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We present a method for the numerical analysis of superconducting quantum circuits
combining lumped elements, either linear or nonlinear (i.e., Josephson junctions), and
distributed coplanar waveguide (CPW) structures. CPW transmission lines and multiline
couplers are directly modeled without discretizing them into lumped-element equivalents,
and the circuit Hamiltonian parameters are extracted by using the energy-participation ratio
(EPR) method. This approach enables fast and accurate extraction of mode frequencies,
anharmonicities, cross-Kerr interactions, and Purcell decay rates without relying on full
electromagnetic simulations, while naturally accounting for higher-order modes of dis-
tributed components. We have implemented the proposed method in a Python framework,
QuLTRA (Quantum hybrid Lumped and TRansmission lines circuits Analyzer), which
we have used to validate the approach against full electromagnetic simulations (Ansys
HFSS, pyEPR), existing circuit-analysis tools (QuCAT), and designs reported in the liter-
ature. The comparisons show excellent agreement with orders-of-magnitude reductions in
computational time relative to full-wave solvers. We demonstrate applications including
Purcell-protected readout, multimode ultrastrong coupling, and multiplexed qubit readout,
illustrating how the method can support fast and reliable early-stage circuit design.

DOI: 10.1103/3k95-112h

I. INTRODUCTION

Superconducting quantum circuits are one of the most promising platforms for quantum com-
putation and have experienced significant development over the past two decades [1,2]. One of the
reasons for this rapid growth can be found in the high flexibility offered by this platform as compared
to alternative technologies, due to the circuit nature of the implementation, where lithographically
defined artificial atoms can be controlled, coupled, and read out in many efficient ways.

The design of superconducting quantum circuits is in general a nontrivial task. Starting from a
Hamiltonian model, which is optimized for a particular purpose, one seeks a circuit whose topology
and component parameters have the appropriate values for the resulting circuit Hamiltonian to match
the desired one. The aim of the circuit design phase is to determine these values, including the ones
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defining the interconnections between different components, which is one of the reasons why this
phase is often quite complex. The task is very time consuming because Hamiltonian parameters can
be calculated from a circuit design, but the opposite is not possible. Therefore, circuit designers
need to make an initial guess, extract the Hamiltonian and verify it, modify the circuit if necessary,
and repeat the process iteratively. The availability of efficient tools for the circuit simulation and
extraction of quantum parameters is therefore quite important.

In recent years, several theoretical frameworks have been developed for the quantization of
superconducting circuits. A prominent approach, known as black-box quantization, exploits Foster’s
representation theorem to decompose the impedance response of an arbitrary linear circuit into a
sum of parallel LCR oscillators [3]. An alternative implementation replaces Foster’s decomposition
with a Brune synthesis, which provides an improved description for lossy circuits [4]. A different
perspective is offered by approaches that treat charge and flux degrees of freedom on equal footing
[5]. Approaches based on a field-based formalism have also been proposed, in which coupling rates
between qubits are extracted without the need for full electromagnetic eigenmode simulations [6,7].

A number of open-source software packages have been developed over the years for the above
purpose. Some of them adopt a quantization procedure in the basis of eigenmodes of the linearized
circuit (normal modes), and then approximately account for nonlinear effects due to Josephson
junctions in a perturbative way to extract important Hamiltonian parameters, such as cross-Kerr and
self-Kerr (anharmonicity) coefficients. This method is particularly suitable for weakly anharmonic
circuits, which are at the basis of recent superconducting implementations of quantum processor
prototypes [8]. Two distinct strategies have been adopted for the determination of the linearized
circuit modes. In the first one, a full finite-element electromagnetic eigenmode analysis is carried
out. This is, for example, the methodology adopted by the popular Qiskit Metal 4+ Ansys HFSS
+ pyEPR [9-11] combination of tools. This type of analysis is quite accurate, but computationally
highly demanding and practically viable only for relatively simple circuit layouts. On the other
hand, other tools such as QuCAT [12] adopt an impedance response matrix approach to determine
the normal modes, calculating the impedances seen by each nonlinear element of the circuit, but
handle only lumped components, that is, networks of resistances, inductances, capacitances, and
junctions.

A different class of tools, e.g., SQcircuit [13] and CircuitQ [14], perform the quantization in a
mixed harmonic, flux, or charge basis to improve flexibility and reduce the computational require-
ment for diagonalization. However, to our knowledge, such tools handle only lumped components.
All superconducting quantum circuits, however, contain parts, such as transmission-line-based
resonators, couplers, and interconnections, that cannot be naturally described as lumped elements,
unless one discretizes them into a suitable number of inductor and capacitor sections.

In this work, we present a general analysis and quantization method that naturally incorporates
both lumped and distributed components. The procedure is based on representing the linearized
circuit as a network of interconnected multiport components described by their admittance matrices.
This framework allows distributed coplanar waveguide (CPW) structures to be treated directly
through analytical expressions, without discretizing them into LC ladders, while still enabling the
extraction of normal modes and energy-participation ratios (EPR).

While EPR quantization [11] and normal mode extraction from the admittance-matrix circuit
representation are individually established techniques, the present work combines them in a way
that, to our knowledge, has not been previously demonstrated: the analytic admittance-matrix
treatment of CPW transmission lines and couplers allows distributed components to be incorporated
directly into the multiport admittance network, without discretizing them into LC ladders, and
the resulting linearized circuit is analyzed with the same EPR-based procedure used for lumped
circuits. This avoids the need for full electromagnetic eigenmode simulations (e.g., Ansys HFSS)
to characterize the distributed components, making the design-iteration cycle significantly less
computationally demanding and faster.

To demonstrate the method, we have implemented it in the Python package QuULTRA (Quantum
hybrid Lumped and TRansmission lines circuits Analyzer). In its present version, QuULTRA supports

000088-2



METHOD FOR THE NUMERICAL ANALYSIS OF HYBRID ...

only ideal (i.e., lossless and straight) CPW transmission lines and CPW couplers within the
class of distributed components. However, we stress that the approach is fully general and can
accommodate any linear building block for which an admittance matrix is available. Such matrices
may be obtained analytically, possibly including empirical corrections, or derived numerically from
electromagnetic simulations, and can be incorporated into a component library to extend the range
of supported structures.

For validation purposes, comparisons against electromagnetic simulations, other existing soft-
ware tools, and literature results have been carried out. No direct comparison is made with
experimental data, in consideration of the fact that the underlying physical theory on which our
method relies is well established and known to reliably interpret experimental circuits.

Just to give an idea, a circuit containing a CPW quarter-wavelength (A/4) resonator can be di-
rectly analyzed once the physical length and characteristic impedance of the CPW line are assigned,
eliminating the need of approximating its behavior with a number of parallel LC sections and
automatically accounting for higher resonant modes. As an additional example concerning CPW
couplers, the dissipation rate of a resonator inductively coupled to a readout transmission line can
be directly calculated with QuLTRA.

The main advantage offered by this analysis method, illustrated in its QULTRA implementation,
is that it enables fast iterations of the guess-and-check process during the early design phase,
significantly reducing the need for computationally expensive electromagnetic simulations, which
can be employed in a final refinement and verification phase. An additional feature of QuULTRA is
its capability to model a series of identical Josephson junctions through a single equivalent junction,
thus reducing the number of nodes and speeding up the computation.

The QuLTRA Python package used to generate the results presented in this paper is publicly
available on GitHub [15], which also includes tutorials covering many of the examples discussed in
this work, and archived on Zenodo [16].

The remaining part of the paper is organized as follows. Section II describes the theoretical
framework and the numerical procedure adopted by QuLTRA. Section III provides models and
implementation details for the supported components. In Sec. IV, test cases are presented for
validating the implementation against electromagnetic simulations, other existing software tools,
and literature results. In Sec. V, some application examples are discussed, and, finally, conclusions
are drawn in Sec. VL.

II. METHODOLOGY OVERVIEW

The theoretical background of the quantization method of Josephson junction circuits adopted in
this work can be found in Refs. [11,17] and related supplementary information. The main concepts
and equations are reported hereafter for an easier understanding of the rest of the paper.

The Hamiltonian of a circuit containing Josephson junctions can be written as the sum of two
terms: The first one is the linear part, including also the linear contribution of the junctions; the
second one accounts for the nonlinear behavior of the junctions. In the following, M is the number
of relevant eigenmodes of the linearized circuit (in principle, in a circuit with distributed resonators
there are infinite modes, but only a few of them are relevant for practical applications), and w,,
is the angular frequency of the mth mode. Besides, for generality, it is assumed that the circuit
contains Njy arrays of Josephson junctions, the ith of which is formed by »; identical junctions
in series, each of which is characterized by a linear inductance Lj;, for a total linear inductance
L; = N;L;; (hence, N; = 1 for a single junction). Adopting for each array the standard low-energy
approximation in which tunneling between adjacent minima of the array potential is negligible,
valid when the Josephson energy of each junction greatly exceeds its charging energy, and for large
N; [18,19], the Hamiltonian then reads

M Ny
A =" honayan — Y  NE| cos(di/N:) + &7 [ (2N7)]. (1)

m=1 i=1
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where E; = (£)2L, 47 and a,, are the creation and annihilation operators for mode m, respectively,
2e ;> om

and ¢; is the reduced flux operator across the ith array of junctions, which can be written as

M
G = bumi), + am). )
m=1
¢n.; being the dimensionless, real-valued, quantum zero-point fluctuation of the ith reduced flux
in mode m. It turns out that the Hamiltonian is completely determined once the linear mode
eigenfrequencies w,, and the flux zero-point fluctuations ¢,,; have been calculated. The latter can
be written in terms of the EPR p,, ; of the ith array in mode m as [11]

hw,,

2
i — Pmi 7> 3
B = Puigee G

where
linear inductive energy stored in the ith array in mode m

- . 4
Prm. total inductive energy stored in mode m @

The specific expressions for p,, ; are component-type dependent and will be illustrated in Sec. III.
Expanding in Eq. (1) the cosine to fourth order and using Eq. (2), one obtains

Ny

M E; M 4
ﬁ ~ Z hwm&;&m — Z 24];2 |:Z ¢m.i(a; + é\lm)j| ’ (5)
m=1 U Lm=1

i=1

which can be further manipulated by replacing Eq. (3) and applying the rotating-wave approxima-
tion to obtain the effective Hamiltonian

M
A R 1 12 a 1 A
H =~ Z [ﬁ(wm — Al ay, — Ehamamzafn] Z Ehxmnajnama}lan, (6)
m=1 n#m
where A,, and «,, are the effective Lamb shift and anharmonicity of mode m, respectively, and
is the cross-Kerr coefficient between modes m and n, given by

N_]j NJJ

1 E; 2 2 h wpw, Pm,iDPn,i

Xmn = Z qusm,iqsn,i = Z AE; N2 ° (72)
i=1 i i= !
1

Ay, = 5 Xn:an’ (7b)
Xmm

L, = Ko Tc
o= (70)

From Egs. (6) and (7), it is clear that, in order to fully determine the Hamiltonian, one needs to
know the mode frequencies and the cross-Kerr coefficients. QULTRA numerically computes the
mode frequencies and then derives the cross-Kerr matrix by evaluating p,, ; for each Josephson
junction array.

A. Calculation of the linear eigenmode frequencies

As mentioned in the introduction, the method applies to any Josephson circuit that, after replacing
each junction array with its equivalent linear inductance, L;, can be modeled as a network of linear
multiport components, each described by an admittance matrix that allows to express the port
currents as a linear combination of the port voltages [20].

To analyze the circuit, one node is selected as the reference (ground node), and the voltages of the
remaining nodes are defined relative to it. Kirchhoff’s current law is then applied to each nonground
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node. The resulting set of equations can be written in matrix form as
Y@)V=0, ®)

where V is the array of the phasors of node voltages, Y(z) the total admittance matrix of the circuit,
and z a complex frequency variable. The eigenmode frequencies are the values of z solutions of the
equation

det(Y(z)) = 0. 9)

The ith solution z; corresponds to the nonnull eigenvector V; of node voltages. In general, in a
circuit with losses, z is complex and is written as z = x /2 + jo, with @ the mode frequency and «
the mode dissipation rate (or linewidth). In the case of a lossless circuit, this reduces to z = jw.

The following strategy, which has been tested in QuLTRA, is proposed to find the roots of
Eq. (9) with = 2x f with frequency f in the range [ fiin, fmax]-

(1) Lossless circuit. The frequency range [ fmin, fmax] 1S split into a sequence of partially over-
lapping intervals. The starting points of the intervals are spaced by a fixed step. Each interval has a
width equal to two steps, which implies that consecutive intervals overlap by exactly one step. By
default, the step is set to 0.1 GHz, but it can be adjusted by the user. The overlap mitigates the risk
of missing roots that lie close to the boundaries of the intervals. For each interval, Brent’s method
[21], which combines the secant and the bisection root-finding algorithms and is implemented in
the scipy.optimize library through the brentq function, is used to find the possible roots within
that interval. In all circuits analyzed in this work, brentq converges in 5-10 iterations per mode.

Since brentq requires a real-valued function with opposite signs at the interval end points,
depending on the size n of matrix Y(z), either the real or the imaginary part of the determinant
is taken. This is because, being all the terms of the matrix Y(z) purely imaginary, its determinant is
proportional to j”, that is purely real or purely imaginary depending on n mod 2. To discard false
zeros caused by sign changes of the function due to poles, near which the determinant diverges and
therefore remains large in modulus, a check is performed by retaining only those found zeros z; for
which | det(Y(zo))| < 1073, This threshold was chosen empirically and found to be effective for all
circuits analyzed in this work, but it can be adjusted by the user via thedet_tol parameter.

(2) Lossy circuit. The losses considered here are the ones due to the resistive terminations of the
transmission lines. In this case, the algorithm is divided into two parts. In the first part, the method
described above is used to calculate the zeros of the lossless circuit obtained by short circuiting
all the resistors in the original circuit. Assuming all the resistors have one terminal connected to
ground (the most common condition, see the examples in the next sections), the admittance matrix
of the lossless circuit is obtained simply by removing the rows and columns corresponding to the
off-ground terminals of the resistors. In the second part, each purely imaginary detected root is
passed as initial guess to the Newton-Raphson method from the same scipy.optimize library. The
latter method is typically fast converging in practical circuits where losses are small and zeros are
close to the imaginary axis. For the lossy circuits analyzed in this work, Newton’s method required
15-20 iterations on average per mode. Frequency step, convergence tolerance, and maximum
number of iterations are all user-adjustable parameters, allowing the user to tune the solver to the
specific problem at hand. For instance, in the case of the CPW filter exploiting higher-order modes
(Sec. V B), a finer frequency step was necessary to reliably catch all zeros.

The framework does not explicitly model radiative losses. However, since radiative losses can
be represented by an equivalent shunt resistance to ground, they can be incorporated into the circuit
description in a straightforward way, provided that a reliable estimate of the radiation resistance is
available, for instance, from full-wave simulations or analytical models.

B. Calculation of the energy-participation ratios

The EPRs p,,; are calculated using directly the definition (4). For each zero z,, found with the
above method, QuULTRA computes the corresponding eigenvector V,, of the node voltages with
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the scipy.linalg.null_space function from the SciPy library. From the node voltages, the
contribution of each component to the total inductive energy is evaluated. The specific expressions
are component-type dependent and are derived in the next section for the components implemented
so far in QuLTRA.

III. COMPONENT EQUATIONS

In its present version, our implementation applies to resistors, capacitors, inductors, and Joseph-
son junctions among lumped components, CPW transmission lines and couplers with straight lines
among distributed components. It is worth emphasizing, however, that the approach adopted here is
completely general and not limited to these specific components as long as the linearized circuit
consists of a network of interconnected multiport subcircuits, each described by an admittance
matrix.

All lumped components are two-terminal elements fully characterized by their admittance.
Specifically, the admittance is given by Y (z) = zC for capacitors, Y (z) = 1/R for resistors, and
Y (z) = 1/(z L) for inductors. In the case of Josephson junctions, L represents the equivalent linear
inductance of the junction. For inductors and junctions, the inductive energy is calculated as
E, = %L|I |2, where the current / through the component is derived from Ohm’s law, / =Y V, where
V is the voltage difference between the two terminals.

The treatment of distributed components, CPW lines and couplers, is more involved and is
addressed separately in the two following subsections.

A. CPW transmission line

A CPW transmission line consists of a central conducting strip separated by two lateral gaps from
two conducting planes lying on the same substrate. The conducting planes can be treated as ground
references. Our implementation (QuLTRA) supports the model of straight and lossless CPW lines.
From circuit theory of transmission lines [20,22], it turns out that the voltage and current phasors
along the spatial coordinate x, V (x), and /(x) read

V(x)=Vte /W py-eh (10a)
I(x) = ITe /& 4 [ elkx, (10b)

In the above, k = w/v is the wave propagation constant, where v is the wave propagation velocity
along the line. The latter can be expressed as v = 1/+/LC in terms of the inductance and capacitance
per unit length L and C, respectively, or equivalently as v = ¢/,/ecsr, with ¢ the velocity of light in
vacuum and &. the effective relative permittivity of the surrounding medium. For a CPW line
on a substrate with relative permittivity &,, it is e = (&, + 1)/2. The coefficients V* and I*
represent the amplitudes of the forward (4-) and backward (—) traveling voltage and current waves,
respectively, which are related by

vE = +7,1%, (11)

where Zy = +/L/C is the characteristic impedance of the line.
A transmission line of length £ is a two-port component, whose admittance matrix is easily
calculated using Eq. (10). Its expression, after the replacement jow — jw + k/2 = z is applied,

reads
. 1 cosh(z¢/v) -1 12
mi(z) = Zo sinh(z€/v) | cosh(z¢/v) ]’ ()

The expression of the inductive energy stored in the CPW line for mode m is derived in a similar
way. From the knowledge of the node voltages at the two end points for mode m, V (0) and V (€), the
constants V* are calculated from Eq. (10a), followed by the calculation of I* with Eq. (11), thus
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FIG. 1. Cross section of a multiline CPW structure formed by two lines (L1 and L2) with [panel (b)] and
without [panel (a)] a grounded central line.

determining the current profile /(x) in Eq. (10b). The inductive energy is then given by the integral
L [t
B =5 [ H0Pax (13)
2 Jo

which can be evaluated analytically.

The model is strictly valid if the line is straight, with no bends or curves. Any curvature in the
actual layout may introduce slight deviations from the model predictions.

In the following examples, the relative permittivity ¢, = 11.9 (silicon) is assumed.

B. CPW coupler

Another structure of interest is the multiline CPW structure. In this work, we focus on the case
of two signal lines with or without a third grounded line in between (Fig. 1), which is often used in
quantum circuits to couple resonators to transmission lines. As in the single-line CPW case, we aim
to compute the admittance matrix and the inductive energy. The procedure is a generalization of the
one presented above for the single-line CPW and is largely based on the theory presented in Refs.
[23,24].

For a multiline CPW with n parallel and straight conductor lines (n = 2 or n = 3 in our case), a
couple of equations similar to Eq. (10) can be introduced for each conductor line. In array form

V(x) = Vie /& 4 v=elkx, (14a)
I(x) = Ite /M 4 1/t (14b)
where k = w/v as for the single line case. The arrays of forward and backward traveling wave
coefficients V* and IF are related by
Vi = +7Z1F, (15)
where the n x n characteristic impedance matrix Z is given by

Z=+vLC ! =+vCL, (16)

with L and C the n x n matrices of inductances and capacitances per unit length, respectively. The
latter satisfy the condition

1
LC = EI"’ a7

I, being the n x n identity matrix and v the propagation velocity given as for the single-line case by
v =c//ect

The most challenging aspect is the determination of the capacitance matrix, which can be
obtained with conformal mapping techniques [23,24] transforming the geometry into an equivalent
parallel-plate capacitor configuration, from which the capacitances can be easily extracted. More
details on this approach and its implementation in QULTRA are given in the Appendix.

Being the central conductor, if present, grounded at both ends, the coupler is a four-port device
characterized by a 4 x 4 admittance matrix Yp(z) for both the n =2 and n =3 cases. The
calculation of the ith column of Y for a coupler of length £ proceeds with setting the voltage
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FIG. 2. Test structures used for comparison between Ansys + pyEPR and QuLTRA. (a) Transmon qubit
capacitively coupled to a A/2 resonator taken from Qiskit Metal tutorials. (b) A/4 resonator inductively coupled
to a feedline terminated with 50 €2 loads at both ends. The red labels highlight the open/short terminations.

of the ith port (located either at x = 0 or at x = £) equal to 1 V with all other ports grounded, then
calculating V* from Eq. (14a), I* from Eq. (15), and finally the current profiles I(x) and hence the
port currents from Eq. (14b).

Similarly, the inductive energy E.p for mode m is calculated as

14
Ep = %fo I(x)" LI(x)dx, (18)

where the array of current profiles is computed with a procedure similar to the one outlined above,
but starting from the port voltages equal to the node voltages for mode m, and the inductance matrix
L is derived from the capacitance matrix C using Eq. (17). The integral can be evaluated analytically.

IV. VALIDATION OF THE METHOD THROUGH QuLTRA

The proposed method was validated through QuLTRA, with its results compared to trusted
references and other software packages. The validation follows two complementary approaches:

(1) comparison with Ansys HFSS [10] and pyEPR [25], which use full electromagnetic simula-
tions;

(2) comparison with results from literature.

Additionally, a number of validation tests against QuCAT [12] have been performed for
lumped-element circuits, always resulting in a relative discrepancy below 10~* across all predicted
quantities. Here, we do not provide details of such comparisons, since lumped-element circuits
are not the main focus of this paper. Anyhow, in the next section, an application example that is
simulated also with QuCAT is provided. More examples can be found in the QuLTRA GitHub
repository.

The two points above are discussed in more detail in the following subsections.
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TABLEI Capacitance matrix (in fF) of the transmon qubit used in the first test example extracted by Ansys
Q3D capacitance extractor. The pad labels correspond to the ones indicated in Fig. 2(a).

ground_main_plane pad_bot_Q1 pad_top_Q1 connector_pad
ground_main_plane 177.785 38 —44.746 11 —38.347 22 —37.030 41
pad_bot_Q1 —44.746 11 82.841 41 —32.485 15 —2.307 60
pad_top_Q1 —38.347 22 —32.485 15 93.389 43 —19.673 29
connector_pad —37.030 41 —2.307 60 —19.673 29 60.149 98

A. Comparison with HFSS and pyEPR

The first test structure discussed here is a transmon qubit coupled to a half-wavelength (1/2)
readout resonator [Fig. 2(a)]. This setup is part of the Qiskit Metal tutorials [26] and a step-by-step
analysis can be found in the QULTRA GitHub repository. The capacitance matrix of the transmon
qubit, extracted using Ansys capacitance extractor Q3D interfaced with Qiskit Metal, is reported in
Table 1. The Josephson junction has a capacitance C; = 0 and an inductance L; = 12.31 nH, while
the line forming the A/2 resonator is 6-mm long, with a width of 10 wm and a gap of 6 um, and
with the bottom end left open. In QULTRA, the resonator is represented by a 6-mm CPW line with
characteristic impedance of 50 €2 as calculated according to Ref. [24].

The results obtained with HFSS + pyEPR and QuLTRA are compared in Table II, which shows
a general good agreement. The largest differences (<8%) are in the anharmonicity and cross-Kerr
values and, to a minor extent, in the qubit frequency. This is probably due to QULTRA modeling the
qubit through its capacitance matrix, as opposed to the full electromagnetic simulation in Ansys.

The second test structure is a quarter-wavelength (A/4) resonator, 3.5-mm long, inductively
coupled to a feedline terminated with 50-S2 resistances at both ends [Fig. 2(b)]. Both the feedline and
the resonator line have a width of 15 um and a gap of 10 um. The coupler is a three-line CPW with
central grounded line of 15-um width. Despite its simplicity, this structure is challenging to simulate
with Ansys HFSS, especially for rather short coupler lengths, due to the computational time required
to achieve convergence. In QULTRA, the resonator is modeled with a CPW line with characteristic
impedance of 51.6 2 and length £z, with one end left open and the other end connected to one port
of the three-line coupler of length £. The other ports of the coupler are connected to ground and to
50-%2 resistances [Fig. 2(b)]. It is £z 4+ £ = 3.5 mm, that is the total length of the resonator line in
the layout. The coupler length £ is taken as the sum of the length of the straight part of the coupler
plus half length of its curved section in the layout.

Figure 3 shows the values of the resonator linewidth « obtained with both QULTRA and Ansys
as a function of the coupler length £. The results are in very good agreement, in spite of large
differences in the required computational time: QuLTRA completes the simulation in only a few
seconds on a standard laptop equipped with an AMD Ryzen 7 7730U (8 cores) and 16 GB RAM
running Windows 11, whereas the equivalent Ansys HFSS simulation requires nearly 1 h on a high-
performance server (HPE ProLiant DL560 Genl0) featuring 96 physical Intel Xeon Gold 6252N
cores and 512 GB RAM.

TABLE II. Comparison between Ansys HFSS and QuLTRA results for the
transmon-A /2 resonator structure of Fig. 2(a).

Ansys HFSS results QuLTRA results

Qubit mode frequency (GHz) 5.76 5.85
Resonator mode frequency (GHz) 9.36 9.34
Qubit anharmonicity (MHz) 348 321
Cross Kerr (MHz) 1.8 1.93
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Linewidth of the resonator mode as a function of the coupling length

141 —e— QULTRA K
) ANSYS HFSS k

1.2
— 1.0
N
= 0.8
< 0.6 1

0.4 |

0.2 e

0.2 0.3 0.4 0.5 0.6
£ [mm]

FIG. 3. Linewidth of the /4 resonator coupled to a feedline as a function of the length of the coupler
obtained with QULTRA (solid line, blue) and Ansys HFSS (dashed line, orange).

B. Comparison with results from literature

In order to further validate the capability of the method to analyze circuits containing distributed
element components such as transmission lines and couplers, we consider here the structure
proposed in Ref. [27]. It consists of a filtering circuit for fast qubit readout, based on a A/4 CPW
readout resonator and a A/4 CPW filter resonator coupled to each other through a multiline coupler
in such a way to produce a compact notch filter to effectively eliminate the Purcell decay of the
qubit.

A schematic layout is shown in Fig. 4. The characteristic impedance of the resonators is
approximately 66 €2, with line width of 5 um and gaps of 7.5 um. In the coupler section, there
is an additional central grounded line of 5.5 um width. Each resonator is formed by three sections:
the first one extending from the corresponding port (port 1 or port 2) to the coupler with length
Z(r’/p, the second one shared with the coupler with length £., and the third one from the coupler

to ground with length £}, (see Fig. 4). The precise values are €9 =981.5 um, £ = 1624.5 um,

1 A
Port 1 === == Port 2
readout resonator L f 2, filter resonator
5
e Coupler lP
] z. b=y
L7 —_— 1

FIG. 4. Schematic layout of the notch Purcell filter for fast qubit readout proposed in Ref. [27], where a A /4
readout resonator and a ) /4 filter resonator are coupled through a multiline coupler. In the complete circuit,
port 1 and port 2 are capacitively connected to the qubit and to the readout transmission line, respectively, while
the other two line ends are grounded.
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FIG. 5. Imaginary part of the element Z;, of the impedance matrix of the two-port structure of Fig. 4,
closely inspired by the design reported in Ref. [27], calculated with QULTRA (orange) and Ansys HFSS (blue).

Zg =766.5 um, ¢, = 1666.5 wm, and £, = 335 um. The total lengths of the two resonators are
00+ 5 + ¢, = 2.94mm and Eg + ¢, + £, = 2.77 mm, respectively.

As a first step, we used QULTRA to compute the two-port impedance matrix of the filtering
circuit. The same calculation was also performed using Ansys HFSS for comparison. The plot of
the resulting Z;, element is shown in Fig. 5, which shows a very good agreement. It exhibits a notch
and two peaks corresponding to the resonance frequencies of the two resonators, closely resembling
the one presented in the original paper.

To complete the validation, we analyzed the full circuit obtained by connecting the above
structure to a qubit via port 1 through a coupling capacitor C, = 4 {F and to a readout line terminated
on a 50-2 load via port 2 through a capacitance C; = 10 fF. The transmon qubit is modeled with
a total shunt capacitance C; = 55.5fF and a parallel Josephson junction with nominal inductance
L; = 6.6 nH. The purpose is to evaluate the Purcell decay time, calculated as the inverse linewidth of
the qubit mode, 1/k,. By slightly varying the qubit inductance, and thus the qubit frequency, around
its nominal value, it is possible to verify the sensitivity of the Purcell decay time with respect to
variations of the qubit inductance. The result is shown in Fig. 6. In the nominal condition, when the
qubit frequency is perfectly tuned to the notch frequency, the Purcell decay time is extremely high,
but it rapidly deteriorates even for small deviations of the inductance value.

V. FURTHER VALIDATION EXAMPLES

In this section, further examples of application are considered where the capability to handle
directly distributed components turns out to be particularly useful.

A. Qubit and resonator in multimode ultrastrong coupling regime

The first example is a system formed by a transmon qubit capacitively coupled to a A /4 resonator
and operated in the multimode ultrastrong coupling regime [28]. In this regime, the transmon is
coupled to multiple modes of the resonator and it is a priori unclear how many modes it is necessary
to consider for a realistic modeling of the system. This configuration is also analyzed in the QuCAT
article [12], allowing a direct comparison between QULTRA and QuCAT. The qubit capacitance
is C; = 5.13 {F, the Josephson inductance is L; =9 nH, and the coupling capacitance is C, =
40.3 fF. Since QuCAT only handles lumped elements, in Ref. [12] the multimode resonator is
modeled using Foster’s reactance theorem [29] as a series of parallel LC resonators, each corre-
sponding to a resonator mode. This approximation becomes more and more accurate as the number
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FIG. 6. Purcell decay time of a qubit using the readout filtering structure of Fig. 4 as a function of the
relative variation of the qubit inductance with respect to its nominal value, which corresponds to the qubit
frequency being perfectly tuned to the notch frequency of the filter.

of LC sections is increased. For this reason, to accurately determine the qubit mode frequency and
anharmonicity, at least 10 LC sections are required in QuCAT. This increases the number of circuit
nodes and consequently the computational time. In QuLTRA, instead, since the resonator is treated
as a genuine CPW line, the qubit mode frequency and anharmonicity, resulting in 8.02 GHz and
352 MHz, respectively, are directly determined without further approximations. This not only saves
time but also removes the need to worry about the number of required modes.

Finally, the Lamb shift is calculated using Eq. (7b) as a function of the number of modes (Fig. 7)
and, in agreement with QuCAT, its value tends to grow and slowly saturate with the number of
modes, even though the qubit and the resonator are well separated in frequency.

80 1
70 o« °

20+ QULTRA results
101 e  QUuCAT results

20 40 60 80
Mode frequencies [GHz]

FIG. 7. Lamb shift of the qubit frequency in the ultrastrongly coupled qubit/resonator system as a function
of the highest mode frequency of the resonator considered in the calculation.
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‘Mode Freq [(GHz|| k [MHz] Q
1 2.68  |-3.48x10°!(-7.70x103
Lo, qubit [2 546 |-1.66x10°%]-3.29x10M]
) resonator| [3 8.08 -3.14  |-2.57x103 |
v
E 8
2 Chi matrix [MHz]:
© 6
S Mode| 1 2 3
T 4
g 5] 1 ]9.39x107|2.47x107!| 2.09x103
g -1 2
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Percentage resonator length variation 3 2.09x10 2.75 1.16x10

(a) (b)

FIG. 8. QuLTRA simulation results of the notch Purcell filter exploiting higher frequency poles of a A/4
readout resonator. (a) Purcell decay time vs variation of the resonator length relative to its nominal value of
9.8 mm. (b) Top: mode frequencies, linewidths, and quality factors. Bottom: anharmonicities and cross-Kerr
matrix. Calculation performed with the optimal resonator length resulting from panel (a). Mode 2 (red) is
the qubit mode, with 5.46-GHz frequency and 163-MHz anharmonicity. Mode 3 is the readout mode (green),
corresponding to the second resonator mode at 8.08 GHz.

B. Notch Purecell filter leveraging higher frequency poles of a A /4 readout resonator

In this second example, we consider a transmon qubit with a frequency of 6 GHz and an
anharmonicity of 200 MHz, coupled to a 1/4 readout resonator through a coupling capacitance
C,; = 20 fF. The resonator is 9.8-mm long, has a characteristic impedance of 50 €2, and is coupled
to the 50-C2 readout line via a capacitance C, = 12 fF. Due to the distributed nature of the resonator,
its resonance frequencies, which are close to the zeros of its admittance, alternate with the poles of
the same admittance. An intrinsic notch Purcell filter can then be obtained by aligning the qubit
mode frequency with one of such poles, resulting in the qubit being effectively shorted at the
qubit frequency, thus preventing energy leakage into the readout line. Note that, in order to place
a resonator pole at the qubit frequency, the fundamental mode of the resonator must lie below the

C:
in d,

D ——— @

1

FIG. 9. Schematic representation of the multiplexed qubit readout circuit simulated with QuULTRA. The
readout CPW line is terminated at its left end with a capacitance G, = 42.7 fF in series with a 50-2 load, while
its right end is impedance matched. QSTR1 is a subcircuit formed by qubit + readout resonator + Purcell filter
resonator and is capacitively coupled to the line. QSTR2 is formed only by qubit + readout resonator with no
Purcell filter and is inductively coupled to the line through a CPW coupler of the type discussed in the previous
sections. d; and d, are the distances of the two coupling points from capacitance Ciy.
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TABLE III. Component values for the qubit 4 readout res-
onator + Purcell filter structure QSTR1 of Fig. 9. The readout
resonator and the Purcell filter are based on CPW lines, whose
lengths are reported in the table.

Component Value
Qubit capacitance 85 fF
Qubit inductance 9.2nH
Qubit-resonator coupling capacitance 6 fF
Readout resonator length 3.8 mm
Filter length 3.8 mm
Filter-readout coupling capacitance 12 fF
Coupling capacitance to feedline 20 fF

qubit frequency. Since normally the readout frequency above the qubit frequency is the preferred
condition, the second resonator mode can be used for readout.

The analysis and sizing of such a structure can be conveniently carried out using QuLTRA.
A slight change in the nominal resonator length allows to fine-tune the resonator pole to the
qubit frequency, leading to a peak in the Purcell decay time, 1/«,, as shown in Fig. 8(a). At
the optimal resonator length, the qubit shows a dissipation rate «,/27 = 0.0166 Hz [Fig. 8(b)],
which corresponds to a Purcell decay time of 9.59 s. The linewidth of the readout mode (mode 3,
the second resonance mode) is «,/2m = 3.14 MHz and is close to the dispersive frequency shift,
Xgr/2m = 2.75 MHz, as required to optimize the signal-to-noise ratio.

C. Multiplexed qubit readout scheme

As third example, we consider a common configuration for the readout of multiple qubits [30],
where several qubit structures, each comprising a qubit, a readout resonator, and possibly a Purcell
filter, are all connected to a shared CPW readout line (see Fig. 9, where two qubit structures, QSTRI1
and QSTR2, are considered). It is assumed that the readout line has 50-€2 characteristic impedance
and is connected at one end to a 50-£2 load and at the other end to an input capacitance Cj, in series
with a 50-€2 load. Since the line is not impedance matched at both ends, standing waves are formed
along the line, causing the linewidths of the readout resonators to depend on their coupling position
along the line. Specifically, for a readout resonator with frequency f, capacitively coupled to the
line, linewidth maxima are expected to occur at distances from capacitance Ci, equal to integer
multiples of A, /2, with A, = v/ f,, v being the propagation velocity on the line [30], while for the
case of inductive coupling linewidth maxima are expected at integer multiples of A, /4.

TABLE IV. Component values for the qubit 4+ readout res-
onator structure QSTR2 of Fig. 9. The readout resonator is based on
a CPW line of length indicated in the table. The length of the CPW
coupler used to connect the structure to the line is also reported in

the table.

Component Value
Qubit capacitance 97 fF
Qubit inductance 16.3 nH
Qubit-resonator coupling capacitance 8 fF
Readout resonator length 5.85 mm
Coupler length 0.7 mm
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FIG. 10. Linewidth of the readout resonator in QSTR1 (blue) and QSTR2 (orange) as a function of the
distance from Cj, of the respective coupling point to the line, d; and d,, defined in Fig. 9.

The analysis of this type of circuit can be easily carried out with QULTRA. In the example
presented here, two qubit structures are considered, as shown in Fig. 9. The first one, referred
to as QSTRI, consists of a qubit with frequency close to 5.5 GHz, a 1 /4 readout resonator with

TABLE V. Table of complete results of QuULTRA simulations obtained for the two qubit structures QSTR1
and QSTR?2 located at the distances d; and d, from G, corresponding to maximum coupling with the line
(see Fig. 10). Top: mode frequencies, linewidths, and quality factors. Bottom: anharmonicities and cross-Kerr
matrix. Colors and labels help to identify the qubit and resonator modes: red and green for the components of
QSTR1 and QSTR2, respectively.

Mode Freq [GHz] &k [MHz] Q
Qubit 2 1 3.84  -5.04x10%  -7.62x10°
Resonator 2 2 4.98 -2.78 -1.80x103
Qubit 1 3 550  -4.55x10°  -1.21x108

Purcell filter |4 7.33 -1.42x10Y  -5.16x102
Resonator 1 |5 7.64 -5.06 -1.51x103

Chi matrix [MHz]:

Mode 1 2 3 4 5

1 1.82x102 210 1.76x10710 2.05x10C 5.86x10°7
2 2.10  6.04x103 9.58x10 1.18x10°8 3.40x107
3 1.76x10710 9.58x10 2.11x10% 4.55x10°1  1.20

4 2.05x10% 1.18x10® 4.55x10°! 2.45x10* 1.30x10°3

5 5.86x107 3.40x10°  1.20  1.30x1073 1.72x10°3
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near to 7.5 GHz frequency and a second X /4 resonator acting as Purcell filter, capacitively coupled
to the readout line. The second one, called QSTR2, consists of a 4-GHz qubit and a 5-GHz /4
readout resonator inductively coupled to the readout line through a CPW coupler. No Purcell filter
is present in QSTR2. The parameter values for QSTR1 and QSTR2 are shown in Tables III and IV,
respectively. Figure 10 shows the calculated linewidths of the two readout resonators as a function of
the distances d; and d, from Ci,. The results are consistent with the previous discussion: For QSTR1,
which is capacitively coupled to the line, a linewidth maximum occurs at approximately 7.6 mm,
corresponding to half wavelength at the readout resonator frequency, while for the inductively
coupled QSTR2 a linewidth maximum occurs at about 5.85 mm, that is, a quarter wavelength at
the readout resonator frequency.

Table V reports the complete set of QuLTRA results for the circuit with both qubit structures
located at the distances d; and d, corresponding to the peak resonator linewidths. The different
colors and labels help to identify the different qubit and resonator modes.

To test the numerical robustness and scalability with circuit size, we performed an additional
test with a linear chain of six qubits capacitively coupled to their nearest neighbors, with each
qubit capacitively coupled to its own readout resonator implemented either with a /4 or a 1/2
CPW transmission line. The resonators are capacitively or inductively coupled, via a CPW coupler,
to the readout line terminated at both ends with 50 €2 resistors. The qubit frequencies lie in the
4-5 GHz range and the resonator frequencies in the 6-8 GHz range. The total number of nodes is
30. The frequency axis was scanned with a step size of 0.01 GHz, the other parameters being set to
their default values. The total computation time to calculate eigenmodes, linewidths, and cross-Kerr
matrix was 18 s on a standard laptop, demonstrating the scalability of the method.

This example demonstrates the usefulness of the proposed method in analyzing complex config-
urations including several qubits and resonators, some of which are CPW-based, that would be hard
to simulate with full electromagnetic solvers.

VI. CONCLUSION

We have presented a general method for analyzing superconducting quantum circuits combining
lumped and distributed components. The method has been validated through its implementation
in a dedicated package called QULTRA. By directly modeling distributed elements such as CPW
resonators and couplers, the method eliminates the need for heavy lumped-element discretization,
significantly reducing the number of circuit nodes. Validation against electromagnetic simulations,
existing software packages, and experimental designs from the literature shows that the approach
achieves excellent accuracy across a wide range of circuit topologies. The discussed application
examples, including Purcell-protected readout, multimode ultrastrong coupling, and multiplexed
qubit readout, highlight the tool versatility in addressing engineering optimization studies in circuit
QED.

We stress that, even if the examples presented here involve only ideal (i.e., lossless and straight)
CPW transmission lines and multiline couplers, the method lends itself to ample generalizations.
Indeed, any circuit that in its linearized version can be interpreted as a network of multiport
components, each described by an admittance matrix, can, in principle, be analysed with the
proposed method.

DATA AVAILABILITY

The data that support the findings of this article are openly available [15,16].

APPENDIX: CALCULATION OF THE CAPACITANCE MATRIX OF THE CPW COUPLER

The calculation exploits the conformal mapping technique to remap a multiconductor transmis-
sion line into an equivalent parallel-plate capacitor [23,31]. The cross section of a three-line CPW
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FIG. 11. (a) Representation in the complex z plane of the cross section of a three-line CPW structure.
Conductors are indicated by solid-line segments: Lines are marked with 0, 1, and 2, while the lateral conductors
belong to the ground planes. All edge points are located on the real axis; the right edges a; are shown in
red, the left edges b; in blue. The two half-planes corresponding to Im[z] > 0 and Im[z] < O are mapped by
the transformations indicated in the text onto rectangular domains in the complex w plane. (b) Result of the
transformation in the w plane applied for the calculation of the column (row) corresponding to line 1 of the
capacitance matrix. Points ¢y and c¢3 indicated in green in panel (a) are functional to such transformation (see
text).

is shown in Fig. 11(a), represented in the complex domain z where the substrate-air interface is
located on the real axis. The half-plane corresponding to negative imaginary part (gray area) is
the substrate. The metal lines have zero thickness and are represented by solid-line segments. The
external segments belong to the lateral ground plane. The right and left edges of the conductor
lines are indicated by a; and b;, respectively. The structure is supposed to be uniform; that is, the
permittivity is constant in each half-plane.

The capacitance matrix is calculated by columns. For the calculation of the mth column (or row,
since the matrix is symmetric), withm = 0, ..., n — 1 and n the number of conductor lines, the mth
conductor is held at a nonzero potential ¢,,, while all other conductors are grounded. By applying a
suitable form of Schwarz-Christoffel transformation [23], each half-plane of the z domain is mapped
into a rectangular domain of the complex w plane [see Fig. 11(b)], where the conductor at potential
¢, 1s mapped onto the upper boundary of the rectangle, while all the other grounded conductors are
aligned on the lower boundary. The Schwarz-Christoffel transformation used in this context is given
by

: l_[je{O ..... A imm+1y @ =€) iz
0 [Tizo@ —a)'? TTi—o(@ —b)'?
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The points c;, with j € {0, ...,n}\ {m, m + 1}, are located in the gaps between two grounded
conductors and are calculated by imposing that the integral over each of such gaps is zero,
thus mapping all the grounded metal lines onto an uninterrupted line corresponding to the lower
boundary of the rectangle [see Fig. 11(b)].

The interelectrode capacitances can then be easily calculated using the parallel plate capacitor
formula. By defining a; = w(a;) and b; = w(b;), the elements of the mth column of the capacitance
matrix can be written as

Re(b;) — Re(aj, )

Cim = (ér 1
(er + Deo mL)

(A2)

Notice that the off-diagonal elements are negative, while the diagonal elements are equal to the
positive sum of the off-diagonal elements of the same row.
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