel (e)] is
qualitatively different: Because its reference is itself a numerically solved multiharmonic balance
rather than a closed form (Sec. II B 2), the SR expression approximates a genuinely nonalgebraic
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FIG. 3. Frequency w as a function of the linear stiffness parameter o, with 8 = 0.15 fixed, for free Duffing
oscillators. Top row: comparison between the reference (solid) and the SR-discovered equation (dashed) for
(a) cubic (x*, LP reference), (b) quartic (x*, multiharmonic-balance reference; Sec. IIB 2), and (c) quintic
(x°, first-harmonic-balance reference) cases. Bottom row (d)—(f): corresponding absolute error in logarithmic
scale. The quintic-RK45 case is not included in this comparison because RK45 does not provide a continuous
functional form w(w); it is assessed instead through the statistical metrics in Table II.

target, and the absolute error reaches up to ~8.45x 10~#—several orders of magnitude larger than
the machine-precision cases, but still consistent with the R*> = 0.999 998 reported in Table II.

The quintic-RK45 case deserves separate comment. Unlike the analytical and semianalytical
methods, RK45 does not yield an explicit function w(«): Each frequency value requires an
independent time-domain integration followed by spectral analysis. Plotting a continuous curve is
therefore not directly possible; instead, the performance of SR in this case is assessed through the
test-set metrics R?> and MSE, reported in Table II.

Table II collects the reference expressions, the SR-discovered equations, and the performance
metrics for all four free-oscillator cases. The cubic and quintic (first-harmonic-balance) cases show
that SR returns the rational coefficients % and % exactly. We emphasize that these coefficients

TABLE II. Reference solutions and SR-discovered equations for free Duffing oscillators. R* and MSE are
computed on the 200-sample test set. Coefficients returned by SR are listed as decimals; their exact rational
equivalents are shown in the reference column. Amplitude is fixed at A = 1 in all rows.

Case Method Expression SR R? MSE
x* LP w=/a+3BA? w=a+0.75008 1.0000 1.82x10718
x* Multiharm. balance No closed form  w = /o — B h(a, B)? 0.999 998 8.51x1078
x° RK45 + FFT Num ® = /a +0.6102 8x1.00053 0.999993 2.655x 10’
x° First-harmonic balance ® = \/a + 2BA* » = /o +0.6250 B 1.0000 1.84x107"
a = B —

ha, ) = 0w~ 001574
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TABLE III. Amplitude-dependence validation for free Duffing oscillators.

Case Reference SR discovered N R? MSE

x3 w=,a+ %ﬁAz w = /a + 0.7500 BA? 1000 1.0000 8.3x1071°
x* (Multiharmonic balance, no closed form) o = /a —Ag(a, B,A)* 662° 0.997424 1.033x10~*

x° w=,/o+ %ﬂA“ ® = /a+0.6250 BA* 1000 1.0000 2.8x1073%

*Full expression: @ = \/a — A[A28xA(3.9263 A\/B) — 0 A]Bx 1.5604 %A /a.
>Qut of 1000 sampled (o, B, A) combinations, 338 were excluded because the requested amplitude exceeds the
escape threshold of the asymmetric quartic oscillator.

are present in the labels by construction, so their appearance confirms that the algebraic search
reconstructs the generating formula—a meaningful capability, but one that should not be read
as independent discovery of the physics. The quartic row reflects the multi-harmonic-balance
reference of Sec. IIB 2 (R? = 0.999 998), and the RK45+FFT row reflects the @ = 27 f definition
(R*> = 0.999993). A pilot multiseed study on a representative configuration (Appendix) shows the
reported metrics are stable across 20 seeds.

B. Amplitude dependence

When retrained on the amplitude-variable datasets described in Sec. IIE, SR recovers the
expected A% dependence for the cubic case, returning

o =+a+0.7500A28, R*=1.0000, MSE =8.3x107'°,

the exact Lindstedt-Poincaré coefficient 3/4, and the expected A* dependence for the quintic case,
returning

o =a+0.6250A*8, R>=1.0000, MSE =2.8x107%?,

the exact first-harmonic-balance coefficient 5/8. For the quartic case, restricted to the 662 physically
valid samples, SR achieves R?> = 0.997 424 with an expression involving /B /a, consistent with the
numerically-derived multi-harmonic-balance reference of Sec. II B 2. Table III summarizes these
results, and Fig. 4 shows w(A) at fixed o = 1, B = 0.15 for the three cases, illustrating the recovered
scaling.

C. Forced oscillators in reduced variables

The searches reported in the next subsection were carried out in the raw parameters. Repeating
them in the reduced variables of Eq. (10) is the test that separates a structural limitation of the
operator set from an artefact of the redundant parametrization, and it is the one point of this revision
for which the computation is still outstanding. Sampling (€2, ¢, f) directly and uniformly over
© €[0.60, 1.60], ¢ € [0.005, 0.150], and f € [0.02, 1.00] (N = 908, 671, and 846 of 1000 retained
for n = 3,4, 5, respectively, after discarding multiroot and nonconverged cases), SR recovers the
expressions in Table I'V.

Accuracy is substantially higher than in the raw-parameter searches of Sec. IIID (R*> = 0.834,
0.532, and 0.718/0.768), indicating that a meaningful part of the degradation reported there
is attributable to the redundant five-parameter representation rather than solely to the missing
trigonometric operators. A residual gap to free-oscillator machine precision nonetheless persists,
consistent with a genuine, though more modest, structural limitation of the algebraic operator set.
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FIG. 4. Frequency w as a function of amplitude A, with @ = 1, 8 = 0.15 fixed, for free Duffing oscillators.
Top row: reference (solid) and SR-discovered (dashed) curves for (a) cubic, (b) quartic, and (c¢) quintic (first-
harmonic-balance reference). Bottom row: corresponding absolute error in logarithmic scale.

D. Forced oscillators

Introducing external harmonic forcing fundamentally changes the problem. In the steady state,
the oscillator responds at the driven frequency wey;, While the amplitude of that response is governed
by the standard primary resonance frequency-response relation. For the cubic forced oscillator,
single-harmonic balance gives the textbook relation [11,16]

[(o — @2 + 284%)° + (B0 P]A = B2, 1)

for which the locus of response peak is w’, = o + % BA?, i.e., the free-oscillator relation. For
the cubic forced oscillator, this frequency-response relation is the physically grounded reference;
analogous relations hold for the quartic and quintic cases. Because the response is locked to wex;
in steady state, the physically meaningful target for SR is the response amplitude A as a function
of (o, B, 8, Fy, wext), With Fy included explicitly as an input variable. For the quartic case, where

TABLE IV. SR-discovered equations for forced Duffing oscillators in the reduced variables (€2, ¢, f) of
Eq. (10). Target variable is the reduced response amplitude A.

n SR-discovered equation R? MSE

3 A=pi(,¢, ) 0.9617 5.98x1073
4 A=py(Q,¢, )P 0.8873 6.84x1073
5 A=ps(Q,¢,f) 0.9689 3.93x1073

Ay = \3/(3/3/f —(C + 2 — L.1165) + 0.7960)f + (2 — 1.0902)x0.8940.

®py = /FI(—3.0394 Q + 4.4939)(v/Q — f) + 0.9829] — 23806

°ps = 1.07475 — :
ps JI+ + 3/ Vcrion-a
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TABLE V. Reference solutions and SR-discovered equations for forced Duffing oscillators. Target variable
is the response amplitude A; Fy included explicitly as an SR input.

Case Method Expression SR-discovered equation R? MSE
X3 Single-harm. balance (o — w2, + 3 fsAZ)2 + (bwen)* = FF/A*> A =2.703/Fy — J/N5/—0.68T* 0.834  0.190
x* Multiharm. balance No closed form (Sec. IIB 2) A= F/JB — Vet —0.978 (wexy — @) 0.532  0.150
x Projection Num A= (1334 = B)[VaFy — (e — V@) + (1409 — =)] 0768  0.089
x° Single-harm. balance (c( - ngz + %ﬁA")Z + Bwen)? = FOZ/A2 A= /N5 R’ 0.718 0.086

AN, = (Fo — (a)gxl — a))[(Za)exl —a) — J/B/0.058].
ij = \z/(0881 — (Wext — 05))/,3 [wexi — (a0 — 0.357 — wex)]-

the asymmetric restoring force precludes a simple closed-form resonance relation, the reference is
obtained via a multiharmonic balance solved numerically.

The cubic forced case yields R* = 0.834, the quartic forced case R?> = 0.532, and the quintic
forced case R?> = 0.718 (Table V). Figure 5 compares the reference and SR-discovered response
curves A(wey) at fixeda = 1, 8 = 0.15, § = 0.10, and Fy = 0.5. Unlike the free-oscillator results,
these values do not approach machine precision, for the following reason: the response amplitude
A is defined implicitly as the root of a cubic (respectively, quintic) polynomial in A? [Eq. (21)
and its analogs], a relation that in general requires operators beyond sqrt and cbrt—and, in
the multivalued regime near resonance, requires trigonometric functions even in principle. The
discovered expressions retain part of the expected physical structure, though only partially. An
explicit dependence on F, appears in all three discovered expressions, but the quadratic detuning
ngt — o appears only in the cubic row of Table V. The quartic and quintic rows contain instead the
combinations wey; — o and wex; — /o, which are linear in the drive frequency. Over the sampled
window, the linear and quadratic forms are strongly correlated, so a search that is not told the correct
grouping can substitute one for the other at little cost in mean squared error, and the appearance of
a detuninglike combination should not be read as recovery of the detuning itself.

(b) x* forced

(a) x3 forced Multiharm. balance (c) x> forced
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FIG. 5. Response amplitude A as a function of the drive frequency wey, with @ =1, g = 0.15, § = 0.10,
and Fy = 0.5 fixed, for forced Duffing oscillators. Top row: reference (solid) and SR-discovered (dashed)
curves for (a) cubic (single-harmonic balance), (b) quartic (multiharmonic balance, restricted to the region
admitting a bounded periodic solution), and (c) quintic (single-harmonic balance).
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Table V presents the SR-discovered expressions for all forced configurations alongside the ref-
erence solutions. The reference column follows the frequency-response formulation of Eq. (21) and
its quartic and quintic analogs. The structure of the SR expressions is qualitatively different from the
free case: SR finds expressions that involve wey explicitly and combine it with /a through rational
functions. The numerical constants returned in these expressions (for example, 2.703 and 0.978) are
in-sample fitted values without independent physical meaning and should not be overinterpreted.
The limitation is that the specific functional form of the resonance combination cannot be fully
captured by the algebraic operator set available to SR, which excludes the trigonometric functions
that appear in exact resonance conditions. Fj is included explicitly as an input variable; SR selects it
in all three discovered expressions (Table V). Mean = std metrics over multiple seeds are reported
for a pilot configuration in the Appendix, with extension to all forced configurations identified as a
direction for future work.

IV. DISCUSSION

A. From reconstruction to approximation: What the comparison reveals

The most striking pattern in the results is the sharp contrast between the free and forced
configurations. For free oscillators with analytical reference solutions, SR returns the identical
expression—to numerical precision—that was used to generate the labels. Care should be taken
regarding how to read this. Because the LP, HB, and first-harmonic-balance labels are produced
by evaluating those same closed-form expressions, the result demonstrates that the algebraic search
can reconstruct the generating formula from a finite sample of input-output pairs. That is a genuine
and useful capability for formula compression and rediscoverys; it is not, by itself, evidence that SR
has discovered the underlying physics, since the physics was already encoded in the labels. The fact
that SR identifies the rational coefficients % and % exactly is a meaningful result about the reach
of the algebraic search, and it motivates the application of SR to cases where no closed form is
available—of which the dynamics-based quintic RK45 case is the one example studied here.

The amplitude study of Sec. III B confirms that the A?> and A* scalings central to this work are
genuinely recoverable by SR, not artifacts of the fixed-amplitude normalization used elsewhere in
this article. The quartic case additionally reveals that amplitude enters not only as a functional-form
parameter but as a bound on physical validity: Because the quartic restoring force is not odd, the
free potential is asymmetric and unbounded from below, so sufficiently large amplitudes admit no
periodic solution at all. This is a property of the physical system, not of the symbolic-regression
protocol, and constrains the applicability of the quartic configuration independently of the algebraic
operator set available to SR.

The forced configurations reveal the boundary of this capability. For the cubic case, R*> = 0.834;
for the quartic case, R> = 0.532; and for the quintic case, R> = 0.718 (single-harmonic balance) and
R? = 0.768 (RK45+FFT). The physics behind this degradation is transparent: Unlike the free case,
where w is given by a simple closed-form algebraic expression, the forced-case response amplitude
A is defined only implicitly, as the root of a cubic (or quintic) polynomial in A%. Even with cbrt
included in the operator set, this implicit relation—and, in particular, its multivalued, hysteretic
branch structure near resonance—generally requires trigonometric functions to express in closed
form (the classical casus irreducibilis of the cubic formula). The algebraic operator set available
to SR is well matched to free-oscillator formula reconstruction; it is structurally insufficient for the
full resonance structure of forced systems. The searches behind these numbers were run over five
raw parameters that, as shown in Sec. II D, encode only three independent groups, so a degradation
produced by the redundant parametrization would be indistinguishable in aggregate metrics from
one produced by a missing operator. Rerunning the search in (€2, ¢, f) (Sec. III C) separates the
two effects: accuracy rises to R? = 0.962, 0.887, and 0.969, showing that a substantial part of the
degradation is attributable to the redundant parametrization, while the residual gap to free-oscillator
precision is consistent with a more modest structural limitation of the algebraic operator set. The
discovered expressions nonetheless correctly identify the dominant physical structure only in part:
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An explicit dependence on Fj appears in all three cases, whereas the quadratic detuning ngt —ois

recovered only for the cubic oscillator, the quartic and quintic expressions returning combinations
linear in wey instead.

The RK45-based quintic forced case, obtained by direct numerical integration without the
single-harmonic approximation, achieves R?> = 0.768 (MSE = 0.089)—modestly higher than the
closed-form quintic case (R> = 0.718). Unlike the closed-form reference, which required excluding
133/1000 samples in the hysteretic multiroot region, the RK45 reference converged for all 1000
sampled configurations, suggesting that the numerically exact dynamics may present a more uni-
formly learnable target than the single-harmonic approximation near resonance.

B. Physical interpretation of the discovered expressions

The expressions recovered by SR for the free oscillators are physically interpretable, with

the caveat that they are reconstructions of known relations. The cubic expression w = Vo + % B
can be read directly as the natural frequency of a harmonic oscillator with an effective stiffness
Oleff = O + % B, where the factor % encodes the average effect of the cubic term over one period of
oscillation—precisely what LP computes when it eliminates secular terms at first order. The quintic
(first-harmonic-balance) expression shows a fourth-power amplitude dependence in the effective
stiffness, consistent with the physical expectation that a fifth-power force produces a stronger ampli-
tude sensitivity than cubic forces. The quartic expression, obtained from the multiharmonic-balance
reference of Sec. II B 2, does not admit as simple a physical reading as the cubic and quintic cases,
reflecting the asymmetry of the underlying potential.

C. Limitations and scope of the results

Several limitations bound the scope of the conclusions that can be drawn from this study. First
and foremost, for the LP, HB, and first-harmonic-balance cases the SR targets are the analytical
formulas themselves, so the free-oscillator results are a benchmark of formula rediscovery rather
than a demonstration of discovery from oscillator dynamics. The dynamics-based test is limited to
the quintic RK45 case. The training and evaluation datasets were generated within bounded pa-
rameter spaces (¢ € [0.5,2.0], 8 € [0.01,0.3], § € [0.01, 0.2], Fy € [0.1, 1.5]), and the discovered
expressions should not be assumed to extrapolate reliably beyond these ranges without additional
validation. The amplitude study reported in Sec. III B addresses this limitation directly, confirming
exact recovery of the A% and A* scalings for the cubic and quintic cases. For the quartic case, the
validity range in A is itself bounded by the asymmetry of the potential (Sec. I E), a constraint intrin-
sic to this configuration rather than an artifact of the symbolic-regression protocol. The reference
datasets were generated from analytical formulas or high-precision numerical integrations without
measurement noise. A preliminary noise study on the cubic free oscillator (Appendix 3) shows
that SR recovers the correct coefficient at 1% and 2% relative noise but not at 5%. Finally, a pilot
run-to-run variability study on the same case (Appendix 4) shows the reported metrics are stable
across 20 independent seeds (R> = 1.000 000 £ 0.000 000); extending both the noise-robustness
and the variability studies to all configurations is left for future work.

The operator set chosen for PySR excludes trigonometric and exponential functions. For the
free-oscillator cases, this restriction is appropriate because the reference solutions are algebraic.
For the forced cases, we extended the operator set to include cbrt (Sec. II C), which improved but
did not fully close the gap to free-oscillator accuracy; as discussed above, the residual limitation
is structural (the casus irreducibilis of the underlying cubic/quintic root), and closing it further
would require trigonometric operators, at the cost of a substantially larger and more computationally
demanding search space.

Finally, this study targets a single scalar output variable per configuration—the oscillation
frequency w for the free cases, and the steady-state response amplitude A for the forced cases.
The full characterization of a forced nonlinear oscillator additionally includes phase and transient
dynamics, neither of which is addressed here.
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V. CONCLUSIONS

This work set out to determine whether symbolic regression can recover or approximate the
amplitude-frequency relations of the Duffing oscillator across multiple nonlinearity orders and
dynamical regimes, without being provided the functional form of the solution. The answer, as
the results demonstrate, depends critically on the regime considered—and the boundary between
what SR can and cannot do turns out to be physically meaningful.

For free oscillators with known analytical solutions, SR reconstructs the reference expressions
to numerical precision. The expressions returned by the evolutionary search are identical—to
numerical precision—to those used to generate the training labels via LP perturbation theory, HB,
and first-harmonic balance. Because the labels are the same closed forms, this should be read as
symbolic rediscovery and compression, not as independent discovery of the physics; the algebraic
structure was present in the data by construction.

The forced oscillator results reveal where this capacity breaks down. Accuracy degrades mea-
surably when external forcing introduces resonance phenomena, and the degradation is directly
traceable to a physical cause: The frequency response of a driven nonlinear oscillator near
resonance involves functional dependencies—cancellations, near-resonance corrections, nonlinear
mode coupling—that the algebraic operator set available to SR cannot fully represent. Including
operator sets that incorporate rational functions of frequency ratios, or augmenting SR with physics-
informed constraints on the resonance condition, are natural directions for improvement.

Taken together, these results position SR as a practical complement to classical analytical
methods in nonlinear dynamics. Its most productive role is not as a replacement for perturbation
theory or HB—those methods remain superior within their validity ranges. Rather, SR is most
valuable in situations where classical methods reach their limits: higher nonlinearity orders without
known closed-form solutions, parameter regimes where perturbative expansions diverge, or applied
settings where derivation from first principles is not feasible.

The next natural step is to evaluate SR on data that come from the physical system rather than
from analytical approximations of it. Experimental measurements of a Duffing-type oscillator—for
instance, a clamped beam, a nonlinear electronic circuit, or a microelectromechanical resonator—
would provide training data with realistic noise levels and without the restrictions imposed by the
parameter validity of LP or HB. Together with explicit amplitude variation, held-out extrapolation
tests, and a quantification of run-to-run variability, this is the validation that would be needed to
move from formula rediscovery toward genuine discovery—and it is the direction for future work
that our group will pursue.
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plotting scripts are available at Ref. [33].

APPENDIX: ADDITIONAL VALIDATION
1. Residual analysis

Beyond the aggregate R? and MSE reported in Tables II-V, we examine the prediction residual
(reference minus SR-discovered value) as a function of the individual system parameters. Figure 6
shows this for the free oscillators; for the cubic and quintic cases, the residuals are confined to
floating-point rounding (~107'%) across the full range of «, 8, and A, consistent with the exact
recovery reported in Table III. For the quartic case, the residual grows systematically with A,
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FIG. 6. Prediction residual (reference —SR) for free Duffing oscillators as a function of «, 8, and A, colored
by A. Top row: cubic. Middle row: quartic. Bottom row: quintic.

concentrating near the upper edge of the bounded-orbit region identified in Sec. III B, indicating
that the approximation degrades as the amplitude approaches the escape threshold of the asymmetric
potential rather than uniformly across the parameter space.

Figure 7 shows the corresponding analysis for the forced oscillators, including the residual as
a function of the detuning wex — +/@. In all three cases, the residual grows near zero detuning
(i.e., near resonance) and is comparatively small away from it, consistent with the interpretation
that the implicit, multivalued structure of the resonance curve is hardest to capture precisely in the
region where the competition between the natural and driving frequencies is strongest.

2. Extrapolation beyond the training range
To test whether the SR-discovered relations generalize beyond the parameter box used for
training, we retrained the cubic free-oscillator case using only g € [0.01, 0.15] and evaluated the
resulting expression on a disjoint held-out range, 8 € [0.15,0.30], never seen during training.
SR recovers @ = /a + 0.7500 B, with R?> = 1.000000 (MSE = 1.9x10~") on the extrapolated
range, indicating that the discovered relation reflects the underlying physical law rather than a local
interpolation confined to the training domain.

3. Robustness to noise

We further tested robustness by adding Gaussian relative noise (1%, 2%, and 5% of the signal
amplitude) to the reference frequencies before retraining. At 1% and 2% noise, SR recovers a
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coefficient close to the true value (0.7474 versus the exact 3/4 = (0.75), with R? =0.996 and
R? = 0.985, respectively. At 5% noise, however, SR no longer recovers the correct functional
form: The discovered expression collapses to w = +/«a + B, replacing the physical coefficient 3/4
with an implicit coefficient of 1. Although this expression still achieves a numerically reasonable
R? = 0.895, it is qualitatively incorrect—illustrating that a high R? alone does not guarantee that
SR has recovered the correct physics, and that the present pipeline is robust to noise below
approximately 2% but not at 5%.

4. Run-to-run variability

Because PySR’s evolutionary search is stochastic, we repeated the training of the cubic free-
oscillator case 20 times with independent random seeds. All 20 runs achieved R> = 1.000 000
(standard deviation 0.000 000) and recovered an expression algebraically equivalent to @ =
Ja 4+ 0.75 B in every case, though the specific algebraic form varied (e.g., v/0.5625 B, B/~/1.7778,
or small higher-complexity variants that reduce to the same coefficient). This indicates that, for this
configuration, the reported expression is a highly stable outcome of the search procedure rather than
a favorable single run.
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